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Below-threshold-harmonics-generation limitation due to laser-induced ionization in noble gases

Armando Valter Felicio Zuffi , Nilson Dias Vieira Junior , and Ricardo Elgul Samad *

Instituto de Pesquisas Energéticas e Nucleares - IPEN/CNEN, Av. Prof. Lineu Prestes, 2242, 05508-000, São Paulo, SP, Brazil

(Received 13 December 2021; accepted 11 February 2022; published 28 February 2022)

This work introduces and validates a model that explains an observed upper limitation of the emission of
below-threshold harmonics generated by noble gases bound electrons in a restricted region of space. The model
uses fundamental parameters from the gases and the laser beam, and correctly predicts an intensity threshold
above which the harmonics yield cannot be increased by raising the laser power. This restraint is a consequence
from the depletion of electrons due to laser-induced ionization, which exactly compensates the harmonics yield
increase with the excitation power.
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The efficient generation of ultrashort laser pulses with
wavelengths below 300 nm, in the UV range, has been
attracting interest due to their use as tools for ultrafast spec-
troscopy to study femto- and attosecond electronic dynamics
in atoms and molecules [1–4], selective ionization [5,6], and
other applications [7,8]. Since the 1980s the high-harmonic-
generation (HHG) process [9–11], in which atoms in a gas are
ionized and the freed electrons emit harmonics upon recom-
bination, has dominated this landscape, but in the last decade
below-threshold harmonics (BTH) have been receiving atten-
tion [12–14]. The BTH are also generated in gases, by bound
electrons that respond nonlinearly to the laser-field frequency,
oscillating at its odd harmonics [15] in the perturbative and
nonperturbative regimes [16]. This constraint, that keeps the
electrons tied to their atoms, limits the BTH photon energy
to below the first ionizing energy of the atom to wavelengths
usually longer than ∼100 nm. Additionally, the nth harmonic
intensity is proportional to the nth power of the laser intensity
due to the predominant perturbative character of its generation
[15].

BTH have been used in ultrafast spectroscopy [13,14],
in frequency comb technology for precision measurements
[17,18], and to boost the efficiency in high-order harmonic
generation [19]. Besides that, Yost et al. [17] initiated an
intense investigation activity on the BTH underlying mecha-
nisms, mostly for harmonics close to the ionization threshold,
which present a transition from the perturbative [15] to the
nonperturbative regime [16,20–22].

The BTH generation depends on the gas medium non-
linear properties, and noble gases constitute the simplest
systems for this end for being monoatomic, also emitting the
shortest wavelengths down to 50.4 nm for helium (highest
ionizing energy in gases, at 24.6 eV). A requirement to gen-
erate harmonics in the vacuum ultraviolet (VUV) range is to
work inside a vacuum chamber since atmospheric molecular
oxygen strongly absorbs wavelengths below ∼250 nm (and
molecular nitrogen below ∼150 nm), and, also, to restrict
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the gas to the laser focus region where the harmonics are
generated, preventing energy loss by interaction with the sur-
rounding media. Additionally, efficient harmonic generation
in noble gases requires laser intensities of about TW/cm2 due
to the small nonlinear susceptibilities of these atoms, and the
proper pressure ranges. Furthermore, BTH presents an strong
decrease of the harmonic yield with growing harmonic order
[15], demanding high laser intensities, close to the ionization
threshold.

This paper presents an experimental study of BTH gen-
eration in noble gases, in which a capping of the harmonics
emission was observed in the lower ionizing energy gases,
and proposes a simplified model based on the geometry of
the harmonics generation region to explain this upper limiting
as a function of fundamental parameters.

BTH were generated in four noble gases (krypton, argon,
neon, and helium) by ultrashort laser pulses from a Ti:sapphire
chirped pulse amplification (CPA) laser system (Femtolasers
Femtopower Compact Pro HR/HP). The laser pulses are cen-
tered at 785 nm with 35 nm of bandwidth (full width at half
maximum, FWHM), energy up to 550 μJ, at 4-kHz repetition
rate, in a laser beam with M2 < 1.5. This CPA system has a
prism compressor, and the pulses duration can be controlled
by adjusting the prisms distance, from 200 fs to a minimum
of 25 fs (FWHM).

The harmonics generation occurs inside a cylindrical vac-
uum chamber with a gas line coupled to a nozzle [23]. The
vacuum is made by a turbomolecular pump resulting in final
background pressures below 10–6 mbar. To generate the har-
monics, the laser beam is focused by an external planoconvex
lens ( f = 50 cm) into the gas nozzle inside the vacuum cham-
ber, to a 35-μm beamwaist [23], reaching intensities above
5 × 1014W/cm2 for the shortest pulses (25 fs). The noble
gas flows through the nozzle at a 100-mbar constant pressure
inside it. The nozzle consists of a 2.3-mm inner diameter
glass capillary etched with ultrashort pulses in a homemade
machining system to reduce its wall thickness to 200 μm, so it
can be drilled by the same beam that generates the harmonics
[24]. This defines an interaction length � = 2.7 mm (assuming
that the gas pressure drops abruptly outside the nozzle), which
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FIG. 1. Third-harmonic yield for noble gases and fitted power
functions.

provides good phase-matching conditions for the generation
of up to the seventh harmonic in argon [25].

The harmonics were measured by a VUV monochromator
(McPherson 234/302), which covers the spectral range from
30 to 300 nm and has a 200-mm focal length concave holo-
graphic diffraction grating, aperture f /4.5, and resolution of
1 Å at 584 Å. The detection is made by a photomultiplier tube
with a scintillator coated with sodium salicylate, and its signal
is analyzed by a lock-in amplifier and stored on a computer.
Care was taken to ensure that the experimental response was
always linear with the harmonic-generated intensity, indepen-
dently of the gas used. In the results presented here the nth
harmonic intensity (yield), Inω, is its peak intensity [23].

Figure 1 presents the third-harmonic yield, I3ω, as a func-
tion of the laser pulses intensity, IL, for 40-fs pulses, for the
four noble gases, and data fittings to each gas dataset by a
simple power function:

I3ω = A I p
L , (1)

where A is the amplitude of the fit, which indicates the
harmonic-generation strength, and p is the order of the
harmonic-generation process. The points that strongly devi-
ated from the power behavior given by (1), indicated by faded
symbols in the graph, were not considered for the fittings.
These points are the lowest-intensity ones for neon and he-
lium, for which the weak harmonic intensity is on the order
of the instrumental noise, and the highest-intensity ones for
krypton and argon, where a saturation can be observed. The
fittings parameters for each gas are shown in the last two
columns of Table I, along with the two initial ionization ener-
gies (Eion ) and corresponding ionization intensity thresholds
(Ith ). These Ith values are given by a simple model [26,27]
that assumes that the ionization occurs by Coulomb-barrier
suppression, and that all atoms subjected to intensities Ith and
above lose their valence electrons.

The fitting exponents p present values close to 3, confirm-
ing that the harmonic-originating nonlinearity is a perturbative
third-order process, characteristic of bound electrons. The
fitting amplitude (harmonic-generation strength), A, decreases
as the gas first ionization energy grows, and their plot-
ting in a log scale, as shown in Fig. 2, reveals that the

TABLE I. Noble gases ionization parameters and fitting parame-
ters for the third-harmonic response.

First ionization Second ionization

Eion Ith Eion Ith

Gas (eV) (1014W/cm2) (eV) (1014W/cm2) A p

Kr 14.00 1.5 24.36 3.5 964(92) 3.09(8)
Ar 15.76 2.4 27.63 5.8 63(2) 3.10(5)
Ne 21.57 8.7 40.96 28 0.183(3) 2.14(5)
He 24.59 15 54.42 88 0.031(2) 2.7(2)

harmonic-generation strength falls exponentially, dropping
approximately by 1 order of magnitude for each 2-eV in-
crease in the ionization energy. This efficiency decrease can
be qualitatively explained by a simple model that considers
that the valence electron is bound to the atom by a spring
(Hooke-type force) whose constant grows with the ionization
energy. This is justified considering that, as Eion increases, a
stronger force is needed to displace the electron from its equi-
librium position, resulting in a smaller amplitude oscillation
when compared to a lower ionization energy bound electron.
This also results in smaller oscillations at higher frequencies
(harmonics) when a nonlinear response is present.

To investigate the third-harmonic deviation from the power
law at high intensities, observed in krypton and argon in
Fig. 1, the third-harmonic yield dependence on the laser in-
tensity was measured in argon for constant pulse energy and
varying pulse duration. This procedure was adopted to take
advantage of the fact that the pulse duration can be quickly
changed by tuning the CPA compressor, and the measure-
ment can be done in a short time, minimizing the effect of
power fluctuations. Moreover, the measurement can be done
for different pulse energies, to verify if the saturation has a
dependence on other parameter besides the pulse intensity.
The results obtained for three pulse energies (350, 425, and
525 μJ), and pulse durations ranging from 25 to 200 fs, are
presented in Fig. 3. The third-harmonic yield is almost the
same for the three pulse energies, increasing very closely to
the third power of the laser intensity (I3

L , dashed line) up to

FIG. 2. Amplitude (harmonic-generation strength) of the third-
harmonic dependence on the gas first ionization energy.
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FIG. 3. Third-harmonic yield in argon dependence on the pulse
intensity, for different pulse energies. The dashed line is proportional
to the third power of the laser intensity, and the continuous line is the
result of the numerical integration of Eq. (5).

IL ≈ 1.4 × 1014 W/cm2, when a plateau is stablished slightly
above 1. As the laser intensity increases, the yield drops from
the plateau level at different intensities for each pulse energy.

To describe the plateau, we hypothesized that the
harmonic-yield drop results from ionization that depletes the
valence bound electrons that generate the third harmonic.
This can occur since the laser peak intensities are close to
the barrier suppression ionization (BSI) threshold for the first
ionization of argon, given in Table I, and when this threshold
is exceeded all the atoms subjected to this intensity (and
higher) are ionized [26,27]. Ganeev et al. [28] proposed this
mechanism as responsible for the occurrence of a saturation,
and here we provide a mathematical treatment to validate
this process. After ionization, the new valence electron has
a much higher ionization energy (second ionization energy,
Table I), and according to Fig. 2, as Eion increases, the har-
monic strength decreases; therefore, although the new valence
electron (second electron of the neutral atom) oscillates in
the laser field and emits the third harmonic, its yield is much
smaller than that of the neutral atom first electron, not con-
tributing noticeably to the harmonic intensity. For argon, we
estimate, based on Fig. 2 and Table I, that the second electron
harmonic yield is < 10–4 of the first electron output.

Assuming, without loss of generality, that the third har-
monic is generated for intensities above a threshold I3ω_th,
when an ultrashort pulse is focused in a gas, only those atoms
inside the isointensity surface defined by I3ω_th will generate
the harmonic. For a transverse electromagnetic mode TEM00

Gaussian beam propagating in the z direction and focused at
the origin, the radius ρ(z, I3ω_th ) of this isointensity surface is
given by [29]

ρ(z, I3ω_th ) =
√

w(z)2

2
ln

(
2

πw(z)2

P0

I3ω_th

)
, (2)

where P0 is the pulse power and w(z) is the laser spot-size
radius:

w(z) = w0

(
1 +

( z

zR

)2)1/2

, (3)

FIG. 4. Representation of the radius of the third harmonic,
ρ(z, I3ω_th ), and ionization, ρ(z, Iion_th ), thresholds isointensity sur-
faces, and the region with gas (shadowed), in which the third
harmonic is generated. The dashed lines indicate the region in which
no harmonic is generated due to gas absence.

with w0 being the focused pulse beamwaist, and zR =
(π w0

2)/λ the beam Rayleigh range, where λ is the laser
wavelength. The volume defined by this isointensity surface
has the shape of a cigar for low laser intensities, and as
the intensity grows it changes to a dumbbell when above a
critical power [29]. The limits of this surface in the z axis are
± ζ (I3ω_th ), where [29]

ζ (I3ω_th ) = πw2
0

λ

(
2

I0

I3ω_th
− 1

)1/2

, (4)

which grows as the pulse power increases, with I0 =
P0/(π w0

2) being the laser intensity at the focus.
When focusing the pulses on the middle of a gas region

with length � (interaction length) and no transversal limita-
tion, the third harmonic will be generated inside the volume
enclosed by the isointensity surface given by ρ(z, I3ω_th ). For
low pulse powers, the length of this region will be 2ζ (I3ω_th )
when ζ (I3ω_th ) < �/2; as the pulse power increases, this ex-
tent grows and becomes limited to � when ζ (I3ω_th ) > �/2,
as indicated in Fig. 4. The third-harmonic total yield, I3ω,
will be proportional to the third power of the intensity in-
tegrated over the volume limited by ρ(z, I3ω_th ), but it will
be reduced if atoms are ionized, which will occur inside an
isointensity surface limited by the BSI threshold, Iion_th. These
two isointensity surfaces define the shadowed region in Fig. 4
that generates the third harmonic, which will be a ring when
both surfaces are longer than �. With these considerations, the
third-harmonic yield can be written as

(I3ω )1/3 = α

∫ �/2

−�/2
dz

∫ ρ(z, I3ω_th )

ρ(z, Iion_th )
dr

∫ 2π

0
r dθ

2P0

π w(z)2

× exp

{
−2

r2

w(z)2

}
, (5)

where α is a proportionality constant related to the nonlinear
process that generates the third harmonic, and the last term
is the laser intensity density in cylindrical coordinates for
a pulse with power P0 [29]. The last integral is 2π due to
the beam cylindrical symmetry, and the limits of the first
integral, [−�/2, �/2], assume a gas region with length � with
the laser beam focused at its center, generating isointensity
surfaces that are symmetrical around the origin, as represented
in Fig. 4. The second integral, in the radial direction, runs from
the internal isointensity surface defined by the gas ioniza-
tion threshold, ρ(z, Iion_th ), up to the external surface defined
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by the third-harmonic-generation threshold, ρ(z, I3ω_th ), sum-
ming all the third-harmonic contribution from the shadowed
region in Fig. 4.

The radial exponential integral in Eq. (5), and the result-
ing longitudinal integral have primitives and can be easily
calculated. However, since the harmonic generation and the
ionization regions lengths increase and get longer than the
gas region as the laser intensity rises, the integral has to be
broken into several domains: the first one occurs when there is
no ionization and the harmonic isointensity surface is shorter
than the gas region, and in this case the second integral goes
from zero to ρ(z, I3ω_th ) and the first one covers all its length;
as the intensity increases, the harmonic-generation volume
becomes longer than the gas region, and the first integral limits
are −�/2 and �/2; for higher yet intensities, ionization starts
to occur and its volume increases, eventually becoming longer
than the gas region, and the first and second integrals have
to be solved for different sets of limits. For these reasons, to
investigate the third-harmonic yield as the pulse intensity goes
from zero to higher than the one at which both isointensity
surfaces became longer than the gas region length, numerical
integration is better suited.

The integral in Eq. (5) was numerically calculated for the
argon first ionization threshold (Table I), the experimental
parameters, and I3ω_th = 0. This value agrees with perturba-
tive processes, which occur even for intensities close to zero,
with negligible contribution. The integration result is shown
as the continuous line in Fig. 3. The agreement between the
experimental data and the numerical integration is very good,
especially considering that the continuous curve is not a fit:
the only free parameter in Eq. (5) is α, which takes into
account the harmonic-generation process and the instrumental
efficiency, and was adjusted to match the experimental data.
The theoretical curve describes the third-harmonic increase
with the laser intensity and the existence of the plateau, giving
a good prediction of the laser intensity at which it is estab-
lished. The discrepancies between the experimental data and
the numerical curve probably arise from the beam being not
perfectly Gaussian and the gas not having sharp boundaries in
the z direction, creating deviations in the isointensity surfaces,
and also from the pulse chirp which can modify the harmonic
generation and ionization mechanisms. For the highest inten-
sities, the plateau drops, and this is likely due to the onset of
competing nonlinear processes that divert excitation energy
from the third-harmonic generation, and plasma formation
that impairs phase matching, which are not considered in the
presented model.

By analytically integrating Eq. (5), it can be shown that the
plateau is reached when ζ (Iion_th ) = �/2, i.e., the length of the
isointensity surface defined by the gas ionization threshold is
equal to the length of the gas region, and solving this condi-
tion for the pulse intensity provides Ip_th, the laser intensity
threshold at which the plateau is established:

Ip_th = Iion_th

2

(
1 + �2

b2

)
, (6)

where b = 2zR is the beam confocal parameter.
Applying Eq. (6) with our experimental parameters

FIG. 5. (a) Fifth- and (b) seventh-harmonic yields in argon as a
function of the laser intensity.

(w0 = 35 μm, � = 2.7 mm, λ = 785 nm) to the first ioniza-
tion intensities of the used gases provides Ip_th(Kr) = 0.8 ×
1014 W/cm2, Ip_th(Ar) = 1.3 × 1014 W/cm2, Ip_th(Ne) =
4.7 × 1014 W/cm2, and Ip_th(He) = 8.1 × 1014 W/cm2. The
values for krypton and argon agree well with the data shown
in Fig. 1, and also explain that the plateau did not appear for
neon and helium because we could not reach their threshold
intensities.

The analytical integration also provides the plateau
value:

Iplat = α3

(
(Iion_th − I3ω_th )

(
�3λ2 + 12 π2 w4

0 �
)

24 π w2
0

)3

. (7)

When the intensity threshold Ip_th is reached the harmonic
yield is capped at Iplat, and increasing the laser power re-
sults in no augmentation of the harmonic yield, and raising
its output demands changing the parameters in Eq. (7); the
most effective way to do this is increasing the interaction
length, which provides an ∼�9 gain in the harmonic yield (as
long as the phase-matching condition is kept [25]). Consid-
ering only Eq. (7), changing the gas by one with a higher
ionization threshold should enhance the harmonic yield by
∼Iion_th

3, since the ionized gas volume would become smaller.
However, results presented in Fig. 2 evidence that in this
case the harmonic-generation strength would decrease ex-
ponentially (α contains the nonlinear susceptibility, which
causes this decline), effectively reducing the harmonic yield.
Therefore, contrary to Eq. (7), to experimentally increase
the harmonic intensity demands using a lower ionization
threshold gas.

The intensity threshold given in Eq. (6) is valid for any
bound electron effect generated in a restricted region in a
gas, particularly for BTH, and depends only on the ionization
threshold. The intensity of the nth harmonic response curve
is given by the nth power of the integral in Eq. (5) with the
appropriate intensity thresholds. Figure 5 shows the validity of
this prediction for the fifth- [Fig. 5(a)] and seventh- [Fig. 5(b)]
harmonics generated in argon for the same previous experi-
mental conditions, also confirming Eq. (6) result that the laser
intensity at which the plateau is established does not depend
on the effect order, only on the gas ionization threshold value.
The slope discrepancy for the seventh harmonic is probably
due to an efficiency decrease from bad phase matching [25],
low signal amplitude, and nonperturbative behaviors such as
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HHG [30] that have stronger influence on perturbative har-
monics closer to the ionization edge.

In conclusion, we proposed and validated a model that
predicts the existence of a plateau for the response of bound
electrons effects arising from a gas in a restricted region
of space. The plateau comes from a geometric considera-
tion that takes into account the depletion of electrons by
ionization, and the negligible contribution from the sec-
ond valence electrons due to their higher ionizing energy.
After the plateau is reached, as the laser intensity rises,
the harmonic yield increases according to Eq. (1) and
the generating volume growth, but this is exactly compen-
sated by the electrons depletion (ionization close to the
propagation axis). This is an unexpected result because, in-
tuitively, there should be no limitation for the harmonic

yield, and this restriction comes from solving the integral in
Eq. (5).

We expect that the intensity threshold derived here for
the bound electrons depletion in a restricted region of mat-
ter can be applied for a variety of perturbative effects
beyond the direct harmonic generation, such as wave mix-
ing, cascaded harmonic generation, and Kerr effect, among
others.
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