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The Imbert-Fedorov (IF) shift at the optical interface of Weyl semimetal (WSM) is extremely significant to
recognize the optical characteristics of WSM. In this paper, we have studied the spatial IF shift on the surface of
a bulk WSM by theoretically deriving a 4 × 4 magneto-optic matrix. It is found that the phenomenon of spatial
IF shift changing from positive to negative occurs at an incident angle near the Brewster angle. Remarkably,
this special phenomenon can be regulated by changing the frequency of incident light, tilt degree, and Weyl
node separation. Specially, for a fixed Weyl node separation, the phenomena of spatial IF shift changing from
positive to negative can be realized at different tilt degrees by simply changing the frequency, and there exists
one-to-one correspondence between the tilt degree and frequency at these situations. Similarly, for a fixed tilt
degree, these phenomena can be achieved at different Weyl node separations by changing the frequency, and there
also exists one-to-one correspondence between the Weyl node separation and frequency. Therefore, these tunable
phenomena of spatial IF shift changing from positive to negative enable the feasibility of accurate determination
of tilt degree and Weyl node separation. Our study can also provide a reference for the research of IF shift in
such similar structures.
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I. INTRODUCTION

A Weyl semimetal (WSM), as a remarkable topological
quantum state with nonmass Weyl fermions as quasiparticles,
occurs only when the symmetry of spatial inversion or time
inversion is broken [1–3]. Similar to the famous semimetal
graphene, WSM shows a Dirac-like linear dispersion, thus
is called “three-dimensional graphene.” Because of its Dirac-
like linear dispersion, WSM exhibits many outstanding optical
characteristics, such as unique optical nonlinearity [4–6] and
adjustable terahertz plasmon resonance [7]. Differently, com-
pared with the two-dimensional Hamiltonian of grapheme,
WSM has the three-dimensional Hamiltonian, which results
in many special physical properties, such as chiral anomalies
[8], epsilon-near-zero response [9], unconventional quantum
Hall effect [10], etc. Notably, with the discovery of Fermi
arc and Weyl points (WPs) [11–14], it is easy to distinguish
WSM from graphene. Generally, since the Weyl cones near
the WPs exhibit upright, the Weyl fermions satisfy the Lorentz
symmetry, and the WSM materials, such as TaAs family, are
defined as type-I WSMs [15]. However, if the Weyl cones
exhibit heavily tilted, exceeding the Fermi velocity, the Weyl
fermions do not satisfy the Lorentz symmetry, and the WSM
materials, such as WTe2 and MoTe2, are defined as type-II
WSMs [16–18]. In order to distinguish type-I and type-II
WSMs, a tilt degree αt of Weyl cones is introduced (the tilt
degree of Weyl cones is |αt | < 1 in type-I WSMs, while it is
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|αt | > 1 in type-II WSMs). Additionally, the Weyl nodes in a
WSM serve as a source or sink of the Berry curvature, acting
as a magnetic field in the momentum space [19–22], resulting
in that the optical responses in WSMs need to be described by
means of the modified Maxwell equations, known as axion
electrodynamics [23,24]. Similarly, the separation between
WPs in the z direction in momentum space is defined by 2Q,
where Q denotes the Weyl node separation [25]. Unlike Dirac
materials such as graphene, the tilt degree and Weyl node
separation are two unique and extremely important parame-
ters for determining the optical properties of WSM. Methods
for effectively obtaining these two parameters have therefore
achieved great significance for us to recognize the optical
characteristics of WSM.

The Imbert-Fedorov (IF) shift, as one of the most ex-
tensive optical effects of beam reflecting at the interface of
medium, presents as the spin-dependent splitting caused by
transverse separation of photons with opposite spin angular
momentums [26–28]. The IF shift exhibits sensitivity to the
configuration parameters of materials, resulting in that the
precision metrology can be realized by using the IF shift as
a probe. For instance, the thickness of metal film and the
layers of graphene were successfully obtained by means of
IF shift [29,30], and the detection of DNA hybridization was
fulfilled with the help of a highly sensitive optical biosensor
[31]. Recently, with the research hotspots of WSM, the IF
shift based on WSM has also been widely studied. Jiang et al.
proposed that the IF shift existed and exhibited susceptibility
to the valley in a WSM system, and demonstrated that the
IF shift provided an effective method to determine electrical
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conductivity of WSM [32,33]. Chen et al. investigated the IF
shift on the interface of a WSM film, and further discussed the
relationship between the Weyl node separation of WSM and
the spin-dependent splitting [34]. Liu et al. demonstrated that
the IF shift in a WSM was affected by the lattice spacing,
and proposed a simple method to sense the lattice spacing
precisely [35]. Nevertheless, most of these studies focus on
the realization and the influence of IF shift in WSM based
systems. Precision metrology acts as an important aspect of
application of IF shifts, but there exist few reports on the
measurement of WSM. Therefore, it is of great significance
for us to realize the measurement of the relevant parameters
of WSM, such as the tilt degree and Weyl node separation.

In this article, we theoretically study the spatial IF shift
at the contact surface of air and bulk WSM. We set up a
4 × 4 magneto-optic matrix by using Maxwell’s equations
and boundary conditions to obtain the calculation of spatial
IF shift. Results show that the spatial IF shift changes its sign
from positive to negative in a small region of incident angle of
50°. It is further demonstrated that this special phenomenon
is caused by Brewster effect. Remarkably, this special phe-
nomenon can be regulated by changing the frequency of
incident light, tilt degree, and Weyl node separation. Specially,
for a fixed Weyl node separation, the phenomena of spatial IF
shift changing from positive to negative can be realized at dif-
ferent tilt degrees by simply changing the frequency, and there
exists one-to-one correspondence between the tilt degree and
frequency at these situations. Therefore, we can accurately
obtain the tilt degree based on these special phenomena by
shifting the frequency. Similarly, for a fixed tilt degree, the
tunable phenomena of spatial IF shift changing from positive
to negative with one-to-one correspondence between the Weyl
node separation and frequency enable the feasibility of accu-
rate calculation of Weyl node separation. We believe our study
may provide a reference to research the IF shift in such similar
structures.

II. THEORETICAL MODEL AND METHOD

We theoretically set up a simple model to investigate the IF
shift on the surface of a bulk WSM, as shown in Fig. 1(a). The
thickness of bulk WSM is optimized to be d = 600 nm, which
is exposed in air. Considering a line polarized light illuminat-
ing the surface of bulk WSM with incident angle θ , the right-
and left-spin lights separate from each other in reflected light,
resulting in the phenomenon of IF shift. Figures 1(b) and 1(c)
represent the type-I (|αt | < 1) and type-II (|αt | > 1) WSMs,
respectively, in which Q denotes the Weyl node separation.

A. Optical constant of WSM

For WSMs with time-reversal symmetry broken, we con-
sider them as a simple continuum model that a wave vector
±b = ±(0, 0, Q) in the Brillouin zone separates a pair of
Weyl points (WPs) with opposite chirality ξ = ±1. Here, Q
denotes the Weyl node separation (in the z direction). Near
the two WPs located at Q�z, the Hamiltonian of the WSMs can
be described as [25]

�

H0 =
∑

k

hk · σ, (1)

FIG. 1. Schematic exhibiting the IF shift on the surface of a bulk
WSM with tilt degree and Weyl node separation. (a) A line polarized
light illuminates a bulk WSM which is exposed in air, and the IF
shift occurs in reflected light for the separation of right- and left-
spin lights. (b) A pair of tilted Weyl cones with opposite chirality in
type-I WSM with a tilt degree |αt | < 1, in which Q represents the
Weyl node separation. (c) A pair of tilted Weyl cones with opposite
chirality in type-II WSM with a tilt degree |αt | > 1.

where hk = (hok, h1k, h2k, h3k ) represents the vector which is
the function of scalar k; hok = h̄ξνt kξ

z , h1k = h̄ξνF kx, h2k =
h̄ξνF ky, and h3k = h̄ξνF kξ

z ; σ is the vector composed of the
identity and the three 2 × 2 Pauli matrices σx, σy, and σz.
Therefore, we can obtain the low-energy Hamiltonian of the
WPs with chirality ξ , described as

�Hξ = h̄ξνt k
ξ
z + ξ h̄νF

[
kxσx + kyσy + kξ

z σz
]
, (2)

with kξ
z = kz + ξQ. The Weyl cones near the two WPs are

oppositely tilted, and the Weyl cone can be described by the
parameter of tilt degree αt = νt/vF . Where νt and vF repre-
sent the tilt velocity of WPs with positive chirality and the
Fermi velocity, respectively. For type-I WSMs, the tilt degree
meets |αt | < 1, while |αt | > 1 for type-II WSMs [15,16]. In
order to simplify the discussion, we mainly discuss the case
of αt > 0, and the case of αt < 0 can be similarly handled.

For a bulk WSM, we can use a 3 × 3 tensor to describe its
conductivity, written as

σ =

⎛
⎜⎝

σxx σxy 0

σyx σyy 0

0 0 σzz

⎞
⎟⎠, (3)

where σxy and σyx correspond to the Hall conductivities with
σxy = −σyx, and σxx and σyy denote the longitudinal conduc-
tivities with σxx = σyy, and the corresponding expressions of
conductivity are detailed in the Appendix.

By calculating the conductivities of WSM, its relative di-
electric constant is readily expressed in terms of the optical
conductivities and the internode separation, described as [25]

εxx = εb + iσxx

ωε0
,

εzz = εb + iσzz

ωε0
, (4)

εxy = i

ωε0
(σxy + σQ),
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where ε0 is the permittivity of vacuum; εb denotes the effective
permittivity of the background medium, which is set as εb = 1
in this article.

B. 4 × 4 magneto-optical matrix

Considering an electromagnetic wave illuminating our de-
signed structure from air shown in Fig. 1, reflection occurs
at the contact surface of air and bulk WSM. In our designed
structure, for a pair of nodes separated along the kz direction in
the bulk BZ, the x-y plane has no Fermi arc states. The incident
light illuminates the surface of bulk WSM (x-y plane), there
is no surface conductivity at the z = 0 and z = d boundary
since the projection of the vector is zero in this case, thus
the tangential electric and magnetic fields keep continuous
at the z = 0 and z = d surface [36–38]. Therefore, the Fermi
arc does not affect the reflection coefficient significantly. Due
to the polarization separation of electromagnetic waves in a
WSM [36,39], the traditional transfer matrix method is unsuit-
able for solving the reflection coefficients, and we introduce a
4 × 4 magneto-optical matrix to solve the problem.

First, the dispersion equation of the wave vector in a WSM
is studied by using Maxwell’s equations. In regions 0, 1, and
2, the Maxwell equations can be written as

∇ × �Ei = iωμ0 �Hi, (5a)

∇ × �Hi = −iω �Di, (5b)

where i = 0, 1, 2. Within the WSM, i = 1, by using the wave
vector �k1 to replace the spatial derivatives, Eqs. (5a) and
(5b) can be expressed as �k1 × �E1 = ωμ0 �H1 and �k1 × �H1 =
−ωε0ε �E1, in which ε denotes the tensor of the WSM. Si-
multaneously, we use �k1 to cross the first equation above, and
combine the second equation; thus the relationship between
�k1 and �E1 is expressed as

�k1 × (�k1 × �E1) = −k2
0ε �E1. (6)

By using �k1 = k1x�x + k1z�z, Eq. (6) can be written as a
matrix expression,⎛
⎜⎝

k2
0εxx − k2

1z ik2
0γ k1zk0x

ik2
0γ k2

⊥ − k2
0εxx 0

k1zk0x 0 k2
0εzz − k2

0x

⎞
⎟⎠

⎛
⎜⎝

Ex1

Ey1

Ez1

⎞
⎟⎠ = 0, (7)

where k⊥ =
√

k2
1z + k2

1x, γ = εxy/i, k0 = ω/c, k0x = k0 sin θ .

Because of translational invariance, the transverse component
of the wave vector is equal in each layer, k1x = k2x = k0x.
Due to the polarization separation of light propagating in
the WSM, there exist three electric field components. The
condition for the existence of a nonzero solution to the electric
field in Eq. (7) is that the modulus of the coefficient matrix is
zero, so we can get the solution of k1z, denoted by k+ and k−
as

k2
± = k2

0

2εzz

[
2εxxεzz − (εxx + εzz )sin2θ

±
√

(εzz − εxx )2sin4θ − 4εzzγ 2sin2θ + 4ε2
zzγ

2
]
. (8)

In order to obtain the spatial IF shift at the contact surface
of air and bulk WSMs, the relevant reflection coefficients rpp,

rsp, rss, and rps should be calculated, which are defined as
rpp = E p

r /E p
i , rsp = E p

r /Es
i , rss = Es

r /Es
i , and rps = Es

r /E p
i ,

where E p
i and Es

i denote the amplitude of electric field of
incident light for a TM- and TE-polarized wave, and E p

r and
Es

r exhibit the amplitude of electric field of reflected light for
a TM- and TE-polarized wave.

For a TM-polarized wave, the incident magnetic field
thus can be described as �Hi = Hy00�yei(k0xx+k0zz). By using
the Maxwell equation ∇ × �H = −iω �D, the corresponding
incident electric field can be simply obtained as �Ei =
Z0(cos θ �x − sin θ�z)ei(k0xx+k0zz), in which Z0 denotes the wave
impedance in vacuum, and the amplitude of electric field is in
units of Hy00. The incident light reflects at the contact surface
of air and bulk WSM, resulting in the magnetic field in region
0 written in terms of incident and reflected waves, shown as

Hx0 = r3e−ik0zzeik0xx, Hy0 = (eik0zz + r1e−ik0zz )eik0xx,

Hz0 = r2e−ik0zzeik0xx. (9)

By using the Maxwell’s equation ∇ · �H0 = 0, we get the
relationship r3 = k0zr2/k0x. Meanwhile, by using ∇ × �H =
−iω �D, the electric field in region 0 is written as

Ex0 = Z0
k0z

k0
(eik0zz − r1e−ik0zz )eik0xx, (10a)

Ey0 = Z0
k0

k0x
r2e−ik0zzeik0xx, (10b)

Ez0 = −Z0
k0x

k0
(eik0zz + r1e−ik0zz )eik0xx. (10c)

For region 1, the general solution of the electric field is
described as linear combination of the four wave-vector com-
ponents, k1z = {k+ −k+ k− −k−}:

E1y = (a1eik+z + a2e−ik+z + a3eik−z + a4e−ik−z )eik0xx; (11)

by using Eqs. (5a) and (5b), the other components of electric
and magnetic fields can be obtained as >

E1x = i

γ k2
0

[(
k2
+ + k2

0x − ε//k2
0

)
(a1eik+z + a2e−ik+z )

+ (
k2
− + k2

0x − ε//k2
0

)
(a3eik−z + a4e−ik−z )

]
eik0xx, (12a)

E1z = ik0x

γ k2
0

(
k2

0x − εzzk2
0

) [(
k2
+ + k2

0x − ε//k2
0

)
k+

× (a1eik+z − a2e−ik+z ) + (
k2
− + k2

0x − ε//k2
0

)
× k−(a3eik−z − a4e−ik−z )

]
eik0xx, (12b)

H1x = − 1

Z0k0
(k+a1eik+z − k+a2e−ik+z

+ k−a3eik−z − k−a4e−ik−z )eik0xx, (12c)

H1y = −iεzz

γ k0Z0
(
k2

0x − εzzk2
0

) [(
k2
+ + k2

0x − ε//k2
0

)
k+

× (a1eik+z − a2e−ik+z ) + (
k2
− + k2

0x − ε//k2
0

)
k−

× (a3eik−z − a4e−ik−z )
]
eik0xx, (12d)

H1z = k0x

Z0k0
E1y, (12e)
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where ε//=εxx = εyy. For region 2, the transmitted light exists,
and the corresponding magnetic field can be described as

H2x = t3eik0z (z−d )eik0xx,

H2y = t1eik0z (z−d )eik0xx, (13)

H2z = t2eik0z (z−d )eik0xx.

By using the Maxwell’s equation ∇ · �H2 = 0, we get the
relationship t3 = −k0zt2/k0x. Meanwhile, by using ∇ × �H =
−iω �D, the components of electric field in region 2 is written
as

E2x = Z0k0z

k0
t1eik0z (z−d )eik0xx, (14a)

E2y = Z0k0

k0x
t2eik0z (z−d )eik0xx, (14b)

E2z = −Z0k0x

k0
t1eik0z (z−d )eik0xx. (14c)

Therefore, the components of electric and magnetic fields
in regions 0, 1, and 2 are all obtained. Notably, there exist

eight parameters, a1, a2, a3, a4, r1, r2, t1, and t2, that need to
be solved. Fortunately, upon matching the tangential electric
and magnetic fields at z = 0 and z = d, we can calculate
these parameters successfully. For calculating the parameters
(a1 a2 a3 a4), a 4 × 4 matrix is established as

⎛
⎜⎜⎜⎝

m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

a1

a2

a3

a4

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

0

−2iγ k0k0zZ0
(
k2

0x − εzzk2
0

)
0

0

⎞
⎟⎟⎟⎟⎠, (15)

with the parameters

m11 = k0z + k+, m12 = k0z − k+, m13 = k0z + k−, m14 = k0z − k−,

m31 = (k+ − k0z )eik+d , m32 = (−k+ − k0z )e−ik+d , m33 = (k− − k0z )eik−d , m34 = (−k− − k0z )e−ik−d ,

m21 = −εzzk0zk
3
+ + (

k2
0x − εzzk

2
0

)
k2
+ − εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m22 = εzzk0zk
3
+ + (

k2
0x − εzzk

2
0

)
k2
+ + εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m23 = −εzzk0zk
3
− + (

k2
0x − εzzk

2
0

)
k2
− − εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m24 = εzzk0zk
3
− + (

k2
0x − εzzk

2
0

)
k2
−+εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

m41 = [
εzzk0zk

3
++(

k2
0x − εzzk

2
0

)
k2
+ + εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
eik+d ,

m42 = [ − εzzk0zk
3
++(

k2
0x − εzzk

2
0

)
k2
+ − εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
e−ik+d ,

m43 = [
εzzk0zk

3
−+(

k2
0x − εzzk

2
0

)
k2
− + εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

) × (
k2

0x − ε//k2
0

)]
eik−d ,

m44 = [ − εzzk0zk
3
−+(

k2
0x − εzzk

2
0

)
k2
− − εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
e−ik−d .

After calculating the parameters (a1 a2 a3 a4), the other four parameters can be obtained as

r1 = 1 − i

γ k0k0zZ0

(
k2
+ + k2

0x − ε//k2
0 k2

+ + k2
0x − ε//k2

0 k2
− + k2

0x − ε//k2
0 k2

− + k2
0x − ε//k2

0

)
⎛
⎜⎜⎜⎝

a1

a2

a3

a4

⎞
⎟⎟⎟⎠, (16)

r2 = k0x

k0Z0
(1 1 1 1)

⎛
⎜⎜⎜⎝

a1

a2

a3

a4

⎞
⎟⎟⎟⎠, (17)

t2 = − k0x

k0zk0Z0
(−k+eik+d k+e−ik+d −k−eik−d k−e−ik−d )

⎛
⎜⎜⎜⎝

a1

a2

a3

a4

⎞
⎟⎟⎟⎠, (18)
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t1 = −iεzz

γ k0Z0
(
k2

0x − εzzk2
0

)C

⎛
⎜⎜⎜⎝

a1

a2

a3

a4

⎞
⎟⎟⎟⎠, (19)

C = [(
k2
+ + k2

0x − ε//k2
0

)
k+eik+d −(

k2
+ + k2

0x − ε//k2
0

)
k+e−ik+d

(
k2
− + k2

0x − ε//k2
0

)
k−eik−d −(

k2
− + k2

0x − ε//k2
0

)
k−e−ik−d

]
.

(20)

Finally, we can obtain the reflection coefficients rpp and rps, written as

rpp = E p
r

E p
i

=
√[

k0z

k0
(1 − r1) − cos θ

]2

+
[
−k0x

k0
(1 + r1) + sin θ

]2

, (21)

rps = Es
r

E p
i

= k0

k0x
r2. (22)

Similarly, the reflection coefficients rss and rsp, described as

rss = Es
r

Es
i

= (1 1 1 1)

⎛
⎜⎜⎜⎝

a1s

a2s

a3s

a4s

⎞
⎟⎟⎟⎠ − 1, (23)

rsp = E p
r

Es
i

= k0

k0z

i

γ k2
0

(
k2
++k2

0x − ε//k2
0 k2

++k2
0x − ε//k2

0 k2
−+k2

0x − ε//k2
0 k2

−+k2
0x − ε//k2

0

)
⎛
⎜⎜⎜⎝

a1s

a2s

a3s

a4s

⎞
⎟⎟⎟⎠, (24)

where the parameters (a1s a2s a3s a4s) can be calculated by using the follow matrix equation:⎛
⎜⎜⎜⎝

M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

a1s

a2s

a3s

a4s

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

2k0z

0

0

0

⎞
⎟⎟⎟⎠; (25)

here, the relevant parameters are

M11 = k0z + k+,

M12 = k0z − k+,

M13 = k0z + k−,

M14 = k0z − k−,

M31 = (k+ − k0z )eik+d ,

M32 = (−k+ − k0z )e−ik+d ,

M33 = (k− − k0z )eik−d , M34 = (−k− − k0z )e−ik−d ,

M21 = εzzk0zk
3
+ − (

k2
0x − εzzk

2
0

)
k2
+ + εzzk0z

(
k2

0x − ε//k2
0

)
k+ − (

k2
0x − εzzk

2
0

) × (
k2

0x − ε//k2
0

)
,

M22 = −εzzk0zk
3
+ − (

k2
0x − εzzk

2
0

)
k2
+ − εzzk0z

(
k2

0x − ε//k2
0

)
k+ − (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

M23 = εzzk0zk
3
− − (

k2
0x − εzzk

2
0

)
k2
− + εzzk0z

(
k2

0x − ε//k2
0

)
k− − (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

M24 = −εzzk0zk
3
− − (

k2
0x − εzzk

2
0

)
k2
− − εzzk0z

(
k2

0x − ε//k2
0

)
k− − (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)
,

M41 = [
εzzk0zk

3
++(

k2
0x − εzzk

2
0

)
k2
+ + εzzk0z

(
k2

0x − ε//k2
0

)
k++(

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
eik+d ,

M42 = [ − εzzk0zk
3
+ + (

k2
0x − εzzk

2
0

)
k2
+ − εzzk0z

(
k2

0x − ε//k2
0

)
k+ + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
e−ik+d ,

M43 = [
εzzk0zk

3
− + (

k2
0x − εzzk

2
0

)
k2
− + εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
eik−d ,

M44 = [ − εzzk0zk
3
− + (

k2
0x − εzzk

2
0

)
k2
− − εzzk0z

(
k2

0x − ε//k2
0

)
k− + (

k2
0x − εzzk

2
0

)(
k2

0x − ε//k2
0

)]
e−ik−d .
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FIG. 2. Pseudocolor images of spatial IF shift as functions of incident angle and frequency. Panels (a) and (b) indicate the spatial IF shift
at discrete tilt degrees of 0.6 and 0.8 in type-I WSMs. Panels (c) and (d) exhibit the spatial IF shift at discrete tilt degrees of 2.2 and 2.4 in
type-II WSMS, where the Weyl node separation is set as 0.2 nm–1, and the Fermi energy is chosen as 0.2 eV.

Considering a TM-polarized wave illuminating the surface of
WSM, the spatial IF shift �H

IF is written as [40]

�H
IF = −Rsp cot θ [Rpp sin (φsp − φpp) + Rss sin (φsp − φss)]

k0
(
R2

sp + R2
pp

) ,

(26)

where rA = RA exp(iφA), A = {pp, ss,sp,ps}.

III. DISCUSSIONS AND RESULTS

Notably, the tilt degree and Weyl node separation are two
unique and extremely important parameters for determining
the optical properties of a WSM. Methods for effectively
obtaining these two parameters have therefore become great
significance to recognize the optical characteristics of WSM.
Generally, precision metrology acts as an important as-
pect of application of IF shifts. Therefore, studies of IF
shift on the surface of a bulk WSM enable the possibil-
ity to accurately calculate the tilt degree and Weyl node
separation.

A. Determination of tilt degree

The tilt degree of a WSM is an important parameter that
can determine the characters of a WSM, and it is often difficult
to measure the value of tilt degree. Fortunately, we can realize
an accurate calculation of tilt degree by using the phenomenon
of spatial IF shift changing from positive to negative near the
Brewster angle. For a light with frequency of f illuminat-
ing the surface of a bulk WSM, the pseudocolor images of
spatial IF shift for a TM wave as functions of incident angle
and frequency are shown in Fig. 2. Figures 2(a)–2(d) exhibit

the spatial IF shift at different tilt degrees of 0.6, 0.8, 2.2,
and 2.4. It can be seen that the spatial IF shifts are always
positive for tilt degrees of 0.6 and 0.8 in type-I WSMs. But
for tilt degrees of 2.2 and 2.4 in type-II WSMs, the spatial
IF shifts change its sign from positive to negative in a small
region of incident angle of 50°. Generally, the situation that
the spatial IF shifts vary from a positive maximum value
to a negative minimum value is mainly caused by Brewster
response [34,36,39], and the relevant special angle is called
the Brewster angle. Notably, by changing the tilt degree from
2.2 to 2.4, the frequency corresponding to the Brewster effect
changes from 35 to 32.9 THz.

For further illustrate the special phenomenon of spatial IF
shift, we plot the determination of Brewster angle in Fig. 3.
Figures 3(a) and 3(b) exhibit the amplitude of |rpp| and |rsp| as
a function of incident angle at a frequency of 35 THz for a tilt
degree of 2.2, and at a frequency of 32.9 THz for a tilt degree
of 2.4. Obviously, |rpp| varies with the change of incident
angle, and we obtain the minimum value, nearly equal to zero,
at the incident angle of 50° for these two different cases. This
situation means that the Brewster effect has occurred, and the
corresponding Brewster angle is 50°. Figures 3(c) and 3(d)
denote the spatial IF shift as a function of frequency, where
the tilt degrees are 2.2 and 2.4, and the incident angle is
chosen as 50° for both cases. It is seen that the spatial IF shift
changes from positive to negative at a frequency of 35 THz
for a tilt degree of 2.2, and at a frequency of 32.9 THz for a
tilt degree of 2.4, which is in good agreement with the results
in Figs. 2(c) and 2(d). Therefore, we have proved that the
situation of spatial IF shifts varying from a positive maximum
value to a negative minimum value is exactly caused by the
Brewster angle.
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FIG. 3. The determination of Brewster angle. Panels (a) and (b) show the amplitude of |rpp| and |rsp| as a function of incident angle at tilt
degrees of 2.2 and 2.4. Panels (c) and (d) exhibit the spatial IF shift as a function of frequency at tilt degrees of 2.2 and 2.4. The frequencies are
set as 35 THz in (a) and 32.9 THz in (b), and the incident angles are set as 50° in (c) and (d). Other parameters are identical to those of Fig. 2.

Notably, it is known that the spatial IF shift changes its
sign based on the Brewster effect. For a particular tilt degree,
this special phenomenon can be realized by simply tuning
the frequency at the incident angle near the Brewster angle.
Figure 4 exhibits the spatial IF shift as a function of frequency
at different tilt degrees when the incident angle is 47° near the
Brewster angle. It is obvious that the phenomena of spatial IF

FIG. 4. The phenomenon of spatial IF shift changing from posi-
tive to negative by altering the tilt degree and frequency at incident
angle of 47°. Other parameters are identical to those of Fig. 2.

shift changing from positive to negative always exist at differ-
ent tilt degrees. But their respective frequencies are different
for different tilt degrees. For instance, the spatial IF shift
changes from positive to negative at a frequency of 34.53 THz
for a tilt degree of 2.0, at a frequency of 33.81 THz for a tilt
degree of 2.2, and at fa requency of 32 THz for a tilt degree of
2.4. With the increase of tilt degree, the respective frequency
reduces. Therefore, these tunable phenomena of spatial IF
shift changing from positive to negative with a one-to-one
correspondence between the tilt degree and frequency enable
the feasibility of accurate calculation of tilt degree.

B. Determination of Weyl node separation

Besides the tilt degree, the Weyl node separation Q is the
other important parameter that determines the anomalous Hall
conductivity of a WSM. Here we also can calculate the Weyl
node separation Q by using the phenomenon of spatial IF shift
changing from positive to negative near the Brewster angle.
Figure 5 exhibits the phenomenon of spatial IF shift changing
from positive to negative at two different Weyl node sepa-
rations, where the tilt degree is set as 2.2. The pseudocolor
images of spatial IF shift as functions of incident angle and
frequency at two different Weyl node separations of 0.18 and
0.21 nm–1 are plotted in Figs. 5(a) and 5(b). It is seen that the
spatial IF shift change from positive to negative at a frequency
of 35.6 THz for a Weyl node separation of 0.18 nm–1, and
at a frequency of 34.7 THz for a Weyl node separation of

023508-7



WU, JIANG, ZENG, LIANG, DAI, AND XIANG PHYSICAL REVIEW A 105, 023508 (2022)

FIG. 5. The phenomenon of spatial IF shift changing from positive to negative at two different Weyl node separations. Panels (a) and (b)
show the pseudocolor images of spatial IF shift as functions of incident angle and frequency at different Weyl node separations of 0.18 and
0.21 nm–1. Panels (c) and (d) exhibit the amplitude of |rpp| and |rsp| as a function of incident angle at different Weyl node separations of 0.18
and 0.21 nm–1. The frequencies are set as 35.6 THz in (c) and 34.7 THz in (d), and the Fermi energy is fixed as 0.2 eV.

0.21 nm–1. Meanwhile, both of the spatial IF shifts vary from
a positive maximum value to a negative minimum value at
an incident angle of 50°, which is caused by the Brewster
response. To further determine the Brewster angle, we plot the
amplitude of |rpp| and |rsp| as a function of incident angle at a
frequency of 35.6 THz for Weyl node separation of 0.18 nm–1,
and at a Fermi energy of 34.7 THz for a Weyl node separation
of 0.21 nm–1, as shown in Figs. 5(c) and 5(d). Obviously, |rpp|
varies with the change of incident angle, and we obtain the

FIG. 6. The phenomenon of spatial IF shift changing from posi-
tive to negative by altering the Weyl node separation and frequency
at incident angle of 47°.

minimum value, nearly equal to zero, at the incident angle of
50° for the two different cases. Therefore, we have proved that
the situation of spatial IF shifts varying from a positive maxi-
mum value to a negative minimum value is exactly caused by
a Brewster angle of 50°.

Notably, based on the above discussion, it is known that
when the incident angle is near the Brewster angle, the phe-
nomenon of spatial IF shift changing from positive to negative
can be realized at two different Weyl node separations, and its
relevant frequency behaves different value. Figure 6 plots the
spatial IF shift as a function of frequency at different Weyl
node separations, where the incident angle is also chosen as
47°. It is seen that for different Weyl node separations, fre-
quencies corresponding to the spatial IF shift changing from
positive to negative are different. For instance, the special
phenomenon occurs at a frequency of 33.97 THz for a Weyl
node separation of 0.19 nm–1, at a frequency of 33.59 THz
for a Weyl node separation of 0.21 nm–1, and at a frequency
of 32.77 THz for a Weyl node separation of 0.23 nm–1. With
the increase of Weyl node separation, the respective frequency
reduces. These tunable phenomena of spatial IF shift changing
from positive to negative with one-to-one correspondence be-
tween the Weyl node separation and frequency also enable the
feasibility of an accurate calculation of Weyl node separation.

IV. CONCLUSIONS

In conclusion, we theoretically study the spatial IF shift
at the contact surface of air and bulk WSM. For obtaining the
calculation of spatial IF shift, we set up a 4 × 4 magneto-optic
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matrix to solve the reflection coefficients by using Maxwell’s
equations and boundary conditions. It is found that the spatial
IF shift changes from a positive value to negative value at
the incident angle near 50°. It is further demonstrated that
this special phenomenon is caused by the Brewster effect.
Interestingly, the phenomenon of spatial IF shift changing
from positive to negative can be controlled by changing the
frequency of incident light, tilt degree, and Weyl node sep-
aration. Specially, for a fixed Weyl node separation, these
special phenomena can be realized at different tilt degrees by
simply changing the frequency, and there exists a one-to-one
correspondence between the tilt degree and frequency at these
situations. Therefore, we can determine the tilt degree based
on the zero spatial IF shift by shifting the frequency. Similarly,
for a fixed tilt degree, these special phenomena of spatial IF
shift changing from positive to negative with a one-to-one cor-
respondence between the Weyl node separation and frequency
enable the feasibility of an accurate calculation of Weyl node
separation. We firmly believe our study is of great significance
to recognize the characteristics of a WSM.
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APPENDIX: CONDUCTIVITIES IN TYPE-I
AND TYPE-II WSMs

By introducing the Kubo formula and the real Kramers-
Kronig relation, the conductivities of WSMs in type I and
type II can be obtained in the low temperature limit (T = 0 K)
[25,41]. Notably, in the case of type-I WSMs with |αt | < 1,
the real and imaginary parts of the conductivities are ex-
pressed as [25]

Re(σxx ) =

⎧⎪⎨
⎪⎩

0, ω < ωl

σω(1/2 − η1), ωl < ω < ωu

σω, ω > ωu

, (A1)

Im(σxx ) = − σω

4π

{
τ (αt ) ln

[∣∣ω2
u − ω2

∣∣∣∣ω2
l − ω2

∣∣
]

+ 8

α2
t

(
μ

h̄ω

)2

−
(

μ

h̄ω

)3 ∏
(ω, αt , μ) ln

[ |ωu − ω|(ωl + ω)

|ωl − ω|(ωu + ω)

]

+ 6

|αt |3
(

μ

h̄ω

)2

ln

[∣∣ω2
u − ω2

∣∣ω2
l∣∣ω2

l − ω2
∣∣ω2

u

]
+ 4 ln

[∣∣ω2
c − ω2

∣∣∣∣ω2
u − ω2

∣∣
]}

, (A2)

Re(σzz ) =

⎧⎪⎨
⎪⎩

0, ω < ωl

σωη4, ωl < ω < ωu

σω, ω > ωu

, (A3)

Im(σzz ) = − σω

2π

{
τ ′(αt ) ln

[∣∣ω2
u − ω2

∣∣∣∣ω2
l − ω2

∣∣
]

− 8

α2
t

(
μ

h̄ω

)2

+
(

μ

h̄ω

)3 ′∏
(ω, αt , μ) ln

[ |ωu − ω|(ωl + ω)

|ωl − ω|(ωu + ω)

]

− 6

|αt |3
(

μ

h̄ω

)2

ln

[∣∣ω2
u − ω2

∣∣ω2
l∣∣ω2

l − ω2
∣∣ω2

u

]
+ 2 ln

[∣∣ω2
c − ω2

∣∣∣∣ω2
u − ω2

∣∣
]}

, (A4)

Re(σxy) = σ anom−I
xy + sgn(αt )σμ

{ −1

2α2
t

ln

[∣∣ω2
u − ω2

∣∣ω2
l∣∣ω2

l − ω2
∣∣ω2

u

]
+

(
μ

2h̄ωα2
t

+ h̄ω

8μ

1 − α2
t

α2
t

)
ln

[ |ωu − ω|(ωl + ω)

|ωl − ω|(ωu + ω)

]
− 1

|αt |
}
,

(A5)

Im(σxy) = sgn(αt )

⎧⎪⎨
⎪⎩

0, ω < ωl

3σωη3, ωl < ω < ωu

0, ω > ωu

. (A6)

Here, σω = e2ω/(6hνF ), where e and h represent the elementary charge and the Planck constant, respectively; h̄ = h/(2π )
is the reduced Planck constant, μ is the Fermi energy; ω is the frequency of light; νF = 106m/s denotes the Fermi velocity;
ωc = kcνF is the ultraviolet cutoff frequency, in which kc denotes the momentum cutoff along the kz axis; ωl = 2μ/[h̄(1 + |αt |)],
ωu = 2μ/[h̄(1 − |αt |)], τ (αt )= 2 + 1/(2|αt |3) + 3/(2|αt |), τ ′(αt ) = 1−1/(2|αt |3) + 3/(2|αt |) σμ = e2μ/(h2νF ); and the other
related parameters are written as follows:

η1 = 3

8|αt |
(

2μ

h̄ω
− 1

)[
1 + 1

3α2
t

(
2μ

h̄ω
− 1

)2]
, (A7)

η3 = 1

α2
t

(
1

8
− μ

2h̄ω
+ μ2

2h̄2ω2

)
− 1

8
, (A8)
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η4 = 1

2
+ (2μ − h̄ω)3

4h̄3ω3|αt |3
+ 1

|αt |
(

3

4
− 3μ

2h̄ω

)
, (A9)

∏
(ω, αt , μ) = 4

|αt |3
+ 3

(
h̄ω

μ

)2( 1

|αt |3
+ 1

|αt |
)

, (A10)

′∏
(ω, αt , μ) = 4

|αt |3
+ 3

(
h̄ω

μ

)2( 1

|αt |3
− 1

|αt |
)

, (A11)

σ anom-I
xy = σQ + σμ

[
2

αt
+ 1

α2
t

ln

(
1 − αt

1 + αt

)]
, (A12)

where σQ = e2Q/(πh), which is a function of Q.
Meanwhile, in the case of type-II WSMs with |αt | > 1, the real and imaginary parts of the conductivities are described as

[25]

Re(σxx ) =

⎧⎪⎨
⎪⎩

0, ω < ωl

σω(1/2 − η1), ωl < ω < ω′
u

σωη2, ω > ω′
u

, (A13)

Im(σxx ) = − σω

4π

{
τ (αt ) ln

[∣∣ω′
u

2 − ω2
∣∣∣∣ω2

l − ω2
∣∣

]
+ 8

α3
t

(
μ

h̄ω

)2

−
(

μ

h̄ω

)3 ∏
(ω, αt , μ) ln

[ |ω′
u − ω|(ωl + ω)

|ωl − ω|(ω′
u + ω)

]

+ 6

|αt |3
(

μ

h̄ω

)2

ln

[∣∣ω′
u

2 − ω2
∣∣ω2

l∣∣ω2
l − ω2

∣∣ω′
u

2

]
+

(
3

|αt | + 1

|αt |3
)

ln

[ ∣∣ω2
c − ω2

∣∣∣∣ω′
u

2 − ω2
∣∣
]

+ 12

|αt |3
(

μ

h̄ω

)2

ln

[∣∣ω2
c − ω2

∣∣ω′
u

2∣∣ω′
u

2 − ω2
∣∣ω2

c

]}
,

(A14)

Re(σzz ) =

⎧⎪⎨
⎪⎩

0, ω < ωl

σωη4, ωl < ω < ω′
u

σωη5, ω > ω′
u

, (A15)

Im(σzz ) = − σω

2π

{
τ ′(αt ) ln

[∣∣ω′
u

2 − ω2
∣∣∣∣ω2

l − ω2
∣∣

]
− 8

α3
t

(
μ

h̄ω

)2

+
(

μ

h̄ω

)3 ′∏
(ω, αt , μ) ln

[ |ω′
u − ω|(ωl + ω)

|ωl − ω|(ω′
u + ω)

]

− 6

|αt |3
(

μ

h̄ω

)2

ln

[∣∣ω′
u

2 − ω2
∣∣ω2

l∣∣ω2
l − ω2

∣∣ω′
u

2

]
+

(
3

αt
− 1

αt
3

)
ln

[ ∣∣ω2
c − ω2

∣∣∣∣ω′
u

2 − ω2
∣∣
]

− 12

|αt |3
(

μ

h̄ω

)2

ln

[∣∣ω2
c − ω2

∣∣ω′
u

2∣∣ω′
u

2 − ω2
∣∣ω2

c

]}
,

(A16)

Re(σxy) = σ anom−II
xy + sgn(αt )σμ

{ −1

2α2
t

ln

[ (
ω2

c − ω2
)2

ω2
l ω

′
u

2∣∣ω2
l − ω2

∣∣∣∣ω′
u

2 − ω2
∣∣ω4

c

]

+
(

μ

2h̄ωα2
t

+ h̄ω

8μ

1 − α2
t

α2
t

)
ln

[ |ω′
u − ω|(ωl + ω)

|ωl − ω|(ω′
u + ω)

]
− 2

α2
t

}
, (A17)

Im(σxy) = sgn(αt )

⎧⎨
⎩

0, ω < ωl

3σωη3, ωl < ω < ω′
u

−3μσω

h̄ωα2
t

, ω > ω′
u

. (A18)

Here, ω′
u = 2μ/[h̄(|αt | − 1)]; and the other related parameters are written as follows:

η2 = 3

4|αt |
[

1 + 1

3α2
t

+
(

2μ

αt h̄ω

)2]
, (A19)

η5 = −1

2|αt |3
[

1 − 3αt
2 + 12μ2

h̄2ω2

]
, (A20)

σ anom-II
xy = σQ

|αt | + sgn(αt )σμ

α2
t

ln

[
μ2

h̄2ω2
cα

2
t

(
α2

t − 1
)]

. (A21)
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