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Entangled quantum states share properties that do not have classical analogs; in particular, they show
correlations that can violate Bell inequalities. It is, therefore, an interesting question to see what happens to
entanglement measures—such as the entanglement entropy for a pure state—taking the semiclassical limit,
where the naive expectation is that they may become singular or zero. This conclusion is, however, incorrect.
In this paper, we determine the 7 — 0 limit of the bipartite entanglement entropy for a one-dimensional system
of N quantum particles in an external potential and we explicitly show that this limit is finite. Moreover, if the
particles are fermionic, we show that the /i — 0 limit of the bipartite entanglement entropy coincides with the

Shannon entropy of N bits.
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I. INTRODUCTION

The study of entanglement measures [1], which was firstly
motivated by quantum information and computation [2], is
nowadays central in many areas of theoretical physics. For a
spatially extended quantum system in a pure state, a measure
of entanglement that is invariant under local operations and
classical communications [3] is the Von Neumann entropy
of the reduced density matrix, also known as entanglement
entropy. This quantity has found extensive applications in
both high-energy [4,5] and condensed-matter theory [6,7].

Entanglement [8—10] is rightly considered one of the key
features of quantum mechanics that makes some of its pre-
dictions incompatible with any local classical theory [11,12].
By pushing this line of thought, one could expect that entan-
glement measures should be zero or singular when evaluated
in a—properly defined—classical limit [13]. This conclusion
is, however, wrong, as we easily show by means of a simple
example.

Consider the quantum state

1
V2
where A and B denote two spatially separated boxes and

1
V!
is the eigenstate of a harmonic oscillator with energy

E, =lo(n+1/2), n=1,2,...

Wy) = —=(n)al0)s +10)aln)p), 6]

In) = (@")"0)

The state |W,) is entangled [14] and a bipartite entanglement
entropy could be defined as

S(")(A) — —Tr[p/(‘") In pf(\rl)]’ )

where p/gn) = Trp|¥,)(V¥,|. An elementary calculation gives
S™(A) = In 2, independently from the parameter 7.
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The value of S™(A) could be inferred by repeating the
following experiment: the state |\W,) is prepared by a certain
device, and then the box A is opened and a detector tests for
the presence of a particle with the energy E, inside the box.
The Shannon entropy [15,16] of the probability distribution
to observe the particle inside A is the entanglement entropy
S™(A). Now consider the same problem when n — oo. In
this limit, for the correspondence principle, the wave function
of the quantum state |1) can be approximated with an arbitrary
precision by the semiclassical wave function [17,18]. The
same experiment described above can be performed to recover
the value lim,,_, oo S™(A) = In 2 for the entanglement entropy.
However, in this case, the measurement outcomes could be
explained without a knowledge of quantum mechanics. The
observer can assume, for instance, that the experimental de-
vice injects with probability 1/2 a classical particle inside
the box A: if the particle is detected in box A, it will be not
found in the box B. Hence, the entanglement entropy of the
state |W,) has trivially a finite classical limit which can be
interpreted as the Shannon entropy of a bit. Similarly, the
simple experiment which we just described fails to spot the
difference between classical and quantum correlations of the
state in Eq. (1). To this end, it will be necessary to set up a
different measurement protocol in the spirit of Ref. [11] (see
also the discussion in Sec. III).

In this paper, we examine a similar problem for a one-
dimensional quantum gas of N particles in the presence of
an external potential. We still use a positive integer 1 to label
the energy quantum number of each particle and the classical
limit is again defined by sending n — oo [18]. This condition
implies that the classical action of each particle is much larger
than % and, therefore, the limiting procedure is equivalent
to the asymptotic expansion of the Schrédinger equation for
h — 0 [17]. The existence of the z — 0 limit, tout court,
is, however, subtle and might depend on the observable
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FIG. 1. Bipartition of the space adopted for the calculation of the
entanglement entropy in the classical limit 7 — 0. In particular, we
focus on the reduced density matrix p4 and its Von Neumann entropy
S(A) = —TrlpaIn p4].

considered [13]. We note that the behavior of the entangle-
ment entropy in the 7 — 0 limit has been also discussed in a
time-dependent context [19-23].

The paper is organized as follows. In Sec. II, we introduce
a quantum system of N particles in an external potential. The
full real line is partitioned into two intervals: the interval A
which is the one that will be observed and its complementary
B as in Fig. 1. Given an N-particle state |W), we study then
the entanglement entropy calculated from the reduced density
matrix p4 = Trp|W)(W|. This setup is common for quantum
chains and their continuum limits [24-33]. In Sec. II and
Sec. III we initially focus our attention on the case N = 1
and calculate the classical limit of the eigenvalues of the re-
duced density matrix. In Sec. IV, we study the i — 0 limit of
the bipartite entanglement entropy for a two-particle state of
bosons and fermions. At low energies, the entanglement prop-
erties of quasiparticle excitations in quantum chains and their
continuum limits have been investigated in detail [34—44].
For states with finite particle density we refer instead to
Refs. [45-47].

Finally in Sec. IIl we discuss the general case of a
fermionic gas of N particles and we show that in the clas-
sical limit the subsystem entanglement entropy reduces to
the Shannon entropy of N bits. This analytic result extends
the field theoretical calculation for free bosons on a ring of
Refs. [40,41] in the limit of large particle momenta (see also
Ref. [48]).

Our conclusions can be found in Sec. VI. The paper also
contains two appendices.

II. SINGLE-PARTICLE ENTANGLEMENT ENTROPY

Let us start our analysis with the simplest possible case,
i.e., the study of the entanglement entropy coming from a pure
state |W) of a quantum particle living in a one-dimensional
system in the presence of an external potential. Referring to
Fig. 1, we focus our attention on the degrees of freedom
relative to the interval A once we have integrated out those
of the external intervals B

First of all, it is important to observe that in the first
quantization formalism there is no notion of a reduced density
matrix relative to a space interval A C R, since in this case
the Hilbert space cannot be factorized. Moreover, the first
quantization formalism does not allow the possibility that the
state of the system inside region A will be the vacuum, if the
particle is detected outside. To overcome these difficulties, we
reformulate the problem in the second quantization scheme.
It is also convenient to define the system on a lattice with
lattice-spacing a and taking later the continuum limit a — 0.

Consider then the Hamiltonian

hZ
H=— 2Z(cc,+1+Hc)+Z(v+ )cfc

JEZL

3)
in which we assume that the creation and annihilation op-
erators C; and C}L are fermionic operators [49] of a particle
of mass m. A basis for the Hilbert space 7—[ is given by the
vectors ®;cz{10;), [1;)}, where |1;) = C 10), C;l0;) =0
The vacuum state is defined by |2) = ® jEZlO ); therefore,
with a slight abuse of notation we also have |1;) = C;lQ). The
single-particle eigenstates of Eq. (3) can be then conveniently
labeled in terms of an integer number 7 and written as

W) = >y, )

JEZ

The complex amplitudes 1//1(.'7) in Eq. (4) solve the discrete
Schrodinger equation

2 .00 (n) (m)
R v
2m a?

Vi = By ()

The continuum limit a — 0 is obtained by keeping x = aj
finite and further requiring

I//](n)/\/a% 1/f(”)(x), Cj/ﬁ — C(x), (6)

where 1 (x) is the normalized wave-function solution of the
Schrodinger equation for a potential V (x), and C(x) is the
annihilation operator in the continuum.

For instance, when V' = 0, for a particle living on the lattice
of a one-dimensional box of length L, one has

V”:Nsin(””j) =1,2... 7
W J n L + 1 ’ T} ’ ) ( )
where NV, is a normalization constant while the corresponding
energy eigenvalue is given by

E =—h—2|:cos (ﬂ>—li| (8)
" ma? L+1 '

aﬁohnn

From Eqs. (46) and (8) it follows that E,, Tl

La as expected.

Reduced density matrix. Let us now consider a bipartition
of our quantum system into two spatial regions. The interval
A C R made of |A] sites and its complementary B = R\A as
in Fig. 1. The full Hilbert space will be factorized as ‘H =
Ha ® Hp and, for fermionic particles, dim(H,) = 2041

The reduced density matrix relative to region A is defined
as pf\”) = Trg|V,) (¥, | and, after substituting Eq. (4), it can be
easily computed. The result is

o =3 [P+ Y v P ILLL ©)

réA r,s€A

with £ =

In Eq. (9) above, I is the projector on the zero-particle sector
of the Hilbert space H4, namely,
I = ®;eal0;)(0;1,

while Zme 4 11,) (1] is the projector on the one-particle sec-
tor. The two operators are orthogonal and, as a matrix acting
on Hu, p (") is then block diagonal: the first block is one
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dimensional while the second has the dimension |A| x |A]|.
More generally, let () ...ny) denote a string of N single-
particle quantum numbers that specify an N-particle state
¥y, 4y The Hamiltonian in Eq. (3) commutes with the
particle number jez C;C-; therefore, the reduced density

matrix ,o/g"""”’v) = |W,, ) (W, ny| 18 a direct sum of oper-

ators
ni...n, N ni...m,
,0( 1 N) j— @ p(’EN’ 1]\’)' (]0)

The density matrix pf{’llNzA]’ ) in Eq. (10) acts in the (‘/2‘)-
dimensional subspace of H, which contains exactly &
particles. In the following, we also employ the notation
)“;}C,}éj_m) for the eigenvalues of plg”ENZ’]V ).. As shown in Ap-
pendix A, when N = 1, the reduced density matrix in Eq. (9)
has only one nonzero eigenvalue in each particle sector and

these two eigenvalues are given by

)‘E?,)l] = Z v, )‘87,)0] =1- KEZ)I]' (1
reA
Hence, the entanglement entropy, which is computed from
Eq. (2), for the single-particle state given in Eq. (4) reads
SP@A) = =Py APy — (1= APy In (1= 7). (12)

III. THE /i — 0 LIMIT AND THE FIRST QUANTUM
CORRECTION

In the continuum limit a — 0, the eigenvalues of the re-
duced density matrix are

We are now interested in evaluating the i — 0 limit, hereafter
called the classical limit, of Eq. (12). As discussed thor-
oughly in Ref. [13], depending on the particular observable
considered, this procedure might be ill-defined. However, at
least in our setup, we show that all the eigenvalues of the
reduced density matrix ,o/g") converge smoothly to some finite
values. In our way of performing the limit # — 0, we assume
that interval A will be inside the classically accessible region
bounded by the turning points x; < x, of the classical trajec-
tory. These points are defined as those values for which the
classical momentum

Pp(x) = +/2m[E, — V(x)] (14)

vanishes [p,(x;) = p,(x,) = 0]. Ignoring for the moment the
O(h) corrections that will be discussed later, the semiclassical
wave function in region A is [17]

N, 1 [* b4
G (i [ =) a9

with AV, being a normalization constant. In order to replace
the wave function ¥ with its semiclassical approximation
1[[;”), the quantum number n must be large, n > 1 (see also
Appendix B for more detail). The normalization constant
N, is calculated by neglecting the exponential tails of the
semiclassical wave function outside the classically accessible
region [17] and replacing, inside the integrals, the rapidly

) =

oscillating terms with their average, that is,

1 7T\ rso 1
W= 4 —-= —. 16
cos (h/ ypy () 4> — 5 (16)

X1

A, :z\/z (17)
n Tn

where T;,(E,) is the period of the classical orbit with energy

Therefore, one obtains

E, = é’—m + V(x). Hence, in the limit 7 — 0, the eigenvalue

AE;’)I] coincides with the probability to observe a classical

particle inside interval A:
N 2 d
W0 22 Py = 2 / = (18)
' ¢ T, Ja Dy (x)/m
Analogously, the entanglement entropy calculated in Eq. (12)
reduces to

sty =9 —PP(A) In P(A) — PIP(B)In P (B), (19)
with PC(I”) B)=1- PC(I”) (A). Notice that the expression given
in Eq. (19) is the same as the Shannon entropy [15] of a
classical particle that has probability Pc(l")(A) of being found
inside interval A. For an observer who ignores quantum me-
chanics but knows that the particle number is conserved, the
detection of the particle in interval A permits one to conclude
without hesitation that interval B must be empty. This is
the same classical conditional probability interpretation [50]
which could be also employed to explain the anticorrelations
measured in a spin-1/2 singlet (| 1) — | {1)/+/2, as long as
the spins are measured along the same direction. As is well
known, in order to pinpoint the difference between classical
and quantum correlations [11] in a spin system, one should
rather measure the two spins along different directions. A
similar experiment, however, is not easy to reformulate in
our model without breaking the particle number conservation
[51].

Microcanonical entropy. The i — 0 limit in Eq. (19) has
also a statistical interpretation in terms of the microcanonical
entropy of a classical particle [52], which is observable only
within a spatial region A. If @, is the phase space of a classical
particle with constant energy E, bounded in an interval A C
R, its microcanonical entropy is (up to a constant)

Sy (A) = —In[I)(®4)/T)], (20)

where I') (D4 ) is the density of states,
[y(Ps) = / dpdx8(p*/2m + V (x) — Ey). 2D
Dy

Given Eq. (21), Eq. (20) is the logarithm of the fraction of time

that the particle spends inside interval A during its motion. We

can then rewrite Eq. (19) as
=0 (P r,(o

sM(A) =2 _”(T A)s;n(A) + —"(T 5)

n n

S"B).  (22)

Classically, one may argue that the finite value of the entangle-
ment entropy for i — 0 is due to the ignorance of the initial
condition of the particle whose motion is confined on a surface
(here a curve) of constant energy.
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Order I corrections. We can also easily determine the first
quantum correction to the eigenvalue of the reduced density
matrix in the one-particle sector [see Eq. (13)] and, therefore,
to the entanglement entropy in Eq. (19). Let us define [17]

p/ 1 X p/z
V(X):W—l—_/ dl‘F, (23)

where p’ denotes the derivative of the classical momentum
p (see Ref. [17] for details) For instance in the case of the
harmonic potential V (x) = 2mw x? and energy E, one has

o  y3*—6)
482E (1 — )32’

y(y) = (24)

with y = /% me? “zx. Up to a normalization constant, the semi-

classical wave functlon which includes also O(#) corrections
is obtained by replacing Eq. (15) with [17]

" — Y1 — ihy (x)). (25)

One can normalize the new wave function in Eq. (25) by
ignoring as before the exponential tails outside the classically
accessible region and eventually derive the first quantum cor-
rection to Eq. (18) as

21
)\(117) = Pc(lﬂ)(A) + T <f dx— - PCI(A)/ dx—)
n X1

+ Oh%). (26)

IV. CLASSICAL LIMIT OF TWO-PARTICLE-STATE
ENTANGLEMENT ENTROPY

Let us now examine the same problem but for a fermionic
two-particle eigenstate of the Hamiltonian (3), namely,

> ML), 27)

l<meZ

|"I]77/3) =

with M\"P = 4Py () — WW}W and 7 # B. The two-
particle state satlsﬁes the anticommutation relation

Hilm) = =1mli). (28)

Therefore, an orthonormal basis for the two-particle sector of
‘H is given by the vectors |1;1,,), with [ < m. The state in
Eq. (27) is properly normalized, (¥, 3|W,s) = 1. By repeating
steps similar to those that led us to Eq. (9), we can determine
the reduced density matrix of region A for this case:

pl18) — Z MM 11 (L 1y

I<meA
I'<m'eA
+ Z ‘Ml(:zzﬁ)| HA+ Z M(Vlﬂ) M(ﬂlg) |1m><1m’|
l<meB leB
m,m’' €A
(nﬂ)

As a matrix acting on Ha, is a direct sum of three
orthogonal projectors into the two-, zero-, and one-particle
sectors of the Hilbert space. Let us now consider the 7 — 0
limit of its eigenvalues. The reduced density matrix in the
two-particle sector has rank 1 (see Appendix A), and its only

nonvanishing eigenvalue equals the trace; therefore,

_ Z[ l(n)]* l(ﬂ)

leA

2
W= X Tl

1,meA

(29)

As expected, A(;’%)] and A("‘s )] are related by the exchange of the

bipartition indices A and B. In the continuum limit, Eq. (29)
reduces to

Ml — det / dx[y™ () (x), (30)
n A

with ¥ (x) and ¥ #) (x) being the single-particle Schrodinger

wave functions with eigenvalues E, g (n # B). As in Sec. III,

we take A within the region classically accessible to both

particles with energies E, and Eg. The matrix in Eq. (30)

becomes, then, diagonal for 7 — 0. Indeed, by applying the

stationary phase approximation (see Appendix B), one has
h—0

/ dx[y P 0] v P 0 5 5, 4P (A), (1)
A

and therefore, we obtain )\gﬁz)] e P(") (A)P(ﬁ )(A). The
eigenvalues of the reduced density matnx in the one-particle
sector can be calculated similarly. By using again Eq. (31), in
the continuum limit we have

Z M(WS) M(ﬂﬁ) * h—0 K(’?ﬂ)(y’y) (32)

leB
m,m’ €A

where
K G0y = " [ 0)] P (B)
+y PP PY®B),  (33)

fory,y’ € A. The kernel Ks("ﬁ ) (y,y"), acting on the one-particle
semiclassical wave functions, has only two nonzero eigenval-
ues: one is P{"(A)P(B) and the other is P"’(A)P{"(A). By
taking into account Eq. (29), we conclude that the classical

limit of the eigenvalues of the reduced density matrix ,0('“5 )
220 22 PO B)PL (B, (34)
M R @R @), PP @RY B, 639)
225 22 PP WP @), (36)

Notice that their sum is 1 and, moreover, they have a simple
combinatorial interpretation, already anticipated in Sec. III.
The eigenvalues in Eqgs. (34)—(36) represent the probability
to observe zero, one, or two particles of different colors n
and B in an interval A. The entanglement entropy S“#)(A) =
—Tr[p, A 1n p/gnﬂ N converges for /i — 0 to the Shannon en-

tropy [15] of such a probability distribution:

ST 22— N {PO@A) In P (A)
r=n.p

+H1-PY@W]m[1-PPW]. 3D

Identical quantum numbers. It is interesting to examine
more closely the case of n = 8, which requires the particles
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to be bosonic. The normalized two-particle state is now

\/_ Z w(n)w(ﬂ)“ll +Z ('7) |2 (38)

l<meZ leZ

where |2;) = %(Cf )2|2). However, in the continuum limit
[see Eq. (6)], the second term in Eq. (38) is O(a) and drops;
therefore, all the steps previously done for fermions can be
repeated but with a crucial difference. The kernel Ks(y, y') in
Eq. (32) is now replaced by

K™ () = 20" [ O0O] P (B), vy €A, (39)
and has only one nonzero eigenvalue given by k;'f"l)] =
2PC(1")(A)PC(1")(A). The eigenvalues )»[(;’j?k)] of the reduced density
matrix are now probabilities of occurrences of k = 0, 1, and 2
successes in N = 2 Bernoulli trials (coin tossing). The entan-
glement entropy for /i — 0 is then the Shannon entropy of a
binomial distribution B(N, p) with the following parameters:
N = 2, the number of trials, and p = PC(I”)(A), the probability
of success in each trial. Notice that this result cannot be
obtained by substituting n = 8 in Eq. (37).

V. CLASSICAL LIMIT FOR AN ARBITRARY NUMBER OF
PARTICLES

A generalization of the results derived in Sec. IV is also
easy to obtain for arbitrary multiparticle fermionic states. An
N-particle eigenstate of Eq. (3) is given in this case by

Wym) = Y MM, 1), (40)

li<--<IyeZ

with M ;1'7“‘"[',;"”) det[lﬁ("’ li,j=1..n. The reduced density ma-
trix acting on the subspace of H, with exactly k particles [see
Eq. (10)] can be written as

2 X

my<---<mp€A ly<---<ly_y€B
mjy<---<my €A

M1-..n)
LAy —gmy..my,

Mr-mn) _
Py, EN k]]V

X [M("l‘“'”’) ]* X |1y, -

11...IN,km’l...mk

L) (L < L .
(41)

In order to calculate the eigenvalues of pf({“N Z]) in the limit

h — 0, we proceed as follows. First, the product of the two
determinants in Eq. (41) is expanded over permutations as

(m-..nv) (m...1v) *
MIIMIN,kml...m.[Mll...IN,km’l...m']
Z (— 1)U+T'l/f(ﬂ"(l)) wl(:i/v—k)) ISZU(N—A'-FI)).'. r('er(N))
g, TGSN
() 7* M=) T*[ 7 Mev—k+1)) T* () T*
< [, "] [ [me; ] "'[‘/’m; I
(42)

Then, we observe that, by Eq. (31), when summing Eq. (42)
over Iy, ..., Iy_y, the limit # — O selects only the permu-
tations with o(1) =t(1),...,0(N — k) = t(N — k). Each
of these identifications of the N — k quantum numbers can
be performed in (IZ) distinct ways and for a given choice
of the first N — k indices there are (N — k)!(k!)* terms
in the summation in Eq. (42). For instance, if we choose

o(l)=1t(),...,0(N —k) =1(N — k) within the set {k +
1, ..., N}, these terms will be factorized and are of the form

(|1/f("”‘)|2 . ...|1p(’7N)|2 + perm.)

IN—k

o+t ('10(1)) Mow) T, Meay)T*

o, TES,

[T
(43)

By substituting back Eq. (43) into Eq. (41) and summing over
I, ..., Iy_x, we deduce that the nonvanishing contributions to
the classical limit in the k-particle sector of H,4 are

e~ >0 (TTw™r

87 ll ..... ik} ]€S leB

iy i)
Pajka » (44

where S is a k-tuple of indices in the set {I,...,N}. By
applying the Cauchy-Binet theorem (see Appendix A), we can
also find

pX’Ek ]:7]/«) p;ﬁ[lk kﬁ]U (detzw(n) l//(ﬂ)] )
leA
<Y det (v)der ([2])
my<---<my

/ /
my<---<ny

X Ly oo L XLy oo Ly [ (45)

which shows, again recalling Eq. (31), that all the density
matrices in Eq. (44) commute when /i — 0. Moreover, the
operators ,oz‘[k "kk] have a unique nonzero eigenvalue given in

the continuum limit by Eq. (A8):

)\‘[(Zlk]nk) _ det[dxlﬁ(n")(x)[w(m)()c)]*- (46)

The eigenvectors relative to the eigenvalues in Eq. (46) are
orthogonal in the classical limit for different sets of quantum
numbers {7, ..., ni} [see Eqs. (A9) and (31)]. Hence, we can
conclude that the density matrix p UEN e ) has, for i — 0, ( )
distinct eigenvalues,

h—>0 ;
e TP By T P (). 47)
jés jeS
labeled by the k-tuples S of indices in the set {1, ..., N}. Once
On-onn) s

again (see, for instance, Sec. V), the eigenvalues A[N g In
the classical limit have a simple combinatorial interpretation:
they are the probabilities associated with the possible arrange-
ments of k out of N colored particles in the interval A. For
h — 0, the total number of nonzero eigenvalues of p{"™ i
2V and the entanglement entropy converges to their Shannon
entropy:

N
= > PP (A)

r=I1
+[1-P{”@A)]m[1
Notice that S~ (4A) < NIn2 with the bound saturated
for Pc(l"’)(A): 1/2, Vr=1,...,N. For a system of N

fermions on a ring of length L, one has P, (A) = |A|/L and
Eq. (48) coincides with the universal part of the quasiparticle

S(ﬂlmnN)(A) M

- P@)]}. 8
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excited-state entanglement entropy calculated with field the-
ory techniques in the limit of large and distinct momenta in
Refs. [40,41]. More precisely, Refs. [40,41] obtained Eq. (48)
for a gas of N bosonic particles with different quantum
numbers. The agreement with our fermionic calculation is,
however, not surprising since for free particles on a ring, either
bosons or fermions, the limit of large momenta is, by the
correspondence principle, the classical limit defined here.

We conclude this section with two remarks. The entan-
glement entropy in the ground state of a Fermi gas in an
external potential has been discussed in the limits 7 — 0 and
N — oo by the authors of Ref. [53]. When N7 is finite, this
quantity can be calculated with a field theoretical approach,
see also Ref. [54] for additional details on this way of taking
the semiclassical limit.

Finally, we observe that Eq. (46) can be interpreted as
the emptiness formation probability [55] of region B. Indeed
Eq. (46) can be rewritten as

5(B)=deﬂt |:517.,/3 - / dxw"”(x)w(ﬁ)(xn*}, (49)
m B

and, by using det(l1 — K) = —Z@] Tr(KP)/p, it can be
recast in a Fredholm determinant form with a Christoffel-
Darboux kernel:

E(B) = det(1 — K(x, y))lx.yes
N

K@, y) =) [2mry™m). (50)

n=1

Equation (50) is a well-known formula in the random matrix
literature (see, for instance, Ref. [56]).

VI. CONCLUSIONS

In this paper we investigated the classical limit of the eigen-
values of the reduced density matrix of a one-dimensional
fermionic quantum gas in an external potential. We showed
that the eigenvalues of the reduced density matrix ps4 of a
spatial interval A are finite for # — 0. They can be interpreted
classically in terms of probabilities of distinct arrangements
of k particles (k = 1, ..., N) with N different colors into two
boxes. Moreover, the entanglement entropy of the subsystem
A reduces to the Shannon entropy of N bits. A similar conclu-
sion can be also found in Refs. [40,41] as a result of a field
theoretical calculation for free bosons on a ring in the limit of
large and distinct momenta. Our analytic derivation, however,
does not rely on field theoretical tools—such as twist fields
or replicas—and generalizes the results in Refs. [40,41] to
fermions in an arbitrary external potential. It also suggests that
the universal part [40,41,43,48] of the quasiparticle excited-
state entanglement entropy has a classical origin. For N = 2,
we analyzed the possibility that the quantum particles have the
same quantum numbers and therefore are bosons. In this case,
it turns out that the classical limit of the entanglement entropy
of a spatial region A coincides with the Shannon entropy of a
binomial distribution of two Bernoulli trials (coin tossing).

It would be interesting to generalize this calculation, as
done in Sec. V, to N identical quantum numbers. If the eigen-
values of the reduced density matrix in the k-particle sector

of the Hilbert space still coincide with the probabilities of k
successes in N independent Bernoulli trials, the entanglement
entropy will converge to the Shannon entropy of a binomial
distribution (see also Ref. [41]). Curiously, for large N, the lat-
ter also scales logarithmically with N, as found, for instance,
in critical bosonic and fermionic one-dimensional systems at
zero temperature [29,31].

Our example suggests that, even for a pure state, the en-
tanglement entropy might be finite for # — 0 and therefore,
in this case, must admit a consistent classical probability
interpretation. Following Ref. [11], in order to pinpoint un-
ambiguously the nonclassical behavior of the correlations in
a quantum superposition one should try to set up a concrete
experiment. For instance, Peres in Ref. [51] proposed the one
where the measurement apparatus could change the particle
number of the initial quantum state, but, as we have already
mentioned, this violation is not possible in our simple model.

Finally, we mention that other possible extensions of the
work are represented by the study of the classical limit of the
mutual information or the negativity [57,58] analyzed for free
fermionic theories in Refs. [59-62].
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APPENDIX A: LINEAR ALBEBRA TOOLS
1. A simple proposition

Given any vector Q € CV and an orthonormal basis |vy)
for a N-dimensional Hilbert space on C, the linear operator

N
p(Q) = Z Okl Q" v} (i | (AL)

k.k'=1

has rank 1.
Proof. Let us apply p to a vector [u(R)) = Zszl Ri|ve), we
get

N
P(@Iu(R)) = (Q'R) D Oclvg). (A2)

k=1

By taking R in the orthogonal complement of Q, which has
dimension N — 1, we obtain p(Q)|u(R)) = O, while by se-
lecting R parallel to Q we have p(Q)|u(R)) = |Q|?*|u(R)). This
proves that p(Q) has N — 1 vanishing eigenvalues and one
positive eigenvalue equal to |Q|*>. The same conclusion also
follows from the fact that p(Q) is a projector on the state
>zt Qclve). [ |

Finally, if |u(Q)) and |u(Q’)) are eigenvectors of p(Q) and
0(Q"), one also has

(w(@lu(Q") = 0'Q'. (A3)
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2. Proof of Eq. (45) (Cauchy-Binet theorem)

From the definitions given in the main text

M1--m) Br-Br) __
Paticrl © Paikk
n1< <n1(m|< <mk(71'€5k
Ny << my<--<my A, ueSy

X
ny k n

) g ma) [y Bua) 1% 1y Buw) 1
R ST T

Z Z Z (=1)7 T (=1)MHH r(n’iw)) . ’S’TZ{’“'))[I//;’?’(”)]* . [w;i““)]*

lmk)(11112 lm)(lly’(ln’ll (A4)

1m’1|1n1 cee

The scalar product in the second line gives ]_[f-‘=1 Sm;,n,, and since the basis is orthonormal, we then obtain

n 7]) Br--Br) __ (ni (ﬁx
Patirl ©Patirl = Z detW”)det ‘”

( Z Z( 1)t+)nl_[¢(ﬂr(/)) (”A(/)) )

m1< <mk ny<---<ng T,AESy

m]<---<mk

X Loy oo Ly YL oo L | (AS5)
The indices n; € A and therefore run on |A| possible values. Consider now the |A| x k rectangular matrix X,,; = ,5"’) and the

k x |A| rectangular matrix Y, = [w(ﬂ/ 1*.LetS ={ny, ...,
theorem states that (see Ref. [63])

det (X"Y) =

ny} be a k-tuple of rows of X or columns of Y; then the Cauchy-Binet

Z det Xs det Ys. (A6)

We recognize then the prefactor in the first line of Eq. (AS5) as the right-hand side of Eq. (A6) and conclude that

okt © P = (det 2_ v [w”] ) > det (v det ([ Bigdl - L)Ly - Ll (A7)
mh leA my <<y
ml<»--<mk
This is the formula given in Eq. (45) of the main text. Notice that if n; = B4, ..., nx = Br, Eq. (A7) implies that (,oA ok '“))2
)L](('IL»nk)pf‘nEk ]:)]A)’ with
)“Ellzlk] M) _ det Z 1lf(ﬂz ('71 (A8)

From Eq. (A1) it follows that the operator pX’Ek ]:’]‘) has rank 1, and therefore, A(Z'k] ) is its only nonzero eigenvalue. Let [u(" 7))
be the corresponding eigenvector; then Eq. (A3) and the Cauchy-Binet theorem also imply that

(u (.. nk)|u(ﬂ1 ﬂk) (

APPENDIX B: i — 0 LIMIT OF THE OVERLAPS [EQ. (31)]

The overlaps between semiclassical wave functions were
discussed in the pedagogical note [18]. In the limit & — 0,
they can be evaluated by stationary phase approximation. By
substituting Eq. (15) into Eq. (31) one finds

/ dx[w(ﬂ)(x)] w(ﬂ)(x)

eﬁgnﬁ(x) — ie%fnﬂ(x)

=TT, dx—— 4+ c.c., B1
T e oo B
where fnﬂ(x) = An(x) + Aﬂ(x), gnﬂ(x) = An(x) - A/S(x)s

and A, (x) is the modified action A,(x) = fx ),C dy p,(y) and
pn(y) > 0 is the classical momentum in Eq. (14). In the
limit # — 0O, the asymptotics of the integral in Eq. (B1) is
dominated by the contributions of stationary points such that
g,, 5 (xs) = 0 [since f,; (x) # 0 for x € A] and of points located
at the boundary of the integration domain A. The latter were

det Z 1p(n) Iﬁ(ﬁ)

) (A9)
leA
[

ignored in Ref. [18] since they were producing subleading
terms. If x, is a stationary points of g,g, then p,(x;) = pg(xy);
however, for E, # Eg, classical trajectories with the same
potential cannot cross in phase space. We conclude, therefore,
that g’,7 p(x) # 0 for x € A. It remains to analyze the boundary
contributions to the asymptotics. Let us consider, for instance,

_ig%fr)ﬂ(x)
I=[ax—0 (B2)

VP (X)pp(x)

By integrating by parts we get

Fier Jop@

[Py (x) + pp(x)]/Pr(X)ps(x)

I=-—

0A

d 1 i
+h/d —( > #he @,
L ax \ [y ) + ps Iy )

(B3)
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which shows that the boundary contribution to I is O(h)
and vanishes for i — 0. As an example of the quality of
the asymptotics in Eq. (B3), we calculated Eq. (B2) for the
harmonic potential V(x) = %xz, taking n = 10 and 8 = 20
at i = 1. One should not be puzzled by the choice i = 1.

The classical limit is approached whenever A, gz > h (for

x € A) and therefore the stationary phase approximation re-
mains also valid for 7 = O(1) as long as 1,8 > 1. For
an interval A =[—1, 1], we obtain by numerical integra-
tion of Eq. (B2) I = 0.03446-0.004 37i, while the first term
in Eq. (B3) is evaluated as 0.03445-0.004 37 in excellent
agreement.
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