PHYSICAL REVIEW A 105, 022220 (2022)

Dissipative Floquet dynamical quantum phase transition

J. Naji,l’* Masoud Jafari®,2F R, Jafari®,3>%5-% and Alireza Akbari ®%7-%
' Department of Physics, Faculty of Science, Ilam University, Ilam, Iran
2Department of Computer Engineering, Iran University of Science and Technology, Tehran, Iran
3Department of Physics, Institute for Advanced Studies in Basic Sciences (IASBS), Zanjan 45137-66731, Iran
*Department of Physics, University of Gothenburg, SE-412 96 Gothenburg, Sweden
3Beijing Computational Science Research Center, Beijing 100094, China
SMax Planck Institute for the Chemical Physics of Solids, D-01187 Dresden, Germany

"Max Planck POSTECH Center for Complex Phase Materials, and Department of Physics, POSTECH, Pohang, Gyeongbuk 790-784, Korea

® (Received 26 October 2021; accepted 14 February 2022; published 28 February 2022)

Non-Hermitian Hamiltonians provide a simple picture for inspecting dissipative systems with natural or
induced gain and loss. We investigate the Floquet dynamical phase transition in the dissipative periodically
time-driven XY and extended XY models, where the imaginary terms represent the physical gain and loss
during the interacting processes with the environment. The time-independent effective Floquet non-Hermitian
Hamiltonians disclose three regions by analyzing the non-Hermitian gap: pure real gap (real eigenvalues), pure
imaginary gap, and complex gap. We show that each region of the system can be distinguished by the complex
geometrical nonadiabatic phase. We have discovered that in the presence of dissipation, the Floquet dynamical
phase transitions (FDPTs) still exist in the region where the time-independent effective Floquet non-Hermitian
Hamiltonians reveal real eigenvalues. Opposed to expectations based on earlier works on quenched systems,
our findings show that the existence of the non-Hermitian topological phase is not an essential condition for
dissipative FDPTs (DFDPTs). We also demonstrate the range of driven frequency, over which the DFDPTs
occur, narrows down by increasing the dissipation coupling and shrinks to a single point at the critical value
of dissipation. Moreover, quantization and jumps of the dynamical geometric phase reveals the topological

characteristic feature of DFDPTs in the real gap region where confined to exceptional points.

DOI: 10.1103/PhysRevA.105.022220

I. INTRODUCTION

Non-Hermitian Hamiltonians have recently attracted a
lot of attention in the physics community across a wide
range of fields, owing to their experimental feasibility [1-18]
and theoretical richness [19-28]. Quantum systems driven
by non-Hermitian Hamiltonians display various fascinating
physical phenomena comparing to those governed by Hermi-
tian Hamiltonians. In cold-atom experiments, non-Hermitian
Hamiltonians appear due to spontaneous decay [21,29-32].
Furthermore, various non-Hermitian Hamiltonians have been
utilized to treat various physical problems that might need
to consider the interaction between the environment and the
system, such as free-electron lasers [33], topological lasers
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[34-36], electric circuit [37-39], transverse mode propagation
in optical resonators [40], multiphoton ionization [41], many
resonance phenomena [42], nitrogen-vacancy center in dia-
mond [43,44], with applications on high performance sensors
[6,10,45,46], and unidirectional transport devices [13,47].

Theoretically, non-Hermitian Hamiltonians trigger many
novel physical phenomena, such as non-Hermitian skin ef-
fect [48,49], real eigenvalues with parity-time (PT) symmetry
[50], new topological properties corresponding to exceptional
points (EPs) [51-55], disorder induced self-energy in the ef-
fective Hamiltonian [56-60], and dynamical and topological
properties [4,15,54,61,62]. Finding the dynamical signatures
of these nonequilibrium topological matter has become a
fascinating area for more experimental and theoretical re-
search. In recent works, several dynamical probes to the
topological invariants of non-Hermitian phases in one and
two dimensions have been introduced, such as the non-
Hermitian extension of dynamical winding numbers [63-68]
and mean chiral displacements [69,70]. Further, the dynam-
ical quantum phase transitions (DQPTs) [71-99] following
a quench across the EPs of a non-Hermitian lattice model
is studied in Refs. [63,64]. It has been shown that DQPTSs
appear for a quench from a trivial to a non-Hermitian topo-
logical phase [64]. This discovery indicates an underlying
relationship between non-Hermitian topological phases and
DQPTs.
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To the best of our knowledge, the Floquet dynamical phase
transition in the systems with gain and loss, and therefore
subject to nonunitary evolution, have not been addressed in
prior publications and can provide a number of new insights
into the subject. This paper is devoted to the research on the
Floquet dynamical phase transition [100—105] in the period-
ically time-driven XY and extended XY spin models in the
presence of dissipation. The non-Hermitian terms (imaginary
terms) represent dissipation—the physical gain and loss—
when the chain interacts with the environment. Our main
purpose is to study the effects of non-Hermitian terms on the
FDPTs time and the range of driven frequency over which
the DFDPTs occur. First, we probe the phase diagram of the
time-independent effective Floquet non-Hermitian Hamiltoni-
ans by analyzing the energy gap of the systems analytically.
We show that the phase diagram of the system divided into
three regions with pure real gap where confined to exceptional
points, pure imaginary gap, and complex gap. We have found
that, the region with real energy gap, where the DFDPTs
occur, is topologically nontrivial in the time-independent ef-
fective Floquet non-Hermitian XY Hamiltonian. While the real
gap region in the time-independent effective Floquet non-
Hermitian extended XY Hamiltonian is topologically trivial.
In the other words, different from results obtained for the
quenched case [64], existence of the non-Hermitian topo-
logically nontrivial phase is not a necessary condition for
appearance of the DFDPTs. We have also shown that, the
DFDPTs driven frequency range narrows down by increasing
the dissipation coupling and shrinks to a single point at critical
value of dissipation. We have found that adding the dissipation
(imaginary term) to the Hermitian Hamiltonians affects those
bounds of the driven frequency range which correspond to the
critical (gap closing) points of the time-independent effective
Floquet Hermitian Hamiltonians.

II. DYNAMICAL PHASE TRANSITION

The notion of a DQPT borrowed from the analogy
between the partition function of an equilibrium system
Z(B) = Tr[e#™] and the boundary quantum partition func-
tion Z(z) = (Yole " |wo) with |1/o) a boundary state and
z € C. When z = it, the boundary quantum partition func-
tion corresponds to a Loschmidt amplitude (LA), L(t) =
(Wole™ ™ |1g), expressing the overlap between the initial state
|) and the time-evolved one |y (¢)) [71-95,102—-105]. It has
been argued that, like the thermal free energy, a dynamical
free energy might well be defined as [71]

8t) = —]%ngn;oln|c(r>|2. (1)

Here the real time ¢ plays the role of the control parameter
and N is the size of the system. DQPTs are signaled by
nonanalytical behavior of dynamical free energy g(¢) as a
function of time, evincing in characteristic cusps in g(¢) or
one of its time derivatives [71-95,102—-105]. These cusps are
followed by zeros of Loschmidt amplitude £(¢), known in
statistical physics as Fisher zeros of the partition function
[75,92]. Furthermore, analogous to order parameters at equi-
librium quantum phase transition, a dynamical topological
order parameter (DTOP) is proposed to capture DQPTs [74].

The DTOP is quantized and its unit magnitude jumps at the
DQPT time reveals the topological characteristic feature of
DQPT [74,81]. This dynamical topological order parameter
is extracted from the gauge-invariant Pancharatnam geometric
phase associated with the Loschmidt amplitude [74].

The dynamical topological order parameter is defined as

[74]
1 [T 08¢0k, 1)
vp(t) = E/o Tdk’ (2)

where the geometric phase ¢ (k, 1) is gained from the total
phase ¢(k, t) by subtracting the dynamical phase ¢?(k, t):
¢Ok, 1) = p(k, 1) — " (k. 1).

The total phase ¢(k, 1) is the phase factor of LA in its polar
coordinates representation, i.e., L;(t) = |Li(t)|e®*?) | results
¢k, t) = —iIn[Li(t)/1L(2)]], and

t _ k, t/ / - k, t/
Sk, 1) = _/ ar = )|7'fk(t Ny (/ )
0 (Y- (k, t)|p—(k, 1))
[ (Y—(k, DY—(k, 1)) ]
(Y- (k, 0)[y—(k, 0)) |
In following, to examine aspects of dissipative in quantum
Floquet systems, we search for dissipative Floquet DPTs in

proposed non-Hermitian periodically time-driven Hamiltoni-
ans.

i
—1
+2Il

3)

III. DISSIPATIVE PERIODICALLY TIME-DRIVEN XY
MODEL AND EXACT SOLUTION

In this section we study the phase diagram, topological
properties, and FDPTs of the dissipative periodically time-
driven XY model. We show that the region in which DFDPTs
occur is confined to exceptional points and is topologically
nontrivial and the time-independent effective Floquet non-
Hermitian Hamiltonian has real eigenvalues.

A. Exact solution

The Hamiltonian of the N-site dissipative periodically
time-driven XY spin model is given as

H(t)=) [[J—y cos(w)IS;Ss, | + [T+ cos(wn)IS)S), |

— y sin(@t)(SySh, | + SSh.,) + hS:
— i(TuSFS, +TaS, SD] 4)

n-n

where S¢=t»d — 0%/2, and o% are Pauli matrices. Further-

more, ST =0%/2 = (0" £io”)/2 are the spin raising and
lowering operators which correspond to the gain I', <0
Ty <0)orloss I', >0 (I'y > 0) of the spin-up state | 1)
(spin-down state | |)) during the interacting processes with
the environment with the rate of I';, (I'y), and w is the driv-
ing frequency. The system can be reduced to the Floquet
Hermitian XY model when I', =I'y =0 [105]. The term
“dissipative” refers to the system’s tunneling effects to its
own continuum, which is common in quantum optics and
nuclear physics when using the Feshbach projection method
on intrinsic states.
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The Hamiltonian, Eq. (1), can be mapped to the free spin-
less fermion model with complex chemical potential [106] by
Jordan-Wigner transformation [107-110] (see Appendix A):

N
J .
H(t) = Z |:<§c,'1c,,+1 - %e ior o ¥ ZH +H. c)

n=1
+ (h— il )cle, — iI‘+], (5)

where 'y =T, £ 'y, and CI (c,) are the spinless fermion
creation (annihilation) operators, respectively. Thanks to the
Fourier transform, the Hamiltonian H(¢) in Eq. (5) can be
written as the sum of N/2 noninteracting terms,

H) =Y Hi),

k>0
where H (1) = CTH (1)C — il 1 with C* = (c], ¢_4), and
_ h (k) ihyy (k)e™ "
[Hk(t) - <_l~hxy(k)eiwt _hz (k) . (6)

The parameters hy,(k) and h (k) are given as hy, (k) =
y sin(k), and h,(k) = Jcos(k)+h il'_. Using the time-
dependent Schrodinger equation i |¢k (t)) D—Ik(t)h//,f(t))
in the rotating frame given by the nonunitary transforma-
tion U(t) = Ur(t)Up(t), with Ur(t) = explio(l — o)t /2],
and Up(t) = e "+'1, the time-dependent Hamiltonian is
transformed to the time-independent effective Floquet non-
Hermitian form (see Appendix A):

Hp (k) = —hyy(k)oy, + (h k) — )oz + = > ]l @)
Then the time-evolved |y (¢)) of the quasispin Hamiltonian
H; (1) is given by

[V (1))

where |@y) is the initial state of the system at r = 0. Due to
the decoupling of different momentum sectors, the initial and
time-evolved ground states of the original Hamiltonian exhibit
a factorization property that is expressed by

@) =[]l =] JU@e ™ |g),
k k

= | lex)- 9)
[
k

We consider that at + = 0 the system prepared at [¢(0)) =
lok) =1 1), 1.e., c1(t =0) =0 and c(t = 0) = 1, where ¢;
and ¢, are probability amplitudes of |(0)) at up (| 1)) and
down (| |)) states, respectively. Then according to Eq. (9) the
un-normalized time-evolving state |y (k, t)) of the Hamilto-
nian H; () is given by

[V (1))

= U@t)e & g, €

[y (r =0))

=[] ), (10)
k
with

[V (k, 1)) = [er“( i ®) ln(At)>| ™

20 — @ sin(Ar)>| ¢>]
2A

(1)

+ e T+l (cos(At) +i

and A = /12, (k) + [he(k) — 5P

The time-independent effective Floquet non-Hermitian
Hamiltonian in Eq. (7), possesses the sublattice symmetry
UH (k)U,~ I'= —H(k) with S = oy, and generalized particle-
hole symmetry U HT(k)U = —H(—k), as well as, the
time-reversal symmetry UTHT(k)UT1 =H(—k) with U, =
o, and Ur = 1. Here H' (k) is transposed of HT(k).
Consequently, the symmetry class of the non-Hermitian
time-independent Hamiltonian in Eq. (7) belongs to BDI
in the periodic table of non-Hermitian topological phases
[55]. Moreover, Hp (k) encompasses the inversion symmetry
UIH(k)UI_1 = H(—k) with U; = o, which manifests the cor-
respondence between the bulk topological invariant and the
number of Majorana edge modes under the open boundary
condition [55,106].

The complex energy spectrum of Hp (k) is given as

2
ek = % + \/hgy(k) + [hz(k) - %] ,

and becomes gapless if

2I_ [J cos(k) +h — %] =0,

2
[] cos(k) + h — %} FlysnP -T2 =0.  (12)

By solving the above equations, we can get

. (a) - Zh)
k* = arccos ,
2J
rz N (0 —2h)* . a3)
yz 42 -

Equation (13) implies a limitation w —2h < £2J and
Eq. (14) depicts an elliptical exceptional ring. Therefore,
the system can be separated into three regions as shown
in Fig. 1. In the region (I), inside the exceptional ring,
the energy gap (eigenvalues) A = |ef — ¢, | is purely real,
i.e., In[A] =0 and Re[A] > 0 (Im[C] and Re[C] repre-
sent the imaginary and real part of complex number C,
respectively). In this region k* = arccos[(w — 2h)/(2J)] and

A= \/yz[l — (@ — 2h)?/(4J?)] — I'2.. In region (II) the gap
is pure imaginary, i.e., Im[A] # 0 and Re[A] = 0. In this
region we still have k* = arccos[(w — 2h)/(2J)] but the non-
Hermitian strength I'_ is large enough to be dominant, then
A= i\/FE — 921 — (0 — 21)?/(4J%)]. Region (II) (Jw —
2h| > 2J) is characterized by the complex gap. In other

words, in region (III) both real and imaginary parts of the gap
are nonzero.

B. Complex geometrical nonadiabatic phase

In this section we study the geometric phase of the model
to show how the geometric phase can detect the three regions
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FIG. 1. The phase diagram of the time-independent effective
Floquet non-Hermitian XY Hamiltonian. The red line denotes the ex-
ceptional ring, which corresponds to the elliptic equation [Eq. (13)].
In region (I), the system is in the ferromagnetic phase with a pure
real energy gap. In region (II) the energy gap of the non-Hermitian
Hamiltonian is a pure imaginary. In region (III) it is in the paramag-
netic phase with a complex non-Hermitian gap.

in the time-independent effective Floquet non-Hermitian XY
Hamiltonian mentioned in the previous section. For the nona-
diabatic evolutions we use the Lewis-Riensenfeld invariant
theory [111] which generalized to non-Hermitian systems
[112,113]. According to Lewis-Riensenfeld theory the non-
Hermitian invariant I(¢) associated with the Hamiltonian
Hx (), Eq. (6), can be expressed as linear combinations of
Pauli matrices, i.e.,

I(t) = ST+ r(t)S™ +r;(t)S%, (14)

where r,,=(1 2,3)(¢) are three time-dependent complex parame-
ters and /() satisfies the Liouville~von Neumann equation,

d d .
El(t) = EI(I)—I[I(I), Hie(0)]. 15)

The substitution of expressions of 1(¢) and H(¢) in Eq. (15)
leads to the system of coupled differential equations. By
solving the coupled differential equations, which satisfies the
cyclicity of I1(t + T) = I(¢) with T = 27 /w results,

_( cos(@)  sin(a)e”
) = (sin(a)ei"” —cos(a) )’ (16)

2h,(k)—w

VA2 )+ 2k () —w]?

The complex geometrical nonadiabatic phase for a cyclic
evolution T = 27 /w is defined by [112,113]

where cos(a) =

T 0
Bt = i/ (@12 10y, (17)
0 t

where |W_) and |®_) are the instantaneous eigenstates of
I(t) and I(t)" (see Appendix B). The complex geometrical
nonadiabatic phase for the periodically time-driven dissipative
Floquet XY model is obtained as

|: 2h, (k) — ]
B=mn[l —cos(e)] =m

\/4/42 (k) + [2h,(k) — w]?
(18)

which is a generalization of the complex solid angle in com-
plex parameter space [113]. The real part of the complex
geometrical nonadiabatic phase is given by

T, Region (I)
_ r_ .

Re[f] = {7 |:1 + \/FZ—yz[l—(w—2h)2/(4J2)]i|’ Region (II)

m[1— fkl, Region (IIT)
where

2h 4+ 2J cos(k) — w r_
flk) = R - )
e[A] Im[A]

As seen the real part of the complex geometrical nonadia-
batic phase shows singularity at phase boundaries. In addition,
the real part of the complex geometrical nonadiabatic phase
in region (I), which is confined to exceptional points, is
independent of the Hamiltonian parameters. In the next sec-
tion we will study the topological properties of the effective
Hamiltonian in Eq. (7) using the winding numbers of the
non-Hermitian Hamiltonians [65].

C. Topological invariant

Examining the non-Hermitian Hamiltonians’ winding
numbers expresses that both inside and outside the
exceptional ring is distinguished by its winding num-
ber, Ny =5 [ ¢(k)dk. Here ¢(k)= arctan[(w —
2h.(k))/(2hy(k))] is the winding angle [65]. The winding
numbers of the non-Hermitian topological and trivial phases
are found tobe N, = 1 for (I'2 /y?) + [(w — 2h)*/(4J%)] < 1
(inside the exceptional ring) and N, =0 for outside
the exceptional ring, respectively. As can be seen, the
topological phase spreads by dissipation which is unique to
non-Hermitian systems.

D. Pure state dynamical topological quantum phase transition

As obtained in Eq. (10), if at # = O the system prepared at
[¥_(0)) = | |), the unnormalized time-evolved initial state of
the dissipative Floquet XY Hamiltonian is expressed as

[V (k,1))

_ I:er+t( x»( ) (At)>| ,M 7F+teiwt

x (cos(At)—i— iw sin(At)>| ¢)]. (19)

It is straightforward to see how the return probability (LA) is
determined:

cos(At) + 12h (k) 2 sin(At)
V- (k, t)llﬂ—(k, 1))

The FDQPT occurs at the time instances at which at least one
factor in LA becomes zero, i.e., L+ (t*) = 0 which yields

oo [2hw 24
= —m|-—-—-1.
2A [ 2h, —w+2A

Lk, t) = er+tei“”|: ] (20)

2L
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FIG. 2. The density plot of Loschmidt echo | £ (¢)|? of the periodically time-driven XY model as a function of time ¢ and k, for (a) I'_ = 0,
(b)I'-=03,(c) ' =0.7,(d) ' = 1.1. The dynamical free energy of the model versus time ¢ for (¢) '_ =0, (f) ' =0.3,(g) '~ = 0.7,
(h) ' = 1.1. The density plot of geometric phase as a function of time and k for () I'_ =0, '- =03, &K I'- =07, ' =1.1.Inall

plotsweset/ =h=y =1landw = 2.

By a rather lengthy calculation, one can obtain that there are
real solutions of #* only whenever

r2 r2
2<h—J 1—7><a)<2<h+J 1—?>, (22)

at quasimomentum k* = arccos[(w — 2h)/(2J)] results

t* = L(2n + D + l arctan <£> (23)
T 2A A A)
DFDPTs arise in the range of driving frequency over which
the eigenvalues of the time-independent effective Floquet non-
Hermitian XY Hamiltonian are purely real and the system is
also topological, since Eq. (22) is nothing but Eq. (13). On
the other hand, when I'2 /32 + (w — 2h)?/(4J?) > 1, there is
no critical momentum and ¢* is always complex resulting in
no DFDPTs at any given real time . We should note that the
term (2n + 1) /(2A) in Eq. (23) is the FDPT time scale in
the absence of dissipation and the term [arctan(I'_/A)]/A
originates from the dissipation. As is clear, both the lower
and upper bounds of the range of driven frequency over
which DFDPTs occur are functions of the dissipation. Thus,
the DFDPT driven frequency range shrinks to a single point
w = 2hatI"_ = £y. When the gain or loss of the spin-up and
spin-down states are equal, I', = 'y # 0, the DFDPT times
drop to nondissipative FDPT times even in the presence of

dissipation, as shown by Eq. (23). In such a case, the system
is in the resonance regime where the population completely
cycles the population between the two spin-down and spin-
up states. It is worthwhile to mention that, the anisotropy y
does not affect the nondissipative FDPTs driven frequency
range (I, = ['; = 0) [103-105], while the DFDPTs driven
frequency range controls by y.

The numerical simulation of the density plot of the
Loschmidt echo |L(k,1)|?, the dynamical free energy g(t),
and density plot of the geometric phase have been depicted
in Fig. 2 for the Hamiltonian parameters inside and outside
the exceptional ring. When the time-independent effective
non-Hermitian XY Hamiltonian Hr (k) is in the non-Hermitian
topological phase, it is apparent that there exist critical points
k* and t*, where L;«(t*) becomes zero [Figs. 2(a)-2(c)]. Out-
side of the exceptional ring, however, there is no such critical
point [Fig. 2(d)]. Moreover, in Figs. 2(e)-2(g) the DFDPTs
are observed as the cusps in g(¢) for the driving frequency at
which the system enters into the non-Hermitian topological
phase, while the dynamical free energy shows completely
analytic, smooth behavior for the Hamiltonian parameters set
outside the exceptional ring.

The density plots of the geometric phase are plotted in
Figs. 2(i)-2(1) for different values of Hamiltonian’s param-
eters inside and outside of the exceptional ring. As seen,
the plots display singular changes at critical times ¢*, and
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at critical momentum k* when the system is in region (I),
while it shows smooth behavior for the case that the DPTs
are absent. This behavior represents the topological aspects of
DFDPTs, where the phase of the time-independent effective
Floquet non-Hermitian XY Hamiltonian is topological.

IV. DISSIPATIVE PERIODICALLY TIME-DRIVEN
EXTENDED XY MODEL

In this section we study the phase diagram, topological
properties, and FDPTs of the dissipative periodically time-
driven extended XY model. We show that the region where
DFDPTs occur is confined to exceptional points and the
time-independent effective Floquet non-Hermitian extended
XY Hamiltonian has real eigenvalues but the system is topo-
logically trivial.

A. Exact solution

The Hamiltonian of the one-dimensional harmonically
driven extended XY spin chain in the staggered magnetic field
is given by [103]

N
H(t) =) [Ji cos(at)(SiSs,, +S)Sh,,)

n=1

— (=1)"Jy sin(wt)(S5S) | — S)Sns1)
— (=)' L(SySi s + 5085180 ,)
—i(TuS; S, + TS, S+ (—1)'hySE]. (24)

The first and second terms in Eq. (24) describe the time-
dependent nearest neighbor XY and staggered Dzyaloshinskii-
Moriya interactions [114], and the third term is a staggered
cluster (three-spin) interaction [115].

This Hamiltonian can be exactly diagonalized by Jordan-
Wigner transformation [107-110] which transforms spins into
spinless fermions, where ci (cp) is the fermion creation (an-
nihilation) operator [103]. The crucial step is to define two
independent fermions at site n, ¢, 2 = €21, and B = cyp,
which can be regarded as splitting the chain having a diatomic
unit cell. The Fourier transformed Hamiltonian can be ex-
pressed as the sum of independent terms H(t) = Zk Hi (1)
with Hy (1) = WIH ()W — il Land W) = (¢}, ¢/*), where
the Bloch single-particle Hamlltoman He(r) is given as
Hi(t) = [hyy(cos(wt)o* + sin(wt)o”) + h.o*], with hy, (k) =

Jicos(k/2) and h (k) = Jycos(k)/2 + hy — il _.
Using the  time-dependent  Schrodinger  equa-
tion ij—t | wki @) = IHk(t)lwki ()) in the rotating frame given by

the periodic nonunitary transformation U (t) = Ug(¢)Up(?),
with  Ug(t) = explio(l —o%)t/2], and Up(t) =e T+1
the time-dependent Hamiltonian is transformed to the
time-independent effective Floquet non-Hermitian form,

o\ . o
Hp (k) = hyy(k)o™ + (hz(k) — 5)0“ + E]l. (25)

Following the calculation in Sec. IIT A, if at # = O the system
prepared at | (0)) = |gx) = | | ), then according to Egs. (8)
and (9) the unnormalized time-evolving state |y (k, 1)) of the

Hamiltonian H, () is given by

@) =[]1vkn),
k

hﬁ(k,l)) = |:e_r+l< XVA( )SH(AI)>| T) _’_e—nz iwt

Sin(At)>| i)},

(26)

( (Any 4 2 o
X | cos +1—A

with A = \/hgy(k) + [ho(k) — 22,
The complex energy spectrum of Hg (k) is given as

2
et = % + \/hgy(k) + [hz(k) - %] ,

and become gapless if

I_[Jycos(k) + 2h; — w] = 0,

1 K\
4_1[]2 cos(k) + 2h, — w]2 + [Jl cos (§>:| —TI'_=0.

27
By solving these equations, we can get
— 2hy
k* = arccos <a) ),
J
22 o —2h, | (28)
J? ho

The first term of Eq. (28) implies a limitation w — 2h; < £J5,
and the second one defines exceptional points. Therefore,
the system can be separated into three regions as shown in
Fig. 3. In region (I), inside the exceptional closed curve,
the energy gap A = |e; — €, | is purely real, i.e., Im[A] =
0 and Re[A] > 0. In this region k* = arccos[(w — 2hy)/J>]
and A = \/Jf(lz + @ —2hy)/(2)) — T2. In region (II) the
gap is pure imaginary, i.e., Im[A] £ 0 and Re[A] =0. In
this region we still have k* = arccos[(w — 2h,)/J>] but the
non-Hermitian strength I'_ is large enough to be domi-
nant, then A = i\/Fi — J2(J» + @ — 2hy)/(2J,). Region (III)
(o — 2hs| > J») is characterized by the complex gap. In other
words, in region (III) both real and imaginary parts of the gap
are nonzero.

According to discussion in Sec. III B, the complex geo-
metrical nonadiabatic phase for the periodically time-driven
Floquet extended XY model is also given by Eq. (18), in
which h,, (k) = J; cos(k/2) and h. (k) = J,cos(k)/2 + hy —
iI"_. Then the real part of the complex geometrical nonadi-
abatic phase is given by

T, Region (I)
Ir_ .
Re[p] = {7l + wg#lzuﬁwfzhy)/(yz)], Region (II)
m[1— fk], Region (IIT)
where

f (k) = ([2hs + Jp cos(k) — w]/(ZRe[A])) — (I'—/Im[A]).
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AT
Region (II) | Region (II)
Jit
Region (IIT) — | Region (IIT)
(w — 2hy)
< Region (I >
T, gion (D) B
Region (III) Region (III)
BT R —
Region (II) | Region (II)
y

FIG. 3. The phase diagram of the time-independent effective Flo-
quet non-Hermitian extended XY Hamiltonian. The red line denotes
the exceptional ring, which corresponds to Eq. (28). In region (I),
the eigenvalues (gap) of the time-independent effective Floquet non-
Hermitian extended XY Hamiltonian is purely real. In region (II)
the energy gap of the effective non-Hermitian Hamiltonian is a pure

As seen the real part of the complex geometrical nonadiabatic
phase shows singularity at phase boundaries. It is necessary to
mention that all regions in Fig. 4 are topologically trivial and
the winding number is zero.

B. Pure state dynamical topological quantum phase transition
The Loschmidt amplitude for extended XY model is calcu-
lated as

;2he)—o

cos(At) + i==5,— sin(Ar)
V- k, DY (k, 1))

Lk, t) = eF+’eiw’[ } (29)

The DQPT occurs at the time instances at which at least one
factor in LA becomes zero, i.e., Ly (t*) = 0 which yields

B

It is straightforward to show that there are real solutions of ¢*
only whenever

—i
=—1In
2A

2h, —w — 2A

t* —_—
2h, —w + 2A

(30)

imaginary. In region (III) the energy gap is complex. 212
2hS+J2 7—1 <w<2hS+J2, (31)
1
@I, =0T;=0 b)I,=05T,=02 I, =08TI,=03 (D IL,=12;T;=10.1
L
1.0
0.8
0.6
04
02
0
t i t t
©TI,=0Ty=0 HI,=0.57T,=02 @r,=081T,=03 )T, =12T;=0.1
04 02 02 0.1
0.3
02 £ 0.1 % 0.1 %
0.1 /~
0 0. 0. 0.
0 5 10 15 0 5 10 15 0 5 10 15 0 5 10 15
t t t t
O, =0Ty=0 ()T, =05T;=02 K T,=08T,=03 T, =12;T,=0.1
M G
&
bis
0
k0 =10
-20
-30
-40
I—SO
=TT
5 10 15 0 5

t

FIG. 4. The density plot of Loschmidt echo | £, (¢)|* of the periodically time-driven extended XY model as a function of time ¢ and k, for
@I'-=0,b)I'-=03,(c)I'_- =0.5,(d) I'_ = 1.1. The dynamical free energy of the model versus time ¢ for (e) ' =0, (f) ' = 0.3, (g)
'_ =0.5, (h) '_ = 1.1. The density plot of the geometric phase as a function of time and k for i) '_ =0, j) ' =0.3, (k) I'_ = 0.5, (1)

I'_ = 1.1.In all plots we take J; = 1, J;, = 27, hy = 3w, w = 67.
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at quasimomentum k* = arccos[(w — 2hy)/J>] results in
= —1 Qn+ D + —1 t — (32)
= rctan .
2A " A arcta A

According to Eq. (31) or Eq. (28), DFDPTs exist in the range
of driving frequency over which the eigenvalues of the time-
independent effective Floquet non-Hermitian Hamiltonian are
purely real but the system is not topological. There is no criti-
cal momentum when (FE/J%) — [(w — 2hg)/J>] > 1 and £* is
always imaginary, resulting in no DFDPTs at any real time .
The lower bound of the driven frequency range across which
DFDPTs occur is clearly reliant on dissipation, but the upper
bound is independent of dissipation coupling. Therefore, the
range of driven frequency over which DFDPTs occur shrinks
to a single point w = J, 4+ 2h, at ' = 3J;. It is worth noting
that, in the absence of dissipation, FDPTs do not rely on the
exchange coupling J;, however, in the presence of dissipation,
the DFDPT driven frequency range depends on J;.

We present the density plot of the Loschmidt echo
|L(k,1)]?, the dynamical free energy g(¢), and the density
plot of geometric phase in Fig. (4) for different values of
dissipation. Figures 4(a)—4(c) show that when the eigenvalues
of the time-independent effective Floquet non-Hermitian ex-
tended XY Hamiltonian Hr (k) are pure real, region (I), there
exist critical points k* and 7*, where L;-(¢*) becomes zero.
However, there is no such critical point outside of region (I)
[Fig. 4(d)]. Moreover, Figs. 4(e)-4(h) observe DFDPTs as
cusps in g(¢) for the driving frequency at which the system
enters into region (I), while g(#) shows completely analytic,
smooth behavior when the Hamiltonian parameters set outside
region (I).

The density plots of ®¢ are also plotted in Figs. 4(i)-4(1)
for different values of the Hamiltonian’s parameters inside
and outside of region (I). As seen, the plots display singular
changes at critical times #*, and at critical momentum k* when
the system is in region (I), while it shows smooth behavior for
the case that the DFDPTs are absent. This behavior represents
the topological aspects of DFDPTs, where the phase of the
time-independent effective Floquet non-Hermitian extended
XY Hamiltonian is not topological.

In is remarkable to mention that, in the absence of the
dissipation, the lower bound of the driven frequency range
in Eq. (31) and both lower and upper bounds of the driven
frequency range in Eq. (22) are the critical points (gap closing)
of the time-independent effective Floquet Hermitian Hamil-
tonians in Egs. (25) and (7). However, the upper bound of
the driven frequency range in Eq. (22) is not the critical
point of the time-independent effective Floquet Hermitian
Hamiltonian in Eq. (25). As a result, we may conclude that,
in the absence of dissipation, only the gap closing (critical)
points of the time-independent effective Floquet Hermitian
Hamiltonian are affected by dissipation.

V. CONCLUSION

We have investigated the dissipative Floquet dynamical
phase transition in the periodically time-driven XY and ex-
tended XY models in the presence of the imaginary terms,
which represent the physical gain and loss during the inter-
acting processes with the environment. We have shown that

the time-independent effective Floquet non-Hermitian Hamil-
tonians reveal three regions with pure real eigenvalues (gap)
where confined to exceptional points, pure imaginary gap, and
complex gap. We have found that the complex geometrical
nonadiabatic phase can distinguish each region of the system.
We have shown that the Floquet dynamical phase transitions
still appear in the presence of the dissipation in the region
where the time-independent effective Floquet non-Hermitian
Hamiltonians exhibit real eigenvalues. While the real gap re-
gion in the time-independent effective Floquet non-Hermitian
XY Hamiltonian is topologically nontrivial, its counterpart
in the time-independent effective Floquet non-Hermitian ex-
tended XY Hamiltonian is topologically trivial. In other words,
different from results obtained for the quenched case, exis-
tence of the non-Hermitian topologically nontrivial phase is
not a necessary condition for appearance of the dissipative
Floquet dynamical phase transitions. We have also shown
that the range of driven frequency, over which the dissipative
Floquet dynamical phase transitions occur, narrows down by
increasing the dissipation coupling and shrinks to a single
point at the critical value of dissipation. Furthermore, the
topological characteristic aspect of the dissipative Floquet
dynamical phase transitions in the real gap region is revealed
by quantization and jumps of the dynamical geometric phase.
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APPENDIX A: SPINLESS FERMION TRANSFORMATION
OF THE FLOQUET XY MODEL

The Hamiltonian, Eq. (1), can be diagonalized using the
Jordan-Wigner transformation [107-110],
n—1
S5 =8y +iS) =[] - 2c}cm)e),

m=1
n—1

Sy =Sy —iS) =[] eal = 2¢f,cm).
m=1

z i !
S; =c,cp — >
which transforms spins into fermion operators ¢, and c]. Us-
ing the Fourier transform, the Hamiltonian of Eq. (2) can be
written as the sum of N/2 noninteracting terms,

(AL)

Ht) =) Hilo), (A2)
k>0
where this local Hamiltonian reads
Hy(t) = [J cos(k) +h — iT_1(cjcx + ¢’ e p)
— iy sin(k) (e cre_y — e_i“”cch_k) —il'y, (A3)

where the wave number & is equal to k = (2p — 1) /N and p
runs from 1 to N/2. By defining the fermionic two-component
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spinor CT = (cz, c_) the Hamiltonian () can be written as
Hi(t) = CTH(t)C — il 1, where H(¢) is given by Eq. (6).
We can get the eigenvalues and eigenvectors of Hamiltonian
Hi(¢) by solving the time-dependent Schrédinger equation:

d
iallﬂ(k,t)) = He (@)Y (k,1)). (A4)

The exact solution to the Schrodinger equation is found by
going to the rotating frame given by the nonunitary transfor-
mation U (t) = Ug(t)Up(¢), with

—T,t
Ur() = ((1) e&) Up(r) = (E 0 e_%,). (AS)

In the rotated frame the eigenstate is given by |p(k)) =
U~'(®)|¥(k, 1)). Substituting the transformed eigenstate into
the Schrddinger equation, we can obtain the time-independent
effective Flouquet non-Hermitian Hamiltonian:

au(t)

d
i lo ) = [Ul(t)ma)U(t) — iU*mT

}pr(k)%

(AO6)

Under this unitary transformation the time-independent effec-
tive Flouquet non-Hermitian Hamiltonian Hp (k) is given by
Eq. (7).

APPENDIX B: COMPLEX GEOMETRICAL
NONADIABATIC PHASE

The instantaneous eigenstates of I(¢) and I(¢)" are given as

W) = ( cos(5) t>’ ) = <— Sin(%)eiwt)’

sin(§ )e cos(3)
(BI)
and
(@] = (cos (5) sin(5)e™™),
(@_| = (—sin (%) cos (%)), (B2)
respectively.
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