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We propose the task of local state marking (LSM), where some multipartite quantum states chosen randomly
from a known set of states are distributed among spatially separated parties without revealing the identities of
the individual states. The collaborative aim of the parties is to correctly mark the identities of states under the
restriction that they can perform only local quantum operations (LOs) on their respective subsystems and can
communicate with each other classically (CC)—popularly known as the operational paradigm of LOCC. While
mutually orthogonal states can always be marked exactly under global operations, this is in general not the case
under LOCC. We show that the LSM task is distinct from the vastly explored task of local state distinguishability
(LSD)—perfect LSD always implies perfect LSM, whereas we establish that the converse does not hold in
general. We also explore entanglement-assisted marking of states that are otherwise locally unmarkable, and we
report intriguing entanglement-assisted catalytic LSM phenomena.
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I. INTRODUCTION

The task of discrimination, wherein the aim is to distin-
guish among physical or mathematical objects viz. states,
processes, circuits, and probability distributions, is one of
the rudimentary steps that appears in information processing
protocols, statistical inference, and hypothesis testing [1,2].
Distinct objects or perfectly distinguishable states of a system
can be used to store information, which assures readability of
the information without any ambiguity. Information protocols
in the quantum world [3-8], however, are governed by rules
that are fundamentally different from our classical world view.
For instance, classical information encoded in nonorthogonal
quantum states, either pure or mixed, cannot be perfectly
decoded since the no-cloning theorem [9] (more generally, the
no-broadcasting theorem [10]) puts restriction on their perfect
discrimination. Such a constraint is strictly quantum (more
precisely, nonclassical [11,12]) in nature as pure classical
states are always perfectly distinguishable [13]. While a set
of mutually orthogonal quantum states can always be distin-
guished perfectly, interesting situations arise for multipartite
quantum systems when discriminating operations among the
spatially separated parties holding different subsystems are
limited to a local quantum operation assisted by classical com-
munication (LOCC). This constitutes the framework for the
problem of local state discrimination (LSD) [14-21]. During
the past two decades, LSD has been studied in great detail,
resulting in a plethora of interesting conclusions [22-37],
and it also finds applications in useful tasks [38—42]. Apart
from LSD and more general quantum state discrimination
problems [43-45], several other discrimination tasks, e.g.,
channel/subchannel discrimination, process discrimination,
and circuit discrimination, have been studied during the re-
cent past [46-49], subsequently motivating several novel
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information protocols [50-54]. In this paper we introduce a
variant of the discrimination task, which we call local state
marking (LSM). A subset of states chosen randomly from a
known set of multipartite states is provided to spatially sepa-
rated parties without revealing the identities of the individual
states. The aim is to mark the identities of the states under the
operational paradigm of LOCC. For a given set of multipartite
states S, one can, in fact, define a class of discrimination
tasks denoted by m-LSM. Here 1 < m < |S|, with 1-LSM
corresponding to the task of LSD, and the |S|-LSM task we
will denote simply as LSM, where |S] is the cardinality of set
S. It turns out that the task of LSM is distinct from the task
of LSD. In particular, we show that local distinguishability of
an arbitrary set of states always implies local markability, but
the converse does not always hold true. We provide an ex-
ample of mutually orthogonal states that are locally markable
but not locally distinguishable. We then provide examples of
orthogonal states that can neither be distinguished nor marked
perfectly under local operations. Some generic implications
between m-LSM and m’-LSM tasks are also analyzed when
m # m'. We then study entanglement-assisted local mark-
ing of states where additional entanglement is provided as a
resource to mark the states that are otherwise locally unmark-
able. There we report an intriguing entanglement-assisted cat-
alytic LSM phenomenon—a locally unmarkable set of states
can be perfectly marked when additional entanglement is sup-
plied as a resource. Interestingly, the entanglement is returned
(either partially or completely) once the marking task is done.

II. NOTATIONS AND PRELIMINARIES

A quantum system prepared in a pure state is repre-
sented by a vector |y) € H, where H is the Hilbert space

©2022 American Physical Society
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FIG. 1. The task of m-LSM is illustrated for the bipartite sce-
nario. m states chosen randomly from a set of K states are distributed
between spatially separated Alice and Bob without revealing the
identities of the individual states. They have to identify the indices
i1, ..., I, using LOCC. In this particular example, the indices are
identified to be (i =3,i, =5,...,i, = 1). The special case of
m = 1 corresponds to the task of LSD.

associated with the system. Throughout this work, we will
consider finite-dimensional quantum systems and conse-
quently H will be isomorphic to some complex Euclidean
space C¢. An N-partite quantum system is associated with
the tensor product Hilbert space ®fv:1 (CZ’;_ , where (Cﬁi_ is the
Hilbert space of the ith subsystem held by the ith party
[55,56]. A state |¥),,..a, € ®§V:1 (CZ’; is called separable
across A versus AC cut if it is of the form VA, ay =

W) A ® [¥)ac. where [) 4 € ®yucaCli and [¥) 40 €
i, cac Cf‘l‘;, with A being a proper nonempty subset of A =

{Ay,..., Ay} and A° = A\ A. A multiparty state |y),..4,
is fully separable if it is separable across all possible bipartite
cuts, i.e., [¥)a,..ay = ®f\’=1 [¥)a,, with [/),. € (C/‘ji_. For the
sake of notational brevity, we will avoid the party index when
there is no confusion. A set of quantum states is perfectly
distinguishable whenever they are pairwise orthogonal. More-
over, in accordance with the no-cloning theorem [9], pairwise
orthogonality turns out to be the necessary requirement for
perfect distinguishability.

In the multipartite scenario, when different parts of the
quantum systems are held by spatially separated parties, the
class of operations LOCC captures the “distant laboratory”
paradigm. Although it is extremely hard to characterize the
structure of LOCC operations [57], this restricted paradigm
plays a crucial role in understanding the resource of quantum
entanglement, and it constitutes the scenario for the task of
m-LSM.

Definition 1 [m-LSM]. m number of states chosen ran-
domly from a known set of pairwise orthogonal N-party
quantum states S = {|v;) | (Yil|¥;) = 68;;} C ®§v=1 (Cg‘; are
distributed among spatially separated parties without re-
vealing the identity of each state. The m-LSM task is to
perfectly identify/mark each of the states under the opera-
tional paradigm of LOCC.

In Definition 1, m can take values from 1 to |S| and ac-
cordingly they constitute different discrimination tasks (see
Fig. 1). The task of 1-LSM, which we define here, is more

commonly known as LSD and has been explored in great
detail during the past two decades [14-37]. The problem
of LSD has also been studied with ensembles containing
nonorthogonal states [58,59]. Similarly, Definition 1 can also
be generalized for such ensembles. In that case, the quantity
of interest will be the difference between maximum success
probabilities of the corresponding marking task under global
and local operations, respectively.

II1. RESULTS

We will start the technical part of this article by establish-
ing some generic results.

Lemma 1. For a set of multipartite states S, perfect (|S| —
2)-LSM always implies perfect LSM.

Proof. Perfect (|S| —2)-LSM of the set S implies that
given arbitrary (|S| —2) states from the set, they can be
marked locally. So we are left with two more states to identify
locally. According to a standard result by Walgate et al., any
two multipartite pure orthogonal states can be distinguished
locally [15], which proves our claim. ]

While proof of Lemma 1 follows straightforwardly from
the result of Walgate ef al., in the next we establish a rather
nontrivial thesis.

Theorem 1. For a set of multipartite states S, perfect LSD
(i.e., 1-LSM) always implies perfect LSM (i.e., |S|-LSM).

Proof. Let the set of states Sx = {|¥1),..., |¥k)} C
®f.\/=1 (CZ‘;_ := H be locally distinguishable. The problem of
LSM for the set Sx can be reformulated as an LSD
problem of the set of states Spky = {P(®K, [¥:)} C
H®K | where {77(@),1»(:1 [¥;))} denotes the set of tensor
product states generated through permutations of the in-
dices {1,...,K}. For instance, Spipy = {P(QL_; [¥i))} =
{IVvivavs) . [aysyn), [Vaysvn), Wi vs), [Ysyvny),
|[Y3yrYn)}, where |xyz) = |x) ® |y) ® |z). The states in
Spyiky can be expressed groupwise as follows:

G = Y1) ® Spuxyg = 1Y) @ {P(Qiz Wi},

where [ € {1, ..., K}. Clearly, the groups G, make disjoint
partitions of the set Spyky), i.€., Spxy = Ure, G sit. G N
Gy = ¥ whenever [ # I’. Since the states in Sk are locally
distinguishable, by local operations on the first part of the
tensor product states in Spyxy we can know with certainty
in which of the above groups the given state lies. If the group
turns out to be G- (i.e., if the index [ has been identified to
be [*), the given state |1/;:) @ (---) evolves to [{/.) @ (---)
due to the LOCC protocol, where the term within the brackets
remain unchanged and hence further LOCC protocols can be
applied on them. The group of states G = |/.) @ Sppky+
can be further partitioned into disjoint subsets as

gl" = U gl",m S.t. gl",m N gl*,m’ =PVm 7é m/’
where G+ = V) ® [¥m) ® Spygygm»

and m,m’ € {1,...,K}\[*. Since any subset of a locally
distinguishable set of states is also locally distinguishable, the
identity of the index m can be known perfectly by applying
some local protocol on the [y,,) part of the given state. As
before, the remaining parts of the state will not change. We
can continue this process until we completely determine the
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identity of the state in Sp(xy), which in turn marks the state in
Sk . This completes the proof. |

While Theorem 1 deals with the implications between two
extreme cases, particularly establishing 1-LSM = |S|-LSM,
the following corollaries establish a few more nontrivial im-
plications among generic m-LSM tasks.

Corollary 1. For a set of multipartite states S, perfect m-
LSM always implies perfect m’-LSM, where 1 < m < m/(:=
nm) < |S| withn € N.

Proof. Given a set Sx = {|v¥11), ..., |V¥k) }C®, 1(CA is
m-LSM we are supposed to prove that it is m'-LSM, where
m’ = nm with n € N. Intuitively, the proof goes as follows.
Let £, be the local protocol that successfully completes the
m-LSM task for the set Sx. For the m’-LSM task, we divide
the set of m’ states into n arbitrary disjoint sets each containing
m states. Treating each of these n sets independently, we can
mark them locally by following the protocol L,,. Thus, by
successively applying the protocol £,,, we can construct the
local protocol L, for the m’-LSM task.

We can also reformulate this as an LSD task, as was done
in Theorem 1. We begin by noting that from the set Sx =
{I), ..., 1¥K)} C ®fv=1 (Cj’[’_ one can choose m states in XC,,
different ways. Let us denote each such choice of states by
the set S,{l where j e {1,..., KCm}. Therefore, the m-LSM
problem of Sk can be reformulated as the LSD problem of
the set of states

KC”,

_ j
SKCypmt = U Shipmy:

j=1
m}] ﬂ 87]’[

where 87]>l imy 18 defined similarly as in Theorem 1. We are
given that perfect m-LSM of the set Sk is possible, i.e., there
exists a local protocol L,, that perfectly distinguishes the
states in Skc . While considering the m'-LSM problem,
or equivalently the LSD problem of the set Skc 1, the

stS’ =@ for j # j,

: Jj
states in SP[ oy
|1ﬁ11 5 .. wt,,,) ® Sp[ {mN\{l1,...,

groups gl .., make a dlS_]Olnt partition of the set Sk¢ -
Since Sk is m-LSM, by performing local operations on the
first m-parts of the tensor product states in Sk¢ ) We can

, Ly of Ql _____ If L, ..., I, is identified to
belf, ..., [} then we know w1th certainty that the given state

lies in | J QI* ;» and the given state is identified to be of the
J

........

form [y, ..., ¥1:) ® (--+) and evolves to |1/f]/1*, cee, 1//1/,7) ®
(- - -) after the protocol has been performed, where the terms
in the brackets remain unchanged and hence further proto-
cols can be performed on that part. The groups Ql* =

|W11*7-- ¢1*>®S7;[{m
into disjoint subsets as g,*
1

can be expressed groupwise as Q?’] L=

.....

for each value of j. Thus the

fix the indices [y, ..

.......

— J
..... = Ui 9t iy, TOT
each value of j, where GJ. i E|1//IL,... V) ®
CRRN T

Wi V) © Sty Since Sk is m-LSM,
any subset of Sk is also m-LSM. Hence we can further fix
the indices 71, ..., #, by performing local operations on the
second m-parts of the tensor product states in U g,* I We

continue this process n-times, which will completely fix all the
nm = m’ indices. This will also fix the index j since we have
completely distinguished the state. This completes the proof.
For the special case of m =1, LSD (i.e., 1-LSM) implies
perfect m-LSM with 1 < m < |S|. |

Corollary 2. For a set of multipartite states S containing
only product states, perfect m-LSM always implies perfect m’-
LSM, where 1 <m < m' < |S].

Proof. 1t is sufficient to show that m-LSM implies (m + 1)-
LSM for any set S containing product states only. Given
(m + 1)-states to be marked, we begin by marking the first
m-states by using the protocol for m-LSM. However, during
this process the first m-states are destroyed. But since we have
determined the identity of the first m-states, we can locally
create the original set of the first m-states once again. It should
be noted that we can locally create any set of multipartite
states whose identity is known if and only if the set contains
product states only. We now run the protocol for m-LSM
once again, but this time on the last m-states. Thus we have
identified all the (m + 1)-states. This completes the proof.
Reformulation of this proof in terms of the LSD problem is
straightforward and follows in a similar fashion as the proof
of Corollary 1. ]

We note in passing that m-LSM does not trivially imply
(m — 1)-LSM for product states. In the m-LSM task, m states
are accessible to the parties in order to mark their identities.
However, for (m — 1)-LSM, the number of accessible states
reduces to (m — 1) and no trivial inferences can be drawn.
Although we were unable to prove for product states whether
m-LSM implies (m — 1)-LSM or not, if this really were the
case then the consequences would be very exciting. Using the
contrapositive of the statement that m-LSM implies (m — 1)-
LSM, we would have thus given a protocol for constructing
locally indistinguishable states in higher dimensions starting
from states like Bennett’s UPBs for which perfect LSD is not
possible.

Our next result, however, establishes that the converse
statement of Theorem 1 does not hold in general, and we show
this by providing an explicit example wherein given a set of
entangled states, known to be locally indistinguishable, the
task of LSM is still possible, and that too with a substantial
amount of surplus entanglement shared between the distant
parties at the end of the protocol.

Theorem 2. Perfect LSM of a given set of states S does not
necessarily imply perfect LSD of S.

Proof. The proof is constructive. We provide a set of pair-
wise orthogonal states that can be perfectly marked under
LOCC but does not allow perfect local distinguishability. To
this aim, consider the set of states X = {|X,~)}?=1 C (Cgt ® (Cé
shared between Alice and Bob, where

) == 10" a8, ® 10 ) asm, » 1X2) =
1x3) = 1 ) am, @10 ) ap, - |x4) i=

167 ) a8, @10 )ass, -

Y Das @10 )ass, »

[00) £ |11) +, . 101) £]10)
N IV

and A, A, subsystems are with Alice while By, B, are with

Bob. The part of |x;) indexed with A;B; we will call the
first part, and the part with index A,B, will be the second

with |¢ )=
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part. For LSM, Alice and Bob are provided the state |x,) ®
1Xq) ® %) ® |xs) € (C4 ® CH)®*, without specifying the in-
dices p, q,r,s € {1,...,4},and p, q, r, s are all distinct. Their
collaborative aim is to identify the indices where the collab-
oration is restricted to LOCC. It turns out that there exists a
local strategy that marks the states exactly (a detailed protocol
is provided in Appendix). Now, local indistinguishability of
the set X follows from the results of Yu et al. [60]. There the
authors have proved that states in X, cannot be distinguished
perfectly by any PPT POVM, a larger class of operations
that strictly contains all LOCC operations. This completes the
proof. ]

It turns out that at the end of the local marking strategy
described in Theorem 2, 3-ebit of entanglement (on average)
remains between Alice and Bob (see Appendix). However, the
optimality of the protocol in terms of retaining entanglement
remains an open problem.

So far we have considered sets that are locally markable.
Our next result provides an example of a set of mutually or-
thogonal states that cannot be marked perfectly under LOCC.

Proposition 1. The two qubit Bell basis By =
{1b1) = 197) . |b2) :=1¢7) . 1b3) := [¥), |ba) == [¥7)} C
C? ® C? is locally unmarkable.

Proof. LSM of B, is equivalent to LSD of the set Bpyy
that contains 24 pairwise orthogonal maximally entangled
states in C!0 ® C!6. Therefore, the desired thesis follows
from the fact that n pairwise orthogonal maximally entangled
states in C¢ ® C? cannot be perfectly distinguished locally
whenever n > d [21]. |

Furthermore, in accordance with Lemma 1, the set B4 does
not allow perfect 2-LSM and it also straightforwardly follows
that perfect 3-LSM of B is impossible (in fact, for any set S,
(S| — 1)-LSM always implies |S|-LSM). A generalization of
Proposition 1 follows arguably.

Proposition 2. Consider any set of maximally entangled
states By (d) := {|b;) | (bi|b;) = §;;}K, € C¢ ® C?. The set
is locally unmarkable whenever K! > dX.

We now move on to the possibility of entanglement-
assisted marking of states that otherwise are locally unmark-
able. It might happen that given §-ebit of entanglement some
LSM task can be performed exactly that is otherwise impossi-
ble to do locally, and moreover €-ebit of entanglement is left at
the end of the protocol. Such a protocol we will call the (8, €)
entanglement catalytic protocol, and (§ — €) quantifies the
amount of entanglement consumed to accomplish the given
LSM task.

Recall that given 1-ebit of entanglement as an additional
resource, the two-qubit Bell basis can be distinguished per-
fectly. One of the parties teleports his/her part of the unknown
Bell state to the other party, who then performs the Bell basis
measurement to identify the state. Furthermore, it is known
that 1-ebit entanglement is the necessary resource required for
perfect discrimination of the 2-qubit Bell basis [16]. Coming
to the question of entanglement-assisted marking of the set
B4, we obtain the following result.

Proposition 3. There exists a (2,1) entanglement catalytic
perfect protocol for LSM of the set B,.

Proof. LSM of the set B, is equivalent to LSD of the
set Bpy containing states of the form |b,) ® |b,) ® |b,) ®
|bs) with p, g, r,s € {1,...,4}, and p, q, r, s are distinct. Let

some supplier provide two EPR states for discriminating the
set Bpy4y;. Using the teleportation protocol, Alice and Bob
can know any of the two indices among p, ¢, r, s. Say they
identify the indices p and g. Then the value of r has only two
possibilities, and the result of Walgate ef al. ensures that this
value can be known exactly under LOCC [15]. While deter-
mining the value of r, the entanglement of the state |b,) gets
destroyed. However, at the end of the protocol, entanglement
of the state |by) remains intact and its identity is also known.
Therefore, 1-ebit of entanglement can be returned back to the
supplier. So the protocol consumes 1-ebit of entanglement in
a catalytic sense. ]

Once again, we are not sure about the optimality of the
protocol in Proposition 3 in terms of resource consumption,
and we leave the question open here for further research.
One can obtain a more exotic example of the entanglement
catalytic local marking phenomenon. To this aim, we first
prove the following result.

Proposition 4. Any three Bell states of the two-qubit system
are unmarkable under one-way LOCC.

Proof. Consider a set of maximally entangled states
{lon)}i_, C C¢ ® C? that can be obtained from |¢y(d)) :=
\/Lg Zfz_ol lii) by applying some unitary on one part of
the system, i.e., |¢r) = (U ® 1) |¢o(d)). According to a
criterion, conjectured in [18] and subsequently derived
in [61], the states can be discriminated under one-way
LOCC if and only if there exists a |¢) € C?, such that
(Wil ¥rj) = 6&;,Vi, j€{1,2,...,n}, where |{) = Uy [¥). In
our case, without loss of any generality, we can con-
sider By = {|b1) := |¢7), |b2) := |¢7), |b3) = [¢7)}, such
that Bpiay = {Ié)}5_, € C¥ ® C8, where

|D1b2b3) = |¢1) = (U1 ® Ig) |$o(8))
= ([[» ® 0, ® 0,1 ® I5) [P0 (8)) ,
|D1b3b2) = |¢2) = (U2 ® Ig) [¢o(8))
= ([, ® 0y ® 0.1 ® I3) [P0 (8)) ,
|bab3by) = |¢3) = (Us ® I3) |¢0(8))
= ([o; ® 0, @ L] ® I5) [P0(8)) ,
|2b1b3) = |¢a) = (Us ® Tg) |$0(8))
= ([o; ® L ® 0,1 ® I5) [P0(8)) ,
|b3b1b2) = |¢ps) = (Us @ Ig) |¢o(8))
= ([ox @ L ® 0:] ® I3) [P0 (8)) .
|b3ba2b1) = |¢he) = (Us ® Ig) |0(8))
= ([ox ® 0, @ L] ® I5) [P0 (8)) -
Here |¢o(8)) := |<]b+)®3 € C®® C®. Now, consider an ar-
bitrary quantum state |x) := Y/, a;|i) € C¥, where a; €
C and ZZZO la;|> = 1. Thus the condition for distinguisha-
bility of the set Bpy3); under one-way LOCC turns out to
be (V;|y;) = 8;j, where |y) := Uy |x). It boils down to a
numerical exercise to show that the aforementioned condition
is not satisfied for any |x) e C3. |
While Proposition 4 proves the impossibility of LSM of the

set B3 under one-way LOCC, we have the following stronger
result if we consider 2-LSM of the set:
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Corollary 3. Perfect 2-LSM of the set 53 is not possible
even under the two-way LOCC protocol.

Proof follows from the fact that six pairwise maximally
entangled states in (C*)®? are not locally distinguishable.
Moving on to the question of entanglement-assisted discrim-
ination of the set B3, it has been established that perfect
discrimination requires 1-ebit entanglement [62]. Regarding
entanglement-assisted marking of B3, we have the following
result.

Proposition 5. There exists a (1,1) entanglement catalytic
protocol for perfect LSM of the set Bs.

Proof. Let Alice and Bob have 1-ebit entanglement (re-
ceived from some supplier) to distinguish the state |b,) ®
|by) ® |b,), where p, g, r € {1,2,3}, and p, g, r are distinct.
Using the teleportation scheme, they can identify one of the
indices (say) p. Then, using the method of Walgate ez al. [15],
they identify the remaining two indices. At the end of this
protocol, 1-ebit entanglement remains with Alice and Bob,
which they can return to the supplier. So, in a catalytic sense,
the protocol consumes 0-ebit of entanglement. |

Note that the protocol in Proposition 5 involves two-way
CC. If the teleportation step is from Alice to Bob and thus
requires CC from Alice to Bob, then the Walgate step requires
CC from Bob to Alice. The question remains open whether
there exists some local protocol with two-way CC that per-
fectly marks the set 33 without involving entanglement even
in the catalytic sense.

IV. DISCUSSIONS

To further highlight the implication of the results from
the previous section, a few comments are in order. Although
the problems of both LSM and LSD stem from a common
notion of state identification, the present work strives to
point out a subtle difference between them. To elaborate on
this difference, one can consider the following three-party
information-theoretic task.

Let us suppose three parties—Alice, Bob, and Charlie—are
spatially separated. Charlie shares quantum transmission lines
with both Alice and Bob, but Alice and Bob are restricted
to classical communication between themselves only. Charlie
would like to communicate a classical message to both Alice
and Bob. But to do that he is provided with an ensemble of
n orthogonal bipartite states of local dimension d that are
not locally distinguishable. A justification for communicat-
ing in this way is to avoid the message being decoded by
noncommunicating eavesdroppers between Charlie-Alice and
Charlie-Bob.

Now Charlie can provide Alice and Bob multiple copies
of the unknown state from the ensemble, so that they can
perform perfect LSD. Let us suppose k copies are necessary
for perfect LSD. Thus Charlie could communicate to Alice
and Bob log, n bits by sending k qudits, i.e., % bits per
qudit.

Alternatively, Charlie can provide Alice and Bob states
from the ensemble corresponding to the LSM task, i.e., an
ensemble of size log, n!. The possibility of perfect LSM of
this ensemble under LOCC will result in a communication of
log, n! bits by sending n qudits, i.e., 2" bits per qudit.

n

To compare the average communication per qudit, let us
consider the ensemble in Theorem 2 of the main text. The
ensemble X of four orthogonal states with local dimension 4
is given to Charlie. This ensemble does not allow perfect LSD
(according to Theorem 2), but two copies of the unknown state
are sufficient for perfect LSD. So the average communication
per ququad is % = 1 bit. On the other hand, perfect LSM of
this ensemble (as in Theorem 2) implies average communica-
tion per ququad to be logj 2= logfl 2= 3+lig2 3 bits, which is
greater than the average communication for the protocol based
on multicopy LSD. In this sense, LSM is more economical
over the conventional multicopy LSD.

Proposition 4 is also interesting from a different perspec-
tive. It is known that any set of d + 1 mutually orthogonal
d ® d maximally entangled states is locally indistinguishable
[21]. But the answer to the same question for smaller sets
(< d+1) is known only in a few cases. Although the result
of Walgate et al. ensures local distinguishability of any two
maximally entangled states in 2 ® 2, and later Nathanson
proved that any three mutually orthogonal 3 ® 3 maximally
entangled states are locally distinguishable [63], the authors
in [18,60,64] provide examples of four maximally entangled
states in 4 ® 4 that are not locally distinguishable. In Ref. [61]
one can find an example of four maximally entangled states
in 5® 5 as well as an example of five maximally entangled
states in 6 ® 6 that cannot be perfectly distinguished under
one-way LOCC. In a similar spirit, the set Bp3); constitutes
an example of six maximally entangled states in 8§ ® 8 that
cannot be distinguished under one-way LOCC.

V. CONCLUSIONS

We have proposed a class of discrimination tasks, namely
the m-LSM task, that goes beyond the much explored task of
local state discrimination. The present study unravels several
curious and intricate features of the proposed task.

Although Lemma 1, Corollaries 1-2, and Theorems 1-2
unveil some general features of the local state marking task,
and Propositions 1-5 report some interesting consequences by
considering a specific set of states, the present work leaves
open a number of important questions and possibilities for
further study. In the following, we summarize some of those.
First, it is important to resolve the question of optimal re-
source consumption for the local state marking task with
and without catalysts, as mentioned in the discussions after
Theorem 2 and Proposition 3, respectively. Second, all the
ensembles considered in the present work consist of bipartite
entangled states. Except for Corollary 2, the present work
does not provide much insight for the local state marking of
ensembles containing only product states. Does there exist
such a product ensemble that cannot be marked locally? If
yes, would it imply a stronger notion of nonlocality with-
out entanglement [14]? In the recent past, this phenomenon
of nonlocality without entanglement has been studied in the
generalized probabilistic theory framework [35]. It might be
interesting to extend the study of LSM in this framework.
Third, in the same spirit of multipartite LSD [21], exploring
LSM for multipartite systems might unveil new features of
LOCC as well as of multipartite entanglement. Finally, local
indistinguishability has also been shown to have practical
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See Figure-3
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Left with 2-ebits

FIG. 2. Flow chart of the protocol if correlated outcomes are obtained in Step-1. The number written in each branch indicates the probability
of occurrence of that branch. The average amount of entanglement left in this case is [% x 3+ %{% x 4+ %(% x 3+ % x 2)}] = 3 ebits.

implications in cryptographic primitives such as data-hiding
and secret-sharing. It would be quite interesting to find such
novel applications for the LSM task introduced here.
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APPENDIX: DETAILED PROOF OF THEOREM 2

Proof. Here we show that the set Xy = {|x;)}f, C C4i ®
Cj allows perfect LSM (more particularly, 4-LSM), where
) =10 ) as, ® 16 ) as, » 1X2) =107 )45, ® 07 )ayp, -
1X3) i= 1 ap, ® 10 Dass, > 1xa) =1V )ap, ® 167 )a,s, -
[00) +|11) |01) £ |10)

V2o V2o

The A, A, subsystems are with Alice while B;, B, are with
Bob. As already mentioned, the part of the state |y;) indexed

with [¢F) = ly*) =
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FIG. 3. Flow chart of the protocol if anticorrelated outcomes are obtained in Step-1. The average amount of entanglement left in this case

is [L x4+ 2{1 x 24 1 x 3}] = 3 ebits.

with A;B; will be called the first part, and the part with index
A,B; will be called the second part. The set X4 can be thought
of as the union of two disjoint sets of states,

X4:G1UG2and G1 ﬂGzZ(/),
where G := {[x1), [x2)}, G2 :={Ix3) . |x4)}

The LSM task can be considered as identifying the in-
dices p, g, 1, s € {1,...,4} in the state |Z) 1= [x,) ® [xy) ®
1x-) ® |xs) € (CE ® C3)®* locally, where p, g, 7, s are dis-
tinct. Note that the state | X) is a composition (tensor product)
of four different states, and we will call | x,,) the first state, | x,)
the second state, and so on (of course, the indices p, g, ... are
not known, and the aim is to identify them locally). The local
marking strategy of Alice and Bob goes as follows:

Step-1: Both Alice and Bob perform the Pauli-Z measure-
ment on the first part of the first state (i.e., the state |x,)).
If they obtain correlated (C) outcomes, i.e., if Alice and Bob
both obtain the same outcome, then they conclude that |x,) €
G, whereas anticorrelated (AC) outcomes imply |x,) € G».

Depending on the results obtained in Step-1, they determine
their protocol for the next step. For instance, if they obtain
correlated outcomes, then their protocol is discussed below.

Step-2: Knowing that |x,) € Gi, both Alice and Bob
perform Pauli-X measurement on the second part of |x,).
Correlated outcomes imply that the first state is |x;) (i.e.,
p = 1), otherwise it is |x2) (i.e., p = 2). Accordingly, two
different branches open up at the next step.

Step-3 [Case-I]: p =1 in Step-2 implies that the second
part of all the states |x,), |x,), and |x;) is |¢ ™). Using the
second part of the second state (i.e., |x4)), Alice and Bob
follow the teleportation protocol (TP) to prepare the first part
of | x,) at Alice’s laboratory. Alice now performs the Bell basis
measurement (BM) on the first part of |x,), and depending
upon the measurement outcome, marks the state exactly.

Step-4 [Case-I]: Since two states |x,) and | x,) are marked
exactly (in this case p = 1 and ¢ = 2 or 3 or 4), the result of
Walgate et al. [15] allows us to mark the state |x,) by a local
protocol on the first part of the state (in the flow charts of
Figs. 2 and 3 we will call it the Walgate protocol and denote it
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as WP). The remaining state | x,) is immediately marked as the
set Xy is known. For the sake of completeness, we list the dif-
ferent possibilities and the corresponding Walgate protocols:

(1) p =1 (in Step-2) and g = 2 (in Step-3 [Case-I]): Both
Alice and Bob perform the Pauli-X measurement on the first
part of |x,). Correlated outcomes imply r =3 and s = 4.
Anticorrelated outcomes imply r = 4 and s = 3.

(i) p = 1 (in Step-2) and g = 3 (in Step-3 [Case-1]): Both
Alice and Bob perform the Pauli-Z measurement on the first
part of |x,). Correlated outcomes imply » =2 and s = 4.
Anticorrelated outcomes imply r = 4 and s = 2.

(iii) p = 1 (in Step-2) and ¢ = 4 (in Step-3 [Case-I]): Both
Alice and Bob perform the Pauli-Z measurement on the first
part of |x,). Correlated outcomes imply r =2 and s = 3.
Anticorrelated outcomes imply r = 3 and s = 2.

Note that the entanglement of |x,), | x4), and the first part
of |x,) get destroyed in the protocol, whereas the entangle-
ment of |x;) and the second part of |x,) remain intact. So,
whatever the outcome of BM at Step-3, the protocol ends with
3-ebit entanglement that can be used as a resource.

Step-3 [Case-1I]: Let Step-2 yield the conclusion that p =
2. Then, both Alice and Bob perform the Pauli-Z measure-
ment on the first part of the second state (i.e., the state |x,)).

(i) If correlated outcomes are obtained, then g = 1.

(i) If anticorrelated outcomes are obtained, then
qg=3or4.

Step-4 [Case-Il]. If a correlated outcome is obtained in
Step-3 [Case-II], then we have p = 2 and ¢ = 1. Again, the

result of Walgate et al. ensures that local marking of |x,)
is possible by a local protocol on the the first part of the
state and accordingly the remaining state | x;) is also marked.
This leaves us with 4-ebit of entanglement at the end of the
protocol—1-ebit each in | x,) and | x,), and 2-ebit in | x;).

If an anticorrelated outcome is obtained in Step-3 [Case-
II], then Alice and Bob know that the second part of |x,) is
|¢~). Utilizing this |¢~) they teleport and prepare the first
part of | x,) at Alice’s laboratory. Alice performs the Bell basis
measurement (BM) on the first part of | x,) and marks the state
exactly.

(i) If |x,) is identified as |x4), then we have p =2,qg =
3,r=4,s = 1.If | x,) is identified as | x3), then we have p =
2,q =4,r =3,s = 1. In both of these cases, we are left with
3-ebit of entanglement.

(i1) If the state | x,) is identified as |x;), then we have p =
2 and r = 1. WP allows us to mark the state |x,) by a local
protocol on its first part. Therefore, we have either p = 2, g =
4, r=1,s=3o0r p=2,9g=3,r=1,5s =4. Both of these
cases leave us with 2-ebit of entanglement.

So far, we have discussed the protocol if we obtain corre-
lated outcomes in Step-1. The protocol is summarized in the
flow-chart shown in Fig. 2. However, to complete the proof,
we need to analyze the case if anticorrelated outcomes are
obtained in Step-1. The corresponding flow-chart is shown in
Fig. 3. From the flow charts it straightforwardly follows that
on an average 3-ebit [%(3 + 3)] of entanglement is left at the
end of the protocol.
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