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Dispersive readout with non-Markovian environments
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We study the non-Markovian dispersive readout of a single-mode bosonic (SMB) quantum system coupled
to the open cavity with two non-Markovian environments. Assuming that the SMB quantum system is initially
prepared in a thermal equilibrium state, the susceptibility of the measured SMB quantum system to the cavity
can be obtained by the nonequilibrium linear response theory, which provides the dispersive frequency shift of
the cavity. We analytically derive the transmission and reflection of the cavity in the non-Markovian regime
and discuss the non-Markovian dispersive readout of the SMB quantum system, which is in good agreement
with that obtained by the Markovian approximation. We show that the effect of non-Markovian dynamics on the
system’s behavior leads to the decrease of the transmission and shifts of the frequency corresponding to the peak
of the transmission in the dispersive regime compared with the Markovian case and the increase of the sum of
the transmission and reflection due to the excitation backflowing induced by the couplings of the cavity and two
non-Markovian environments, which could be applied to quantum secure direct communication with quantum
memory. Finally, we generalize the readout theory to the periodically driven SMB quantum system based on the
Floquet theory and quantum network, which contain all influences from the non-Markovian environments. The
formalism presented in this paper opens an alternative field of possible applications in quantum information and
quantum communication with non-Markovianity by manipulating the spectral densities of the environments.
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I. INTRODUCTION

The storage, manipulation, and readout of the states of a
quantum system are basic tasks in quantum information pro-
cessing [1-3]. Dispersive measurement is implementable for
the readout of quantum states of a qubit, when it strongly cou-
ples to a cavity [4—15]. The idea of the dispersive readout lies
in the following. During the measurement, the qubit couples
to the cavity off-resonantly, which results in the absence of
energy exchange between them [16,17]. With the qubit-cavity
system in the dispersive regime, frequency shifts occur for the
cavity owing to the interaction with the qubit, which depend
on the states of the qubit [15,18]. The shifts can be used to
infer the quantum states. To do this, one can monitor the phase
quadrature of the transmitted or the reflected radiation [15,19].
Alternatively, one measures the amplitude of the transmitted
signal. Theoretically, the frequency shifts can be observed
in the qubit-cavity Hamiltonian after a transformation to the
dispersive frame [15], which is usually performed within the
rotating-wave approximation (RWA).

With technological advancement, the dispersive readout
has been applied to various solid-state systems, including the
ac-driven quantum system [20,21], spin ensembles [22], quan-
tum circuits [23-25], hybrid superconductor-semiconductor
system [26], microwave resonator [27], cavity-coupled atom
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[28,29], periodically driven quantum systems [30], Majorana
fermions in a cavity [31], weakly coupled hybrid system
[32], qubit readout [33], solid-state spin sensor [34], room-
temperature spin qubits [35], and multilevel systems within
the RWA [36,37]. Furthermore, the dispersive readout has
been extended to the ultrastrong-coupling regime [21,38,39].
Indeed, strong- [14,40—43], ultrastrong- [44—47], and even
deep-strong-coupling [48] regimes have been reached in cir-
cuit quantum electrodynamics (QED) systems, but they are
still difficult to achieve for some other systems such as a
single electron spin coupled to a cavity, which still remains
in the weak-coupling regimes [5,6]. Experimental progress
also has motivated several generalizations such as the treat-
ment beyond the RWA [20,21,39,45,49]. Furthermore, the use
of dispersive measurement techniques has allowed photon-
number measurement [50-52] in cavity QED, which has been
applied to mechanical resonators [53] coupled to both optical
[54] and microwave cavities [55], the measurement of indi-
vidual [56,57], and coupled superconducting qubits in circuit
QED [58].

In recent years, with the rapid development of quantum
information technology [1,59], the role played by the open
quantum systems [60,61] has become more and more im-
portant. Generally speaking, all realistic quantum systems
are open due to the unavoidable coupling with the envi-
ronment [62-65]. The Markovian approximation for open
systems [60,61] is only valid when the coupling between
the system and environment is weak and the characteristic
times of the bath are sufficiently smaller than those of the
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quantum system under study. Otherwise we should consider
the effect of non-Markovian dynamics on the system’s be-
havior, which occurs in many quantum systems including
coupled cavities [66], optical fibers [67,68], trapped ions in
colored noises [69—71], photonic crystals [72,73], and cavities
coupled to waveguides [74-81]. The non-Markovian process
proves to be useful in quantum information processing includ-
ing quantum state engineering, quantum control, and quantum
channel capacity [65,82—-85]. Non-Markovianity can be char-
acterized by the information flow between the system and
its environment [86-92], which leads to different measures
of non-Markovianity [93-98]. Thus the motivation of this
paper is to determine the effect of non-Markovianity on the
dispersive readout so that we can understand the fundamental
physical origins of the non-Markovianity as well as the dis-
persive readout. These motivate us to explore the theory of
dispersive readout in the non-Markovian regime.

In this paper we develop the theory of dispersive readout
in a single-mode bosonic (SMB) quantum system coupled to
the cavity by taking the effect of non-Markovian dynamics
on the system’s behavior into account. For this purpose, first
the exact non-Markovian input-output relation is derived and
then the susceptibility of the SMB quantum system to the
cavity field is obtained with nonequilibrium linear response
theory. The dispersive frequency shift of the cavity is also
provided in terms of the SMB quantum system susceptibil-
ity, which can be probed experimentally by measuring the
transmission spectrum of the cavity. We apply this theory to
the time-independent system subjected to the non-Markovian
environments and then find that the transmission spectrum
changes from the non-Markovian to Markovian regimes by
tuning the spectral densities of the environments. The non-
Markovianity decreases the amplitude of transmission and
shifts the frequency corresponding to the peak of the transmis-
sion compared with the Markovian case but increases the sum
of the transmission and reflection in the dispersive regime.
The non-Markovian dispersive readouts of the periodically
driven SMB quantum system and quantum network are in-
vestigated when their susceptibility is derived based on the
Floquet theory and quantum transmission line, which contains
all influences from the non-Markovian environments. Finally,
we demonstrate the feasibility of the theoretical scheme, indi-
cating that the present scheme can be realized in experiments
in the near future.

The remainder of this paper is organized as follows. We
introduce the system-cavity model and Hamiltonian in Sec. II.
In Sec. III the exact non-Markovian input-output relation is
derived, which returns to the Markovian input-output rela-
tion in the Markovian limit. In Sec. IV the relation between
the cavity transmission and the susceptibility of the SMB
quantum system is given by the linear response theory and
input-output relations in both Markovian and non-Markovian
cases. The readout theory is applied to a time-independent
multilevel system with a focus on the non-Markovian correc-
tions in Sec. V. Section VI is devoted to the generalization
to the periodically driven SMB quantum system. In Sec. VII
we discuss the non-Markovian dispersive readout for a quan-
tum network. We present a discussion of the experimental
implementation of this scheme in Sec. VIII. We discuss and
summarize our results in Sec. IX.
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FIG. 1. Schematic of the proposed setup for the dispersive read-
out of the hybrid quantum system which consists of a SMB quantum
system (Hy = w.é7¢) and an open cavity with coupling constant
g. The cavity couples to the input and output modes of two non-
Markovian environments. Here @\ and a{\) (v = 1, 2) are the input-
and output-field operators. The input field incident from the right
cavity mirror a2’ is in the vacuum state and does not contribute to

the average output fields.

II. MODEL HAMILTONIAN

To present the general model to realize the dispersive read-
out in non-Markovian regimes, we consider here that a hybrid
quantum system consists of a SMB quantum system and
the cavity interacting with two non-Markovian environments,
which is sketched in Fig. 1. The total system is governed by
the Hamiltonian (setting /i = 1)

H = Hs + Hi, )

with

+ ) uddi+ ) (Guad{ + Gia'dy. ()
k k

where a' (@) is the creation (annihilation) operator of the
cavity mode with frequency w,, &' (&) is the creation (an-
nihilation) operator of the bosonic mode with frequency w,,
and g is the coupling strength between the bosonic system and
the cavity. The cavity couples to the kth mode (eigenfrequen-
cies wy and €2;) of the non-Markovian environments, which
are modeled as collections of infinite modes via the creation
(annihilation) operators 132 (by) and c;',j (dy). The parameters
gr and Gy are coupling coefficients between the two environ-
ments and the cavity, respectively.

Due to the coupling strength g between the bosonic system
and the cavity, the cavity acts on the SMB quantum sys-
tem, while it experiences a backaction that shifts the cavity
frequency. This frequency shift allows one to infer the infor-
mation about the bosonic system inside the cavity by driving
the cavity with a laser and monitoring the changes of the
cavity transmission resulting from the coupling between the
SMB quantum system and the cavity.

III. EXACT NON-MARKOVIAN INPUT-OUTPUT
RELATIONS

We here analytically derive the exact non-Markovian input-
output relation, which contains all the influences of the
environments on the SMB quantum system. To treat the SMB
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quantum system and the cavity as a hybrid quantum system,
we move to the Heisenberg picture and use the Heisenberg
equations for operators of the hybrid system. This treatment
enables the calculation of the output fields at the ports of
the cavity, given the input fields [36,37,99,100]. Generally in
experiments, the cavity is probed by driving it with the input
field and detecting the transmitted field.

In the Heisenberg picture, all operators including the
cavity field, SMB quantum system, and environments
are given by a(t)= Utau @), &) =UT0)eu@),
be(t) = U ()bU(r), and di(t) = UT(@)dU(t), where
U(t) = exp(—iHt), with H given by Eq. (1). The time
evolutions of the cavity and environment annihilation
operators satisfy Heisenberg equation as follows:

%a(m = —ila(t), H(t)] = —iw,a(t) — iglé(t) + &' (t)]

—i Y gihi(t) =iy Grdi(t), 3)
k k
d . o
—hi(0) = iy (1) — igea(). @)
d . a
—di(1) =~y (1) — iGa). (5)

Through simple calculations solving Egs. (4) and (5), we
obtain the formal solutions of the environment operators for
0<t,ie,

t
Bk(t) — l;k(O)e*ia)kt _ lgk/ dT &(r)efiwk(tft)’
0

t
di (1) = dp(0)e % — G, / dra(t)e ™0 ()
0

The first terms on the right-hand sides of Eqgs. (6) represent
the freely propagating parts of the environment fields and the
second terms describe the influences of the cavity. Substitut-
ing Eq. (6) into Eq. (3) for the cavity annihilation operator, we
can obtain an integro-differential equation

d . N N
—Hat) = —iwaa() — igle() + &' (1) - K () - Kj@)

—/drau)fl(z—r)—f dr a()folt — 1),
0 0
™

where the externally driven environment operators 1%3 )=

iy, gt (0)e ™ = [* drii(t —1)all () and Ki(r) =

iy, Gidu(0)e ™™ = [* drii(t — T)al(v). The cavity

couples to the incoming and outgoing modes of envi-

ronments at both ends; thus we define here the 2input-
h P

field operators as ai(n)(t) = \/%7 Y e “b(0) and ai( )(t) =

n

JTLH > e ¥ d,(0) and the impulse response functions are

ki1(t) = JTZTT >, e g and ka (1) = \/;27 >, €% Gy, orinthe
continuum

kit —1) = «/_TLJT / e Dg(w)dw,
i io(t—1) ®
Kt —1)= E/e G(w)dw,

where we have made the replacements gy — g(w) and G, —
G(w). The correlation functions are given by

fi =Y lale ™ = [nwedo.
k

©))
L@ = Z |Gk|26—i9kt = /Jz(w)e—iwzdw’
k

where Ji(w) =Y, |gkl*8(w — wy) and D(w) =
> |Gi|>8(w — Q) represent the spectral densities of
the two environments and fi(¢r) and f,(t) denote the
memory functions of two environments, which describe
the non-Markovian fluctuation-dissipation relationship of the
environments.

In a similar manner, we obtain the formal solutions of the
environment operators for t; > ¢, i.e.,

. 4l )
bi(t) = b (1 )eflwk(lffl) + igk/ dr &(_[)eflwk(tfr)’
t
" (10)
di(t) = di(ty)e ) 1 iGy / dt a(t)e =0,
t

Similarly, we can obtain another integro-differential equation

d N N
E&(t) = — iw,a(t) — igle(t) + & ()] — K[ () — K5(t)

+fldT&(T)f|(t—‘L’)+/ld‘ffl(7:)f2(t—‘L’),
t t (11)

where we have defined the output-field operators
and the externally driven environment operators as
ao(t) = Z= Y e W) and agu() = 223
UG (1), and  K{(t) =i, gibi(t)em ) =
[ dr kit — al(r) and  Ky() =iy, Gidi(t)
e~ U=t = [ dris(t — 1)al2) (1), respectively.

By comparing Eq. (7) with Eq. (11), or summing of k to
Egs. (6) and (10), the input and output fields are connected
by the non-Markovian input-output relation [101,102] for the
cavity mirror v (v = 1, 2) (setting t; — 1),

t
al @) —a @) = / dt i, (1t — )a(r), (12)
0
where the concrete form of «,(t — 1) is given by Eq. (8). In
the case of the Fabry-Pérot cavity [81], the spectral response

functions can be defined by

(@) = | I TS
B = Vo — o’
I Ao
Glw) = | =2 :
(@) 27 Ay — iw

where A, (v = 1, 2) is the environmental spectrum width and
', is the cavity decay rate through the input and output ports.
Thus the effective spectral density of the environments is
[60,102-106]

13)

r, a2

2 A2+ 0’
which corresponds to the Lorentzian spectral density.
Specifically, the parameter A, is inversely proportional to the

J(w) = (14)
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environmental correlation time. With Egs. (13) and (14), we
obtain «i(t —t) = —i/TiAie 0@ — 1), k(v — 1) =
ivTohae 20700t — 1), fi(t — 1) = 3T1Ae ™7 and
Hit—1)= %ngze’m””, which represents a Gaussian
Ornstein-Uhlenbeck process [107-109], where 6(t —t') is
the unit step function, 0(t —¢') =1 for ¢t > t' otherwise
0@ —t') =0. When A, tends to infinity, the environment
becomes memoryless. That is to say, in the wideband
limit (i.e., A, — 00), the spectral density approximately

takes J,(w) — ;—ﬂ or, equivalently, g(w)— ,/ % and
Glw) — ,/ ;—; This describes the case in the Markovian limit.

Then, according to Egs. (8) and (9), we have f,(¢) = I, §(2),
ki1(t) = —i/T18(t), and kp(t) = i/T28(¢). Substituting
these results into Eq. (12), we can obtain the Markovian
input-output relation

aliy (1) — all (1) = — iyTha),
allt) — aP (1) = iy/Tra(),

where we show that the Markovian input-output relation given
by Eqgs. (15) is equivalent to that defined in Refs. [63,110,111]
and can return to the result of Refs. [63,110,111] by
the replacements gy — igy [g(w) — ig(w)] and Gy — iGy
[G(w) — iG(w)] in Egs. (2), (8), and (15).

15)

IV. LINEAR RESPONSE THEORY

The response of the cavity to a probe field can be deter-
mined using the input-output theory, and the measurements of
the cavity response provide useful information about the SMB
quantum system embedded in the cavity. Both the amplitude
and phase of the transmitted signal provide useful information
about the SMB quantum system. For brevity, we restrict our
discussion to the cavity amplitude response. In this section,
by expressing the coupling operator O(r) = &(t) + &7(r) in
terms of a(z) to analytically solve Eq. (7), together with the
non-Markovian input-output relation, we can obtain the trans-
mission and reflection of the cavity.

Since we are not interested in quantum fluctuations of the
cavity field, we consider Eq. (7) in its classical limit as an
equation of motion for the expectation value a(¢) = (a(¢)). To
obtain the expectation value of O(t), we assume that in the
absence of the cavity, the SMB quantum system is described
by a density matrix po(t) = U (#)po(0)U " (¢). Its dynamics is
determined by the Liouville—von Neumann equation py(t) =
—i[Hy, po(t)] = —iLo(t)po(t), with the Liouvillian £(z). Due
to the interaction with the cavity, the SMB quantum system
experiences an additional driving from the cavity. In Eq. (2)
with @ and a' replaced by classical amplitudes, the corre-
sponding Hamiltonian becomes He (1) = OF (¢), with F () =
gla(®) + a*(t)]. When in the presence of the cavity, the dy-
namics of the SMB quantum system becomes

lbex(t) = _izf()(t)pex(t) - iiex(t)p()(t)a (16)

whose detailed derivation can be found in Appendix A. The
solution of Eq. (16) is given by

pec(t) = —i / P, 1) Eex (oot )d1, (17)
0

where Loy (t)po(t') = [Hex (1), po(t')]  and  P(t,1) =
T exp[—i ftt Lo(t)dt] is the propagator of Lo(r) with the
time-ordering operator 7. Then the change rate of the
expectation value for the operator O(t) = ¢! Qe reads

O(t) = Tr{Opex(t)} = / dt'y(t,1)gla(t’) + a* ()], (18)
0

where the susceptibility
x(t,1') = =i Tr{OP(t, )]0, po(tYO &t —1')
= —iTre{[O(t), Ot )1 po}b (t — 1'). 19)

Making a modified Laplace transformation [112-114]
n(w) = [,° e“'n(t)dt to Eq. (7), where ¢ — ¢~ with
€ — 0" makes n(w) to converge to a finite value, we find the
cavity equation

—iwa(w)

= —iwaa(w) — a()fi(w) — Ri(@)[aly (@) — al (ir)]

—ig0(@) — a(w) (@) — B2(@)[ai (@) — i (A)],

(20)

with Ry(w) = fi)oo KE(tet e dt, aV(w) =

[ al e’ dr’, and  fu(w) = [7 (e dt’.  For

the undriven system, the susceptibility depends only on

the time difference ¢ —¢ such that the integration in

Eq. (18) is a convolution and in frequency space reads

O(w) = gx (w)la(w) + a*(—w)], which leads to Eq. (20)
becoming

[—iw + iw, + fi(@) + fo(@)]a(w)
+ig* x (0)[a(w) + a* (—w)]
= —Ri()[aP (@) — all(ir)]
R (w)[al (@) — al(ir)]. 1)

For a high-finesse cavity, small detuning w — w,, and suffi-
ciently small coupling g such that

k1@, B2 (), |0 — @4, 1€ % (@) K 0a  (22)

the impact of a*(—w) is negligible (for the reasons,
see Appendix B), which means that the SMB quantum
system response is O(w) = gx(w)a(w). Then the
solution of Eq. (21) together with the non-Markovian
input-output relation given by E(il (12) yields the cavity
transmission I, = a((fl)t(w)/ai(n)(a)) =t.+ ¢y with ¢; =
—p(\q, w)t. and p(\q, w) = ai(;)(ikl)/ai(;)(w), and reflection
Fe = al(@)/al) (@) = re + ¢ with ¢ = —¢(A1, @)r, amp-
litudes at frequency w, where

iK1 (0 (—w)
w, — o — i[fi(w) + (@) + & x(w)

ik ()i (—w) 41
w, — o — i[fi(w) + fL(@)] + & x(w)

te=
(23)

Fe =

where «,(w) = ffoo i, (te'®' dt’, and we have assumed that

ai(f)(w) is in the vacuum state. Their dependence on x(w)
allows us to obtain the information about the SMB quantum
system by probing the reflection |r.|?> or transmission |¢.|%.

023707-4



DISPERSIVE READOUT WITH NON-MARKOVIAN ...

PHYSICAL REVIEW A 105, 023707 (2022)

We find that ¢ = —¢(Ay, w)t, and @ = —p(Ay, w)r. are
induced by non-Markovian effect and have no Markovian
counterparts, which are inhomogeneous terms depending on
the specific forms of the input field a(l)(t) In Markovian
approximation, ¢(i;, w) tends to zero for A; — oo. In
order to see the effect of this inhomogeneous term, we now
assume that the input field ai(nl)(t) has two concrete forms
as follows: damped oscillation a(l)(t) = a,e " sin(b;t?)
and Gaussian profile a(l)(t) =ae -t cos(bt) fory >
0 and b; > 0, which respectively correspond to ¢(A1,w)

{Cosﬂy+i>][1 sz(Jggi)}+[l“sz(Jggi)]SHﬂ(V+” 1/

( lw) —iw i
{COS[ J/ ][1 - zfc(j;m)] j‘ [1 zfs(jznib
32402 42b1 (w—id iy
sin[Z ) and g(h, ) = € v fi + €7 i

erfi(3 “) — erfi( 1+m)}/{,+ey[, + erfi(572)] -
erfi( H"”)} where fc(z) [ cos(rt?/2)dr, fs(z) fo sin

(nt2/2)dt, erfi(z) = erf(iz)/i with erf(z) = f Io e dt.

We show the inhomogeneous terms can not reveal
the properties of the SMB quantum system to be
tested. For two concrete input fields and given param-
eters, e.g., ¥ = 0.00lw,, by = 0.003w,, we can evaluate
(A1, w)| ~ 1073 for A = 0.5w, (non-Markovian regime),
and [¢p (A1, w)| ~ 107 for A = 5w, (weak non-Markovian ef-
fect) at the interval w € (0.9w,, 1.2w,) for the above two
cases. This means that the inhomogeneous terms |¢;| and |¢;|
are much smaller than the transmission |z.| and reflection |r,|,
which therefore can be ignored for these parameters, and leads
to7. ~ t. and 7. ~ r. for two above input fields. Therefore, the
influences of the inhomogeneous terms on the cavity transmis-
sion and reflection will be not considered for plotting later.

In addition, we also can redefine the caV1ty transmis-
sion with non-Markovian regimes as ¢, = aout(w) / [a(1 (w) —

all(in)] = wu_w_i[f;(.l‘((w‘“))fé (:)“))] T7@ given by Eq. (23) which
can reflect the properties of the SMB quantum system.
In the Markovian limit (i.e., A, — 00), we have &(w) —
T, k1 (w) = —i/T1, ka(w) = ix/To, and f,(w) — T, /2.
Substituting these results into Eq. (23), we can obtain the
Markovian transmission and reflection amplitudes of the

cavity [21]

N
w,—w—il24 gx(w)
T
= +1
w, — o —il'/2+ g x(w)

tcm

(24)

Fem

where the total cavity decay rate I' = I'; 4 I'. As compared
to the absence of the bosonic system, the maximum of the
transmission is shifted away from o = w, by g’Rex ().

V. TIME-INDEPENDENT SINGLE-MODE
BOSONIC SYSTEM

So far, many works start from the coupled quantum
Langevin equations of the cavity and system, which are solved
within the RWA to obtain the cavity response [36,37,115—
117]. We consider the SMB quantum system (Hy = w.&'¢)
initially prepared in a thermal equilibrium state with the tem-

perature T as
Po = exp(—ﬁo/KBT)/Trexp(—Ho/KBT)

= ZPnVl)(nI, (25)
where the population p,= (Héc—c)ﬂ n=0,1,2,.

(efe) = 1)~!. Here «p is the Boltzmann constant.
The eigenequation is Hy|n) = E,|n) with the eigenvalues
E, = w.n. In this case, with Eq. (19), we can obtain [21]

_ ( m = pn)|0mn|2
x(@)= ;wwm —Ey+ /2

) with
(ehwc/KBT —

(26)

where y,,, denotes the decay rate introduced phenomeno-
logically. Obviously, Rex (w) has peaks at w = E,, — E,,;; for
resonant cavity input (w = w,), these peaks turn into dips in
the transmission. As x (w) has to be calculated at w = w, > 0,
terms with E,, > E, are off-resonant and smaller than the ones
with interchanged indices. Consequently, we can restrict the
summation to terms with m < n to obtain the RWA result for
the cavity response [36], while Eq. (26) generalizes the result
beyond the RWA and gives the non-RWA corrections [37,39].

The matrix element of the coupling operator
satisfies Omn = (m|Oln) = (m|é + &¥|n) = /nbpn1 +
v+ 18m,n-‘,—1 and then |0mn|2 = n‘sm,n—l + (n + l)(Sm,n-H-
Consequently, we can rewrite Eq. (26) as the sum of two
summations

(Pn—1 — pu)n
a) =
X( ) Xn:a)+En71 —En+iyn71,n/2
il — Pn)(n+ 1
Ly (Pn1 — Pu)( . ) @D
w+ EnJrl —FE,+ l)/nJrl,n/2

which corresponds to the result beyond the rotating-wave
approximation. By neglecting the second summation, we can
obtain the RWA result (see Appendix C for more details). If
x (w) is real, we can readily find |ren|? + |fem|® = 1, which
reflects energy conservation. By contrast, in the case given by
Eq. (26) or (27) at thermal equilibrium with the temperature
T, we show that the sum of cavity transmission and reflection
is less than one, i.e.,

[Feml® + ltem|* < 1, (28)

since the imaginary part of susceptibility is less than zero in
the whole parameter regime, i.e., Imx (w) < 0, which implies
energy transfers from the cavity to the SMB quantum system
and the SMB quantum system dissipates energy with the de-
cay rate y,,,. The detailed derivation of Eq. (28) can be found
in Appendix D. If one establishes some other mechanisms,
for example, the SMB quantum system transfers energy to the
cavity or the environmental photons flow back to the cavity
such that |rep,|> + |fem|? might be greater than one in some
parameter regimes. We show that the non-Markovian disper-
sive readout belongs to the latter, which will be discussed in
Sec. VB.

A. Dispersive readout in the Markovian case

We consider that both environments have Lorentzian spec-
tra. In the Markovian limit (A, — o0), we have derived the
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FIG. 2. (a) Cavity transmission spectra |f., |> given by Eq. (24) as
a function of w and/or w, at zero temperature. (b) The blue dashed
line (red solid line) represents |fcy, |2 as a function of w for w, = 0.1w,
(we = w,). (¢) The blue solid (dashed) line shows |f.,|? as a function
of w, in the beyond RWA (RWA) case with w = w,. The cavity is
symmetric (I'y = I, = I'/2 with Q = 1000) and the coupling g =
0.01w,. The other parameter is ¥,,, = 0.001lw.. Here and in other
figures, all plotted quantities are dimensionless.

Markovian input-output relation given by Eq. (15) and the
Markovian transmission and reflection amplitudes given by
Eq. (24). Figure 2(a) shows the anticrossing between the
cavity mode and the state of the SMB quantum system by
depicting the calculated transmission of the cavity |t.,|* given
by Eq. (24) as a function of the driving frequency @ and
the level splitting w,. For this time-independent multilevel
system, the level splitting occurs at w, = E,+; — E,. When
the driving frequency is near the cavity frequency, we can
see the emergence of two peaks. The characteristic frequency
splitting of the coupled modes gives the coupling rate of
g = 0.0lw,, which is greater than the linewidth of both the
cavity mode and the bosonic mode (I' = w,/Q and Yy, =
0.001w,, respectively). This indicates that the strong-coupling
regime g > I', ¥, is achieved, which can be used to per-
form a quantum nondemolition measurement of the state of
the bosonic system in the nonresonant (dispersive) limit, i.e.,
g K |we — wql.

In Fig. 2(b) the vacuum Rabi splitting is readily observable
from the red solid line when w, = w,. As indicated with the
red arrows, the coupling strength g relates to the separation
between the two symmetric peaks, which is also described
as the vacuum Rabi frequency. The strong-coupling condition
is defined as having a sufficiently large interaction such that
two separated peaks are observable in the system response
[36]. However, when the transition frequency is away from the

cavity frequency, the blue dashed line shows that the vacuum
Rabi splitting disappears and a peak appears at ® = w,, which
corresponds to the occurrence of the dispersive limit of the
interaction. In this dispersive regime, i.e.,

g K |we — wyl, (29)

the probing of the cavity mode can be used to infer the
property and state of the SMB quantum system with a backac-
tion. Figure 2(c) demonstrates that when the cavity frequency
is close to the transition frequency, the interaction between
the bosonic system and the cavity results in a significantly
reduced cavity transmission, while far from resonance, the
cavity transmission is perfect. Actually, at zero temperature,
the transition between the excited states remains dark, which
can be explained by the vanishing populations p, =0 (n >
0). However, most of the population is in the ground state and
correspondingly only the transition |0) — |1) is excited and
the corresponding transition frequency is in resonance with
the cavity frequency, i.e., E| — Ey = o, = w,. Moreover, the
non-RWA term has a significant effect on the shape of the dip,
which may be relevant for quantitative comparisons between
experiment and theory.

In the present case, we are dealing with the bosonic sys-
tem at zero temperature, equivalently reducing to a two-level
system. In the usual scenario of a two-level system coupled
to an optical cavity, strong coupling results in light-matter
hybridization, as evidenced in the observation of vacuum
Rabi splitting and the corresponding anticrossing in the cavity
transmission spectrum when the level transition frequency
matches the cavity frequency. The two vacuum Rabi normal
modes are separated by the vacuum Rabi frequency, and the
linewidth of each mode reflects the average decoherence rate
of light and matter [118].

Next we consider the effect of the temperature on the cavity
transmission. In Fig. 3(a) we show the cavity transmission
|tem|? as a function of w, and T. Figures 3(b) and 3(c) show the
horizontal and vertical cuts of this plot at different values of
w, and T. From Fig. 3(b) we can see that when w. = w,, the
interaction between the bosonic system and the cavity results
in a significant reduction in the cavity transmission despite
the temperatures. As the temperature increases, the population
of the excited states p, (n > 0) increases and these states
start contributing to the cavity response. The cavity response
becomes weaker, which is visible in the reduced linewidth
(width of the dip). The transition |n) — |n + 1) can be excited
with £, — E, = o, = w,. We can also see that the quality
of the RWA is expected to improve for higher temperature
from Fig. 3(b). Similarly, from Fig. 3(c) we can find that
fem|? = 0 when w, = w, and |toy|* — 1 when w, is far from
w,. In the two cases, the temperature has almost no effect
on the transmission, but influences the transmission when w,
is close to w, (v, = 0.9w,). It is worth noting that, starting
from Fig. 3, the multilevel system is truncated into a finite
level (n = 25) in the numerical simulation, which makes no
difference to the result with an infinite level.

We next show the cavity transmission plotted as a function
of w and T in Fig. 4. We can see that the vacuum Rabi splitting
(only the transition |0) — |1)) appears at zero temperature
when the SMB quantum system is in resonance with the
cavity, i.e., o, = w,. However, there still exists the splitting
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20

FIG. 3. (a) Cavity transmission spectra |f.,|* given by Eq. (24)
as a function of @, and/or the temperature 7. (b) The solid (dashed)
lines correspond to the beyond RWA (RWA) results representing
|fm|? as a function of w. at different temperatures. (c) Lines show
|fem|* as a function of T for different .. The other parameters are
the same as those in Fig. 2 but with v = w,.

as the temperature increases, which originates from the transi-
tion |n) — |n+ 1) with E,; — E, = @, = w,. There are also
two peaks for the finite temperature in Fig. 4(a), where the
splitting between the two peaks decreases as the temperature
increases. Therefore, it cannot be called vacuum Rabi splitting
for the finite temperature, while for w. = 0.1w,, there is no

20

0 0.5 1 15 2
w/wg

FIG. 4. Cavity transmission spectra |t |> given by Eq. (24) as a
function of w and T, with (a) w. = w, and (b) w, = 0.1w,. The other
parameters are the same as those in Fig. 2.
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FIG. 5. Non-Markovian cavity transmission spectra |f.|> given
by Eq. (23) as a function of w with different values of w.: (a) w. =
1.1w,, (b) o, = 1lw,, (c) v. =0.1w,, v. = 0.9w,, and (d) w. =
0.95w,. The magenta solid lines in all panels and the black dash-
dotted line in (c) represent the beyond RWA results and the blue
dashed lines in all panels and the black dotted line in (c) represent
the RWA results. We choose the parameters A; = A, = 0.5, and
g = 0.01w,; the other parameters are the same as those in Fig. 2.

Rabi splitting despite the temperatures, as shown in Fig. 4(b).
Comparing the two panels, from the color coding we also can
see that the amplitude of the transmission in Fig. 4(a) is much
smaller than that in Fig. 4(b).

B. Dispersive readout in the non-Markovian case

For open quantum systems, the Markovian approximation
is only valid when the coupling between the quantum system
and the environment is weak and the characteristic time of the
environment is sufficiently shorter than that of the quantum
system. The effect of the non-Markovian dynamics on the
system’s behavior should be taken into account when the
coherent time (or environmental correlation time) is long.

As we know, the RWA needs to meet two conditions,

8§ K W + Wq,

30
|wc_wa| < wc+wa, ( )

which are derived in Appendix E. In general, the RWA does
not work if we break one of the conditions, and the non-RWA
(beyond RWA) results are not the same as the RWA results.
From the magenta solid lines and the blue dashed lines in
Figs. 5(a) and 5(d) given by Eq. (23), we can see that the
beyond RWA results give the same dispersive frequency shift
as the RWA results when both conditions of the RWA hold.
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In these two cases, the coupling satisfies g < |w, — w.| but
not ¢ K |w, — w.|, which means the dispersive readout is less
effective. However, from the magenta solid lines and the blue
dashed lines in Figs. 5(b) and 5(c) it is easy to find that g <«
|w, — w| holds but |, — w,| K w. + w, breaks. In Fig. 5(b)
the two results overlap precisely, which means that the disper-
sive readout is very effective with g = 0.0lw, < |w, — w.| =
10w, even though the RWA is violated, while in Fig. 5(c) the
frequency shift of the RWA result is different from the beyond
RWA result when g = 0.0lw, < |0, — w.| = 0.9, and the
RWA is violated. That is to say, the dispersive readout is effec-
tive but not better than that in Fig. 5(b); however, the readout
beyond the RWA in Fig. 5(c) shows great agreement with the
results in Fig. 5(b). From Figs. 5(c) and 5(d) we can see that
the dispersive shift moves right as w./w, changes from 0.1
to 0.95. Similarly, the dispersive shift moves left as w./w,
changes from 11 to 1.1, shown Figs. 5(b) and 5(a). In the next
figure, we will choose the result beyond the RWA with the
parameters g = 0.01lw, and o, = 0.1w, to show the effects of
the non-Markovianity on the dispersive readout. From Fig. 5,
in this dispersive regime, we show that the shift (wy — @,)
between the frequency wy, corresponding to the peak value of
the transmission and the bare cavity frequency induced by the
effects of non-Markovian dynamics on the system’s behavior
can be obtained by the root wy, of

Z()t! + " (o). =0, (3D
with

_ Log +21(0) — 0l2(©) — 2@)lz @) ~ 1]
[21(@) — 0 + w,]

z(w) ., (32)
which originates from the derivative of the transmission z,
given by Eq. (23) to the frequency, where z;(w) = g2 x (w) —
ilfi(®) + fa(@)], 22(0) = ik (0)k2(w).

We next discuss the effects of the non-Markovianity on
the dispersive readout with the Gaussian Ornstein-Uhlenbeck
process. We restrict the discussion to rather low temperature,
at which thermal excitations do not play a role. In the disper-
sive limit, the dispersive pull of the cavity frequency by the
SMB quantum system can be used to entangle the state of the
SMB quantum system with that of the photons transmitted or
reflected by the cavity [15]. It is interesting to note that such
entangled states may be used to couple the SMB quantum
system in distant resonators and allow quantum communica-
tion [119]. From Fig. 6(a) we can see that the non-Markovian
transmission |tC|2 at A} = Ay = 300w, denoted by the black
solid line overlaps precisely with the Markovian transmission
|t.m|* denoted by the yellow diamond dashed line. As the two
symmetric spectrum widths decrease, the dispersive pull of
the cavity increases. It is easy to see that |z.|* also decreases
with reduced linewidth for smaller spectrum widths (i.e., A =
A2 = 0.5w,, corresponding to the case in the non-Markovian
regime) compared to that with larger spectrum widths. Inter-
estingly, the cavity transmission with asymmetric spectrum
widths (i.e., A; # Ap) shows some different phenomena in
Fig. 6(b). When A; = 0.5, and A, = 300w,, corresponding
to the case that one environment is Markovian but the other
is non-Markovian, the cavity transmission shows a smaller
amplitude and larger linewidth compared to the case with

-0- A =X = 05w,
A=A = 2w,
—xem AL = Ag = Bw,
Al -G- A=A = 10w,
S 05¢ A1 = Ao = 300w,
- Markovian
08 L5E
0.995 1 1.005
1 w/wa
s A1 = 0.5wq, A2 = 300w, &
A1 = 0.5w,, A2 = 10w, b
1 = U.dWg, A2 = W"v’.‘)”h
0 Ap = 10wa, Ay = 300wg |}
o~ - - A = A = 0.5w, ?” *:H
5 0.5 F—— X =X = 300w, g’ A
_ Markovian & %
PR

1.005

FIG. 6. Non-Markovian cavity transmission spectra |¢.|> given
by Eq. (23) as a function of w, with (a) a symmetric spectrum width
(A = X2) and (b) an asymmetric spectrum width (X, # A,). The
inset is an enlargement of the region in (a). Note that as the envi-
ronmental spectrum width X, increases, the non-Markovian readout
effect gradually shifts the frequency corresponding to the peak of the
transmission in the dispersive regime and tends to the case of the
Markovian limit (A, — 00). We choose the parameter w, = 0.1w,;
the other parameters are the same as those in Fig. 2.

two non-Markovian environments (i.e., A; = A» = 0.5w,) and
shifts the frequency corresponding to the peak of the transmis-
sion in the dispersive regime compared with the Markovian
approximation. We also consider another two asymmetric
cases of A; = 0.50w, and A, = 10w, denoted by the green
crosses and A = 10w, and A, = 300w, denoted by the red
circles, which show information similar to that of the cases of
A1 = 0.5w, and 1, = 300w, denoted by the black dash-dotted
line and A; = A; = 300w, denoted by the black solid line,
respectively.

Figure 7(a) shows that the sum of transmission and reflec-
tion |tem|? + |Fem|? is bounded by 1 in the Markovian regime
because the SMB quantum system absorbs energy from the
cavity when the cavity response is sensitive to the SMB quan-
tum system and the information decays into the environments
(for more details, see Appendix F). There also exist, however,
regions in which

lte)? + |re|* > 1 (33)

in the non-Markovian regime in Fig. 7(b) (for the derivations,
see Appendix F). This special effect can be explained by the
fact that the lost energy and information flow back to the
hybrid system (SMB quantum system plus the cavity) from
the non-Markovian environments, which indicates that the
non-Markovianity can compensate the energy and information
compared with the Markovian case.
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FIG. 7. Sum of the cavity transmission and reflection as a func-
tion of w and w, in(a) the Markovian regime given by Eq. (24) (4| =
A2 = 300w,) and (b) the non-Markovian regime given by Eq. (23)
(A = A2 = 0.5w,), demonstrating the energy absorption (blue) and
emission (red). All other parameters are the same as those in Fig. 2.

VI. GENERALIZATION TO THE PERIODICALLY
DRIVEN SMB QUANTUM SYSTEM

In this section we consider that the non-Markovian disper-
sive readout may generalize to the periodically driven SMB
quantum system [20,21,120], in which the cavity response is
different from that in the time-independent system. For a peri-
odically time-dependent system with driving frequency Q =
27 /T, the evaluation of Eq. (19) is hindered by the fact that
the susceptibility x(z,t’) generally depends on both times.
However, time periodicity allows a simplification in the long-
time limit, because after a transient stage, the T periodicity
of the Hamiltonian Hy(¢) leads to X, t)Y=x@+T,t'+T)
[120]. Therefore, introducing the time difference T =¢ — ¢’
allows one to conclude that x(¢,# — 7) is T periodic in time
¢ such that it can be written as a combination of the Fourier
series and integral, i.e.,

do . .
KAEEDY / DI S (N E
k

J

i ()la}) (@) = a)) (iA)]
wg — o+ gZX(O)(a)) _ l[fl(Cl)) +f2(w)]

ig’

a(w) =

where k is an integer, i.e., k =0, 1, &2, £3, .. .. Equation
(34) implies the Fourier representation of Eq. (18) as O(w) =
g2k ¥ (w — kQ)[a(w — kQ) + a*(—w + kQ)], which re-
flects the frequency mixing inherent in the linear response
of the driven SMB quantum system. In the good cavity limit
I' € wg, 2, together with Eq. (22), we can safely neglect the
terms a*(—w + k2). Therefore, we have

O(w) = gz x®(w — kQ)a(w — kQ). (35)
k

The computation of x®(w) [121] starts by solving
[Ho(r) — i0t]|uy, () = spu|uy(t)) in the extended Hilbert
space [122-127] to obtain the Floquet states |u,,(¢)) =
|uy,(t + T)) and the stationary solutions of the Schrodinger
equation |,,(t)) = e~*'|u,,(t)) with the quasienergy s,,.
The corresponding expression for the propagator U (¢,t') =
>, e S, () (u,(t)] allows us to deal with the op-
erators in x(tz,t"). Moreover, the periodically driven SMB
quantum system [121] in the basis formed by the Floquet
states can be written as po(t) = D, Pulttm (1)) {un(t)], with
Pm the occupation probability of the Floquet states [21]. With
these components, we find from Eq. (34) the susceptibility

X(k)(a)) _ Z (pm - pn)o;k,m’k/_](Omn,k’
o+, —5,+kKQ+ i)/mn/2’

m,n,k’

(36)

where O,,,; denotes the kth Fourier component of the T-
periodic transition matrix element Oy, (t) = (14, (1)|O|u, (1)),
ie., Opni = OT 2 " (14,,(1)|Oluy (1)), in which the level
broadening y,,, of the Floquet states has been introduced
phenomenologically.

When the cavity frequency matches the level energy dif-
ference, Eq. (27) predicts a signal for the time-independent
system. Moreover, we can also obtain the natural generaliza-
tion to the periodically driven SMB quantum system, namely,
that the level energy is replaced by the quasienergy shifted by
multiples of the driving frequency 2. In this case, by iterating
Eq. (20) with Eq. (35), we obtain

x O — kQ)R (0 — kQ)[a' (0 — k) — aV(ir))]

0y — @+ g x V(@) = ilfi(@) + fr(@)] = @

4

—w+kQ+ g xO(w — kQ) — i[fi(w — kQ) + folw — kQ)]

*¥©O(w — k) Zk,;&o ¥ (w — 2k Q)a(w — 2k Q)

§
" wa — 0+ g x V(@) —ilfi(w) + fr(®)] 2 Wa — @ +kQ+ g x V(0 — kQ) — il fi(® — kQ) + frlo — kD]

k0

(37
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With Eq. (12), the non-Markovian transmission for the Floquet periodically driven SMB quantum system can be written

as
ik (w)r(—w)

igsz(—w)

te~

¥ (w — kR (w — k)

wa — 0+ X O) — i[fi() + H®)] 0 — 0+ ExO@)—ilfi(®) + f(w)]

) Z Wq — 0 +kQ+ g x O — kQ) — i[fi(w — kQ) + fo(® — kQ)]

k0

where we have used approximation ai(ll) (w— k) ~ ai(]p (w).
In Fig. 8(a) we plot the non-Markovian transmission |z, |?
given by Eq. (38) as a function of w at zero temper-
ature in the Floquet periodically driven SMB quantum
system, where the SMB quantum system Hamiltonian be-
comes 1-70(t) = wy(t)éT¢. In this case, we take the periodic
modulation as

wq(t) = w. + Bsin(Q2t), 39

where B and 2 are the amplitude and frequency (the corre-
sponding period is 7 = 27 /Q2) of the periodic modulation,
respectively. We can calculate the corresponding Floquet
states for the periodic modulation given by Eq. (39) as
[t (1)) = ™MBleos@—=1/R Y with s,, = w.m, where |m) is

015 T T T T T |
7
0.1r 1
a_
.
0.051 1
A2 A4
A] I A5
0 2
-1 0 1 2 3
w/w,
. (b) Ea5
b ot e 1.01
%D E 2 ' 1.005 ]
=] '(13
28 1 = 1 —
8 w 1
5 2 12y 0.995
= — —
: = i ' 0.99
= ;al 0 2 4 6
0 1 3 4 6 7
B/w,

FIG. 8. (a) Non-Markovian transmission |.|> given by Eq. (38)
as a function of w at zero temperature in the Floquet periodically
driven SMB quantum system, where the SMB quantum system
Hamiltonian becomes Hy(#) = wq(7)é'é. In this case, we take the pe-
riodic modulation as w,(t) = w. + B sin(2t), where B and 2 are the
amplitude and frequency (the corresponding period is T = 27 /<2),
respectively. Here we set B = w, and 2 = w,. (b) Quasienergy &, of
the Floquet periodically driven RWA Hamiltonian 1-75(1) =w.a'a+
g(éat + &'a) + wy(1)e'é [w, — wq(t) and Hy — Hyg(r) in Eq. (1)]
with different modulation amplitudes B. The inset is an enlargement
at the region &, ~ w, in (b). The other parameters are w. = w,,
r=r,=r/2¢=0.0lw, A = 1.3w,, and y,,, = 0.001w,.

+ 0(gh, (38)

(

the eigenstate of 1170(0). Here we set B=w, and Q = w,.
We show that the non-Markovian transmission |7.|> exhibits
a series of peaks with period 2 as the driving frequency
w changes, where the horizontal ordinates (corresponding to
the driving frequency w) of the peaks A;—As correspond to
the vertical ordinates (corresponding to the quasienergy &)
of points a;—as in Fig. 8(b). From Eq. (38) we show that
the primary resonance peak corresponds to the first term of
Eq. (38) near w ~ w,, while the secondary resonance peak
occurs in the second term of Eq. (38) for k = £1 at w ~
w, £ Q. Accordingly, the third resonance peak can be found
at w ~ w, £ 22, which corresponds to the second term of
Eq. (38), but with k = £2. Interestingly, from Fig. 8(a) we
find that the values of the second (w ~ w, £ 2) and third
(v ~ w, £ 292) resonance peaks are much smaller than those
of the primary resonance peak (w ~ w,), which originate from

ig’ k2 (@) .
= PO @ —T@r @) Peing much

smaller than = +gzxi£§((auj))52i([(}?(w) Th@y Al © ~ o 4+ Q and
o ~ w, =22 in Eq. (38).

The influences of the different modulation amplitudes B on
the non-Markovian transmission can be found in Figs. 9(a)—
9(d), which for clarity are confined near the primary resonance
peak (w ~ w,). As expected, we show that the non-Markovian
transmission decreases in value compared with the Markovian
limit [see the red solid and blue dotted lines in Figs. 9(a)—
9(d)]. It is interesting that we find the width L; = 0.02w,
(difference of horizontal ordinates between two points x; and
x;) between two peaks marked by x; and x, equals L; =
0.02w, (difference of vertical ordinates between two points
X1 and X,) between X; and X, for the Floquet quasienergy in
Fig. 9(e) at B = 0. For the different modulation amplitudes B
(B = w,, 2w,, and 4w,), we have similar observations [see
L2 = Ez = 0.0157a)a, L3 = £3 = 0.00430)a, and L4 = i4 =
0.008w, in Figs. 9(b)-9(e)]. This means that the Floquet
quasienergy can be read out from the non-Markovian trans-
mission.

the nonresonance term

VII. NON-MARKOVIAN DISPERSIVE READOUT
FOR THE QUANTUM NETWORK

In this section we generalize the results of non-Markovian
dispersive readout to a more general network [128—132]
involving two systems and cavities. A quantum network com-
posed of the sending and receiving nodes, a quantum channel
(optical fibers or waveguides), and an optical circulator are
shown in Fig. 10. The sending and receiving node is made
up of a quantum system in a cavity. The generated photons
from the first quantum system leak out of the first cavity,
propagate as a wave packet along the transmission line, and
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FIG. 9. (a)-(d) Non-Markovian transmission [f.|> given by
Eq. (38) as a function of w at zero temperature in the Floquet
periodically driven SMB quantum system with different modula-
tion amplitudes B. The red solid and blue dotted lines correspond
to A = 1.3w, and A = 300w, respectively. (e) Quasienergy &, of
the Floquet periodically driven RWA Hamiltonian Hs(r) = w,ata +

gea’ + &a) + wy(t)ét e with different modulation amplitudes B. We
findL; =L, = 0.020,, L, = L, = 0.0157w,, L3 = L3 = 0.0043w,,
and Ly = L, = 0.008w,. The other parameters are Q = w,, . = w,,
r=r,=r/2,g=0.0lw, and y,, = 0.001w,.

enter the second cavity. Finally, the optical state of the second
cavity is transferred to the second quantum system. The total
Hamiltonian (see Fig. 10) is given by

H =H,+H, (40)
S I A
ai) () Yo ol —= Lo
9, 9,
4— _“p ﬁ
1 out (t) w[&]w‘&l al out (t) - m (t) (l)zdgdl az out (t)

FIG. 10. Non-Markovian dispersive readout for a quantum net-
work consisting of two cavities with frequency w, (m=1,2)
coupled with quantum systems with frequency €2,, and interacting
with two non-Markovian environments (modeled as harmonic os-
cillators with frequencies w,,; and W,, ;) with coupling coefficients
Vi and G, ;. The two cavities are connected by a quantized trans-
mission line (or optical fiber). The susceptibility of the measured
quantum network system can be obtained by the second cavity trans-
mission f, . = a? (a))/a(1 (w) and first cavity reflection ry, . =

al (a))/a(1 . (w) amplitudes at frequency w. Here a® (¢) is in the

l out m,in
vacuum state and does not contribute to the average output fields.

2,0ut

with

“n~

= Z Omlthyam + Qi lm + 8 (Cm + €)@ + 8},),
1 - Z wm,kl;;’kl;m,k + Z(Vm,k&ml; an k&T m, k)

> Wokdl i + S Gkt

m,k m,k

+ Gmk m,k)’ (41)

where the first term of ﬁ§ in Eq. (41) is the free Hamiltonian
of the mth cavity with frequency w,, (m = 1, 2) and the sec-
ond term of ﬁs’ in Eq. (41) denotes the free Hamiltonian of
the mth quantum system with frequency €2,,. Here g, is the
coupling constant between the mth quantum system and the
mth cavity. The mth cavity couples to the mth non-Markovian
environments with eigenfrequencies w,,x and W, ;, which
are modeled as collections of infinite modes via the creation
(annihilation) operators 5;,{ (Em,k) and c?,;k (ﬁm,k) The pa-
rameters V,, x and G, x are coupling coefficients between the
two environments and the mth cavity, respectively. In this
case, the non-Markovian Heisenberg-Langevin equation (7)
is extended to

L o(t) = —iomn(t) — ignlen(®) + &4(0]
dt
—k;,l(t)—k,f,,2<r>—/ dt 8, () fyu1 (t = T)
0
- / A (2 fonat — ), 42)
0

where the mth externally driven environment operators

R () =i Y Vi b0t = [* drics (t —7)al,),
(r) and K ,(t)=iY G (dui(0)e ™™t = [ dr i,

(t — r)aff’)in(t). The mth cavity couples to the incoming

and outgoing modes of environments at both ends; thus
we define here the input-field operators as ainl)in(t) =

1 it £ ) _ -1 Wyt j
Tor 2ok € b (0) and a5 (1) = 75 3y €M dyk(0)
and the impulse response functlons are Kk, (t) =

\/ﬂ Z e""”*k’V & and k() = \/— Z eV /‘IGm t. The
correlation functions are given by

0= 3 WP = = [t o,

43)
Fn2 @) =Y |GaPe ™t = / Ina(@)e ™ dw,
k
where  J,, 1(w) =), Vi ?8(w — wpy) and  Jpa(w) =
Zk |Gm,k|25(w—Wm,k) represent the spectral densities of

the two environments, respectively, and f,, 1(t) and f,2(t)
denote the memory functions of the mth system, which
describe  the  non-Markovian  fluctuation-dissipation
relationship of the environments.

Similar to Sec. III, we can obtain the non-Markovian
input-output relations for the mth cavity mirror
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v (v =1,2)(setting t; — 1),

t
Er]l))out(t) - a,(/:)m(t) - / dt Km.,v(f - t)am(f)v (44)
0

where the output field of the first cavity constitutes the input
field of the second cavity connected by a quantized transmis-
sion line, i.e.,

a® () =al" (), (45)

1 out 2,in

where a' (1) = f S e iomkt=p, (1) and Clm 2 ) =

‘m,out

—1 Zk e~ Wni(t— tl)dm’ ().

By solving the set of coupled-cavity differential equations
(42) with the non-Markovian input-output relations (44), we
can obtain the complete information for the quantum network
of the coupled system cavities. Moreover, we can dispersively
read out information of the two measured %uantum systems
from the transmission of the cavities a1 (t) is assumed
in the vacuum state] as follows: the transmission of the
CaVity tqn c — Cl;z(),m(a))/a(l?i)n(w) - tqn ¢t Pan,1 with DPgn,1 =
~Pan (1, ®)ign,c and (01, ) = a?fn(m )/aih (@),
and reflection of cavity Fu.=a; Out(a))/aﬁl) (w) =
Fagn,c + Pgn,2 with Pagn,2 = _d)qn()hlv a))rqn,u where

{01 — 0 —ilfi,1(@) + fia(@)] + gl xi (@)} — o — il f1(@) + fr2(@)] + g x2(w))

(46)

(ii) probing the effect of non-Markovian dynamics on the
system’s behavior, and (iii) the Lorentzian spectral density.
(i) From Eq. (2) we can see that the coupling between the
cavity and the SMB quantum system is written in its full form
without performing the RWA, which can be implemented
by means of superconducting quantum interference devices
(SQUIDs) [139-141]. The SQUID driven by external fluxes
allows a modulation of the electrical boundary condition of

ez
|
o K1)k 2(—w)ky 1 (@)K 2 (—w)
gn,c — T
P iky (@)1 (—w) 41
"o — o —ilfii(@) + fia@)] + gl ()
[
where Rmv(@)= fi)oo K,’,‘l’v(t/)e"“”/dt’, f:)m(a))
Jo© apin e ar', @)= [g" fun @)
At (@) = 1 Ko@) dt, and xo(@) =Y, ,
(Pan=Pa)|Ocn|® :
m . Wlth the Olth SMB quantum
system initially prepared in a thermal equi-
librium state Pa0 = D Panln)(nl, H,oln) =
Ey n|n), and the matrix element of the coupling operator

satisfying Oy.n = (m|Og|n) = (m|éqy + é;ln), where
o =1,2. Here y,m, denotes the decay rate introduced
phenomenologically. We show that the exact non-Markovian
Heisenberg-Langevin equation (42) is the general one
for the total system containing an arbitrary number of
entangled modes coupled to an arbitrary number of photonic
environments with arbitrary spectral densities at arbitrary
initial temperatures beyond the RWA, which is not limited to
the cases of the anisotropic non-rotating-wave approximation,

e., all coupling including the cavity and environment in
Eq. (41) might be of the form

Z Un(A\nle + A\llén) + Mn(Aan + A\JLEI)’ (47)

n

where AZ 4, and B}: (B,) are the creation (annihilation)
operators of the bosonic systems. Here v, and w, denote
the coupling strengths of the rotating-wave and non-rotating-
wave interactions, respectively. They allow one to investigate
various exact non-Markovian dynamics in photonic systems.
Applications of the readout for the non-Markovian quantum
network cover various topics such as quantum information
[133], quantum computation [134,135], quantum-to-classical
transition [136,137], and quantum measurement [133,138].

VIII. EXPERIMENTAL IMPLEMENTATION

In this section we discuss the feasibility of the experimental
implementation in the optical cavity. For the model under
study, we mainly focus on the following three points: (i) the
interaction between the cavity and the SMB quantum system,

the cavity and the interaction between the cavity and the
SMB quantum system, provided the modulation frequency
is smaller than the SQUID plasma frequency [139-141]. In
addition, the coupling beyond the RWA can be realized by
driving transversely the momentum states of atoms inside
a cavity in the dispersive regime, which realizes the Dicke
model [142].

(i1) The non-Markovian system under study describes the
optical cavity coupled to the non-Markovian environments
containing all feedback of the non-Markovian environments
on the SMB quantum system, which can be implemented
by the photonic structured reservoirs [143—155]. The spectral
density of a condensed-matter heat bath can be obtained by
observing the non-Markovian behavior of an optomechanical
resonator coupled to it, which has been measured through the
emitted light of a micro-optomechanical system by the system
identification approach in experiment [81]. The demonstra-
tion equipment consists of a thick layer of SizN4 with a
high-reflectivity mirror pad at its center, as a mechanically
moving end mirror in a Fabry-Pérot cavity [81]. Other ref-
erences about the non-Markovian experiments can be found
in Refs. [156-161]. Thus we can detect what kind of spectral
density the environments belong to by the above experimental
methods.

(iii) For the Lorentzian spectral density, we make use of the
so-called pseudomode theory developed in Refs. [162—-169]
to clarify how the decayed information can flow back to
the system. According to the pseudomode theory [162—-169],
pseudomodes of an environment are auxiliary variables,
which are introduced in terms of the position of the poles
of the environment’s spectral function. The interaction be-
tween the cavity and environments can be considered to be

023707-12



DISPERSIVE READOUT WITH NON-MARKOVIAN ...

PHYSICAL REVIEW A 105, 023707 (2022)

a coherent interaction between the cavity mode and pseu-
domodes, which are surrounded by the external Markovian
environments known as the pseudomodes’ environments. By
adding pseudomodes to the cavity as a hybrid quantum
system, an exact non-Markovian input-output relation with
Lorentzian spectral density can be obtained. Also, for the
quantum noise of the system in the case of the vacuum
state of the environment, the cavity mode undergoes a Gaus-
sian Ornstein-Uhlenbeck process, which corresponds to the
Lorentzian spectral density [107-109].

Finally, we suggest that the non-Markovian dispersive
readout may be realized by considering an optical cavity im-
plemented by a SQUID and coupling with the Lorentz-type
spectral density environments (which are realized by the pseu-
domode method or Gaussian Ornstein-Uhlenbeck process),
where the optical cavity is driven by the external electric field.
In this sense, it is possible to achieve the theoretical scheme
within the current experimental technology.

IX. CONCLUSION

In this paper we have developed the theory for disper-
sive readout in the non-Markovian regime by taking the
non-Markovianity into account. Based on the nonequilibrium
linear response theory, the susceptibility of the SMB quantum
system to be measured is obtained by setting thermal equi-
librium state as the initial state of the SMB quantum system.
Furthermore, the cavity transmission given by the SMB quan-
tum system susceptibility shifts the frequency corresponding
to the peak in the dispersive regime and the input-output rela-
tions in both Markovian and non-Markovian cases have been
derived. The treatment approach enables straightforward cal-
culations, in particular the treatment beyond a rotating-wave
approximation. Moreover, we made possible generalization
of the non-Markovian dispersive readout theory to the peri-
odically driven SMB quantum system based on the Floquet
treatment approach [20,21,122—127] and quantum network
[128-132]. The corresponding experimental implementation
of the model system is possible and feasible.

The formalism presented in this paper opens an alternative
field of possible applications for the quantum information
[29,170-172] and quantum communication [173], which
makes it possible to better understand the relation between
the dispersive measurement [174—176] and non-Markovianity
[177-180]. Our results might also be extended to a wide class
of open quantum systems with (i) a second-order nonlinear
medium Q(a%¢" + éa™), (ii) third-order nonlinear materials
Jb™B, (iii) Jaynes-Cummings models 3", Vi(o_a; + axo)
[181-186] or Rabi models ), Gkax(a}: + ay) [187,188], and
(iv) optomechanical couplings with a linear term Ua'a(b+b")
[189—191] or quadratic term Ua a(b+b")? [53,54,192-195]
interacting with non-Markovian reservoirs, which deserve fu-
ture studies. Possible applications include using the cavity as a
quantum bus to couple widely separated qubits in a quantum
computer or as a quantum memory [196] to store quantum
information or even as a generator and detector of single
microwave photons for quantum communication, which also
open up many different possibilities for quantum optical ex-
periments with circuits [14,44,57,197].
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APPENDIX A: DERIVATION OF EQ. (16)

In the classical limit a(t) = (a(t)), we are not interested in
quantum fluctuations of the cavity field and rewrite Eq. (1) as

Hs = Hy + Hex (1), (AL)

where Hy = w.¢é describes system Hamiltonian in the ab-
sence of the cavity. Here ﬁex(t) = OF (1), with F(t) =
gla(t) + a*(¢)], defines the SMB quantum system experienc-
ing an additional driving from the cavity compared to the case
without the cavity. We assume that p(¢) is the total density
matrix and its dynamics is determined by

p(t) = —ilHs, p(t)] = —iL(t)p(t), (A2)

where the Hamiltonian Hy is given by Eq. (A1) and L(t) de-
scribes the total Liouville operator. When the cavity is absent,
there is only the bosonic system Hj left and the total density
matrix becomes py(t), which is determined by

po(t) = —ilHo, po(t)] = —iLo(t)po(t). (A3)

Considering an observable O(t) of the SMB quantum system,
we are interested in the change rate of O(t) due to the presence
of the cavity. To calculate the change rate, we divide the total
density matrix into two parts with the existence of the cavity
[113,198,199]

p(t) = po(t) + pex(), (A4)

where py(t), determined by Eq. (A3), denotes the density
matrix corresponding to the absence of the cavity with the
initial condition p(0) = pp(0) and pe(¢) corresponds to the
change of p(¢) due to the cavity, where pex (0) = 0. Similar to
Eq. (A4), the Liouville operator can be divided into

L(t) = Lo(t) + Lex(0), (AS5)

where Lo(t) denotes the Liouville operator corresponding to
the absence of the cavity and Le () means the change of L(t)
due to the existence of the cavity determined by Lex (¢)00(t) =
[Hex (1), po(2)]. Substituting Eqs. (A4) and (AS) into Eq. (A2),
we can obtain

—iL(t)p(@)

—iLo(t)po(t) — ilo(t)pex(t)

— ilex(t)po(t) = iLex(t)pex(t)

Po(t) + Pex(t). (A6)

p(t)
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With Eq. (A3) and neglecting the second-order term
—iLex (1) pex(t) of Eq. (A6), we can obtain Eq. (16).

APPENDIX B : RWA OF THE NON-MARKOVIAN
CAVITY MODE

When considering the treatment of the non-Markovian cav-
ity transmission given by (23) beyond the RWA, neglecting
in Eq. (21) the contribution with a*(—w) represents a RWA
for the cavity mode. With Eq. (21) for the cavity amplitude
a(w) together with the corresponding equation for a*(—w),
we obtain

i1 (@)afy (o)

N( a(w) >_ (B1)
a(—w)) i/?l*(—a))ai(;)*(—w)
i) (w)afy ()

( a() )—Nl (B2)
at(—w)) it (—w)aV* (—w))

with the matrix

C(w)
N =
<—g2x*(—w)

where C(w) = w, — w + g2 x(w) — i[fi(w) + fr(w)], and the
inverse matrix of N can be written as

Nl — (6111 a12>’ (B4)

or

(B3)

£x(@) )

—C*(—w)

asy ann
where  aj; = —C*(—w)/[g*x (0)x*(—w) — C(0)C*(—w)],
ap = —gx)/Ig' x()x*(—w) — C(w)C*(—w)],  ax =
Ex*(—w)/[gx(@)x*(—w) — C(w)C*(—w)], and axn =

C()/[g*x(@)x*(—w) — C(w)C*(—w)]. We impose that
ap, azy, and ap; tend to zero when |C(w)| and |g2)((a))|
are much smaller than |C*(—w)|, which requires that (i) the
cavity is driven close to resonance (|w — w,| K w,), (ii) the
high-finesse cavity (|w./[fi(w)+ fo(w)]| > 1) is satisfied,
and (iii) | g2 X(w)| is much smaller than the bare cavity
frequency w,, which lead to Eq. (22). In this case, we have
ay ~ C(w)~! due to g*x(w)x*(—w) ~ 0. Then the inverse
matrix (B4) of N is approximately given by

1
N~ <C(6(U)) 8) (B5)

where the corrections are of higher order in the small frequen-
cies on the left-hand side of Eq. (22). Computing a(w) with
this expression for N~! is equivalent to ignoring a*(—w) in
Eq. (21).

APPENDIX C: SUSCEPTIBILITY UNDER THE RWA

For the RWA case, the Hamiltonian Hy in Eq. (1) can be
rewritten as

Hs = w,a'a + geat + éta) + o e'e, (€D

which leads to Eq. (7) becoming

%&(r) = — iw,a(t) — ige(t) — K| (1) — K} (1)
t t
— / dra(t)fi(t —1)— / dra(t)fo(t —1).
0 0 ©)
In the classical limit, Eq. (C1) can be written as Hs = Hy +

H.. (1), with Hy = w.é7¢, and the corresponding perturbation
Hamiltonian with the RWA is

Hex(1) = glea™ () + &a)] =g Y &F(0. (3

j=1,2
where ¢ = ¢, Fi(t) = a*(t), & = ¢', and F(t) = a(t). With
Pex(t) given by Eq. (17), the change rate of the expectation

value for the operator ¢ in Eq. (C2) due to the cavity is given
by

c(t) = Tr{épe ()} = Y / dt'gFi(t)xci(t. 1), (C4)
0

j=1.2

with the susceptibility

Xej(t, 1)) = =i Tr{[e(1), &;(t)]po}0 (t — 1), (C5)
where &(t) = el ge=iot | with Hy = w,&7¢. We assume that
the initial SMB quantum system density operator is prepared
in a thermal equilibrium state (25). After some simple algebra,
we can obtain

XCl(t7 t/) == iZ (pm - pn)ei(Em_En)(r_l/)cmncnme(t - t/)!

m,n

Xcz(l‘7 t/) = — ZZ (pm — pn)ei(Em_En)(f—l )|Cmn|29(t _ t/)
m,n

(C6)

With Cpncum =0 and |cpu|* = [/18mn_1]* due to cp, =
(m|é|n) = /ndy.n—1 and cpy = (n|¢|m) = /M8y m_1, We Ob-
tain x.;(¢) = 0. In this case, Eq. (C4) becomes

c(t) = / dt'gatx(t — 1), (CT)
0

where we have defined
x(t—1) = xaot —1)

; i(En—Ey)(t—t' 2
=—i ) (pm— p)@ e, PO — 1),

m,n

(C8)

With modified Laplace transformation, the susceptibility can
be written as

_ (pm _pn)|cmn|2
X(w) = Z @t Ey— Byt iym)2’

m,n

(€9)

where y,,, denotes the decay rate introduced phenomenolog-
ically. Equation (C7) is a convolution and in frequency space
reads c(w) = gx (w)a(w). With |Con|?> = n|8m,,,_1|2, Eq. (C9)
is simplified to

- (Pn—1 — pu)n
x(w) = Z ©+Ei1 —Ey+ ivu_10/2’

n

(C10)
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which can return to the RWA result, i.e., the first term of
Eq. (27).

APPENDIX D: RELEVANT PROOFS FOR
THE MARKOVIAN REGIME

1. The imaginary part of the susceptibility is less than zero
for the whole parameter regime

The susceptibility given by Eq. (26) can be rewritten as

@) Conlpn . Conb
X\w) = 2 R 2° (D1)
m,n am11+b amn+b

where ap, =w+E, —E;,, b=yYum/2=v/2 (y is a

constant  decay), Cpp = (Pm — P)|Omn|* = —Cum  due
2 _ A ATV (2 — 2 __ @y

© Ol =i+ mP = 10mP.  p=rrisd

and (¢7¢) = (¢"®/sT — 1)~!. The imaginary part of the

susceptibility in Eq. (D1) is

Im[X (a))] = Z an = — Z al%:lm-’;_bbz + a%rcnmj_bbz s
m,n>m m,n>m (D2)
where
X - _ Cmnb cm”b
ST

_ 4bcmn (Em B En )w
[P 4 (@ + Ey— EDAIP 4 (0 — Ep + E)?
(D3)

Now we discuss two situations: (1) If E,, < E, or, equiva-
lently, p,, > p,, we have ¢, > 0, which leads to X, < 0 or

Im[x (w)] < 0, (D4)

and (2) if E,, > E, or, equivalently, p,, < p,, we have ¢, <
0, which also leads to X,,, < 0 or Eq. (D4).

2. The sum of transmission and reflection is less than
one for the whole parameter regime

We show that the susceptibility (26) is defined as x (w) =
X + iy, based on which the sum of transmission and reflection
given by Eq. (24) can be written as

8T1yg’

g — o +xg2) + (T = 2982)°
(D5)

|rcm|2 + |tcm|2 =1+

which leads to the inequality given by Eq. (28) due to y =
Im[x(w)] < O proved by Eq. (D4) for the whole parameter
regime in the Markovian approximation.

APPENDIX E: CONDITIONS FOR THE RWA

In this Appendix we give the justification of the condi-
tions of the rotating-wave approximation as follows. We now
rewrite the Hamiltonian (2) as

H{ = H) + ¢H], (ED)

with
H) = w,a"a + w.é'¢, (E2)
A = g +¢ehHa+ah, (E3)

where ¢ stands for the interaction strength. In the interaction
picture, we have

A (t) = gacTe ") + gace™ @t { He.,  (E4)

where H.c. denotes the Hermitian conjugate. The first few
terms in the interacting strength & of the time-evolution op-
erator for Dyson expansion [200] is given by

t
U'(t) =T exp |:—i8/ H) (1, )dt1i|
0

t t
=1 —iS/ ﬁ;/(fl)dtl —82/ dt
0 0

4
x / H/ t)H] (t)dty + - - - . (E3)
0

Substituting Eq. (E4) into Eq. (E5), we can obtain

t
—l/ H/(l‘])d[l =
0

[e_i(wu_w(')t _ 1]&@T
a — We

_ 8 [ei(wa_wv)f _ 1]&Té

Wy — W,
4 8 [e—i(wa+w¢»)l — 1]aé
w, + o,
8

— m[ei(waerr)t _ 1]&T6T. (E6)

We show that the rotating-wave approximation requires

avan <
“g ¢ ¢ (E7)
> )
|a)a - a)c| Wy + (08

which lead to the condition (30) for the RWA. In this case,
the counterrotating terms can be neglected. When the system
parameters do not satisfy Eq. (E7), we cannot neglect the non-
rotating-wave terms in the Hamiltonian (E4) and therefore this
RWA breaks down.

APPENDIX F: RELEVANT PROOFS FOR
THE NON-MARKOVIAN REGIME

In this case, we show that the non-Markovian transmission
and reflection given by Eq. (23) can be revised to

A+iB

T e—w+ X iV
C+iD

ws—w+X+iY’

(F1)

re=1+4
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with the coefficients X = fiy(w) + fo(w) +

gRe[x(w)], Y = —fir(@) — for(w) + ZIm[x (»)],

A= _ o/ MA(h+2r) B = Tl (il —w?) C =

- A +o?)(M+w?) - A+ )A3+w?) -
2T wA} A2 —0?)

m, and D = m, where f]x((j)) and

fiy(w) are the real and imaginary parts of f|(w), respectively,
while f5,(w) and f>,(w) denote the real and imaginary parts of
Jf2(w), respectively. Simple algebra to the sum of transmission
and reflection obeys

A2+ B>+ C(C+2Z)+D(D+2Y)

2 2
c " =1
[rel”™ + It + 7112

(F2)

where Z = X — w + w,.

If the coefficients satisfy
A4+ B>+ C(C+2Z)+DMD+2Y)>0 (F3)

or

A2+ B>+ C(C—-2w+2X)+D(D+2Y)

F4
e , (F4

wg > —

we can obtain the inequality given by Eq. (33); otherwise
|re|> + |t.|> < 1, where C > 0in Eq. (F1) has been used. Here
we show that the regime being greater than one for the sum of
transmission and reflection in Fig. 7(b) falls into that given by
Eq. (F3) or (F4).
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