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Optomechanical systems open new possibilities in fundamental research at the interface between quantum
information and gravity. Recently, an ambitious experimental proposal was suggested by Bose et al. [S. Bose,
A. Mazumdar, G. W. Morley, H. Ulbricht, M. Toros, M. Paternostro, A. A. Geraci, P. F. Barker, M. S. Kim, and
G. Milburn, Phys. Rev. Lett. 119, 240401 (2017)] to measure the entanglement between two optomechanical
systems generated by their gravitational interaction. The scheme relied on witnessing entanglement between the
two systems. Here we develop a general framework to study the quality of bipartite entanglement witnesses using
fidelity witnesses. We then apply this framework to the gravitational entanglement proposal, optimizing for the
detection of entanglement. We construct a witness consisting of only five nontrivial spin measurements, which
we compare with other proposed witnesses. With postprocessing our witness can detect entanglement for any
choice of phases in the setup, up to a set of measure zero, for a closed system. We also explore the effects of a

simple dephasing channel on this witness.
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I. INTRODUCTION

Quantum entanglement is considered one of the principal
features of quantum mechanics that sets it apart from classical
physics. It is the crucial ingredient for quantum systems to
violate Bell’s inequalities, demonstrating that there can be no
local hidden variable theory to reproduce quantum measure-
ment statistics [1-3]. Pushing the study of quantum effects
into the mesoscopic realm, entanglement is now studied also
in the context of optomechanical systems, which promise the
optical quantum control and read-out of massive mechani-
cal cantilevers or levitated spheres [4]. Optomechanics can
generate entanglement between light and a massive oscilla-
tor [5,6], as well as between two distant massive resonators
[7,8]. Optomechanics also opens new possibilities to study
gravity in the quantum regime [9—12]. One class of experi-
mental proposals relies on entanglement generation between
two gravitating systems that can shed light on the quantum
character of gravity [13-20]. In particular, the proposal by
Bose et al. [13] suggested creating superpositions of two
levitated spheres near each other, such that their gravitational
interactions caused entanglement between them that can be
read out using an internal spin system. While there has been
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impressive experimental progress to study the gravitational
interaction between classical oscillators [21], realizing entan-
glement is experimentally very challenging given the weak
nature of the gravitational force between objects of very
small mass and the difficulty in maintaining massive objects
in a spatial superposition for extended durations [22,23].
It is thus necessary to optimize possible measurement pro-
tocols for verifying entanglement between the two masses
[24].

Entanglement witnesses are helpful tools to experimentally
verify entanglement. An entanglement witness is an observ-
able which can demonstrate that a given system is entangled,
if the expectation value of that observable lies within a partic-
ular range of values [3,25]. For any particular entangled state,
one can always find an observable to serve as an entangle-
ment witness [25]. However, not all entanglement witnesses
are created equal. Many will only detect entanglement for a
small number of entangled states. Furthermore, in real experi-
ments, measurements of entanglement witnesses will be done
by performing local measurements on quantum systems; for
example, local spin measurements. Thus there is a preference
for observables which do not require as many measurements
as would be required to do full-state tomography [26,27].

A particular class of entanglement witnesses are fidelity
witnesses [28,29]. They are constructed from a particular en-
tangled state and positive multiple of the identity operator.
This proportionality constant provides a natural measure for
the volume of entangled states for which the fidelity witness
will detect entanglement. Unsurprisingly, fidelity witnesses
constructed from maximally entangled states yield the widest
detection areas. Most research on fidelity witnesses has been
focused on trying to find optimal entanglement measures
[30-33], and in particular, the smallest representation of a
given witness in terms of local measurements [28,34-36].
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In this paper, we use the framework of fidelity witnesses
to measure the quality of bipartite entanglement witnesses.
By generalizing the framework to witnesses constructed out
of mixed states, we are able to measure the detection volume
of a much broader set of entanglement witnesses. From this,
we argue that the optimal entanglement witness is one con-
structed from a closest maximally entangled state to the state
of interest.

We apply this framework to the experimental proposal of
Bose etal. [13] to develop an entanglement witness containing
just five nontrivial local spin measurements; compared with
the 15 required for full-state tomography. With the appropri-
ate postprocessing this witness can detect entanglement for
any given set of phases in the given experimental proposal,
except for a set of measure zero. It can thus cover the entire
configuration space and can be optimized in postprocessing
for a given system configuration.

This paper is structured as follows. In Sec. II we provide
a brief overview of entanglement witnesses, in particular fi-
delity witnesses, and generalize the construction to include a
wider range of witnesses. In Sec. III, we argue for the optimal
fidelity witness relative to a given pure state and show how to
construct it. In Sec. IV we apply it to a recent experimental
proposal [13] to detect gravitational-induced entanglement,
leading to an improved entanglement witness. In Sec. V we
look at how well this witness detects entanglement in the
presence of a simple dephasing channel. Finally, in Sec. VI
we discuss the generality of our constructions and how they
could be generalized further.

II. ENTANGLEMENT WITNESSES

An entanglement witness is an observable used to confirm
that the state of a physical system is entangled. In particular,
an observable W is an entanglement witness if there exists a
set X € R of real numbers such that for any quantum state
[Yr), if (Y|W]) € X then |¢) is entangled. We call this set
X the set of detection values.

In this paper we will consider entanglement on bipartite
systems which are finite-dimensional. We also focus attention
on entanglement witnesses for which X = {x € R |x < 0}. In
other words we consider observables W on bipartite systems
Ha ® Hp for which (Y |{(p|W|¥)|p) > O for all product states
[Y)|¢), but is not positive semi-definite, i.e., W has at least
one negative eigenvalue. This has the advantage that the set of
states for which W will register entanglement is unchanged if
we rescale W by a positive real number. In Sec. VI we discuss
how to generalize to witnesses which do not meet this criteria.

A. Fidelity witnesses

Let H4 ® Hp be a finite-dimensional Hilbert space. Sup-
pose we have a bipartite-entangled pure state |{) € Hy ® Hp.
We can construct an entanglement witness specifically using
this state (and that is useful for nearby states). Explicitly, this
is given by

Wy = ol — [¥ Xy, 6]

where I is the identity operator and « is defined by
2
o = max , 2
|¢>€$I<¢>Iw>| 2)

where S is the set of all product states of Ha ® Hp. The
coefficient « is equal to 1 if and only if |y) is a product state.
If |¢) is entangled then o < 1.

The observable W,, constructed in the manner of (1) is
known as a fidelity witness [28,37]. The observable W, is
clearly an entanglement witness since if |¢) € S, then

(PIWyld) = o — [(ly)I> > 0, 3)
but it is not positive-definite since
(YIWyly) =a—-1<0. “)

Furthermore, if p is a separable state, then it can be written as

p =" pilaNai|l ® |bi)(bi. ©)

i=1

For any separable state p we have

Tr(Wyp) = ) pitail (bilWy lai)lbi) >0, (6)
i=1
therefore, if Tr(Wy p) < 0 for any mixed state o then p is
guaranteed to be entangled.

The number 1 — o can be thought of as measuring the
“distance” of |Y) to the nearest product state. It can also be
seen as measuring the size of the region around |¢) in the
space of states for which W will confirm entanglement. This
is because Tr(Wp) < 0 if and only if (¥|p|¥) > «, so the
witness W will detect entanglement for all and only those
states p whose fidelity with |) is greater than «.

We wish to calculate an explicit expression for «. Suppose
d = dim(H,) < dim(Hp) = d’. Then we can write |v) using
the Schmidt decomposition [38]

d
W) =Y Vrilel)lef), (7)
i=1

where {|¢#)} and {|p?)} are sets of orthonormal states and
pi = 0. As shown in [28], we can use this to calculate «. Let
|¢) be a product state and extend {|¢?)} to be an orthonormal
basis for Hp. We can write

d d
6y =Y > aibi|gp)|ef). ®)

i=1 j=1

We then have
2

Holy)|* =

d d 2
Y Jparh; <<Z«/_p,»|a,»||b,-|)
i=1 i=1

2
Pi) = max pi, &)

=1,...,

where the second inequality follows since |a;|, |b;| < 1. So we
see that o is bounded by the square of the largest Schmidt
coefficient of |i). But this bound can be reached since, if
pn = max; p;, then

(et @) 1)) = pa. (10)
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and therefore

o= max p;. Y

Therefore, we can conclude from this that the smallest value o
can take for any state is « = 1/ dim(H,4), which occurs when
|Yr) is maximally entangled. So, for example, in the case of
two qubits o > 1/2.

B. Generalization

Clearly not all entanglement witnesses have the form of
(1) since an operator of this form must have only one negative
eigenvalue and all positive eigenvalues equal. However, we
can put any entanglement witness which detects entanglement
with a negative expectation value into a form analogous to
(1), but constructed from a mixed state. First note that any
Hermitian operator W which is not proportional to the identity
can be uniquely written in the form

W = Bl —[B5 — Tr(W)lp, (12)

where p is a positive semi-definite operator with unit trace,
B is the largest eigenvalue of W, and § = Tr(I) = dim(H,s ®
Hp). To see this, first note that if W is not proportional to the
identity, then 86 — Tr(W) > 0, and therefore

o pI=w
RS —Tr(W)’
is uniquely defined and clearly has unit trace. That p is pos-

itive semi-definite follows from the fact that for all |¢) €
Ha @ Hp, B = (¢|W|¢) since B is the largest eigenvalue of
w

13)

If W is an entanglement witness then it must have at least
one negative and one nonnegative eigenvalue, and therefore,
it cannot be proportional to the identity and also 8 > 0.

Since an entanglement witness is functionally unchanged
under rescaling by a positive constant (it does not change the
set of states that have a negative expectation value), and since
B8 > Tr(W), we can consider the operator

W’:Lzaﬂ—p, (14)
ps —Tr(W)
where clearly o = 8/[86 — Tr(W)]. Since W is an entan-
glement witness and has at least one negative eigenvalue
Tr(W) < B(8 — 1), from which it follows that 86 — Tr(W) >
B,hence 0 < o < 1. Clearly & must be in this range otherwise
(14) could not be an entanglement witness.

Note that since W is general, o need not be the maximal
overlap of p with any product state, analogous to (2). Indeed in
(1), o can be increased (as long as it does not reach unity) and
W will still remain an entanglement witness, albeit a weaker
one. But « cannot be smaller than the maximal overlap with
any product state

lI;laX (@lplg). 5)

Thus all entanglement witnesses (which register entangle-
ment with a negative expectation value) can be written in an
analogous form to (1) (after a suitable rescaling). Note, for
such an entanglement witness, we have

(@IW'|p) =a — (plpl) = a — 4, (16)

where A is the largest eigenvalue of p. Thus we can use A — «
as a measure of the region of states around p for which W’
will detect entanglement.

From (14) we see that for a general density matrix o, W’
will register entanglement if and only if Tr(po) > «.

III. OPTIMAL FIDELITY WITNESS

The purpose of an entanglement witness is to confirm the
entanglement of a particular state of interest |y). The task
then is to choose the optimal fidelity witness to measure such
entanglement. It might seem obvious to choose the fidelity
witness as in (1), constructed from the state of interest |y).
However, if the state |) has very little entanglement, then «
will be close to unity and the region of detection will have
small size 1 — «. This means that small experimental errors
causing the state to deviate slightly from |y) may result in W
not detecting the entanglement. Indeed the exact target state
might not be kown a priori. Thus we value a large detection
area.

We saw in Sec. II B, that the size of the region for which
a fidelity witness will detect entanglement was best measured
by A — «. Thus to maximize this area, we wish to maximize A
and minimize «. This can be done simultaneously by choosing
a fidelity witness of the form (1), where |1/) is a maximally
entangled state.

Given an entangled state |¢), we define an optimal fidelity
witness for |¢) as the fidelity witness constructed from a
maximally entangled state closest to |¢), as measured by the
fidelity.

Again, assume d = dim(H,) < dim(Hp) = d’. A state is
defined to be maximally entangled if it has a Schmidt number
(the number of nonzero terms in the Schmidt decomposition)
of d and if all Schmidt coefficients are equal.

To find the closest maximally entangled state to a particular
state |1/), we first write |¢) in its Schmidt decomposition

d
= > Joilv)vf), (17
i=1

where {|¥)}L, and {|¥?)}%, are orthonormal bases. We
now search for a maximally entangled state with the largest
inner product with |¢). Let us consider a general state

d d
=3 aij|wi)v?). (18)

i=1 j=1

Then
2

Z Z\/_a,, th” )Wk"ﬂ )

i,k=1 j=1

d d 2
Z Z /Pt idk,

ik=1 j=1

[(w16)

19)

Thus we see that the “cross” terms a;; where i # j are actively
reducing the inner product since they contribute nothing to
the inner product themselves but they reduce the size of the
“diagonal” terms. So to maximize (19) we should set a;; =0
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if i # j. After this we are compelled to choose a;; = €% /v/d
so that |0) is maximally entangled. So we have

2

[(10)]* =

-
= Z VPipjcos(¢; — @;).

i,j=1

e

pi Jd

(20)

This sum is maximized when cos(¢; —¢;) =1 for all
/Dip; # 0. This implies that up to a global phase

e =1 if p; #0. (21)

So we have a phase freedom for all terms in the Schmidt

decomposition corresponding to terms where p; = 0. Thus the
closest maximally entangled state to |) is

Z J_|1/f (22)

where the phase terms must satisfy (21). We see that the clos-
est maximally entangled state is uniquely determined if the
Schmidt number of [i) (the number of nonzero terms in the
Schmidt decomposition) is d and not otherwise. In particular,
the closest maximally entangled state to a product state is not
unique.

If we now construct the fidelity witness corresponding to
the state |0) we find

1
Wy = EH — |6X0]. (23)

If we calculate the expectation value with respect to the origi-
nal state of interest |1), we find

(We)wz——|(1//|9 ”’

1
=—7 Z VDD (24)

i#j

This derivation required initially decomposing the state
of interest into a Schmidt decomposition (17), so we must
discuss the uniqueness of the Schmidt decomposition. The
Schmidt decomposition is generally not unique, although
the Schmidt coefficients ,/p; are unique. If {|v/")|y/)}L
are terms in the Schmidt decomposition which appear with
the same Schmidt coefficient, then they can be replaced by
{|¢A)|¢B) ", where {|¢")} and {|¢?)} are orthonormal sets,

> lviluf
i=1

Such a replacement will leave the closest maximally entangled
state (22) unchanged. If the Schmidt decomposition has any
terms corresponding to a zero coefficient, then there is an
additional phase freedom, as |/!)[¢®) can be replaced with
lp2)|p8) = € |yr) | ¢ B). However, this freedom is absorbed
by the phase freedom in the closest maximally entangled state
(21).

)= |o7)|eP). (25)
i=1

FIG. 1. Diagrammatic setup of the experimental proposal by
Bose et al. [13] described in Sec. IV. Two masses, labeled m and M
are both placed in superposition of sizes AX with a distance between
their respective centers of mass . The mutual Newtonian interaction
induces entanglement between the two masses.

IV. WITNESSES FOR GRAVITATIONAL ENTANGLEMENT

The experiment proposed in [13] consists of two masses,
which we will label m and M, both placed nearby in a superpo-
sition of length AX, with a distance £ between their respective
centers of mass (see Fig. 1 for a diagram). The masses are
fixed in place, but the Newtonian interaction for a time 7 will
induce a relative phase between the component states.

After the gravitational interaction, the state is given by

1 .
V(1. d2)) = Z(ImL)IML) + e my)|Mg)

+ ¢ lmg) ML) + Img) [MR)). (26)

where the subscripts L and R denote the mass being in the
“left” or “right” branch of the respective superposition. In this
particular experiment, the phases are determined by

GMmt [ 1 1
= (e TAX Z)’ (272)
by = GMmt ( 1 B 1) (27b)
B \l—AX ¢

however, we will leave them general in this article. The state
|V (h1, ¢2)) is a product state when ¢y + ¢, = 2nm wheren €
Z and not otherwise. Furthermore, it is maximally entangled
ifand only if ¢; + ¢p» = 2n + ).

In [13], the authors suggested the entanglement witness

W=X®Z+Y®Y, (28)

which registers entanglement whenever [(W)| > 1. In other
words the set of detection values is X ={xeR|x <
—1 and x > 1}. This witness is therefore not of the form we
required in Sec. II. However, as in [24], we can ignore half of
the set of detection values and put it into the form we require
by adding the identity

W =IQI+XQ®Z+Y®Y. (29)

Here we use I to denote the identity operator on a subsystem,
while retaining I to refer to the identity on the joint system.
We can justify this modification (29) as this particular half of
the set of detection values is the relevant one for the experi-
mental values given in [13]. The observable W, has a largest
eigenvalue of 8 = 3, and therefore fd — Tr(W/) = 8. We now
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FIG. 2. Regions of entanglement for (a) Wi, (b) W,, and (c) W5 for the state |y (¢1, ¢2)) over a 2w x 2m region in ¢y, ¢, space. Purple
regions show a negative expectation value when the witness will register entanglement. Pale regions show a positive expectation value where
no entanglement can be deduced. Black dotted lines show when ¢; + ¢, = 2nw where n € Z, i.e., when | (¢, ¢,)) is in a product state.
Each plot is suitably centered so that the size of the region in which entanglement can be detected is clear. Each pattern repeats periodically
in both ¢, and ¢, with period 2. W; and W, do not detect entanglement for phase values close to ¢; = ¢, = 0, but W5 does. W, and W3 have
near-identical detection areas as both can be considered as fidelity witnesses constructed from maximally entangled states. See Table I for a
calculation of the proportion of the areas which detect entanglement for each entanglement witness. The entanglement regions for all three
witnesses are shown simultaneously in (d) to show their relative sizes and displacements.

write this witness in the form of (14)

1 ’
W/ =

3
1 —p,
3 Lo

g (30)

where

1 1 1
=-I1QI—-XQZ—-YQY. 31
P=7 ® 2 ® 3 ® (31)

The maximal eigenvalue of p is %, therefore we can assign
the witness W, a detection area of % - % = % as described
in Sec. IIB. Thus we see that this witness has a subopti-
mal detection area compared to the maximal possible area
of 1/2. Furthermore, this witness is not useful in detecting
small entanglement. Indeed, as pointed out in [24], for the
experimental parameters given in [13], this witness does not
detect entanglement until T = 8s. Superpositions of this size
and duration are extremely difficult to create and are outside
the envisioned parameter range of the experiment. Thus a
more suitable witness would be one that is sensitive to very
small entanglement.

Instead of the above witness, we can construct a fidelity
witness from a maximally entangled state. The eigenstate
corresponding to the negative eigenvalue of (29) is | (0, 7)),
which is maximally entangled. If we construct a fidelity wit-
ness from this state we get

1
Wy = EH — ¥ (0, TNy (0, )|

xIRI+XRZ-ZRX+Y QY. (32)

The expectation value (W) for the state (26) is shown in
Fig. 2(b). Since it is constructed from a maximally entangled
state, we see it has a larger detection area than for W. We also
see it requires an extra spin measurement as compared to W
However, it is still not optimized to detect small entanglement.
A large amount of entanglement is required before W, will
register it; assuming the experimental values in [13], this
corresponds to a long interaction time.

In [24] the authors provided an improved entanglement
witness, given by

W=IRI-X®X-Y®Z—-ZQY. (33)

The authors constructed this witness following a sequence of
applications of the partial transpose operation on the state
|V (h1, ¢2)), and then setting ¢; = ¢, = 0. However, since
this witness has one negative eigenvalue, and all positive
eigenvalues are equal, it is proportional to witnesses of the
form (1). The largest eigenvalue of this witness is 8 = 2, and
so Bd — Tr(W3) = 4. It turns out that if we put Ws into the
form of (14) we find that

! W.

477
The state | (7 /2, w/2)) is maximally entangled, hence Ws
has an optimal detection area of % Furthermore, this witness
will detect small entanglement [see Fig. 2(c)]. In fact, if we
calculate

1
L= W /2. /DN (/2.7 /2)I. (34)

(W (/2,7 /)P (0, 0)) > = % (35)
we see that the state |y (;r/2, 7 /2)) is one of the closest
maximally entangled states to the initial state |y (0, 0)), and so
it is an optimal entanglement witness by the criteria described
in Sec. II1.

In Fig. 2 we show the expectation value of these three
witnesses for the state | (¢1, ¢2)), showing for which phases
each witness will show entanglement. One way to compare
these three witnesses is to calculate the detection area in the
space of phases ¢;, ¢,. In Table I, we show the proportion of

TABLEI. Proportion of area that shows entanglement for each of
the three witnesses described in Sec. IV. The witnesses are integrated
over a region of area 2w X 27w, similar to that in Fig. 2. W, and
W3 can be considered fidelity witnesses constructed from maximally
entangled states, so they have the largest detection areas; W5 has
slightly more.

Proportion of area
that detects Entanglement

Wi 22.6272%
W, 29.5392%
W3 29.5528%
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the area of the regions in which each witness shows entangle-
ment, in a 27 X 2w region of ¢, ¢, space. We see that the
area of W is clearly less, as expected, and the areas of W, and
W3 to be nearly identical. This is also to be expected as they
can both be considered to be fidelity witnesses constructed out
of maximally entangled states, but W, cannot.

A. Optimal gravitational witness

It remains a question of interest as to whether one can fur-
ther improve the entanglement detection for this experimental
setup. Let us apply the techniques from Sec. III. We wish to
construct a fidelity witness from a maximally entangled state.
Since we expect the entanglement in the state |y (¢, ¢2)) to
be small, we seek the closest maximally entangled state to the
initial state |y(0, 0)). Since this state is a product state, the
closest maximally entangled state is not unique. In fact, from
(22), we see that there is a one-parameter family of closest
maximally entangled states, parametrized by 0,

1 i0
16) ﬁ(II/I(O, 0) + " Y (m, m))). (36)
We saw earlier that W5 can be considered a fidelity witness
constructed from the state |y (7 /2, 7 /2)), which corresponds
here to a choice 6 = 37 /2. We can see from Fig. 2(c) that
W is optimized to detect entanglement for small positive
phases. Indeed in [24], the authors approximated ¢; = 0, and
assumed ¢, > 0. However, we see from (27) that for nonzero
interaction time t, we always have ¢; < 0, and if £ < AX
then ¢, < 0. For T « 1, we calculate that

(Ws) = —(¢1 + ¢2) + O(1?), (37

and so W5 will not detect entanglement for small interaction
times if £ < AX.

If we instead construct a fidelity witness (23) from the
closest maximally entangled state with a value 6 = /2, we
find

1
Wi =21 — |7 /2)(/2)
XIQI—XQIX+YQRZ+ZRY. (38)

Comparing (38) to (33) we see that W, uses the same spin
measurements as Wi, but with different signs. However, the
detection area of W, in ¢y, ¢, space is different from Wjs,
and indeed does not even overlap with it. Therefore with the
same local measurements but different postprocessing, one
can double the detection area of the entanglement witness [see
Fig. 3(a)]. For small interaction times T < 1, we calculate

(Wy) oc —(W3) + O(z?). (39)

Thus this witness will detect entanglement for the parameter
regime when £ < AX. And therefore, in combination, W5 and
W, will be able to detect entanglement for small interaction
times in both parameter regimes. For this particular gravita-
tional entanglement experiment, the regime £ < AX may be
unfeasible due to extra considerations such as the Casimir
interaction. Nevertheless, this example shows how postpro-
cessing can greatly increase the parameter range for which a
witness can detect entanglement.

FIG. 3. The benefits of postprocessing. (a) The combined region
of detection for entanglement witnesses W5 and W, for the state
[ (¢1, ¢2)). Dark purple regions indicate phases for which (W;) is
negative, lighter purple regions indicate phases for which (W,) is
negative, so the witness would detect entanglement. In the pale areas
the expectation value of both is nonnegative, so no conclusion about
entanglement can be made using either witness. Black dotted lines
show where ¢; + ¢, = 2nm, forn € Z, in which case the | (¢, ¢2))
is in a product state. Both W; and W, consist of the same local
Pauli measurements, but with different postprocessing, thus they
can be measured with one set of measurements. (b) Expectation
value of W;(0) for the same state, minimized over 6 (44). This
witness consists of five nontrivial local Pauli measurements for any
choice of 8, and therefore postprocessing can be used to apply the
entanglement witness for any choice of 6. Minimizing over 6 will
detect entanglement for any choice of ¢; and ¢,, except for when
¢ — ¢ = (2n+ 1) for n € Z: a subset set of measure zero.

Let us now construct the fidelity witness for the general
state |0) (36)

1
We(0) = 51— 10)0]

XIQRI—XQ@X+cosOYQRY —ZRZ)
+sin0 (Y ®Z+2ZQY). (40)
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Thus Wg(0) represents a one-parameter family of entangle-
ment witnesses. The witnesses W3 and W, can immediately
be seen to be special cases of & =37 /2 and 6 = /2, re-
spectively. The entire family of witnesses can be measured
by measuring the five nontrivial spin operators in (40), with
postprocessing to select the desired witness. Indeed, with the
optimal postprocessing (minimizing (Ws(6)) over 8), we can
detect entanglement for the state | (¢, ¢)) for any values of
¢1 and ¢,, except for a set of measure zero.

To see this, we calculate the expectation value of Wg(0) in

the state [/ (@1, ¢2)),

o (Pr1—P2\ ., (0
(We(6)) o 2sin (T) in <§>

+ sin 6(sin ¢ + sin ¢,). 1

In order for this expectation value to be negative, we require

- —sin®
2 sin? <¢1 ¢2> < (singy +singy).  (42)
> ) T a (@)

With the appropriate choice of 6 in the interval (0, 277), the
ratio — sin 6/ sin?(/2) can take on any real value. Hence one
can choose 6 such that the expectation value (41) is always
negative, unless sin ¢»; + sin ¢, = 0. This will happen under
two conditions:

¢+ =2nm or ¢ —¢ry=02n+ )m, 43)

where n € 7Z. As we saw earlier, the first case corresponds to
when the state | (¢, ¢»)) is not entangled. In the second, the
state may be entangled, but the expectation value with Wg(6)
(41) will be zero for any choice of . This means that the wit-
ness Wg cannot detect entanglement in the state [y (g1, ¢2))
if | — ¢» = (2n + 1)m for any choice of 6, but the subset of
phases satisfying this condition is a set of measure zero.

Therefore, by performing only five nontrivial spin mea-
surements and minimizing over 6,

i (Wo(6). (44)
one can detect the entanglement for any choice of phases ¢,
and ¢,, except for the aforementioned set of measure zero [see
Fig. 3(b)]. We note that the exact phases ¢; and ¢, will not
be known due to experimental imperfections. Thus, this is a
desirable measurement strategy, as it allows one to explore
all possible entanglement signatures by postprocessing the
acquired measurement data.

V. DEPHASING

It is important to see the effects of noise on the system
since all real experiments will have some loss associated with
interaction with an environment. There is recent work trying
to use larger-dimensional systems and different geometries to
reduce the effects of decoherence [23].

As in [24], with no explicit model for the environment, we
assume a simple dephasing channel on each system

E(p)=U—p)p+ pZpZ, (45)

where p = %(1 — e 7). In the limit y — oo this chan-
nel causes full dephasing. If we now calculate the

expectation value of Wg(0) with the dephased state
E(Y (b1, 92X (1, 2)|), we find

(Ws(0)), o<1+ e77 sinf(sin ¢ + sin ¢,)

— e‘zy[l — 2sin? <€> sin? <¢1 _ ¢2)].
2 2

(46)

If we compare this with (41) we see an exponential sup-
pression of the region of detectable entanglement. In Fig. 4
we plotted the effect of the local dephasing channel on the
witness W;(0) with the same postprocessing as in (44) for
three values of y at different orders of magnitude; showing
that the entire family of witnesses become less effective at
detecting entanglement with larger dephasing.

VI. GENERALITY

In Sec. II we restricted consideration to entanglement
witnesses which detect entanglement only with a negative
expectation value. This was mathematically useful since
rescaling such a witness by a positive constant did not change
the set of states for which the witness would detect entangle-
ment. Other witnesses can often be brought into this form
by reflection (rescaling by —1) and/or translation [adding
multiples of the identity, such as (29)]. However, we saw an
example of a witness W; which could not be brought into such
a form, as its set of detection values consisted of two disjoint
open regions of the real line. To analyze it in our framework,
we only focused on the half of the set of detection values
which was relevant for the experimental proposal to detect
gravitational entanglement [13]. Thus we studied the related
witness W, (29), and assigned it a suboptimal detection area
of % To study the other half of the witness, we can reflect and
translate W to

W =IQI-X®Z-Y®Y. A7)

The original witness W; can be written as $(W; — W;"). Un-
surprisingly, this witness W,” also has a largest eigenvalue of
B = 3, and the corresponding density operator p has a largest
eigenvalue of % so the detection area of this witness is also %
So in total, the witness W; should be assigned a detection area
of i. Thus we see that a way to measure the detection area of
an entanglement witness with disjoint sets of detection values
is to split the witness up into multiple witnesses and sum their
respective detection areas.

In this article we applied this framework to the experi-
mental proposal described in [13], which involved detecting
entanglement of two qubits. This is the simplest such appli-
cation as the closest maximally entangled state to a product
state could be described by a one-parameter family of states.
For higher dimensions this will no longer hold, and describing
the closest maximally entangled state will be more involved.

The next step to continue this line of research is to gen-
eralize this framework. First, fidelity witnesses constructed
for mixed entangled states could be better understood. While
we saw that the witness (1) was an entanglement witness
whenever |{) was entangled, in general the operator «ll — p
need not be an entanglement witness even when p is entan-
gled. It will be certainly true (with a suitable choice of «)
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FIG. 4. Effects of dephasing (45) on the expectation value of W;. Dark regions show a negative expectation value when the witness will
register entanglement. Light areas show a positive expectation value where no entanglement can be deduced. Black dotted lines show when
¢, + ¢ = 2nmw where n € Z, i.e., when | (¢;, ¢,)) is in a product state. The expecation value is explicitly given by (46), minimized over
0 € [0, 27 ]. Here we have plots for (a) y = 0.005, (b) y = 0.05, and (c) y = 0.5. As y increases the area in which the witness will recognize
entanglement is reduced. When y = 0, W can be used to detect entanglement for any choice of ¢y, ¢,, except for a set of measure zero [see

Fig. 3(b)].

in the specialized case when the largest eigenvalue of p is
nondegenerate and the corresponding eigenspace is spanned
by an entangled state. We argued that the best fidelity witness
should be one constructed from one of the closest maximally
entangled states from the state of interest. In this article we
constructed this state for pure states using the Schmidt de-
composition. It would be useful to calculate this for entangled
mixed states.

Another generalization is to multipartite entanglement.
Fidelity witnesses have the advantage over other witness
constructions of being easy to generalize to multipartite en-
tanglement [37]. However, bipartite entanglement allows the
use of the helpful Schmidt decomposition, which allows
one to calculate the coefficient o (2) in terms of Schmidt
co-efficients; and allowed us to characterize the closest maxi-
mally entangled state. Since the Schmidt decomposition does
not, in general, hold for higher multipartite entanglement,
performing the above calculations will be more challenging.

VII. CONCLUSION

Confirming that a quantum state is entangled is, in general,
a challenging task. Entanglement witnesses make this task
easier by reducing the task to calculating or measuring the
expectation value of an observable. Unfortunately, no entan-
glement witness can detect entanglement for all entangled
states. Thus if an entanglement witness does not tell us that
a state is entangled, we cannot conclude that a state is, in fact,
not entangled. This means that for a particular experimental
setup, one needs to find an entanglement witness best suited
to detect entanglement.

In this article we looked at the recent experimental pro-
posal to detect gravitational induced entanglement [13] using
fidelity witnesses. Fidelity witnesses offer a natural measure
of the volume of states for which they detect entanglement.
We showed that this measure can be generalized to a much
broader class of witnesses by rewriting them into an anal-

ogous form (14). By this measure, entanglement witnesses
constructed from pure, maximally entangled states will detect
entanglement from the greatest volume of entangled states.
Therefore, we argue that an optimal choice for an entangle-
ment witness is a fidelity witness constructed from one of
the closest maximally entangled states to the state of interest,
measured by the fidelity. We found a general formula for such
a state when the state of interest is a bipartite pure state,
which we applied to the experimental proposal in [13]. In
that case the closest maximally entangled state to the initial
product state was a one-parameter family of states, and mini-
mizing over this parameter leads to the effective entanglement
witness displayed in Fig. 3(b). In other words, with the appro-
priate postprocessing, this witness can detect entanglement
for almost any phases ¢, ¢,. We saw that the ability of
these witnesses to detect entanglement decreases with larger
dephasing.

This witness can be compared to others proposed for the
same experiment. The original witness proposed in [13] re-
quired a large amount of entanglement in the state before
it was detected by the witness. A better witness that was
suggested in [24] detected smaller entanglement, and can be
seen to be a specific example of a fidelity witness constructed
from one of the closest maximally entangled states. As such it
only detected a particular region of the configuration space.

We expect our presented method of constructing witnesses
to be useful for other experiments which measure entangle-
ment; whereby this construction produces witnesses better
tailored to those particular experimental setups.
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