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Creation of high-dimensional entanglement of polar molecules via optimal control fields
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Quantum entanglement in high-dimensional Hilbert space offers broad prospects for quantum information sci-
ence. Polar molecules have a rich internal structure and long coherence time, serving as an attractive candidate for
quantum information processing. In this paper, we propose a theoretical scheme for creating high-dimensional
entangled states based on ultracold SrO molecules. Qudits are encoded in the pendular states induced by an
external electric field and coupled by the dipole-dipole interaction. With the assistance of optimal control
theory, a series of optimal microwave fields is designed for the generation of an entangled qutrit-qubit state,
qutrit-qutrit state, and ququart-ququart state through numerical iterations. We detail the relation of the fidelity
and entanglement of the systemic final states with the number of iteration steps after the control fields are applied
and analyze the population dynamics of the field-driven wave functions during time evolution. Moreover, three
coupled SrO molecules arranged in an equilateral triangle configuration are employed as pendular qubits, and the
trimolecular W and Greenberger-Horne-Zeilinger states are realized with high fidelities by optimal control. The
specific molecule and experimental parameters used in our theoretical studies are chosen for computational
convenience, but we include a discussion of how our results can be applied to realistic situations as well.
In principle, our results could be extended to a situation with more pendular qudits, providing a significant step
toward the achievement of high-dimensional quantum information processing with arrays of polar molecules.
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I. INTRODUCTION

Quantum information science has arisen over the past sev-
eral decades and has shown potential applications in wide
fields. Recently, there has been growing interest in quan-
tum communication and computation in large Hilbert spaces
[1–3]. This is due to the fact that higher-dimensional systems
can offer a larger code space, which contributes to enhancing
the capacity of the communication channel [4], the security
of quantum cryptography [5], resistance to noise [6,7], etc.
Generally speaking, one way of enlarging Hilbert spaces is
to increase the number of qubits; another way is to employ
d-level systems as qudits. Note that polar molecules have a
rich inner energy structure, which can be used to encode a
large amount of quantum information [8–14]. For example,
Sawant et al. [14] examined the rotational and hyperfine struc-
ture of ultracold molecules in electronic states of 2� and 1�
symmetry and identified possible implementations of four-
level qudits in both CaF and RbCs. On the other hand, polar
molecules can be coupled by the long-range dipole-dipole
interaction, offering a feasible path to the implementation
of scalable quantum computation [15,16]. In our previous
studies, three-qubit quantum logic gates were successfully
simulated by using three dipole-coupled molecules [17], and
they can be further generalized to the situation of N qubits.
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Moreover, methods and techniques for cooling, trapping, and
controlling molecules such as SrF, CaF, and YO have made
enormous progress in recent years [18–22]. As a result, arrays
of ultracold trapped polar molecules have become one of the
most promising carriers in quantum information processing.
As early as 2002, DeMille [8] offered a seminal proposal
for realizing quantum computation by encoding the qubits
in the electric dipole moments of diatomic molecules, which
are trapped in the optical lattice and oriented by the external
electric field. Moreover, Yelin et al. [23] showed how to
switch on and off strong dipole-dipole interactions and in-
vestigated the implementation of two-qubit gates in diatomic
polar molecules. Recently, Yu et al. [24] proposed a scal-
able platform for quantum computing based on symmetric-top
molecules, in which the fidelities can approach the threshold
for fault-tolerant quantum computing under realistic experi-
mental conditions.

It is well accepted that quantum entanglement is a signif-
icant physical resource in the field of quantum information.
Up to now, many efforts have been devoted to exploring the
entanglement and coherence of molecular systems [25–32].
For instance, Wei et al. [25] analyzed the relations between
the entanglement of the pendular qubit states for two linear
molecules and the electric field, dipole-dipole interaction,
and ambient temperature. Chae [31] proposed a theoretical
scheme for the entanglement of MgF molecules in an opti-
cal tweezer array via rotational blockade. However, studies
seldom involve high-dimensional entanglement of molecular
systems. As we know, high-dimensional entanglement has
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more advantages for long-distance communication [33,34],
quantum distillation [35], the Bell-test experiment [36], and
quantum computation [37], and entangled states in high-
dimensional spaces have been created in atomic ensembles
[38–40], integrated platforms [41], rare-earth-doped crystals
[42,43], etc. In this paper, we study how to create entan-
gled qubit, qutrit, and ququart (four-level qudit) states with
pendular states in SrO molecules coupled by dipole-dipole
interaction. To achieve the addressability of the pendular qudit
states, the SrO molecules are assumed to be located in the
external electric field with an appreciable gradient. Mean-
while, we also achieve the trimolecular entangled W state and
Greenberger-Horne-Zeilinger (GHZ) state with high fideli-
ties. The method we adopt here is the optimal control theory
(OCT) [44]. OCT is an effective approach to find the optimal
solution for a physical problem under constraint conditions,
which can be used to design control fields for the generation
of intermolecular entanglement [30,32,45]. Recently, Hughes
et al. [32] designed an entangling gate for polar molecules
by employing the tunable dipole-dipole interaction together
with a microwave (MW) field. The MW field is shaped by the
gradient ascent pulse engineering algorithm, and the fidelity
of the entangling gate can reach very high values for wide
regions of the parameter space. Furthermore, they considered
the thermal motional excitations. The optimized MW field can
drive the system that is initially in a product state of internal
and excited motional states into the high-fidelity target state
in the presence of incoherent motional excitation. Here, we
adopt the OCT to design a series of MW pulses for pendu-
lar states of SrO molecules, which can drive the transitions
of molecular systems from the separable ground states into
the high-dimensional entangled states. Our results could shed
some light on the generation of entanglement resource in high
dimensions and the construction of the high-capacity quantum
network based on polar molecules.

The outline of this paper is organized as follows. In Sec. II
we give a brief review of the model of dipole-dipole-coupled
polar molecules in pendular states and introduce the method
of optimal control. The results of the simulations are given in
Sec. III, including the creation of qudit-qudit entanglement
and three-qubit entanglement. We close in Sec. IV with a
summary of the results.

II. THEORY

A. Model

For N identical trapped polar linear molecules coupled via
the dipole-dipole interaction, the Hamiltonian is [15]

H =
N∑

i=1

Hi +
N−1∑
i=1

N∑
j=i+1

V i, j
d−d , (1)

with

Hi = p2
i

2m
+ Vtrap(ri ) + BJ2

i − μ · ε (2)

and

V i, j
d−d = μi · μ j − 3(μi · n)(μ j · n)

|ri − r j |3 . (3)
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FIG. 1. (a) Pendular energy levels (in terms of the rotational
constant B) of an ultracold polar molecule in the electric field for
M = 0 as a function of με/B, which are encoded as the qudit |q〉
with q = 0, 1, 2, 3, 4. (b) Molecular orientation Cqq as a function of
με/B.

Here, Hi is the Hamiltonian of the ith polar molecule ori-
ented by a static electric field ε and trapped in a well with
potential energy Vtrap. The parameters m, B, and μ denote the
molecular mass, the rotational constant, and the permanent
dipole moment, respectively. The term p2

i /2m characterizes
the translational kinetic energy of the molecule, whereas BJ2

i
characterizes the rotational energy with the molecular angu-
lar momentum Ji. Moreover, V i, j

d−d denotes the dipole-dipole
interaction between the ith and the jth molecules, with n
being a unit vector along ri j , where |ri j | = |ri − r j | denotes
the intermolecular distance. For the ultracold polar molecules
trapped in the potential well, the translational motion is quite
modest and very nearly harmonic [25]. For simplicity, in
this paper we do not consider the translational kinetic en-
ergy p2

i /2m and the potential energy Vtrap. As a result, the
Hamiltonian for a single molecule is reduced to the following
form:

Hi = BJ2
i − με cos θ, (4)

where θ is the angle between the dipole moment μ and the
electric field ε. Under strong external electric field, the polar
molecules are induced to undergo pendular oscillation along
the field axis over a limited angular range, leading to the
creation of pendular states [46]. In Fig. 1(a), several energy
levels of a linear molecule in pendular states for M = 0 are
plotted as a function of με/B, where M is the projection of
Ji in the direction of the electric field. For a d-level molec-
ular system, the pendular states versus the energy levels in
ascending order are encoded to be the qudit |q〉, with q =
0, 1, 2, . . . , d . Indeed, the pendular qudit state |q〉 can be re-
garded as the superposition of field-free rotational states, i.e.,
|q〉 = ∑∞

l=0 cl |Ji = l, M = 0〉, where cl are the coefficients
of sums of rotational states. It should be mentioned that the
scheme we adopted here is actually an extension of DeMille’s
proposal [8] from a two-level pendular qubit to a d-level qudit.
Furthermore, for M = 0 the dipole-dipole interaction shown
in Eq. (3) can be simplified by averaging the azimuthal angles
to [25,30]

V i, j
d−d = �(1 − 3 cos2 α) cos θi cos θ j . (5)

Here, � = μ2/r3
i j , θm (m = i, j) is the angle between the

field direction and the mth molecular axis, and α is the angle
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between the field direction and the vector ri j . In the following
we assume that the electric field is perpendicular to the vector
ri j , i.e., α = π/2.

In the Hilbert space consisting of pendular qudits
|q1, q2, . . . , qN 〉 of N polar molecules, the Hamiltonian Hi for
the ith molecule can be expanded as

Hi = I1 ⊗ I2 ⊗ · · · ⊗ Ii−1 ⊗

⎛
⎜⎜⎝

Ei
0 0 . . . 0

0 Ei
1 . . . 0

...
...

. . .
...

0 0 . . . Ei
d

⎞
⎟⎟⎠ ⊗ Ii+1 ⊗ · · · ⊗ IN , (6)

where Ik (k = 1, 2, . . . , N ) represents the identity matrix and Ei
0, Ei

1, . . . , Ei
d represent the eigenenergies versus the pendular

qudit states |0〉, |1〉, . . . , |d〉, respectively. Similarly, the dipole-dipole interaction V i, j
d−d can be expanded as

V i, j
d−d = � × I1 ⊗ · · · ⊗ Ii−1 ⊗

⎛
⎜⎜⎝

Ci
00 Ci

01 . . . Ci
0d

Ci
10 Ci

11 . . . Ci
1d

...
...

. . .
...

Ci
d0 Ci

d1 . . . Ci
dd

⎞
⎟⎟⎠ ⊗ Ii+1 ⊗ · · · ⊗ I j−1 ⊗

⎛
⎜⎜⎜⎝

C j
00 C j

01 . . . C j
0d

C j
10 C j

11 . . . C j
1d

...
...

. . .
...

C j
d0 C j

d1 . . . C j
dd

⎞
⎟⎟⎟⎠ ⊗ I j+1 ⊗ · · · ⊗ IN .

(7)

Here, the matrix elements are defined by Ci( j)
qq =

〈q| cos θi( j)|q〉 and Ci( j)
pq = 〈p| cos θi( j)|q〉, with q �= p.

Note that the diagonal elements of the matrices actually
characterize the orientations of the polar molecules in the
electric field, which are displayed as a function of με/B in
Fig. 1(b).

B. Method

In this study, we use OCT to design optimal MW fields
that interact with the polar molecules for the creation of
high-dimensional entangled states. As we know, OCT is a
common method in the fields of molecular quantum com-
putation [17,47–50], molecular orientation and alignment
[45,51,52], and discrimination of isotopologues in a mixture
[53]. In general, it has an objective function [44,48]:

J f i[ψi(t ), ψ f (t ), E(t )]

= |〈ψi(T )|φ f (T )〉|2 − 2Re

{
〈ψi(T )|φ f (T )〉

×
∫ T

0
〈ψ f (t )| ∂

∂t
+ i

h̄
[H − μ · E(t )]|ψi(t )〉dt

}

− α0 ×
∫ T

0

[E(t )]2

S(t )
dt . (8)

Here, ψi(t ) and ψ f (t ) are the wave functions propagated for-
ward and backward in time, respectively, both of which are
driven by the control field E(t ) with duration T . φ f (T ) is
the desired target state, as well as the initial wave function
of ψ f (t ) at t = T . Moreover, the envelope function S(t ) =
sin2(πt/T ) guarantees the experimentally appropriate slow
turn-on and turn-off pulse envelope. In addition, the param-
eter α0 denotes the penalty factor, which is set as 1 × 105

to restrict the intensity of the control field in this paper. To
maximize the objective function, δJ f i = 0 is required. Then,
a set of time-dependent coupled Schrödinger equations is

given by [44]

ih̄
∂

∂t
ψi(t ) = [H − μ · E(t )]ψi(t ),

ψi(0) = ϕi(0),

ih̄
∂

∂t
ψ f (t ) = [H − μ · E(t )]ψ f (t ),

ψ f (T ) = φ f (T ). (9)

Here, ϕi(0) is the initial wave function of ψi(t ) at t = 0, and
the control field E (t ) takes the following form:

E (t ) = −μS(t )

h̄α0
Im{〈ψi(t )|ψ f (t )〉〈ψ f (t )|
|ψi(t )〉}, (10)

with 
 = ∑N
i=1 cos θi. In what follows, Eq. (9) is numerically

calculated by using the fourth-order Runge-Kutta algorithm.
Furthermore, the rapidly converging iteration method is em-
ployed to optimize the control field, which can approach the
converging limit within a few steps.

III. RESULTS

In this section, we focus on the optimization of the control
fields interacting with the single-molecule system, bimolecule
system, and trimolecule system to achieve the desired high-
dimensional quantum states. In general, polar molecules with
larger dipole moments can be oriented more easily in the
external electric field. Moreover, under the same molecule
spacing, the larger the dipole moments are, the stronger the
dipole-dipole interaction between the molecules is. Thus, in
this study we choose the SrO molecule as a suitable carrier,
for which the body-fixed dipole moment μ is 8.9 debye and
the rotational constant B is 0.33 cm−1.
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FIG. 2. (a) Fidelity of the systemic final state after applying
the optimized control field for the transition of ψi(t = 0) = |0〉 →
φ f (T ) = 2

3 |1〉 + 1
3 |2〉 + 2

3 |4〉 as a function of the iteration number.
(b) Converged laser pulse corresponding to the last iteration, for
which the maximum amplitude is about 1.39 kV/cm. (c) Time-
dependent populations of the wave function driven by the converged
laser pulse for creating the target state φ f (T ) = 2

3 |1〉 + 1
3 |2〉 + 2

3 |4〉.

A. Single-qudit system

To show the feasibility of creating any desired target states
in high-dimensional Hilbert space using OCT, we first take
a single SrO molecule with five pendular energy levels [see
Fig. 1(a)] as a special example. The SrO molecule is assumed
to be located in the electric field ε with a strength of 2.2
kV/cm, corresponding to με/B = 1. Moreover, the initial
state is set to the lowest pendular state, namely, ψi(t = 0) =
|0〉, and the target state is set to an arbitrary superposition
state, namely, φ f (T ) = ∑4

q=0 cq|q〉. Without loss of general-
ity, the coefficients cq are supposed to be c0 = c3 = 0, c1 =
c4 = 2

3 , and c2 = 1
3 . Accordingly, the initial control field (in

kV/cm) is guessed to be E (t ) = sin2(πt/T ) cos(ω01t ) with
duration T = 40 ns, where ω01 ≈ 2π × 2.22 × 1010 rad/s is
the transition frequency between the pendular states |0〉 and
|1〉. Figure 2(a) shows the fidelity of the final state ψi(t = T )
corresponding to the transition of |0〉 → 2

3 |1〉 + 1
3 |2〉 + 2

3 |4〉
as a function of iteration number. Here, the fidelity is defined
as F = |〈ψi(T )|φ f (T )〉|2, which is the overlap between the
systemic final state after the control field is applied and the
target state we want. It can be seen from Fig. 2(a) that the
fidelity is enhanced with the increase of the iteration number.
If the convergence criterion is set to δF = 10−5, the iteration
will terminate after 111 iteration steps, and the value of the
fidelity can reach 0.999, where δF is the difference in the
fidelities with respect to the adjacent iteration numbers. Fig-
ure 2(b) plots the converged control field, which is obtained by
optimizing the initial field repeatedly. As shown in Fig. 2(c),
under the converged control field the population of the initial
state |0〉 evolves to 2.51 × 10−4 from 1, whereas those of
|1〉, |2〉, |3〉, and |4〉 evolve to approximate values of 0.467,
0.116, 7.78 × 10−14, and 0.416 from the initial value of zero,
respectively, nearly meeting the ideal values versus the target

state φ f (T ). The superposition state for a single molecule is
not entangled; however, from the perspective of coherence
resource theory [54], the systemic coherence is still enhanced
with the help of the optimal control field.

B. Qudit-qudit system

Now, we attempt to study the generation of the
high-dimensional entanglement between two dipole-dipole-
coupled SrO molecules. The intermolecular distance is set
to 75 nm, and the strengths of the electric field acting on
the two molecules are set to 4.4 and 6.6 kV/cm. Here, the
appreciable gradient of the electric field enables the pendu-
lar qubits’ addressability. In view of the fact that the hybrid
qutrit-qubit state is the first nontrivial extension beyond the
qubit-qubit case, the control field for the bipartite qutrit-qubit
system needs to be optimized first. We assume that the pen-
dular qutrits |0〉, |1〉, and |2〉 are encoded in the first SrO
molecule, and the pendular qubits |0〉 and |1〉 are encoded in
the second SrO molecule. To quantify the entanglement of the
qutrit-qubit state, we introduce the concept of negativity. It is a
measure of entanglement for arbitrary bipartite system, which
is defined as [55]

N (ρ) =
∑

i

|λi(ρ
TA )| − 1, (11)

where ρ is the density matrix of a bipartite state and λi(ρTA ) is
the ith eigenvalue of the partial transpose matrix correspond-
ing to subsystem A. In the limit of ultracold temperature, the
polar molecules are populated in the ground state with high
probability. Thus, the ground state can be supposed to be the
initial state. However, based on the above parameter, the value
of negativity for the ground state is on the order of 10−4,
implying that the entanglement is very weak and can almost
be negligible. As a result, we simplify reasonably the initial
state to the separable state |00〉. To enhance the entanglement
of the qutrit-qubit system, an entangled state 1√

2
(|01〉 + |20〉)

is set to the target state, for which the negativity N = 1.
From Fig. 3(a), we can find that the fidelity and the neg-

ativity synchronously increase with the growth of iteration
steps and converge to 0.989 and 0.984 after 237 iterations,
respectively. The optimal control field versus the last iteration
is shown in Fig. 3(b), which is optimized from the ini-
tial field E (t ) = sin2(πt/T ) cos(ωt ), with ω = 2π × 3.532 ×
1010 rad/s and T = 250 ns. Compared with the situation
of the single molecule, it can be seen that more iteration
steps in the numerical calculation and a longer duration time
of the control field are necessary in the situation of qutrit-
qubit coupling. To visualize the transition among the pendular
states of the SrO molecules under the optimal field, we
display the dynamics of the population for the field-driven
wave function in Fig. 3(c). It is clear that the population
of initial state |00〉 transfers almost averagely to the states
of |01〉 and |20〉, demonstrating the creation of entangled
qutrit-qubit state 1√

2
(|01〉 + |20〉). Before the high-fidelity en-

tangled state can be successfully created, multiple transitions
among the pendular energy levels are necessary. Thus, in
Fig. 3(c) we can observe that the populations continue oscil-
lating during the time evolution. Moreover, other entangled
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FIG. 3. (a) Fidelity and negativity of the systemic final state after
applying the optimized control field for the transition of ψi(t =
0) = |00〉 → φ f (T ) = 1√

2
(|01〉 + |20〉) as a function of the iteration

number. (b) Converged laser pulse corresponding to the last iteration,
for which the maximum amplitude is about 1.50 kV/cm. (c) Time-
dependent populations of the wave function driven by the converged
laser pulse for creating the target state φ f (T ) = 1√

2
(|01〉 + |20〉).

qutrit-qubit states, such as 1√
2
(|10〉 + |21〉), 1√

2
(|11〉 + |20〉),

and 1√
2
(|00〉 + |21〉), can also be generated with high fidelity

by optimal control and are not covered here again.
The qutrit-qutrit system is a straightforward extension of

the qutrit-qubit system; thus, we turn to employ both SrO
molecules as qutrits. In this way, the Hilbert space is extended
to 3 ⊗ 3 from 3 ⊗ 2. Here, the target state is set to φ f (T ) =

1√
3
(|01〉 + |12〉 + |20〉), which is one of the maximally en-

tangled states for the qutrit-qutrit system and is significant
for superdense coding [56] and remote state preparation [57]
in arbitrarily high dimensions. As shown in Fig. 4(a), both
the fidelity and the negativity increase monotonously with
the increasing number of optimizations and finally reach the
convergence limit in an asymptotical way. Through 230 it-
erations, the values of both F and N /2 are approximately
equal to 0.992. The time profile of the optimal field at the
230th iteration is given in Fig. 4(b). The converged opti-
mal control field can effectively steer the transformation of
|00〉 → 1√

3
(|01〉 + |12〉 + |20〉), as shown in Fig. 4(c). The

final molecular populations after evolutions are about 0.005
for |00〉, 0.333 for |01〉, 0.312 for |12〉, and 0.349 for |20〉.

To further enlarge the Hilbert space consisting of pendular
states, each SrO molecule with four pendular energy levels is
used as a ququart. As before, an entangled state is required as
the target state φ f (T ). Here, we suppose φ f (T ) = 1

2 (|00〉 +
|11〉 + |22〉 + |33〉). Figure 5(a) shows that the initial field
takes 226 iterations to achieve the limit of convergence with
F ≈ 0.987 and N /3 ≈ 0.986. Under the influence of the
converged control field shown in Fig. 5(b), the populations of
the final state after evolutions are about 0.261, 0.284, 0.218,
and 0.228 for |00〉, |11〉, |22〉, and |33〉 [see Fig. 5(c)], re-
spectively, nearly agreeing with those of the ideal target state.
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FIG. 4. (a) Fidelity and negativity of the systemic final state after
applying the optimized control field for the transition of ψi(t =
0) = |00〉 → φ f (T ) = 1√

3
(|01〉 + |12〉 + |20〉) as a function of the

iteration number. (b) Converged laser pulse corresponding to the last
iteration, for which the maximum amplitude is about 1.53 kV/cm.
(c) Time-dependent populations of the wave function driven by the
converged laser pulse for creating the target state φ f (T ) = 1√

3
(|01〉 +

|12〉 + |20〉).

The above examples indicate that based on OCT, the pendular
entangled states of qudit-qudit coupling can be realized with
high fidelities, and the entanglement degree of the bimolecular
systems can be enhanced effectively by designing suitable
driving fields.
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FIG. 5. (a) Fidelity and negativity of the systemic final state after
applying the optimized control field for the transition of ψi(t = 0) =
|00〉 → φ f (T ) = 1

2 (|00〉 + |11〉 + |22〉 + |33〉) as a function of the
iteration number. (b) Converged laser pulse corresponding to the last
iteration, for which the maximum amplitude is about 1.38 kV/cm.
(c) Time-dependent populations of the wave function driven by the
converged laser pulse for creating the target state φ f (T ) = 1

2 (|00〉 +
|11〉 + |22〉 + |33〉).
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FIG. 6. Fidelity and tripartite negativity of the systemic final
state after applying the optimized control field for the transition of
|000〉 → |W 〉 as a function of the iteration number. The maximum
value of N3 is 0.974, which appears at the fourth iteration.

C. Three-qubit system

In general, the Hilbert space dimension can be increased
not only by exploiting the multilevel system as qudits but also
by increasing the number of qubits. Now, we consider a three-
qubit system constructed of three coupled SrO molecules and
design optimal optical fields to achieve three-qubit entan-
glement. For three polar molecules, there are two different
arrangements: the linear type and the triangle type. For the
linear type, the dipole-dipole interaction between next-nearest
neighbors is relatively weak. Thus, we adopt the triangle-
type configuration with an equal intermolecular distance of
75 nm. In this way, the dipolar interactions between any two
SrO molecules are identical. For addressability, the external
electric field intensities are set to 4.4, 5.5, and 6.6 kV/cm
at the sites of three polar molecules. Moreover, to evaluate
the performance of the control fields for generating triqubit
entangled states, the negativity applied to the bipartite system
needs to be generalized to the tripartite negativity [58]:

N3(ρ) = 3
√

Ni− jkN j−ikNk−i j . (12)

Here, NA−BC = ∑
i |λi(ρTA )| − 1 [see Eq. (11)]. When A =

i, j, k, BC corresponds to jk, ik, i j, respectively. In fact, the
tripartite negativity is a geometric average of bipartite nega-
tivity. For a symmetric tripartite system, it can be simplified
to the bipartite negativity of two arbitrary subsystems. It is
known that the W and GHZ states are entangled states for
two typical classes of three particles. The triqubit W state
reads |W 〉 = 1√

3
(|001〉 + |010〉 + |100〉), which is partially

entangled with N3(ρ) ≈ 0.943. The triqubit GHZ state reads
|GHZ〉 = 1√

2
(|000〉 + |111〉), which is maximally entangled

with N3(ρ) = 1.
Now we take the W state and GHZ state as the target states

for optimal control. Figure 6 shows the relations between
the fidelity and the tripartite negativity as a function of the
iteration number for the transition of |000〉 → |W 〉. It can
be seen that the fidelity of the final state increases gradually
during the numerical optimization and reaches the maximum
value of 0.994 after 118 iterations. However, the tripartite
negativity displays a nonmonotonic behavior, and the maxi-
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FIG. 7. (a) and (b) The optimized control fields corresponding to
the fourth iteration and the last iteration for the transition of |000〉 →
|W 〉, for which the maximum amplitudes are about 1.11 and 1.08
kV/cm, respectively. (c) and (d) The time-dependent populations of
the wave function driven by the optimized control fields at the fourth
iteration and the last iteration, respectively.

mum value of 0.974 occurs at the fourth iteration. Thus, the
fidelity and the entanglement do not always have to increase
together as the optimization iterations increase. In general,
when the target states are set to the maximally entangled
states, both the negativity and the fidelity will gradually in-
crease with the enhancement of optimization iterations. When
the target states are partially entangled, the negativity and
the fidelity may not follow the same behaviors. Figures 7(a)
and 7(b) plot the control field versus the 4th iteration and the
convergent field versus the 118th iteration, respectively, both
of which are obtained by optimizing the initial field E (t ) =
sin2(πt/T ) cos(ωt ), with ω = 2π × 3.165 × 1010 rad/s and
T = 250 ns. The corresponding population evolutions are
shown in Figs. 7(c) and 7(d), respectively. From the perspec-
tive of the final population distribution, the wave function
driven by the convergent field is more approximate to the ideal
W state.

Finally, the optimal control is performed for the transition
of |000〉 → |GHZ〉. From Fig. 8(a), we can see that the fidelity
and the tripartite negativity follow similar evolutionary trends,
and the number of iterations necessary to reach convergence
is 419. For the last iteration, F ≈ 0.997 and N3 ≈ 0.999 can
be achieved. The convergent control field with a frequency
of 3.530 × 104 MHz and a duration of 200 ns is shown in
Fig. 8(b). Moreover, Fig. 8(c) indicates that both of the final
populations of |000〉 and |111〉 are very close to the desired
value of 0.5, confirming the validity of the converged field.
In addition, the populations for other basis states (e.g., |010〉)
are almost restored to the initial value of zero after many
oscillations, remaining unchanged after the converged laser
pulse is applied.

It should be mentioned that in Ref. [32] the scheme for
the entangling gate does not involve static electric fields but
relies instead on magnetic and MW fields, and its fidelity is
larger than 0.999. Moreover, the scheme takes into account
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FIG. 8. (a) Fidelity and tripartite negativity of the systemic final
state after applying the optimized control field for the transition
of |000〉 → |GHZ〉 as a function of iteration number. (b) Con-
verged laser pulse corresponding to the last iteration, for which
the maximum amplitude is about 1.20 kV/cm. (c) Time-dependent
populations of the wave function driven by the converged laser pulse
for creating the target state φ f (T ) = |GHZ〉.

the thermal excitation, the detuning, and the Rabi amplitude
error, which is robust with respect to realistic experimental
uncertainties. In principle, the two-qubit gate that the au-
thors designed allows universal quantum computing, and their
scheme can be generalized to realize triqubit W and GHZ
states and other multiparticle entangled states.

IV. DISCUSSION AND SUMMARY

In this work, the SrO molecules have been used as can-
didate qudits due to the large dipole moments. It is worth
emphasizing that for polar molecules with smaller dipole
moments, our scheme can also behave well for generating
entangled states, but longer control pulses and more iterations
are required. Here, we choose CaF molecules as a carrier
for testing, for which the dipole moment is about 3.1 debye.
As shown in Fig. 9(a), when the pulse length is 250 ns, the
fidelity of the entangled qutrit-qubit state of the coupled CaF
molecules can reach only about 0.896 after 3305 optimization
iterations, whereas the fidelity for SrO molecules can reach
0.989 after just 237 iterations. If the length of the pulse acting
on the CaF molecules is increased to 500 ns, the fidelity can
be enhanced to 0.979 after 1493 iterations. This means that
the fidelity for the SrO molecules can more quickly tend to
the limit of convergence with a shorter control pulse and its
convergence value is larger.

It should be pointed out that the molecule spacing of 75 nm
of molecules trapped in the nearest potential wells that we
assumed in this study is difficult to realize and is significantly
smaller than those achieved in current related experiments. As
is well known, ∼500 nm is a typical spacing for molecules
trapped in an optical lattice. However, the numerical calcu-
lation for spacing of 500 nm is beyond the capability of
ordinary computers. This is because the optimization of the
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FIG. 9. (a) Fidelity of the final states driven by the optimized
pulse with different pulse lengths as a function of iteration numbers
for SrO and CaF molecules at the molecule spacing ri j = 75 nm.
(b) Fidelity of the final states driven by the optimized pulse with
different lengths as a function of iteration numbers for the coupled
SrO molecules at different molecule spacings ri j . In both plots, the
target state is set to the entangled qutrit-qubit state 1√

2
(|01〉 + |20〉).

control pulse needs multiple iterations and the time required
for each iteration is proportional to the pulse length, whereas
the necessary pulse length to guarantee high fidelity is in-
versely related to the dipole-dipole interaction. If the molecule
spacing is set to 500 nm, the dipole-dipole interaction is very
weak, which will require a long pulse duration and a long
execution time in the numerical calculation. Here, we take the
molecule spacing of ri j = 120 nm as a test case. As shown in
Fig. 9(b), under the optimized pulse with 500 ns the fidelity
of the desired qutrit-qubit entangled state reaches only 0.808
after 262 iterations. When the pulse length is set to 750 ns,
the fidelity can be enhanced to 0.879 after 383 iterations. It
is found that the total computation time is much longer than
that for the molecules with a spacing of 75 nm driven by an
optimized pulse for 250 ns. However, the achieved fidelity is
still far smaller than 1. To further enhance the fidelity, a longer
pulse and computation time are required. Since the dipole-
dipole interaction V i, j

d−d ∝ 1/r3
i j , the increase in the necessary

simulation time may be nonlinear as ri j increases. Although
the spacing of our testing is only 120 nm, it can be predicted
that high-dimensional entangled states for polar molecules at
ri j ∼ 500 nm can also be created under long enough control
pulses obtained after the consumption of a lot of computing
time.

To allow spectroscopic addressing of each dipole site, the
external electric field needs to have sufficient intensity gradi-
ents at different molecule sites. As we know, the difference
between transition frequencies of nearest-neighbor molecular
bits is given by [59]

�ν = �εμ

h̄
= gri jμ

h̄
, (13)
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where �ε is the difference between the electric field intensi-
ties at the sites of two molecules, g is the gradient of ε, and h̄ is
the reduced Planck constant. Considering that �ν = 100 Hz
is large enough to guarantee selective addressing of a particu-
lar qubit, if the spacing of the SrO molecules trapped in the op-
tical lattices is ri j = 500 nm, we obtain electric field gradient
g ≈ 7.1 × 10−2 V/cm2.

We have studied how to apply OCT to generate various
types of high-dimensional entangled states in the SrO molec-
ular system under an electric field. To enlarge the dimension
of Hilbert space, we have utilized multiple pendular states
of SrO molecules as qudits and then enhanced the num-
ber of SrO molecules coupled via dipole-dipole interaction.
Through numerical calculation, a series of optimal control
fields was designed which can achieve the transfer from the
systemic initial states to the desired target states. To im-
prove the bipartite systemic entanglement, the target states
were set to maximally entangled states of qutrit-qubit type,
qutrit-qutrit type, and ququart-ququart type. It was found that
the fidelity and negativity of the field-driven wave functions
increase rapidly with the growth of the number of itera-
tions. After enough iteration steps, convergent control fields
for bimolecular systems can be obtained with high fideli-
ties. Moreover, we have also successfully designed optimal
control fields for the creation of the trimolecular W state

and GHZ state. We found that the evolution trends of the
fidelity and the tripartite negativity for the W state are not
in good agreement with each other. To maximize the sys-
temic entanglement, the iteration needs to be terminated in
advance.

In this study, we have considered a molecule with four-
level structure as the pendular ququart and each of three
dipole-dipole coupled molecules as the pendular qubit. In
principle, our scheme can be generalized to the case of more
energy levels, more degrees of freedom, and more coupled
ultracold molecules. Thus, our studies pave the way toward
high-dimensional quantum information processing with polar
molecules.
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