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Accurate description of the nonadiabatic proton-coupled electron-transfer process
in a diabatic representation: A model study
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Using a two-dimensional model system for the proton-coupled electron-transfer process, the eigenvalues
and nonadiabatic dynamics have been notably investigated by means of diabatic representation in the Born-
Oppenheimer picture. Different from a previously reported diabatic model, which was approximately determined
by the eigenstates of the differently defined electronic Hamiltonians, the rigorous diabatization was achieved by
a fitting method based on the adiabatic energies and derivative couplings. As expected, the rigorous diabatic
models were found to be able to accurately reproduce the eigenvalues or nonadiabatic dynamics in the adiabatic
representation for three different models. Furthermore, we proposed an approximate diabatic scheme, which
was built from fitting the adiabatic energies solely but with a fixed form for the off-diagonal terms in the diabatic
potential energy matrix. This approximate diabatic model without the aid of the derivative coupling is shown
to be as accurate as the rigorous one, which provides a simple and efficient way to accurately describe the
complex proton-coupled electron-transfer processes due to accurately computing derivative couplings that are
quite challenging for realistic systems.
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I. INTRODUCTION

Treating the coupled motion of electrons and nuclei is one
of the biggest challenges in condensed-matter physics and
theoretical chemistry [1–3]. Several strategic approaches, in
which the electron-nuclear wave functions are represented in
the full, conditional decomposition (CD) [4], exact factor-
ization (EF) [5,6], and Born-Oppenheimer (BO) pictures [7],
can be adopted in numerical calculations. In the full picture,
the electrons and nuclei are treated on an equal mathematical
footing, which, however, mostly becomes feasibly impossible
in multiparticle systems due to the complexity of the electron-
nuclear Schrödinger equation. As a result, the efficient and
accurate treatments in other pictures rather than in the full
picture are highly needed in practice. The separation of nu-
clear and electronic motions originally introduced by Born
and Oppenheimer leads to the concept of the BO potential
energy surface (PES) [8], which depends parametrically on
the nuclear coordinates. In the EF and CD approaches, the
nuclei evolve on the time-dependent PES. Alternatively, the
time-independent PES is the bedrock of nuclear dynamics in
the BO picture, which can be easily obtained by ab initio
calculations for the realistic systems. Particularly, the nona-
diabatic effects are brought in by including multiple adiabatic
PESs and nonadiabatic couplings or a diabatic potential en-
ergy matrix (PEM) [9] in the BO picture.

A well-known model proposed by Shin and Metiu [10] pro-
vides perfect ground to develop and examine new approaches
for describing the coupled motion of electrons and nuclei
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efficiently and accurately. In this model system there are only
three ions and an electron, in which the two end ions are fixed
and the middle ion and electron are free to move in a line
(see Fig. 1). The interaction terms among the three ions and
an electron are simple; thus the correlated motion of the ions
and electron can be rigorously described without any approx-
imations. With the application of the Shin-Metiu model [10],
many new strategies—such as an efficient multiple timescale
quantum wave packet propagation algorithm [11], a quasidia-
batic propagation scheme based on quasiclassical trajectories
[12], an ab initio quantum algorithm [13], and a new surface
hopping algorithm with quantum attribute [14]—for treating
the electron-nuclear correlations, have been proposed to study
the nonadiabatic dynamics of the proton-coupled electron-
transfer (PCET) process, which plays an essential role in
photosynthesis [15] and biological systems [16]. Particularly,
the fundamental theoretical framework of molecular cavity
quantum electrodynamics was ably designed by Taylor et al.
[17] with the Shin-Metiu model. In addition, this model was
also applied to study the property of the time-dependent ex-
pectation values of the electronic momentum operator [18]
and the influence of many modes on the cavity-induced sup-
pression of the important PCET process [19].

In the pioneering work of Shin and Metiu [10], a bet-
ter understanding of the PCET process was given by the
combination of the adiabatic and diabatic studies in the BO
picture. They found that the fully correct description of the
PCET process required three diabatic states, although the cor-
responding adiabatic model with two states was very accurate
[10]. However, this connection between the adiabatic and dia-
batic representations violated the fact that the transformation
between two representations is unitary [20]. In the diabatiza-
tion of Shin and Metiu, the three diabatic states incorrectly
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FIG. 1. Schematic representation of the Shin-Metiu model [10]. Two ions (in light blue) are fixed at the distance L. One ion (in red) and
one electron (in black) can move in one dimension.

correspond to two states in adiabatic representation, which
was ascribed to diabatic states approximately determined by
the eigenstates of the differently defined electronic Hamiltoni-
ans. Later, several studies by means of the diabatic potentials
were reported [12,17,19]. However, few studies have focused
on comparison of the approaches in adiabatic and diabatic
representations for this PCET model. The combination of the
adiabatic and diabatic studies not only mutually verifies the
accuracy of the algorithms in each representation, but also
enables revealing the intrinsic mechanism of the nonadiabatic
processes, such as the geometric phase effect in molecular
reactions [21–23].

While the adiabatic and diabatic representations are for-
mally identical, the usage of the diabatic representation is
preferable in practice. This is because each element of the di-
abatic PEM is smooth [20] and the numerical convergence in
the diabatic representation is much easier to achieve compared
to the adiabatic representation as a conical intersection is en-
countered [9]. In addition, the numerical treatment in diabatic
representation is much simpler in terms of the Hamiltonian
as discussed below, which renders the implementation of the
diabatic calculations easier and more efficient.

In this work, we aim at constructing a rigorous dia-
batic representation using the Shin-Metiu model [10] for the
PCET process based on derivative coupling [24], in which
the adiabatic and diabatic states are connected by a unitary
transformation [20]. Following the work of Zhu and Yarkony
[25,26], the diabatization in this work is achieved by a fitting
scheme, in which the adiabatic energies and derivative cou-
plings are the target functions of the nuclear coordinates. The
accuracy of the diabatic models is further validated by com-
paring the diabatic eigenvalues and dynamical results to those
of the full or adiabatic models. Numerical results show that the
diabatic models built by the fitting scheme are able to exactly
reproduce the results in the adiabatic ones. To further explore
a much simpler and more efficient but accurate diabatization
scheme for the PCET process, a fitting method with a fixed
form of the off-diagonal term and adiabatic energies solely
as target functions for the diabatic PEM is investigated. Its
accuracy is examined by comparing the wave packet dynamics
results to those obtained in the rigorous diabatic representa-
tion as well. The approach proposed in this work makes the
simulation in diabatic representation much simpler and more
efficient for the PCET process, since only adiabatic energies
are needed without the additional calculations for derivative
coupling.

This paper is organized as follows. In Sec. II, we introduce
the details of solving the total Schrödinger equation of the
movable ion and electron on an equal mathematical footing

exactly, potential energies of the electron in the BO picture,
and accurate fitting schemes for the diabatic PEM, as well as
the wave packet propagation method for studying the nuclear
dynamics of the PCET process. Results and Discussion are
presented in Sec. III. A brief summary is given in Sec. IV.

II. THEORY

We first show the details of solving the total Schrödinger
equation of the ions and electron in the Shin-Metiu model
[10] in the full picture, namely, treating the ions and electron
on an equal mathematical footing, which is the benchmark
for the approaches in adiabatic and diabatic representations in
the BO picture as discussed below. In the Shin-Metiu model,
there are three ions and one electron as shown in Fig. 1. The
ions at both ends are fixed, and one ion and one electron are
allowed to freely move along the line connecting two fixed
ions. The donor-acceptor complexes formed by the movable
ion and electron binding to two fixed ions are the reactant and
product, respectively. The total Hamiltonian of the system can
be written as (in atomic units)

Ĥtotal(x, R) = − 1

2M

∂2

∂R2
+ Ĥe(x, R) = T̂R + Ĥe(x, R), (1)

where R and x are the coordinates of the mobile ion and
electron, respectively, with the origin at the center of the two
fixed ions. M is the mass of the ion. The Hamiltonian of the
electron is given by

Ĥe(x, R) = −1

2

∂2

∂x2
+ VN (R) + Ve(x, R)

= T̂x + VN (R) + Ve(x, R), (2)

in which VN represents the interaction terms of the mobile ion
with the two fixed ions:

VN (R) = 1

|R − L/2| + 1

|R + L/2| , (3)

and Ve are the interactions of the electron with the three ions
[10,27]:

Ve(x, R) = −erf
( |x−L/2|

R1

)
|x − L/2| − erf

( |x+L/2|
R2

)
|x + L/2| − erf

( |x−R|
R0

)
|x − R| . (4)

In the above equations, L is the distance between the two
fixed ions. erf (· · · ) is the error function, which is the pseu-
dopotential but more realistic and easier to fix compared to a
Coulomb potential or a semiempirical potential [10,28]. R1,
R2, and R0 are the adjustable parameters for the interaction
potentials.
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The eigenvalues and eigenfunctions of the full Hamiltonian
in Eq. (1) are determined by the total Schrödinger equation:

[Ĥ total(x, R) − E total]ψ total(x, R) = 0. (5)

The wave function is expanded in a direct-product basis:

ψ (x, R) =
∑
m,n

Cmnχm(x)χn(R) =
∑
m,n

Cmn|m〉|n〉,

m, n = 1, 2, . . . , (6)

where the basis function χl (z) is chosen as [29]

χl (z) =
√

2

b − a
sin

[
lπ (z − a)

b − a

]
, l = 1, 2, . . . , (7)

with the orthonormality∫ zb

za

χl (z)χl ′ (z)dz = δll ′ , (8)

where za and zb are the minimum and maximum of the range
defined for the coordinate z, respectively. Since the details of
the method for solving the Schrödinger’s equation numeri-
cally can be found in earlier references [29,30], we only give a
brief description here. The total Hamiltonian matrix elements
of Eq. (1) represented in the basis of Eq. (7) are

[H]nm,n′m′ = 〈nm|Ĥ |n′m′〉

= 〈nm| − 1

2M

∂2

∂R2
|n′m′〉 + 〈nm| − 1

2

∂2

∂x2
|n′m′〉

+ 〈nm|[VN (R) + Ve(x, R)]|n′m′〉

= − 1

2M
[T1]nm,n′m′ − 1

2
[T2]nm,n′m′ + [V ]nm,n′m′ ,

(9)

where

[T1]nm,n′m′ = −
(

nπ

Rb − Ra

)2

δnn′δmm′ , (10a)

[T2]nm,n′m′ = −
(

mπ

xb − xa

)2

δnn′δmm′ , (10b)

[V ]nm,n′m′ =
∫ Rb

Ra

∫ xb

xa

χm(x)χn(R)[VN (R) + Ve(x, R)]

×χm′ (x)χn′ (R)dx dR. (10c)

The two-dimensional (2D) integrals in Eq. (10c) can be
readily calculated by the 2D Gauss-Legendre quadrature. This
method treats the motions of the ions and electron on an
equal mathematical footing. Without any approximations, it
provides the exact results for the adiabatic and diabatic models
in the BO picture.

In adiabatic representation, the total wave function is ex-
panded in terms of the adiabatic (a) electronic wave functions
(�(a)

n ), which depend parametrically on the ion coordinate
[31]:

ψ total(x, R) =
N state∑
n=1

�(a)
n (x : R)�(a)

n (R), (11)

in which n denotes the electronic states. Substituting Eqs. (1)
and (11) into Eq. (5), the nuclear Schrödinger equation for the
nth electronic state can be written as [32][

T̂R + Ee
n (R) − E total

]
�(a)

n (R)

−
∑

n′

[
f nn′

(R)

M

∂

∂R
+ gnn′

(R)

2M

]
�

(a)
n′ (R) = 0, (12)

where Ee
n (R) is the adiabatic PES and satisfies the electronic

Schrödinger equation:[
Ĥe(x, R) − Ee

n (R)
]
�(a)

n (x : R) = 0. (13)

The nonadiabatic coupling terms

f nn′
(R) = 〈

�(a)
n (x : R)

∣∣ ∂

∂R

∣∣�(a)
n′ (x : R)

〉
(14)

and

gnn′
(R) = 〈

�(a)
n (x : R)

∣∣ ∂2

∂R2

∣∣�(a)
n′ (x : R)

〉
(15)

are the derivative coupling and diagonal Born-Oppenheimer
correction (DBOC), respectively. In the calculations, the
derivative coupling was calculated numerically by

f nn′ |R=R f =
〈
�(a)

n (x : R f )�(a)
n′ (x : R f + 	)

〉 − 〈
�(a)

n (x : R f )�(a)
n′ (x : R f − 	)

〉
2	

, (16)

where the displacement 	 is 0.0001 bohr for a given R f . In
adiabatic representation, the degree of freedom of the elec-
tronic motions is treated preferentially, which makes it much
easier to solve the nuclear Schrödinger equation indepen-
dently. With the same treatment of the full Hamiltonian in
Eq. (9), the one-dimensional (1D) nuclear Hamiltonian matrix
elements can be obtained analogously.

Another option of solving and understanding the nona-
diabatic issues is to utilize the diabatic representation as
discussed above. Shin and Metiu proposed a diabatization
method in which the diabatic electronic states were built upon
the eigenstates of the reactant and product electronic Hamilto-

nians [10]. Compared to the lowest two-state adiabatic model,
it was shown that two diabatic states were not always ad-
equate. As a result, the third diabatic state was required to
reproduce the results of the two-state adiabatic model [10]. In
this work, we use a rigorous diabatization method based on the
derivative coupling to construct the diabatic PESs, where the
adiabatic PESs can be obtained easily by a unitary transfor-
mation. As discussed below, the newly generated two diabatic
states turn out to accurately reproduce the energies of the two
adiabatic states without the need of the third diabatic state.

The diabatic electronic wave functions are obtained
from the adiabatic ones by the following transformation
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[33]:

�(d )
m (x : R) =

N state∑
n=1

Un,m�(a)
n (x : R). (17)

U is an N state × N state unitary transformation matrix. Then
the derivative coupling in Eq. (14) can be written as

f nn′
(R) =

〈
N state∑
m=1

Un,m�(d )
m (x : R)

∣∣∣∣ ∂

∂R

∣∣∣∣
N state∑
m′=1

Un′,m′�
(d )
m′ (x : R)

〉

=
N state∑
m=1

Un,m
∂

∂R
Un′,m +

N state∑
m,m′=1

Un,m
〈
�(d )

m (x : R)
∣∣

× ∂

∂R

∣∣�(d )
m′ (x : R)

〉
Un′,m′ . (18)

Due to the off-diagonal derivative couplings in the diabatic
representation being defined to be zero, the derivative cou-
pling becomes

f nn′
(R) =

N state∑
m=1

Un,m
∂

∂R
Un′,m. (19)

Using the application of the Hellmann-Feynman type rela-
tion gives [34,35]

fnn′
(R) = U†

n

∂

∂R
Un′ = U†

n

(
∂
∂R Hd

)
Un′

E (a)
n′ − E (a)

n

, (20)

where Hd is the N state × N state diabatic potential energy matrix
and E (a) are the corresponding adiabatic energies. The key of
the diabatization method is to determine the matrix elements
Hd

i j of Hd , namely, the diabatic PEM, for a given ion coordi-
nate R. Following the work of Zhu and Yarkony [25,26], we
use a fitting procedure to obtain Hd

i j , which is expanded by∑
k Ci j,kFk . Fk is the basis function, which can be chosen as

the product of any functions with different types and orders:

Fk =
m∏

i=1

n∏
j=1

pi(R)αi, j , (21)

in which m is the number of the types and αi, j is the corre-
sponding order with the maximal number of the order n. In
practice, the hyperbolic tangent function was chosen as the
basis function in this work because of its high flexibility. The
coefficients Ci j,k are determined by minimizing the residual
sum of squares:

S =
Ndat∑
i=1

N state∑
n=1

(
Efit

n,i − Ee
n,i

)2

+ w

Ndat∑
i=1

N state−1∑
n=1

N state∑
n′=n+1

(
f̃ nn′
fit,i − f̃ nn′

i

)2
, (22)

where the adiabatic energies Ee
n,i and the energy scaled deriva-

tive coupling f̃ nn′
i = f nn′

i (Ee
n′,i−Ee

n,i ) are computed in the

FIG. 2. Full electron-nuclear potential of models I (a) and II (b). The ions and electron wave functions of the ground state in models
I (c) and II (d) in the full model.
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TABLE I. Ten lowest energy levels (in eV) of model I
(R0 = 1.50 Å) and model II (R0 = 2.50 Å).

Model I

Exact Two-state adiabatic Two-state diabatic

0.00a 0.00 0.00
0.072531a 0.072527 0.072802
0.144050a 0.144044 0.144471
0.214500a 0.214489 0.214970
0.283810a 0.283795 0.284256
0.351892a 0.351871 0.352275
0.418638a 0.418610 0.418952
0.483907a 0.483872 0.484177
0.547519a 0.547475 0.547782
0.609227a 0.609173 0.609517

Model II

Exact Two-state adiabatic Two-state diabatic

0.00a 0.00 0.00
0.055348a 0.055348 0.055311
0.110515a 0.110515 0.110518
0.165509a 0.165509 0.165474
0.220337 0.220337 0.220262
0.220339 0.220339 0.220262
0.275008 0.275008 0.275004
0.275013 0.275013 0.275009
0.329513 0.329515 0.329536
0.329551 0.329556 0.329572

aDegenerate eigenstates.

adiabatic representation. w is a scale factor that evenly de-
termines the relative importance of the energy and derivative
coupling errors [36], which was set as 0.05 in the calculations
to obtain a good fit. The Levenberg-Marquardt algorithm [37]
was used to iteratively optimize the coefficients.

In diabatic representation, taking the two-state coupled
system (N state = 2), for example, the total Hamiltonian of the
Shin-Metiu model can be written as

Ĥd = T + Hd,(2) = T̂

(
1 0
0 1

)
+

(
Hd

11 Hd
12

Hd
21 Hd

22

)
, (23)

which is identical to the corresponding adiabatic Hamiltonian:

Ĥa =
(

T̂ − g11(R)
2M − f 12(R)

M
∂
∂R

− f 21(R)
M

∂
∂R T̂ − g22(R)

2M

)
+

(
E1 0

0 E2

)
. (24)

It is clear that the diabatic Hamiltonian is much simpler
in form. The eigenvalues and eigenvectors of Hd are the
adiabatic energies (E1 and E2) and the unitary transformation
matrix U.

Once the diabatic PEM is constructed, further calculations
for the energy levels or nonadiabatic dynamics are needed to
examine its accuracy through comparing with the adiabatic
model. As discussed below, a dynamical model of the PCET
process was chosen to validate the newly constructed diabatic
models. To study the nonadiabatic dynamics of the PCET pro-
cess, a real wave packet method is utilized, in which the wave
packet is propagated by means of the Chebyshev propagator

[38]:

ψk = 2Hsψk−1 − ψk−2, k � 2, (25)

with ψ1 = Hsψ0 and ψ0 = ψi, where ψi is the initial wave
packet defined as the reactant. The Hamiltonian matrix is
scaled to the spectral range of (–1,1) via Hs = (H−H̄ )/	H ,
in which the spectral medium [H̄ = (Hmax + Hmin)/2] and
half width [	H = (Hmax − Hmin)/2] were determined by
the spectral extrema, Hmax and Hmin, which can be readily
estimated. The time-dependent wave functions during the
propagation can be readily obtained by the method of Tal-Ezer
and Kosloff [39].

III. RESULTS AND DISCUSSION

Two cases of the Shin-Metiu model [10] were chosen to
validate the accuracy of the diabatic models, which were built
up based on the derivative coupling. The mass of the ion is
1837.15 a.u. The parameter R0 in Eq. (4) is 1.50 Å (denoted
as model I) and 2.50 Å (model II) with the same parameters,
L = 10 Å and R1 = R2 = 1.50 Å, in which the separations of
two BO states are very large for two models (1.28 vs 0.05 eV).
Figures 2(a) and 2(b) display the full electron-nuclear interac-
tion potentials (Ve + VN ) for models I and II, respectively. In
the calculations, 105 and 105 basis functions were used for
the R and x coordinates of the ion and electron, respectively.
One thousand and 1000 Gauss-Legendre quadrature points
were used in the ranges [–15.0, 15.0] and [–4.5, 4.5] Å for R
and x.

The eigenstates and eigenvalues of models I and II were
first computed by the exact method in the full model.
Figures 2(c) and 2(d) show the wave functions of the ground
eigenstate in models I and II, respectively, indicating the lo-
cally bound characteristics of the mobile electron and ion in
the system. Table I lists the ten lowest energy levels of models
I and II for the full (exact) and two-state adiabatic models. It
clearly shows that the two-state adiabatic energies are almost
identical to the exact ones (energy differences <0.5 cm–1) for
both models, which suggests two adiabatic electronic states
are sufficiently accurate for describing the low-lying states.

For the two-state diabatic models, they were rigorously
constructed from the adiabatic energies and derivative cou-
plings. Figures 3(a) and 3(b) show the fitted results (energies
and derivative couplings) of Hd for models I and II compared
to those from the adiabatic representation. It is clear that the
fitting of Hd is pretty good. The root mean square errors
(RMSEs) of E1 and E2 are 2.80 and 2.70 cm–1 for model I
and 1.55 and 16.57 cm–1 for model II. The larger RMSE of
E2 is caused by the larger energy range (0.59–8.71 eV) and
more abrupt behavior of the potential energies approaching
R = 0 in model II compared to model I. The RMSEs of the
derivative coupling f are 3.30 × 10–4 and 1.86 × 10–2 bohr–1

for models I and II, respectively. The functions with different
types and orders in the fitting are listed in Table II. Due to
the minimal energy gap at R = 0 of model II (0.05 eV) being
much lower than that of model I (1.28 eV), the coupling
between the ion and electron in model II is much stronger
than that of model I. As shown in Figs. 3(a) and 3(b), the
derivative coupling in model II is much sharper than that in
model I. Thus, more points were chosen near R = 0 in model
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FIG. 3. The adiabatic energies E1 (red circle) and E2 (blue triangle) and derivative couplings f (green square) as a function of R calculated
in adiabatic representation and yielded from the diabatic PEM (lines) in models I (a) and II (b). The matrix elements of Hd in models I (c)
and II (d).

II to fit that region better. More importantly, the symmetry
of Hd matrix elements in the fitting has to be considered. In

this two-state model, the diagonal elements Hd
11 and Hd

22 are
symmetric with respect to the R = 0 axis, and the off-diagonal

TABLE II. Types and orders of basis functions in the fitting procedures of of Hd in models I and II.

Model I

Hd
11 Function Type Order Total order of all types

tanh
( R−C2

C1

)
1 C1 = 10.0, C2 = –10.0 �4 �4
2 C1 = 1.0, C2 = 0.0 �4
3 C1 = 10.0, C2 = 10.0 �4

Hd
12 Function Type Order Total order of all types

tanh
( R−C2

C1

)
1 C1 = 10.0, C2 = –12.5 �4 �4
2 C1 = 1.0, C2 = 0.0 �4
3 C1 = 10.0, C2 = 12.0 �4

Model II

Hd
11 Function Type Order Total order of all types

tanh( R−C2
C1

) 1 C1 = 6.0, C2 = –7.5 �4 �4
2 C1 = 1.0, C2 = 0.0 �4
3 C1 = 1.0, C2 = –2.0 �4
4 C1 = 10.0, C2 = 7.5 �4

Hd
12 Function Type Order Total order of all types

tanh
( R−C2

C1

)
1 C1 = 10.0, C2 = –1.5 �4 �4
2 C1 = 1.0, C2 = 0.0 �4
3 C1 = 8.0, C2 = 5.5 �4
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FIG. 4. Comparison of the energy levels as a function of the
state number for the exact (green triangle down), two-state adiabatic
(red circle), two-state diabatic (blue square), and one-state adiabatic
(black triangle up) models for models I (a) and II (b).

term Hd
12 itself is symmetric with respect to R = 0 as shown

in Figs. 3(c) and 3(d).
As shown in Table I, the energy levels from the two-state

adiabatic models were accurately reproduced by the two-state
diabatic models, shedding light on the equality of the adi-
abatic and diabatic representations in numerics [40]. Since
the potential energies in the two-state adiabatic models were
calculated directly by solving Eq. (13), the small energy dif-
ferences (<0.0005 eV for both models I and II) between the
two-state diabatic and adiabatic models are due apparently to
the fitting errors in diabatization. Compared to the three-state
diabatic model corresponding to the two-state adiabatic model
proposed by Shin and Metiu [10], our diabatic model with
only two states is adequate for accurately describing the PCET
process, in which the adiabatic and diabatic models are phys-
ically connected by a unitary transformation. Interestingly,
the nonadiabatic effects have been proved to significantly
influence the vibronic energy levels and to consist of the com-
pleteness for describing the nonadiabatic dynamics accurately
[40]. To detect the nonadiabatic effects on the energy levels,
we further calculated the energy levels up to 3.0 eV for both
models, in which the excited states are energetically available.
Figures 4(a) and 4(b) display the energy levels of the one-state
adiabatic, two-state adiabatic, and diabatic models compared
to the exact energies for models I and II, respectively. The
one-state adiabatic model is derived from the standard BO
approximation, where the nonadiabatic derivative coupling

FIG. 5. The adiabatic energies E1 (red circle) and E2 (blue tri-
angle) and derivative couplings f (green square) as a function of
R calculated in adiabatic representation and yielded from the dia-
batic PEM (lines) in model III (a). The matrix elements of Hd in
model III (b).

and DBOC terms were neglected. It is clear that at the low-
energy range, all models yield the same results. However,
for higher quantum states, the one-state adiabatic model ap-
parently overestimates the energies starting at about 2.0 and
1.0 eV for models I and II compared to two-state models,
which suggests nonadiabaticity significantly influences the
energetics of the systems at the high-energy range. For much
higher states close to 3.0 eV, small energy differences between
the two-state and exact models appear due to the contribution
from higher electronic states not included in the two-state
model. As expected, identical results are yielded by two-state
adiabatic and diabatic models.

To further test the reliability of the diabatic model in
the high-energy range and better understand the nonadiabatic
dynamics of the PCET process, an asymmetric model [41]
along the degree of freedom of the ion was studied in both
adiabatic and diabatic representations. This model (model III)
was defined by the parameters R0 = 5.0 bohr, R1 = 3.1 bohr,
R2 = 4.0 bohr, and L = 19.0 bohr [41]. As shown in Fig. 5,
the global minimum of the ground state is located at R =
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2.60 bohr, and two lowest electronic states are closest at R =
–1.92 bohr with the energy gap of 0.128 eV.

The nonadiabatic dynamics of the PCET process in model
III was first simulated in adiabatic representation with the
two-state model following Ref. [41]. The initial wave packet
is assumed to be located in the first excited state adiabatically,
and the initial nuclear wave packet is a Gaussian function
with the form e−(R+4.0)2/σ 2

, in which the width is set as
σ = √

1/2.85 [41]. One hundred twenty-five basis func-
tions were used in the calculations for R ranging from
−6.5 to 7.0 bohrs. Figure 6(a) displays the evolution of
the two adiabatic states as time varies. It is clear from
the figure that the nonadiabatic transition takes place af-
ter ∼10 fs and leads to the fluctuation of the populations
of the two states with the total norm conserved during
the time up to 200 fs. The time-dependent wave func-
tions (up to 100 fs) for the ground and excited states as
a function of the coordinate of the ion R are shown in
Figs. 6(b) and 6(c), respectively. It is clear that the ground
state grows up at R ∼ –2.0 bohrs near the avoided cross-
ing region, and the wave functions along the R direction
for the ground and excited states are oscillatory as time
increases.

For the diabatic PEM of model III obtained by the rigorous
method, it reproduces the adiabatic energies and derivative
couplings quite well as displayed in Fig. 5(a), and the ma-
trix elements of Hd are shown in Fig. 5(b). The RMSEs
of E1, E2, and the derivative coupling f are 8.4 cm–1,
9.5 cm–1, and 4.52 × 10–3 bohr–1, respectively. The ba-
sis functions with different parameters and orders in the
fitting are listed in Table III. Specifically, in this dia-
batic model the initial adiabatic wave packet needs to
transform into the diabatic representation before the propa-
gation. For a direct comparison with adiabatic representation,
the unitary transformation from the diabatic to adiabatic
representation was needed for the state populations and time-
dependent wave functions after the propagation. As shown
in Fig. 6, the results calculated from the diabatic represen-
tation are in excellent agreement with those in adiabatic
representation, which validates the accuracy of the diabatic
model constructed from the adiabatic energies and derivative
couplings.

The derivative coupling based diabatization is the most
rigorous way to determine the diabatic representation, which
provides a benchmark for the approximate diabatic methods.
However, the cost of computation for the derivative coupling
in real systems at a high-accuracy level is very large. Thus,
we further explore a diabatization scheme solely based on the
adiabatic energies, which can be easily obtained from first-
principles calculations in practice. For model III, we proposed
a simple fitting method merely based on the adiabatic energies
to construct the diabatic representation, in which the off-
diagonal term Hd

12 was imposed to have a fixed form (R–Rc)n

with n equal to 0 and 1. Rc is the minimal energy gap between
the two states, which is −1.92 bohr. Figure 7(a) shows the
matrix elements of Hd in this approximate model, and the
diagonal terms are quite similar to those from the rigorously
determined ones [see Fig. 5(b)]. The RMSEs of E1 and E2 are
18.7 and 16.8 cm–1, which are slightly larger than those of

FIG. 6. Populations of the ground and excited states calculated in
adiabatic (solid lines) and diabatic (dashed lines) representations as a
function of time in model III (a). Time-dependent wave functions of
the ground (b) and excited (c) states as a function of time and R calcu-
lated in adiabatic (in red) and diabatic (in light blue) representations.
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TABLE III. Types and orders of basis functions in the fitting procedures of Hd in model III.

Hd
11 Function Type Order Total order of all types

tanh
( R−C2

C1

)
1 C1 = 6.0, C2 = –4.0 �4 �4
2 C1 = 6.0, C2 = 0.0 �4
3 C1 = 12.0, C2 = 4.0 �4

Hd
22 Function Type Order Total order of all types

tanh
( R−C2

C1

)
1 C1 = 3.0, C2 = –5.0 �4 �4
2 C1 = 6.0, C2 = 0.2 �4
3 C1 = 8.0, C2 = 4.0 �4

Hd
12 Function Type Order Total order of all types

tanh
( R−C2

C1

)
1 C1 = 10.0, C2 = –2.0 �4 �4
2 C1 = 10.0, C2 = 0.0 �4
3 C1 = 10.0, C2 = 4.0 �4

the fitting with the derivative coupling. Interestingly, it can be
readily seen from Figs. 7(c) and 7(d) that the dynamical results
in two diabatic models built from the fitting with and without
derivative couplings are almost identical. Excellent agreement

validates the high accuracy of the fitting method merely based
on the adiabatic energies with a fixed form for the off-diagonal
terms Hd

i j (i �= j), which provides an efficient and accurate
way to accurately describe complex PCET processes.

FIG. 7. The diabatic PEM in the approximation diabatization without derivative coupling ( f ) for model (III) (a). Populations of the ground
and excited states calculated in rigorous (solid lines) and approximate (dashed lines) diabatic models as a function of time (b). Time-dependent
wave functions of the ground (c) and excited (d) states as a function of time and R calculated in rigorous (in red) and approximate (in light
blue) diabatic models.
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IV. CONCLUSIONS

It is usually very hard to obtain the exact solution of the
total Schrödinger equation of the realistic system, in which
the electrons and nuclei are treated on an equal mathematical
footing due to the complexity of the full electron-nuclear
Schrödinger equation. Thus, a variety of approaches based on
BO PES has been proposed to treat the correlated motion of
electrons and nuclei. The well-known Shin-Metiu model [10]
provides a prototype to develop and examine new approaches
since the coupled motion of the movable electron and ions can
be completely described without any approximation. Early
diabatic study of Shin and Metiu showed that a third diabatic
state for the transition state is needed to accurately repro-
duce the results of the two-state adiabatic model [10]. This is
inconsistent with common knowledge that the adiabatic and
diabatic representations are connected by a unitary transfor-
mation [20]. Based on the Shin-Metiu model, we constructed
a rigorous diabatic representation of the two-state models by
a fitting scheme based on the adiabatic energies and derivative
coupling, in which adiabatic states can be easily obtained
by a unitary transformation from diabatic states. For the two
chosen models, the diabatic eigenvalues were found to be
almost identical to those calculated in the two-state adiabatic
models. The very small energy differences (<0.0005 eV for
both models I and II) between the diabatic and adiabatic
models are due apparently to the fitting errors in diabatization.
The identity of the adiabatic and diabatic models validates the
diabatization in this work.

Furthermore, the nonadiabatic dynamics of an asymmetric
PCET model [41] along the coordinate of the movable ion was
investigated in both adiabatic and diabatic representations.
It was found that the diabatic model exactly reproduces
the results in the adiabatic model, which validates the
accuracy of the diabatic model constructed from the adiabatic
energies and derivative couplings. More importantly, an
approximate diabatic model, which was built from fitting
the adiabatic energies solely but with a fixed form for the
off-diagonal terms, was shown to possess high accuracy as
well. Although conical intersection is not involved for three
models in this study, the diabatization scheme merely based
on adiabatic potentials can be applied to the coupled PESs
involving conical intersection as well [42]. It is hoped that this
approximation in the fitting scheme will have the potential in
the application to complex PCET processes, due to the fact
that the derivative couplings in the calculations are usually
expensive for the realistic systems.
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