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We provide a necessary condition that a quantum measurement can be implemented by the class of protocols
known as local operations and classical communication, or LOCC, including when an error is allowed but must
vanish in the limit of an infinite number of rounds, a case referred to as asymptotic LOCC. Our condition unifies,
extends, and provides an intuitive, geometric justification for previous results on asymptotic LOCC. We use our
condition to answer a variety of long-standing, unsolved problems, including for distinguishability of certain sets
of states by LOCC. These include various classes of unextendible product bases, for which we prove they cannot
be distinguished by LOCC even when infinite resources are available and an asymptotically vanishing error is

allowed.
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I. INTRODUCTION

Beginning in the earliest days of quantum mechanics, even
the leading scientists of the time struggled to understand the
notion of quantum entanglement [1-4], an unusual correlation
that has no classical counterpart. More recently, entanglement
has been found to underlie many of the key advancements
in quantum information processing, including but not limited
to the surprising phenomenon of teleportation [5-7], quan-
tum computing [8-12], and quantum cryptography [13,14].
Yet, our understanding of entanglement remains far from
complete. In an effort to better understand this important phe-
nomenon, researchers developed the first quantum resource
theory [15], that for the resource of entanglement [16]. In
general, such theories identify the states and operations that
are available for free as separate from those that are, in some
sense, costly. For entanglement, in particular, the free oper-
ations are known as local quantum operations and classical
communication, commonly denoted as LOCC. LOCC are the
operations that cannot create entanglement between two or
more spatially separated subsystems, and it has therefore long
been recognized that an understanding of LOCC will greatly
contribute to our understanding of entanglement (see, for ex-
ample, Refs. [17,18]). Certainly, the study of LOCC has by
now a long and distinguished history [5,19-22], driven also
by the fact that LOCC has important practical applications
in its own right [17,18,21,23]. Nonetheless, limited progress
has been made concerning the important asymptotic case of
vanishingly small error [20], although recent years have seen
renewed interest in this problem [24-29].

Here, we consider the problem of determining if a mea-
surement M on a multipartite quantum system, consisting of
any number of spatially separated parties P, can be carried
out when those parties are constrained to the use of LOCC.
In particular, our aim is to address asymptotic LOCC, here
denoted LOCC (the topological closure of LOCC), for which
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an error is allowed in the implementation of M, but that
this error must become vanishingly small when the number
of rounds used by the parties is allowed to grow without
limit. Our main result, see Theorem 1 below, is a necessary
condition that M can be implemented by LOCC. The key
to our result is recognition of the significance of a geometric
object Z,, uniquely associated to M, followed by proof of
existence of certain kinds of continuous paths lying within
Za when M is in LOCC. Theorem 1 subsumes previous
results on LOCC, which we will show are direct consequences
of our theorem, and being geometric in nature, it provides
important intuition as to when a given measurement is, or is
not, in LOCC. We here use Theorem 1 to answer a number of
longstanding unsolved problems.

When measurement M is possible by LOCC, which we
will represent as M € LOCC, M can be approximated as
closely as one wishes simply by including more and more
rounds in the protocol. When this is not possible, then there is
a nonzero gap between what can be accomplished by LOCC
as compared to when M is implemented by global means.
Several years ago, the authors in Ref. [24] derived a neces-
sary condition that M € LOCC. Their condition was used to
prove that when discriminating the double-trine ensemble [19]
of quantum states with minimum error, the optimal LOCC
probability of success is strictly smaller than by global means
[27]. Their condition was also used to prove [26] that a global
measurement is strictly better than LOCC for discriminating
any unextendible product basis [30] on a 3 x 3 system. In
addition, a nonlocality constant 7 is defined in Ref. [28] and
used to obtain a lower bound on the probability of error in
LOCC discrimination of any set of bipartite states. A neces-
sary condition for perfect discrimination by LOCC is then that
n = 0, a condition that is implied by the necessary condition
of Ref. [24]. These accomplishments notwithstanding, there
remains a great deal to learn about asymptotic LOCC.

The remainder of the paper is organized as follows. We
begin by reviewing how LOCC, and quantum measurements
in general, can be mathematically described, and then we
present our main result, Theorem 1. In Sec. III, we provide a
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detailed proof for Theorem 1 and then, in Sec. IV, we illustrate
its usefulness with several examples of local state discrimina-
tion, as well as by showing that the necessary conditions of
Ref. [24] (and therefore, Ref. [28]), as well as Ref. [29], all
follow directly from our Theorem 1. Finally, we close with a
discussion of the implications of what we have found.

II. MAIN RESULT

Any quantum measurement M may be thought of as a
positive operator-valued measure, or POVM. A POVM con-
sists of a set of operators, E; > 0, individually referred to as
a POVM element. Each E; is a positive semidefinite operator,
denoted as E; > 0, which means simply that the eigenvalues
of E; are all non-negative. These operators satisfy a complete-
ness relation,

| M|

Y Ej =Ty, ()
j=1

where | M| is the number of POVM elements in M, and Zy, is
the identity operator on Hilbert space H, of finite dimension
D, describing states of the quantum system being measured.

An LOCC protocol implements an overall measurement
M through a sequence of intermediate, local measurements
by the individual parties. Such a protocol consists of one
party making a measurement on their local system and then
communicating the outcome of that measurement to the other
parties. This is followed, according to a preapproved plan,
by the next party making a measurement and communicating
the result to the others. Notice that only one party measures
at a time, and they continue measuring and sharing classical
information for however many rounds, possibly an infinite
number, as is necessary.

As is commonly done, we represent an LOCC protocol
as a tree graph, consisting of nodes connected by an edge to
each of its children. Each node n is associated with a positive
semidefinite operator F;, representing the action of all parties
up to that point in the protocol; a method for obtaining oper-
ators F, from the actual protocol is described in detail in the
first paragraph of Sec. II of Ref. [31]. Because intermediate
measurements are always local, each F, is of the tensor prod-
uct form A, ® B, ® - - -, where A, is an operator on the first
party’s Hilbert space H4 and similarly for the other operators
appearing in this expression.! The root node represents the
situation before any of the parties have done anything, and

! Any positive semidefinite operator may be written as F, = f] f;,,
for some operator, f,. That is, F, is Hermitian and acts as F,, : H —
‘H; the input and output spaces are the same. While the input and
output spaces of f,, may certainly differ from each other (and from
‘H), this is not an issue of concern for us here, since we only need
consider F,. In any case, it is possible to show that for any protocol
that involves intermediate maps f, that have input and output spaces
that differ, there is an equivalent protocol with f, replaced by f;,
where f) : H — H, and then for each final outcome labeled by /,
a single map (which will be an isometry when the output space is
larger than the input) from #H to H, is implemented at the end of the
protocol.

so is associated with the identity operator Zy,. Every local
measurement has multiple outcomes, each represented by one
of the child nodes of their shared parent. Because this local
measurement is complete, then in analogy to Eq. (1), the sum
of sibling child nodes is equal to their parent. A branch of the
protocol begins at the root node and stretches from each node
to one of its children, continuing without end in the case of an
infinite branch or terminating at what is known as a leaf node
(leaf nodes being those that do not themselves have children).
Those protocols that include infinite branches may be thought
of as the limit of a sequence of finite-round protocols, and this
is what is meant by asymptotic LOCC.

We will presently introduce certain convex sets. Convex
sets satisfy the condition that if a and b are each members
of that set, then for any 0 <x < 1, (1 —x)a+xb is also a
member of that set. Starting with the convex set, P, consisting
of all positive semidefinite operators, define the proper subset
ZCPasZ={7z= chjEj,O <c¢j < 1,E; € P}. Thatis,
Z consists of all positive linear combinations of the operators,
E;, with coefficients not exceeding unity. Equivalently, Z may
be viewed as the Minkowski sum [32] of a set of line segments
stretching from the zero operator to operators E;. These line
segments will be denoted as [0, E;], whereas the half-open
line segment (0, E;] omits the zero operator. The geometric
object Z, which is known as a zonotope, may therefore also
be written as Z = Zj[O, E;l.

Consider an LOCC protocol implementing measurement
M consisting of POVM elements E;. Let us envision each
branch of this protocol as a path through P. Significantly,
as we will see in the next section, these paths are confined
within the zonotope, Z C P, defined above. We will refer to
monotonic paths, by which we mean a path of operators I(s)
such that Tr(I1(s)) is a monotonic function of s. Then, we have
our main theorem.

Theorem 1. If M € LOCC, with measurement M consist-
ing of POVM elements E;, then for each j, there exists a
continuous, monotonic path of product operators from Z to
a point on the (half-open) line segment (0, ], and this path
lies entirely within zonotope 2, = }_,[0, E;].

The proof is given in the following section; those readers
only interested in seeing how this theorem implies previously
known conditions for asymptotic LOCC, as well as how it
can be used to solve long outstanding problems, may skip
ahead to Sec. IV, where among other things, we will
show that Theorem 1 implies the necessary conditions of
Refs. [24,28,29]. In fact, we will show there that our theorem
is strictly stronger than the first two of these conditions (and it
is trivially stronger than the third, which applies only to cases
of distinguishing a pair of quantum states).

III. PROOF OF THEOREM 1

In this section, we prove Theorem 1. We follow the de-
scription given above of LOCC trees and how each node is
associated with a positive operator representing the action of
all parties up to that point in the protocol; see Ref. [31] for
more details. We will need Lemma 1 from Ref. [31], which
is a straightforward consequence of the completeness of each
intermediate measurement.
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Lemma 1. [31] Each node 7 in a finite-round LOCC tree is
equal to the sum of all leaf nodes that are descended from that
node.

We will also use the following lemma in obtaining our
main result.

Lemma 2. Given any measurement M with POVM ele-
ments {£;}, the collection of operators Zx := {Zi ¢;E;l0 <
¢j < 1Vj}isacompact, convex set.

Proof. Convexity is obvious. To see that it is compact,
notice that Zyq = > j [0, E;], where this sum of line segments
is of the Minkowski type, as discussed just above Theorem 1.
Each line segment is closed and bounded, hence compact, and
the sum of compact sets is itself compact. Therefore, Z 4 is
compact. |

We choose as our metric on operator space to be the trace
norm, || X || = Tr(~/X"X), which for positive semidefinite op-
erators is equal to the trace. To prove our results, we also
need to define a distance measure on POVMs. From a sim-
plistic perspective, two POVMs will be identical when they
share the same set of POVM elements. However, there may
be cases when the number of elements in the two POVMs
differ, so we need to take such a possibility into account. This
will be important in studying LOCC, for which the number
of outcomes grows increasingly larger with the number of
rounds, r, even while the target measurement for that LOCC
protocol may have a relatively small number of outcomes.
For the LOCC and target POVMs to be identical, then there
would have to be many outcomes from the LOCC protocol
that are the same, apart from a positive scalar factor. Thus, we
recognize that for two POVMs to be identical, each outcome
in the first POVM must be proportional to one of the outcomes
in the second, and vice versa. In addition, identification of the
two POVMs requires that the combined weights of the two
sets of so-identified elements must be equal. That is, if all
proportional elements in the first POVM are added together to
reduce each such subset to a single element, and the same is
done for the second POVM, then there must be a one-to-one
relationship between the elements of the two POVMs, each
(reduced) element from the first being equal to the corre-
sponding (reduced) element from the second. For simplicity in
what follows, when we say measurement M consists of out-
comes E;, we will assume such a reduction has already been
carried out.

These considerations are precisely captured by the zono-
topes discussed above [33]. For example, in direct analogy
to the discussion above about combining weights of propor-
tional POVM elements, the Minkowski sum of parallel line
segments is just another parallel line segment having the
combined length of the original subset. A POVM M with
elements E; generates zonotope Zyq = ) ;[0, Ej], and one
can show that two zonotopes are identical if and only if their
corresponding POVMs are identical in the sense discussed in
the preceding paragraph. Therefore, we define our distance
measure on POVMs to be the Hausdorff distance between the
corresponding zonotopes. That is,

d(Mi, My) =du(Zy, 2,)

:max{sup inf |lzi—2zll, sup inf ||Zl—Z2||}.
z1€2 22 neZ, 1€
2

We follow Ref. [25] in drawing a distinction between two
subsets of infinite-round LOCC, each of which may be dis-
cussed in terms of sequences of finite-round LOCC protocols.
The first such subset involves infinite-round protocols that are
the limit of sequences for which the next protocol in the se-
quence is the same as the previous one, except for the addition
of one or more rounds at the end. The limit of such a sequence
of protocols is in LOCC. By contrast, one may instead have
a sequence of finite-round protocols for which the earlier
rounds are allowed to change when adding rounds in going
from one protocol to the next. Each of the protocols in the
latter type of sequence implements an LOCC measurement,
say M,, but the measurement M that is the asymptotic limit
of this sequence of measurements may not itself be LOCC,
instead only being in the topological closure, denoted as
M e LOCC.

We will show below that if measurement M € LOCC, then
for each E; € M, there exists a particular set of monotonic
paths of product operators lying entirely within the compact,
convex set Z 4 defined in Lemma 2.

We begin with the following observation, in which we
introduce the concept of a piecewise-local path. Similar to that
of a piecewise-constant curve, by this we mean a path made
up of segments that are local or, in other words, segments
for which one and only one of the parties’ tensor parts is
changing. This should be made clear by the examples given
in the next paragraph.

Observation 1. Each branch in an LOCC protocol, finite
or infinite, constitutes a continuous, piecewise-local path in
the convex set of positive semidefinite operators. Signif-
icantly, each point along this path is not just a positive
semidefinite operator but also a product operator of the form
ARBRC®---.

To see this, consider the sequence of positive operators
labeling the nodes along a given branch, starting from the
root node. Each such positive operator other than the root
node represents the outcome of a local measurement by one
of the parties. Being local, these measurements only change
that particular party’s part of the positive operator representing
each outcome. Given that every protocol starts with a prod-
uct operator, that being the identity operator, [y ® 5 ® - - -,
then if Alice measures first with outcome A, a continuous
path of product operators from the identity operator to that
outcome can be parameterized by x ranging from 0 to 1 as
[(1 —x)Iy +xA] ® Iz ® - - - . Given that it is only the operator
on H,4 that changes, this piece of the path is local. If Bob mea-
sures next with outcome B, this path is similarly parametrized
as A®[(1 —y)lg +yB]® - - -, which is another local piece
for which only the Hp part of the operator changes. The
remainder of the continuous path may be generated in the
same fashion for each and every branch in the protocol, and
it is clear that these paths consist of pieces that are local,
as claimed. In the limit of infinite-round LOCC protocols,
these paths still exist, just now with an infinite number of
piecewise-local segments.

As a consequence of this observation, we obtain the follow-
ing theorem, which provides a necessary condition for LOCC.

Theorem 2. If an LOCC protocol, finite or infinite, imple-
ments a measurement M consisting of outcomes E;, then
for each j, there exists at least one continuous, monotonic,
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piecewise-local path from I3, to (0, E;], and every point along
that path is a product operator. In addition, each of these paths
lies entirely within the zonotope, Zy( = Y j[O, E;l.

Proof. The proof was given above, apart from the claims
that the path is monotonic, terminates on (0, E;], and lies in
Z . Monotonicity follows immediately from the recognition
that each child node represents one of (generally) multiple
outcomes of a measurement made at the parent node. Since
the sum of the children, say F;,, is equal to their parent,
F,, then Tr(F,) = Zn Tr(F,) =2 Tr(F,), for any F;, in the set
of children. Monotonicity is then evident from the fact that
our paths proceed from parent to child, child to grandchild,
and so on.

To show for finite protocols that the path terminates on
(0, E;], notice that every leaf node terminating a branch is pro-
portional to one of the E;, since otherwise the protocol does
not implement M. This implies that each leaf [ is E; = ¢,E;,
for some j and 0 < g; < 1 (g; cannot exceed unity because
to implement M, the sum of all leaf nodes proportional to
E; must equal E;). The argument just below Observation 1
indicates that the path terminates at El, which lies on (0, E;],
as claimed. To show that this path lies in Z4, also notice
that every node in the finite LOCC tree is a sum of the leaf
nodes that descend from that node, see Lemma 1 above. It
then follows immediately that every node in the tree is an
element of Z,, and since every point on the considered path
is a convex combination of a pair of nodes in the tree—those
nodes being the ancestor and descendant that are nearest to the
point in question, see the explanation following Observation
I—these points also lie in Z 4, and this completes the proof
for the finite case.

For infinite protocols in LOCC, recall the discussion above
that these are the limit of sequences of protocols that arise
by simply adding one or more additional rounds at the end
of branches present in the previous protocol of the sequence.
Therefore, in the limit, each branch generates a path as de-
scribed in the theorem, but in this case some of those branches
become infinite in the limit. While these paths now have an
infinite number of steps, all those steps continue to be piece-
wise local in the limit. As just discussed, for finite protocol
‘P, the corresponding path lies entirely within zonotope Z 4, .
In addition, each leaf node in P, that is not also a leaf node
in P,y is followed (and still present, though no longer a
leaf) in P, | by one more complete local measurement. Since
the children produced by that one extra measurement sum to
their parent, it is easy to see that Zxq, € Z,4,,,. Thus, the
piecewise-local paths generated by P, not only lie entirely
within Z,,, but also within Z,,, for all r’ > r. Taking the
limit, we have that Z ¢ = lim,_, oo Z4, (since by assumption,
the infinite-round protocol implements M), Zxq, C Zpq for
all r, and it follows that the path to each of the outcomes of
P = lim,_, » P, lies entirely within Z,. This completes the
proof. |

Note that monotonicity is important because it excludes
the trivial path, which exists for any measurement whatsoever,
along sZ3 from Z3 to 0 and then along sE; from 0 to a point
on the line segment (0, £/].

By dropping the condition that the paths be piecewise-
local, we can now prove Theorem 1.

Proof of Theorem 1. The condition of this theorem, M €
LOCC, means there exists a sequence of finite-round LOCC
measurements {M,} such that lim,_, o, M, = M. This im-
plies that for all € > O there exists R € N such that for all
r > R,

€ >d(M,Mr)=dH(ZM,ZM,_), (3)

and therefore, Zx( = lim,, o Zr4,. We wish to show that
there exists a continuous, monotonic path of product operators
from I3, to (0, E;], for each j, and that these paths lie in

Z . By Theorem 2, for each leaf node E,(r) of protocol P,
implementing M,, we know there is a path of product oper-
ators from Iy, to E l(r) lying entirely within Z,4,.” Thus, there
exists a sequence of continuous, monotonic paths of product
operators {I1,(s)}, from Z to each outcome E ,(r) of P,, each
path lying in Zx4,. The condition lim,_, ., M, = M means
that for each E; € M there exists a sequence of indices, {/,},,
such that lim,_, EI(’_’) = gE; for some 0 < g < 1 (generally,
many such sequences will exist for each j). This sequence of
indices therefore corresponds to a sequence S; of paths whose

endpoints El(r) converge to a point on (0, E;] as r — oo. Start-
ing with §;, we can now show the existence of a continuous,
monotonic path of product operators I1(s) € Zx from Zy to
a point on (0, E£;]. Since j is arbitrary here, this conclusion
will then hold for each j.

Path TII,(s) consists of a sequence of piecewise-local seg-
ments starting from Fy = Z3 at node n = 0 and continuing
with each local measurement to node n=1,2,---,r (we
include ' < r to allow for branches that terminate before
round r). The (n 4 1)th segment of this path starts at parent
node F, and follows a straight line to child node F,,, ;. Let us
parametrize this path in terms of the trace—with s decreasing
through the interval [0, D], starting at D, and moving toward
0. Then, each segment is

[s — Tr(Fy1)1F, + [Tr(F,) — s1Fyq

()= Tr(Fy) — Tr(Fyy1) ’

Tr(F) > 5 > Tr(Fu) )

for each node starting at n = 0 and continuing to n = r' — 1.
We add a constant final piece to this path, IT,(s) = El(r) for

Tr(E l(r)) > s > 0,50 I1,(s) is defined over the full interval s €
[0, D]. Taking the trace of (4), we see that s = Tr(I1,(s)) for
D>s > Ti(E").

Next, we show that for each r, I1,(s) is Lipschitz con-
tinuous, which means that ||IT,(s) — IT,(s")|| < K|s — §'| for
some constant K, referred to as the Lipschitz constant. For
Tr(E,(’)) < ' < s, we have

s —§ =Tr(IT,(s) — I1.(s")) = ITT,(s) — IL.(sHII,  (5)

which follows for the trace norm because, as is easily seen
from how we’ve constructed these paths, IT,(s) — I1,(s")

Note, however, that Zxq, € Za4,,, need not hold here because
we allow earlier rounds to change in going from one protocol in
the sequence to the next. Note also that, according to the discussion
following Observation 1 and the proof of Theorem 2 for the finite
case, this path terminates not just along (0, £ l(')] but precisely at £ ,(r).
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is positive semidefinite, and so has non-negative eigen-
values. In addition, for s' <s < Tr(E"”), T1,(s) = I1,(s');
while for s < Tr(E"”)<s, s—5 = Te(I(s) — ") =
Tr(I1,(s) — M,(s")) = [T1,(s) — TT,(s")|. Thus, IT,(s) is Lip-
schitz continuous over the entire interval s € [0, D], as
claimed, with Lipschitz constant K = 1, independent of r.

Therefore, we may apply the Arzela-Ascoli theorem [34],
which tells us that for any sequence of Lipschitz continuous
paths for which all instances share the same Lipschitz con-
stant, there exists a subsequence that converges uniformly on
[0, D] to a continuous limiting path, I1(s). In addition, T1(s)
is also Lipschitz continuous with the same Lipschitz constant.
For each s, I1(s) is thus a limit of points IT,(s) in this sub-
sequence, implying that I1(s) is arbitrarily close to a product
operator, and is therefore itself a product operator.®> That is,
[1(s) is a continuous path of product operators. Furthermore,
since (1) every path in the subsequence is monotonic and lies
within its corresponding zonotope Za4,, (2) lim, o Zp, =
Z ., and (3) Z a4 is a compact set, see Lemma 2, then I1(s) is
also monotonic and lies in Z . Finally, since we started with
a sequence S; of paths whose endpoints converge to a point
on (0, E;], the chosen subsequence must also have endpoints
converging to that same point on (0, E;], and this completes
the proof. ]

Theorem 1 provides a powerful method for the study
of approximate implementation of quantum measurements
by LOCC. Consider the local state discrimination problem
[22,24,28,36—40], wherein a referee prepares a multipartite
system in one of a known set of states and distributes the
subsystems to the individual parties, who are then tasked
with determining in which one of the states the system was
prepared. In the following section, we use Theorem 1 to show
for several long-standing unsolved examples of local state
discrimination, including in several cases of unextendible
product bases [30], that the parties cannot accomplish the
given task with arbitrarily small errors when restricted to
using LOCC. For completeness, we also show this holds for
a few cases that were previously known, often accomplishing
our proof in a simpler, more direct way. These examples in-
clude cases of perfect discrimination, where the parties always
know with certainty which state was prepared, as well as
a class of unambiguous state discrimination problems, see
Sec. IV 1. In addition, we use Theorem 1 to show that the
POVM constructed in Ref. [27] for optimal discrimination of
the double-trine states, initially studied in the seminal paper
of Peres and Wootters [19], cannot be implemented in LOCC,
aresult also obtained in Ref. [27]. Often one discovers that for
these measurements, (0, Z3,] is an isolated line segment in the
intersection of the set of product operators with Z,, which
according to the following corollary to Theorem 1, shows
directly that M ¢ LOCC.

Corollary 1. Given measurement M, consisting of POVM
elements E;, then M ¢ LOCC if any one or more of the
following are isolated in the intersection of Z, with the set
of (nonzero) product operators: (a) (0, E;], for any j, or (b)
(0, I].

3This is
theorem [35].

easily proved using the Eckart—Young—Mirsky

Proof. Case (a) is obvious, given Theorem 1. For case (b),
simply note that when (0, I5;] is isolated, then the only way
to get from I3 to (0, E;] along a continuous path of product
operators is to go directly along a line from /4 to 0, and then
from O back out along the line segment (0, E;]. However,
this is not monotonic, so does not satisfy the conditions of
Theorem 1. ]

We will use this corollary in the next section to prove that
certain sets of states cannot be distinguished within LOCC.

IV. APPLICATIONS

In this section, we illustrate the power of Theorem 1 by
applying it to a series of examples.

A. Understanding Proposition 1 of Ref. [24]

As our first illustration of the power of our theorem, we
show below that Proposition 1 of Ref. [24] is a direct con-
sequence of Theorem 1, lending insight into the meaning
of Proposition 1. We then show that our theorem is able to
answer questions their proposition is incapable of answer-
ing. Specifically, for the set of states discussed in Ref. [24],
where they show that their Proposition 1 cannot determine
whether there exists a measurement M € LOCC that accom-
plishes perfect state discrimination of the set, we will use
Theorem 1 to answer this question in the negative. First, we
restate Proposition 1 of Ref. [24].

Proposition 1 [24]. Let {p,} be a family of N states, such
that N, ker (p,,) contains no product vector (except 0). Then
{p,} can be discriminated perfectly by asymptotic LOCC only
if for all x with 1/N < x < 1 there exists a product operator
R > 0 obeying Zu Tr(Rp,) =1, max, Tr(Rp,) = x, and
Tr(Rp,Rp,) =0 for u # v.

We will now see that the existence of product operator R
of this proposition for the given continuous range of x fol-
lows directly from the continuous paths of product operators
required by our Theorem 1, as is demonstrated by the proof of
the following lemma:

Lemma 3. Proposition 1 of Ref. [24] is a direct conse-
quence of our Theorem 1.

Proof. Consider measurement M consisting of outcomes
E; and partition the outcomes into distinct sets J,, such that
Tr(Ejp,) = Oforall j ¢ J,. Such a partition must be possible
for perfect discrimination of these states by M, since other-
wise there will be errors. For 0 < s < 1, define

II(s)

R(S)= ————
=S T

(6)

where TI(s) = Zj cj($)E;, 0 < cj(s) <1, is a continuous
path of positive semidefinite product operators, guaranteed
to exist by Theorem 1, from Zy to (0, E;], for the spe-
cific outcome j. As such, R(s) is a continuous function of
s. We set ¢;j(0) =1 for all j so IT(0) =Zy and R(0) =
Zy/N,and c;(1) =Oforall j # 7,s0I1(1) < E; and R(1) =
E; /Tr(E; pp), where j € Jp. Note that the condition of Propo-
sition 1, that N, ker p,, contains no nonzero product operator,
is necessary to ensure the denominator of R(s) does not
vanish.
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We have defined R(s) > 0 such that Zu Tr(R(s)p,) =1
for all 5. Since E; > 0 and p, > 0, we have that Tr(E;p,) =
0= Ejp, =0=p,E; for all j &J,, and we see immedi-
ately that Tr(R(s)p,R(s)p,) = 0 for all s and for all p # v.
Finally, we must show that there exists s such that f(s) =
max,, Tr(R(s)p,) = x for all x in the range 1/N < x < 1.
First, note that f(0) = 1/N and f(1) = 1, each of which are
easily seen from the expressions for R(0) and R(1) given in
the preceding paragraph. The result for all x then follows
immediately due to continuity of f(s) for 0 < s < 1, which
itself follows from continuity of R(s). This ends the proof. W

Next, we show that Theorem 1 is, in fact, strictly stronger
than Proposition 1 of Ref. [24] by using our theorem to
demonstrate the fact (which cannot be shown by Proposition 1
[24]) that no measurement M € LOCC accomplishes perfect
state discrimination of the set of mutually orthogonal states
given in their Eq. (15). We will see that there is only one mea-
surement M that works for this task, and that the requisite (by
Theorem 1) path of product operators in Z is nonexistent
for at least one of the outcomes in M.

The (pairwise orthogonal) states in the set Eq. (15) of
Ref. [24] are

[¥1) o< 100),
[2) o 2]01) — (+/3 + 1)]10) — ~/6/3|11),
[3) o 2/01) — (V3 — DI10) + V2V3[11).  (7)
The only state orthogonal to all of these is proportional to
[p) o 2+/3]01) + V/3(+/3 + 1)]10) — V2|11).  (8)

Therefore, the only (refined) measurement discriminating
these states must consist of elements that project onto states
that are superpositions of |¢) with one (and then being or-
thogonal to the other two) of the states in Eq. (7). There are
six such states that are products, as required, including |yr).
They are

Y1) o |y1) = 10) ® |0),
[W12) o (V24/310) — 1) ® [V3(v/3 + D]0) — V2[1)],
Y1) o (V/3]0) — V2[1) ® 1),

[Ym) o 1) @ [V3(/3 + 1)]0) + 2| 1)],

[Wa1) oc (3%410) + V2[1) @ [1),

W) o |1) ® [37*v/2]0) — (v/3 + DI1)]. ©)

Define ¥;; = |v;;)(¥;;]. Allowing for higher-rank measure-
ments, any outcome that identifies |¢;) with certainty must
be a mixture of the form c;;v¥;; + cp¥in, but these are not
product operators (as required for LOCC) unless c¢;jcip = 0,
so the measurement must be rank one with each outcome
proportional to one of the ;. From the condition that the
measurement is complete, Eq. (1), we find that i/;, must be
excluded. There is one (and only one) complete measurement
M consisting of elements proportional to the remaining five
projectors. We will show that within the intersection of the
set of product operators on H with the zonotope Zx, gen-
erated by these five projectors, (0, 1] is isolated, so that
no continuous, monotonic path of product operators exists

in Zyq from Zy to this segment. By Theorem 1, we then
have that M ¢ LOCC, and the states of Egs. (7) cannot be
discriminated within asymptotic LOCC.

Consider all product operators in Z x4, which are of the
form

32
ARB=cuyni+ Y cxjt;. (10)

k=2 j=1

By writing the right-hand side out explicitly as a4 x 4 matrix,
and noting that to be a product operator the four 2 x 2 blocks
must be proportional to each other, one finds that (1) if B
is not diagonal, then A = A;[1], which is diagonal ([j] =
[/Y(jl, j=0,1); and (2) if A is not diagonal, then B =
By1[1], which is also diagonal. Significantly for our purposes,
neither of these cases is anywhere near being proportional to
Y11 = [0] ® [0]. Therefore, if A ® B is to be close to (0, ¥1],
then A and B are both diagonal, from which one finds that
c2j = ~/3c3j for j = 1,2, and A ® B reduces to

A® B = (14 v/3){c};[00] + 3c31[01]
+ 12¢3,[10] + 2(c31 + 2¢32)[11]}, (11)

with ¢;; = (1 4 +/3)c},. The right-hand side must be a prod-
uct operator, implying

(Be31)(12¢32) = 2(c31 + 2cn)cyy = 4c) e (12)

This implies that either c3 =0 or c3; > ¢};/9. A com-
pletely analogous argument shows that either c3; = 0 or ¢z, >
611/18. Note that if ¢33 =0 5# c3, or c¢3; # 0 = c3, then
cj; =0, a case we may exclude because we are seeking
operators near (0, y;;]. Therefore, Eq. (12) implies either
(i) c¢31 = 0 = ¢35, which leaves us with cy1¥1; € (0, ¥q1], or
(ii) c32 = ¢}, /18 and c31 > ¢}, /9, which is not near (0, ¥;].
Hence, the only product operators near (0, ¥1;] are propor-
tional to v, itself, and we thus see that (0, 1] is an isolated
line segment in the intersection of the set of product operators
with Z, as claimed, and this concludes the proof.*

B. The necessary condition of Ref. [29]

Here, we use our Theorem 1 to derive the necessary con-
dition of Ref. [29] that a pair of states can be perfectly
discriminated by asymptotic LOCC, see their Theorem 1,
reproduced here.

Theorem 3. [29] If N-partite states p and o can be per-
fectly distinguished by asymptotic LOCC, then for each x €
[1/2, 1] there must exist a POVM {I1j, Hx}le such that I,
is a separable operator, each IT; is a product operator, and

Tr(Ilpp) =0, (13)

Tr(M,pM0) =0, Y1 < A<D, (14)

4Let us note that function E +» found in the Appendix of Ref. [24],
satisfies the conditions of their Proposition 1 and is of a form very
similar to that given here in Eq. (6). However, while E, provides a
path of product operators from Zy to (0, ¥3;] lying in Zx4 in its
entirety, it is not continuous at xy = 1/2. In any case, it does not
approach (0, ¥1;], which we have just shown is impossible.
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Tr(IT,[(1 = x)p —x0]) =0, VI<ALD, (15)

where D = ]_[,(N=1 d} + 1 and dy is the dimension of system .

Let us now show that Theorem 3 follows from our nec-
essary condition, Theorem 1, that there exists a continuous
path of product operators from Zy, to (0, E;] for each j. Here,
{E;} is a POVM M that perfectly distinguishes {p, o'}, so
there exists a partition of M into those elements j € S, that
identify p and those elements j € S, identifying o. Then,
Tr(E;jp) =0 for j € S, and Tr(E;jo) =0 for j € S,. Define
our continuous path of product operators lying in Z from
Iy to (0, E5]forj €S, as

Ry(s) =) ¢ )}, (16)
J

where 0<s <1, 0< ()<L 0)=1 for all j,

and ci.j (1) =6 j;- This path is guaranteed to exist by our
Theorem 1.

Set Iy = Y, Ej, which is manifestly separable, and
satisfies Eq. (13), as required for Theorem 3. Note that
Tr(E;pEjo) =0 for all i, j € S,, because Tr(Xo) =0 im-
plies Xo =0 =0X when X > 0 (since o > 0). Therefore,
the replacement IT; = R;(s) satisfies Eq. (14). It also satisfies
Eq. (15) for each x € [1/2, 1], as we now demonstrate. Solv-
ing for x, we find

Tr(R; (5)p)
Tr(R; (5)p) + Tr(R; (5)0)
>, ¢ ($)TH(E)p)

= . _ 17
Y [V OTrE; p) + ¢ () Tr(E o). (a7

Each term in the sum in the denominator is non-negative and
at least some terms do not vanish. Thus, the denominator
is nonzero. We know that ) ; cgf )(s)E ; 1s continuous in s,
and therefore x = x(s) is a continuous function of s. For
s=0, c(/)(O) =1 for all j so R;(s) = I3, and we see that
x(0) = 1/2. At the other end of the range of s we have that
c;j)(l) = d;; so R;(1) = Ej. Recalling the choice j € S, so
that Tr(E;0) = 0, we have that x(1) = 1. By continuity, then,
x(s) takes on all values between 1/2 and 1, and the conditions
of the theorem are satisfied by replacing I — R;(s) for any
Jj. In the case where |S,| < D, there are not enough values of
j available, but we can simply add zero operators to make
up the difference. On the other hand, when |S,| > D, we
can reduce the number by using the same argument used in
Ref. [29], by way of Carathéodory’s theorem. Thus, we see
that our Theorem 1, guaranteeing a continuous path of product
operators from Zy, to each segment, (0.E;], which lies entirely
within Z 4, implies Theorem 3, which is what we set out to
prove.

x(s) =

C. Locally discriminating the rotated domino states

The seminal result of Ref. [20] showed that a set of states
could be nonlocal even if each of those states is a tensor
product, and thus not entangled. They used a fairly involved
(both technically and conceptually) argument to show that the
set of nine states on ‘H = H; ® H,, known as the domino
states, with each H; of dimension 3, cannot be perfectly
discriminated in LOCC. The authors of Ref. [28] then used a
somewhat simplified (but perhaps not quite simple) argument
to prove the same conclusion for a generalization, the rotated
domino states, given by

W) = 1) ® 1),

|W2) = [0) ® (cos 61]0) + sin6y1)),

[W3) = |0) ® (sin6;|0) — cos b;]1)),

|W4) = (cos 6:]0) +sin6]1)) ® [2),

|Ws) = (sin6,|0) — cos 621)) ® [2),

[We) = |2) ® (cosB3]1) + sinb3]2)),

[W7) = |2) ® (sinb3]1) — cos 63|2)),

|Ws) = (cos 64]1) + sin04]2)) ® |0),

[Wo) = (sin O4]1) — cos 04]2)) ® |0), (18)

with 0 < 6; < /4 for all j (the original set of Ref. [20]
is recovered by setting 6; = 7 /4 for all j). We now give a
very simple argument that these states in Eqs. (18) cannot
be perfectly discriminated within LOCC. Since these states
are a complete, orthogonal basis of 7, the only successful
measurement is one consisting of projectors onto each of these
nine states, Mgom = {[W;]}. According to Theorem 1, there
must be a continuous, monotonic path of product operators
from I;; to each outcome of this measurement and lying in
the corresponding zonotope, which we denote as Zgom,. We
will show that (0, I/] is an isolated line segment within the
intersection of all product operators with Zyon,, which by
Corollary 1 proves that Myo, ¢ LOCC.

Theorem 4. M gom & LOCC.

Proof. Consider z € Z4om,

2= ¢l (19)

Jj=1

with ¢; > 0 for all j. When z is a product operator of the form
A ® B, the nine 3 x 3 blocks in z must all be proportional
to each other. Assuming z is a product operator, then we can
write

() cos? 01+ c3 sin? 01 %(Cz — ¢3) sin 20, 0
AwB=| 1(ca—c3)sin20;  c;sin’6; + c3cos? 6 0 , (20)
0 0 ¢4 c0s% 6, + c5sin® 6,
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0 0 0
AunB=[0 0 0 , 2D
0 0 1(cs—rcs)sin26,
cgc082 0y + cosin®6y 0 0
Ay B = 0 o 0 , 22)
0 0 c¢4sin? 6, + c5cos? 6,
(g —co)sin20, 0 0
ApB = 0 0 0], (23)
0 0 O
cg sin® 04 + co cos® Oy 0 0
ApB = 0 6 cos2 05 + ¢7 sin’ B3 1(c6 — c7)sin 205 (24)
0 1(c6 — c7)sin 205 g sin® 03 + ¢ cos® 03

One can show that all product operators in Zgo, are either
proportional to I or have rank no greater than 2. It is easier,
however, to show that all product operators in Zgon, that are
not proportional to I; cannot have full rank equal to 9 so
therefore cannot approach the line segment (0, I;], and this
is what we will now do.

If z=AQ® B is full rank, then A and B each have full
rank equal to 3. Notice that Eqs. (21) and (23) preclude 5
having full rank, unless Ay = 0 = Aj,, so A is diagonal,
implying that ¢4 = ¢5 and cg = ¢9. Since A is diagonal and
full rank, A;; # 0, so from Eq. (22), B is diagonal, and then
from Egs. (20) and (24) we have that ¢, = ¢3 and ¢ = ¢7.
Along with the fact that A;; # 0 for all j, these conditions
lead to

(e 0 0 L[ 0 0
B=—]0 (&) 0 =—10 C1 0
Aolo 0 e Anlo 0 o
| [¢s 0 0]
—— 10 ¢ © (25)
Anlo 0 e

From the first expression for B, we see that By, = B;; and
from the third expression, By; = By, so B o Ig. Consider-
ing these expressions for B,;, we have ¢4/ Ag = ¢4/ Ay1 or
Ago = Aj;. Similarly considering the expressions for By, we
find that A;; = A, and therefore, A o< I, which implies
that the only product operators in Zgoy of rank equal to 9 are
all proportional to /5. This means that no nonzero product op-
erators are close to (0, /] and by Corollary 1, this completes
the proof. ]

D. The unextendible product basis known as Tiles

If, from the domino set of states—those given in Egs. (18)
with 6; = 7 /4 for all j—one omits the states [W;), |W2), [W4),
|We), and |Ws) and adds one extra state given as |Ws;) in
Eqgs. (26) below, one obtains a set of states known as Tiles.
This is an unextendible product basis (UPB), a set of product
states for which there is no other product state orthogonal
to each of the states in the original set. UPBs have found

(

important applications in quantum information theory [30,41].
As shown in Ref. [26], any measurement, M., perfectly
discriminating the Tiles UPB cannot be implemented within
LOCC. We provide an alternative proof here, as illustration of
Theorem 1 (an argument very similar to that we give here can
also be used to prove that no UPB on a 3 x 3 system can be
perfectly discriminated using LOCC, a result also obtained in
Ref. [26]). This proof is more difficult than that given in the
preceding subsection, since here we are not working with a
complete basis of H, so we must consider a range of possible
measurements.
The states of the Tiles UPB are

1
[W11) = —=10) ® (|0) — [1)),

/2
|Wa1) = %(IO) =1 ®12),
|W31) = %Q) Q@ (I1) — 12)),
|War) = %(IU —12)) ® |0},
|Ws1) = %(|0)+|1)+|2))®(|0>+|1)+|2)). (26)

Let us characterize all measurements that perfectly discrim-
inate this set. Each outcome of any such measurement must
be orthogonal to all but one of the states. For LOCC, those
measurement outcomes must also be product operators. Con-
sider the local parts of these states (for example, |0) is the first
party’s local part of |W;;) and the second party’s local part of
|[Wy41)). Note that, for either party, the local parts of any three
of these states span their local Hilbert space, H ;. Therefore,
no state on H; is orthogonal (on that side) to more than two of
the |\W;;). This means that any product state orthogonal to four
of the states of Egs. (26) must be orthogonal on the #, side to
two of the states, and to the other two states on the #, side.
For each of the states in Tiles, we can use this observation to
identify by inspection six states orthogonal to the other four
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states in Tiles. Defining

[i & j1 = (i) = i)l £ (D/2,
it )£kl =) £1)) £ )£ (Gl £+ KkD/3,

[¢o] = (2/0) —[1) —

12))(2(0] —

(1] = (21)/6,

[¢2] = (10) + 1) — 212))({O + (1] — 2(2))/6, (27)

the projectors onto the six states orthogonal to all but |\¥;;) of

the states in Tiles, for each i, are

E=[0]®[0~-1],
1]®[1-2],
Es;=[0-1]®[1],
Ey4 = [¢0] ® [0],
Eis =[$] ®[1+2],

Eis =[0+1+2]1Q® [¢o],

E31— 21®[1—2],
1+2]®[0-—1],
1 -2]®[1],

E34 =[] ® [2],
Ezs = [¢o] ® [0+ 1],

[
=[0+
[
[
[
[
[
=
=
[
[
Esx = [0+ 1+2]® [¢2],

Eyn =[0-11®[2],
2n=[1-2]®[1+2],
Ey =[1]®[1 -2],
Ey = [0] @ [¢2],
Eys = [1+2] ® [¢ol,
Ex = [¢o]l ® [0+ 1+ 2],
Ey =[1-2]®]10],
2 =[0—-1]1® [0+ 1],
Ep=[1]®[0—1],
Eyq = [2] @ [¢o],
Eys = [0+ 1] ® [¢2],
Ew =[] [0+ 1+2],

Es;=[0+1+2]®[0+1+2],

Es; = [0] ® [0+ 1],

Es; =[0+1]1®[2],

Ess =[2] ® [1 +2],

Ess =[1+2]®[0],

Ese = [1]1 @ [1]. (28)

Any outcome of My, identifying |W;;) must be a linear
combination of the E;; for fixed i and j = 1, 6. Noting that
the local operators on one (or the other) side of all the Ej;,
for fixed i, are linearly independent, the only such linear
combinations that are product operators are the individual
E;;, themselves. Therefore, if Mrjes € LOCC, each of its
outcomes must be proportional to one member in a subset of
these (rank-1) operators E;;. This still leaves us with a range of
possible measurements to consider, but our task is simplified
by the observation that for any one of these possible measure-
ments, its corresponding zonotope lies within the zonotope
defined by this entire set of 30 projection operators. We will
call the latter zonotope Zrjes, and then we can prove Mrjes €
LOCC by showing there is no continuous, monotonic path
of product operators, lying entirely within Zry., from I3 to
any one of these outcomes. We will do this with reference
to Corollary 1 by showing that (0, I;] is isolated within the
intersection of Zrjs and the set of product operators.

Theorem 5. The unextendible product basis known as Tiles
cannot be perfectly discriminated within LOCC.

Proof. Consider an arbitrary point in Zrjes,

R=)ciEj. (29)
n

with cjx > 0 for all j, k. We seek conditions under which
R = A® B is a product operator. Note that each of the lo-
cal projectors appearing in Eqs. (28) can be written as a
linear combination of the six linearly independent projec-
tors, [0], [1], [2], [0+ 1], [1 + 2], and [0 + 1 4+ 2] on either
party. (For example, [0 — 1] = [0] + [1] - [0+ 1],[1 — 2] =
[11+[2] = [14+2], [¢o] =[0] +[1+2]—[0+1+2], and
(2] =[2] +[0+ 1] — [0+ 1+ 2].) Rewriting the Ej; in
terms of these six linearly independent local operators on each
side, one finds that the following six product operators do not
appear anywhere in this set of 30 operators:

OI®[1+2], [1]1®[0+1+2],
2]®[0+1], [0+1]1®(0],
(1+2]®[2], [0+1+2]®[1] (30)

If we rewrite R in the same way, none of these six product
operators will appear. We can expand R in terms of the six
linearly independent projectors on the A side as

=[0]1®By+[11®B1+21Q B, + [0+ 1] ® Bs
+[14+2]0Bs+[0+14+2]® Bs, 31

where By has no term with [1 4+ 2] appearing in it, 31 has no
[0 4+ 1 4 2], etc. Now, for R to be a product operator, 3; must
all be proportional to each other. This means that either By =

0 or none of BB; contain a term with [1 + 2]; either 5; = 0 or
none of 3; contain a term with [0 4+ 1 4 2], and so on. In other
words, either [0] appears nowhere on the A side or [1 + 2]
appears nowhere on the B side; either [1] appears nowhere on
the A side or [0 4 1 4 2] appears nowhere on the B side, etc.
That is, for each of the six operators appearing in Eq. (30),
either the A part is absent from A or the B part is absent
from B.

Next, consider what these observations tell us about the
presence of product operators in Zryes that are close to /.
First, note that any such operator must have full rank equal
to 9, so rank(A) = rank(B8) = 3. This means neither A nor
B can be missing more than three of the local operators
mentioned in the preceding paragraph. Since together the two
must be missing a total of six of these operators, we reach
the conclusion that 4 and B must each be missing three
of them. Considering all possible trios from the six local
operators, [0], [1], [2], [0+ 1], [1 4+ 2], [0 4+ 1 + 2], it is easy
to see that the only trio that allows A (B) to be close to Iy
(Ip) 1s [0],[1],[2]. For example, the trio [0], [1], [0 + 1] gives
(2].A]2) = 0 so is not close to I; the trio [0], [1], [1 + 2] has
(11A]2) = (2].A|2) so is not close to I4, and so on. Therefore,
A, B must be diagonal in the standard basis, [0],[1],[2]. This
condition imposes strong constraints on the coefficients {cx}
in Eq. (29), which reduce the expression for R to the required
diagonal form, with (nonzero) entries [x x y w t y w z z].
The first set of three entries is AgyB, so x o Byy = By, and
the last set of three entries is A3, so z &« By, = Bj;. That s,
B must be proportional to Ig. This tells us thatx =y = w =
t = z, from which we see that R = xI;. Therefore, the only
product operators in Zrjs close to (0, I] are proportional to
I3, itself, and this completes the proof. |

022207-9



SCOTT M. COHEN

PHYSICAL REVIEW A 105, 022207 (2022)

E. The unextendible product basis known as Shifts

We next turn our attention to the Shifts UPB, which con-
sists of the set of four three-qubit states,

[W11) =1000), [War) =]+ 1-),
[W31) =1 —+), |Wa)=|—+1), (32)
where
1£) = (|0) £ [1))/v/2. (33)

This UPB can be analyzed using the exact same approach as
was used in the preceding subsection for Tiles. The local parts
of any two of these states span their local Hilbert space, H ;.
Therefore, no state on ; is orthogonal (on that side) to more
than one of |W;;). This means that any product state orthogo-
nal to three of the states of Egs. (32) must be orthogonal to one
of those three states on 7, one on H,, and the third on H3.
For each of the states in Shifts, we can use this observation to
identify by inspection six states orthogonal to the other three
states in Shifts. The projectors onto the six states orthogonal
to all but |W;;) of the states in Shifts, for each i, are

Ey = [000], Ey = [+1-],
Epp =[—+0], Exn =[1+0],
Ep=[---], Ey=[1--],
Eyy=1[0—+], Ey =[0—1],
Eis = [+ ++], Eps = [010],
Eyg = [+0-], Ey = [++1],
B3 =[1—+], Eqy =[—-+1],
E3 = [100], Ep = [10—],
E3 = [—10], Ep =[1++],
B3y =[——1], By =[-1-],
E3s = [+1+], E4s = [001],
Ez = [+01], E4 = [014]. (34)

Any outcome of a measurement that perfectly discrim-
inates Shifts, which identifies |W;), must be a linear
combination of the E;; for fixed i and j = 1, 6. Once again,
while we have a range of possible measurements to con-
sider, our task is simplified by the fact that for any one of
these possible measurements, its corresponding zonotope lies
within the zonotope defined by this entire set of 24 projection
operators given in Egs. (34). Denoting the latter zonotope as
Zshifts, We can prove Shifts is not in LOCC by showing there
is no continuous, monotonic path of product operators, lying
entirely within Zgpis, from I3 to any one of these outcomes.
Once again, we use Corollary 1, and show that (0, I] is
isolated within the intersection of Zgpifs and the set of product
operators.

Theorem 6. The unextendible product basis known as
Shifts cannot be perfectly discriminated within LOCC.

Proof. Consider an arbitrary point in Zgpis,

R = chkEjk- (35)
Jk

We seek conditions under which R = A ® B ® C is a product
operator. Note that each of the local projectors appearing in
Egs. (34) can be written as a linear combination of the three
linearly independent projectors, [0], [+], and [-1° Rewriting
Ej; in terms of these three linearly independent local opera-
tors, one finds that the following three product operators do
not appear anywhere in this set of 24 operators:

0+-1, [+-0I, [-0+]. (36)

If we rewrite R in the same way, none of these three product
operators will appear. We can expand R as

R=[0]®By®@Co+[+]®B; ®C;y +[-1®B-®C-,
(37

where By ® Cp has no term with [+—] appearing in it, B; ®
C, has no [—0], and B_ ® C_ has no [0+]. Now, for R to be
a product operator, B; ® C; must all be proportional to each
other, which also means that all B; are proportional to each
other and all C; are proportional to each other. This means
that either By ® Cyp = 0 or none of B; ® C; contain a term with
[+—1, in turn implying none of 5; has [+] and/or none of C;
has [—]. Similarly from the [+] on the A side, either B, ®
C, = 0 or none of B; contain a term with [—] and/or none of
the C; have [0]; and from the [—] on the A side, either B_ ®
C_ = 0 or none of B; contain a term with [0] and/or none of
C; have [+]. In other words, for each of the three operators
appearing in Eqgs. (36), the A part is absent from .4 and/or the
B part is absent from B and/or the C part is absent from C.
Next, consider what these observations tell us about the
presence of product operators in Zspifs that are close to Iy.
First, note that any such operator must have full rank equal
to 8, so rank(A) = rank(B) = rank(C) = 2. This means each
of A, B, and C must have contributions from at least two of
the operators [0], [+], and [—], implying none can be missing
more than one of these local operators. Now, to exclude all
three of the operators in Egs. (36), the three parties combined
must be missing a total of at least three of those local oper-
ators. Hence, we can conclude that A, 3, and C must each
be missing exactly one of them, so each must be a linear
combination of exactly two of them (with nonvanishing co-
efficients). Considering all possible pairs from the three local
operators, [0], [+], [—], it is easy to see that the only pair that
allows A (or B or C) to be close to I (or Ig or I¢) is [+], [—].
Therefore, A, 13, and C must each be diagonal in the [+], [—]
basis, which constrains the coefficients {cj} in Eq. (35) and
reduces the expression for R to the required diagonal form

A®B®C = [+]® (t[++]+x[+—]+y[—+]+x[——])

+[-1® G[++]+z[+=T+y[—+]+w[—=D.
(38)

The two expressions in parentheses must be proportional to
each other for this to be a product operator. From the [—+]

SWe have chosen to eliminate [1] here, because [111] is not one
of the Ej. If instead we had eliminated [0], for example, then
since E1; = [000], all possible combinations of [1], [+], [—], such
as [111], [1 + —], [+-0—], etc., would appear in R, and the approach
of the preceding section would not work. Due to the presence of E|3
and Es, the same conclusion would hold for eliminating [—] or [+].
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terms, we see that the two expressions must actually be equal.
Therefore, x = z =t = w, which reduces this to

ARBRC =14 @ (x[+] ® Ic + [-]1® ([+] + x[-])).
(39)

This is not a product operator unless x = y, leaving us with
A® B®C = xly. That is, the only product operators in
Zshifts that are close to (0, I] are proportional to I3, itself,
and this completes the proof. |

F. The class of unextendible product bases known as GenTiles2

There are two generalizations of the Tiles UPB, GenTiles1
and GenTiles2, each of which are infinite classes of UPB’s on
bipartite systems that have a tiling representation reminiscent
of Tiles. We first discuss GenTiles2, leaving GenTiles! to the
next subsection. GenTiles2 is a UPB on an m x n Hilbert
space H, which for all n > 3, m > 3, and n > m, consists of
states

1
1S;) = —=j) —

NG [/ + 1(modm))) ® |)),
1 m—3 A
NS Z(Zw”‘liﬂ
i=0

ILjk) =1]) ®

n—3
+ 1(modm)) + Z o™i+ 2)>,

i=m—2
m—1 n—1
|F i) ® 1), (40)
i=0 j=0
witho<j<m—1,1<k<n—-3,and w = &2/ We

will also use the states |T) =(j) +|j+ l(modm))) ®

|j)/~/2 and |L jo) in our arguments, even though they are not
a part of the UPB. The states |L ;) with fixed j share the same
support and all lie within one of the long tiles of length n — 2
(and labeled as Ly to Lg for the m = 7 case) in Fig. 1. The
short tiles representing the |S;), labeled Sy to Se in the figure,
are each of length two, and the state |F'), which covers the
entire figure, is not shown.

Here we prove the theorem.

Theorem 7. The unextendible product basis known as Gen-
Tiles2 cannot be perfectly discriminated within LOCC.

As usual, the first step is to identify possible separable
measurements that accomplish perfect discrimination. Toward
this end, we prove the lemma.

Lemma 4. The only product states in H that are orthogonal
to all but one of the states in GenTiles2 are |F') and the sets of
states {1S)}, {IT))) {ILe)}, v2ILjo) — ~/n = 2(ITj-1)
1S;-1)), and  ~/2|Ljo) — «/n— 2(T;) +1S;)), for j=
0,---,m—1 and k=0, - — 3, unless n—4. When
n =4, states (|0) +|1) + |2)) ® (Z?# |i) — 3]j)) are also
allowed when m = 3; |Ljy) + |Lj1) — |T}41) are also allowed
when m = 3,4; and |Ljo) — |Lj1) — |Tj42) are also allowed
when m = 4. [All indices are to be understood as (modm)
and j=0,--- ,m—1.]

The proof is given in Appendix A 1. Given this result, we
then prove in Appendix A 2 that

0 So Ly

L MM

X

5%

n—1

FIG. 1. GenTiles2 on a 7 x n system. The shaded area at the
bottom of the figure represents extension of those tiles to an arbitrary
length n — 2.

Lemma 5. The only complete separable measurement that
perfectly discriminates GenTiles2 consists of projectors onto
the states, |S;), |T}), and |[L), for j =0,--- ,m—1and k =
0,---,n—3.

We are now in a position to prove Theorem 7.

Proof. From Lemma 5, we have that the only sepa-
rable measurement that perfectly discriminates GenTiles2
1sMGT2_{[S][ il [Ljl} for j=0,--- ,m—1 and k =
0,--- — 3, and its associated Zonotope will be denoted
ZGT12. The proof of this theorem will use Corollary 1 and
closely follows the approach of the preceding subsections.
Defining L) = |j) ® |ljx), so

m—3
1 .
i) = — E a)lki+.+1m0dm
| ,]k) m(i:() | J ( ))

n—3
+ Z w"k|i+2>>, (41)

i=m—2

and [j+] = (1)) £ 1j + 1(modm)))((j| + {j + 1(modm)]|)/2,
any operator R € Zgr, may be written

3

=
Il
1M

n—3
<aj[Sj] +b;[T;1+ Z Cjk[ij]>
k=0

-1
(J1® Bj 4+ [j-1® Bu+;), (42)

§

~.
Il
=}
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with ¢; > 0 for all i. We have chosen {[ /], [ j_]};f’z_()l because it constitutes a linearly independent set, which means that the set

of operators, {Bi}?;”o_ !, must all be proportional to each other so R is a product operator, as we require for the application of

Corollary 1. Note also that [j] = [j] + [j + 1(modm)] — [j-].
Expanding, we have

R= a;[j-1® [j1+b;([j1+ [ + 1(modm)] — [j-D ® [j1 + [j1 ® chk[ljk]:|
j k

3

~
Il
(=]

1® (bj[j] + chk[ljk]) +b;[j + L(modm)] ® [j1+ [j-1® (a;[j] - bj[j]):|

k

I
3
L

~
Il
o

J1® (bj[j] +bj1[j — 1(modm)] + chk[ljk]) +(a; —Db)lj-1® [j]:|~ (43)

k

3
L

Il
o

J

From this, we identify B; = b;[j] + b;j_i[j — 1(modm)] + Zk cjklljx] and B,y j = (a; — bj)[j] for j =0,--- ,m — 1. Since
all the B; must be proportional to each other, they must all have rank equal to 1, as do all B,,4;, unless a; = b; for all j.
To use Corollary 1, we seek all R € Zgr, that are close to I3, so rank(R) = mn and rank(B;) = n for all j. Thus, a; = b;
and

m—1
R=)1jl® (b,»[j] +bj1[j — 1(modm)] + chk[ljk]) (44)
j=0

k

Noting that {(j|l/;x) = 0 = (j — 1(modm)|/;;), compare

Bo = bol0] + by—1lm — 11+ Y corlloe].  Bi = bi[11+ bo[0] + Y _ cuillugl. (45)
k k

These must be proportional to each other, but the coefficients of [0] are equal to by in both cases, indicating that, in fact,
By = B. By similarly comparing each pair of operators B;, B;;i, j =0,---,m —2 in succession, we easily see that B; =
B, independent of j. This indicates that R = I;, ® B for R a full rank product operator in Zgt,. Note that (i|B;|j) = b;é;;,
which tells us that 3;, and therefore 53, are diagonal in the standard basis. Therefore, ", c;x[/;x] must also be diagonal in that
basis.

Expand

m—3
(=2 cpllul =) (chkw“”")|i+j+ L(modm)){i' + j + 1(modm)|
k

i,i'=0 k

n—3
> (Z cjkw"‘"”") i+ 2)( +2]

i,i'=m—2 k

m—3 n-3
+ [Z > <chkw“”")Ii+j+1(modm)><i’+2|+H.c}. (46)
k

i=0 i'=m—2

where H.c. stands for Hermitian conjugate, and the sums over k run from k = 0 to k = n — 3. In order that ; is diagonal in the
standard basis, Eq. (46) tells us that Zk c jkwpk =0forp=1,---,n— 3. This is only possible if ¢;, = cjo, independent of k.
Then, Eq. (46) reduces to

m—3 n—3
> cullul = c,o<2[i+j+ I(modm)] + ) [i+2]> = ¢jou, — [j = 1(modm)] = [j]). (47)
k i=0 i,=m—2
This leaves us with
Bj = (bj —cjo)ljl + (bj—1 — cjo)lj — 1(modm)] + cjol, . (48)

Comparing all B; and recalling they must be independent of j, we see that b; = cjo = b;_; for all j, implying these coefficents
are all independent of j, as well, and we have that B; o I3;,. Thus, R o I3, are the only product operators close to I, in Zgt»
and by Corollary 1, this completes the proof. ]
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A
0 1 2 3 4 5
0 Hy V3
; vy
1 H,y Vs
21| Vo Hs,
B i ;
3 Vi Hs
4 || Hy Vo H,
T V3
5 Hsy Va ||| Hs

FIG. 2. GenTiles1 on a 6 x 6 system.

G. The class of unextendible product bases known as GenTiles1

GenTiles] is an unextendible product basis (UPB) on an
n x n Hilbert space H, which for all even n > 4 consists of
states
1

Vi) = 7 k) @ Z ™| j + k + 1(modn)),

1

|Hin) = wa"’|f+k(modn>>®|k>
\/_] =0
=
==Y 1)l (49)
nij:O
with m=1,---,n/2—1 and k=0,---,n—1 and w =

¥/ We will also use the states |Vio) and |Hyo) in these

arguments, even though they are not a part of the UPB. The
states |Vj,,) with fixed k share the same support, lying within
the V}, tile shown (for the n = 6 case) in Fig. 2. Similarly, the
H, tile shown in that figure contains all the states |Hy,,) for
fixed k. These tiles are all of length /2.

Here we prove the theorem.

Theorem 8. The unextendible product basis known as Gen-
Tiles1 cannot be perfectly discriminated within LOCC.

We will see that for each n, there is one and only one
measurement that accomplishes perfect discrimination of the
given set of states. For this complete measurement Mgr; and
the zonotope Zgr that it generates, we find once again that
(0, Iy] is an isolated line segment within the intersection of
Zgr with the set of all product operators acting on H, which,
by Corollary 1, is what we need to prove this theorem. Note
that the case of GenTiles1 with n = 4 is identical to GenTiles2
on a 4 x 4 system, so we will here confine the discussion to
evenn > 6.

We start with the following lemma, telling us which prod-
uct states may be included in one of these measurements:

Lemma 6. The only product states in 7 that are orthogonal
to all but one of the states in GenTiles1 are |F') and the sets

of states {|H,;)} and {|Vi)}, for k =0, ---
0,---,n/2—1(n = 6).

The next lemma tells us what the unique separable mea-
surement is that serves our present purposes.

Lemma 7. The sole complete separable measurement,
M1, that perfectly distinguishes GenTiles1 consists of pro-
jectors onto the states {|Hy,)} and {|V)}, fork =0, --- ,n —
landm = ,n/2 —1.

Lemmas 6 and 7 may be proven using arguments that
are entirely analogous to the proofs of Lemmas 4 and 5 for
GenTiles?2, respectively, so we omit the details here.

The proof that Mgt € LOCC is more challenging than
others we’ve given, mainly due to the difficulty in identifying
an appropriate, simple, linearly independent set of operators,
as was done for the sets of states considered in preceding sub-
sections. Therefore, we leave the proof to Appendix B, where
we show that the only product operators in Zgt; that have
rank greater than n/2 are all proportional to I3 . Therefore, by
Corollary 1, we are led to the conclusion in Theorem 8.

,n—1and m =

H. Minimum error discrimination: The double trine ensemble
of Peres and Wootters

The preceding examples have involved perfect discrimina-
tion of quantum states. Here, we consider a different case,
that of achieving the minimum possible error in discrimi-
nating the double trine ensemble, originally discussed in the
seminal paper of Peres and Wootters [19]. The double trine
ensemble consists of states |;) ® |y;) with |;) = U'|0) and
U = exp(—imo,/3) with o, the usual Pauli operator. It was
shown in Ref. [27] that for discriminating the double trine en-
semble, the minimum error achievable using global operations
can only be achieved using LOCC if the following orthogonal
set of states can be perfectly discriminated using LOCC:

1
IF) = 7[(ﬁ+ 1)[00) — (v/2 = 1)|11)]

|F) ——[(ﬁ—1)|oo +/3(101) + [10)+(2 + D[11)],

|F3) ——[(ﬁ—l»oo —V/3(101) + [10)+(v2 + D] 11)]
(50)

The singlet state, (|01) — |10))/\/§, is orthogonal to each of
the |F;). Consistent with the discussion in Ref. [27], we find
via a straightforward argument that any (refined) separable
measurement perfectly distinguishing the states of Eq. (50)
must consist of rank-1 operators proportional to projectors
onto the (unnormalized) product states,

[p11) = (x]0) + 1)) ® (x]0) — [1)),

[$12) = (x]0) — [1)) ® (x]0) + [1)),

[$21) = (210) + x[1)) ® (v]0) + x[1}),

[$22) = (¥|0) + x[1)) ® (2]0) + x1}),

$31) = (z]0) — x|1)) ® (v]0) — x[1}),

[$32) = (¥|0) — x[1)) ® (z0) — x]1}), (D

withx = /2 4+ 1,y = /3 + +/2,and z = +/3 — /2. We note

that I3, does in fact lie within the zonotope defined by this set
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of operators, Z; the corresponding separable measurement,
M, perfectly distinguishes the states of Eq. (50). We will
show that there are no product operators in Z, that are
arbitrarily close to I, which by our Corollary 1 provides
an alternative proof that the globally achievable minimum
error for discriminating the double trine ensemble cannot
be achieved using LOCC, a result previously obtained in
Ref. [27].

Each point in Z,4 is of the form R = Zij cij¢ij with
¢ij = |¢ij)(¢ij]. We seek R = A ® B and close to ;. Writing
AgBun = (km|R|In), & =ci1 +cp, 6o =0y +c31,83 =
¢+ 3,04 =c11 — €12, 05 = €21 — €31, C6 = C2p — C32, WE
have

AgBoo = x*é) + & + ¢,

AoBii = x*(&1 + 28 +%83),

AotBor = x*(=¢1 + & + &3),

AniBoo = x*(@1 +y*er + 2°83),

AnBi = ¢ +x*é + &),

AgoBoi = —x ¢4 + x(z¢5 + yés),

Ao Boo = x84 + x(vés + z86),

Aot Bii = xé4 + x* (285 + yée).

A By = —xé4 + x° (yés + 286). (52)

Note that Ag; = Ao and By, = Bjp and these are real num-
bers because the |¢;;) are real. The expressions in Eq. (52)
can be manipulated to find three independent constraints
that R is a product operator. Defining oy = Ag;/Ago, 1 =
Ai1/Aw, Bo = Bo1/Boo, B1 = Bi1/Byo, these constraints are

x* = (1 —xHaoBo + a1 B,

B1 +ay =2+ dxaoBo,

x*(Bo + ) = o + o fo. (53)
From these, we find that
o = x* + 2o Xy — 2) — () — 1)?] 54)

X0 —2x* +4x3 —x2 42— (4x5S — x4+ 1)

Note that R = I; corresponds to o; = 1 and g = 0. We
now ask if R as a product operator can be close to I3. To see
if this is possible, set o = 1 4 € and a% =1n > 0, with |¢] K
1, n <« 1. Inserting these into Eq. (54) and using x*> — 1 = 2x,
we find

_ 2e2x3
5644042

which is manifestly negative, a contradiction (we have in-
serted x =+/2+ 1 into the denominator to simplify the
expression). Thus, there are no product operators within Z 4
that are close to I3y and M ¢ LOCC.

+ 0(e®), (55)

I. Examples involving optimal unambiguous discrimination

In this subsection, we consider another situation different
from all those previously studied here, wherein a set of states
is to be unambiguously discriminated, which means that fail-

ure is allowed but the parties must know when they have
succeeded in conclusively identifying the state and when they
have failed (an inconclusive result) [42,43]. We want to know
if the global optimum success probability can be achieved
using LOCC.

The class we consider here was introduced in Ref. [44].
Each member of this class provides a set of states to be
unambiguously discriminated, along with the unique separa-
ble measurement that achieves the global optimal (minimum)
failure rate. We showed in Ref. [44] that this measurement
cannot be implemented by finite-round LOCC. Here, we show
that it also cannot be implemented in LOCC, excluding the
possibility that with an infinite number of rounds, one might
come arbitrarily close to achieving the optimal failure rate.
The set of states to be discriminated, {|®;)}, is reciprocal to
the set, Sy = {|¥;)}, defined below. By reciprocal, we mean
that

(WD) = &;;(¥;|D;) (56)

for all 7, j in Sy, which must be a linearly independent set.
This can be any subset of D = N — 1 members of the states
we are about to describe, for any appropriately chosen local
dimensions; see below.

Consider any prime number N > 5 and a multipartite sys-
tem having overall dimension D = N — 1. The number of
parties P can be chosen in any way consistent with the prime
factorization of D—this choice is generally not unique but it
is unimportant for our present purposes. Let H,, be the Hilbert
space describing party «’s subsystem, and the overall Hilbert
spaceisthen H = H; @ Ho ® ... ® Hp. Define states

vy =ly)e...ely), j=1L...N (67

with
1 d,—1
") = —= Y e Nm,), (58)
. do‘ my=0

where d, is the dimension of H,, with parties ordered
such that d; < d, < --- <dp, and overall dimension D =
d1d2 . -dp. Here, P1 = 1 and for > 2, Po = d1d2 . 'da—h
and |m,) is the standard basis for party «. It was shown in
Ref. [45] that any proper subset of these states constitutes a
linearly independent set, and that

N
v (59)
j=1

where W; = |W;)(W;|. Therefore, by choosing D =N — 1
of these states—omitting state J, say—My = {W¥;} is a
complete separable measurement that achieves the optimal
failure rate, with W, being the outcome indicating failure. In
Appendix C, we prove

Theorem 9. For any choice of J and set of local dimen-
sions, d,, consistent with the overall dimension D =N — 1,
where N is any prime number, the set of states {|®;)};.s
defined by Eq. (56) cannot be optimally unambiguously dis-
criminated within LOCC.

I =

el
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V. CONCLUSION

In summary, we have presented Theorem 1 that if measure-
ment M € LOCC, then there exists a continuous, monotonic
path of positive semidefinite product operators from identity
operator Zy to (0, E;] for each of the outcomes E; of M. We
have used Theorem 1 to answer a number of long-standing
unsolved problems, including several cases of unextendible
product bases for which we have shown they cannot be dis-
criminated within LOCC. We showed that Proposition 1 of
Ref. [24] follows from our Theorem 1, and then used the
example from Eq. (15) of Ref. [24] to demonstrate that The-
orem 1 is strictly stronger than their proposition. Note also
that Theorem 1 can be applied to the local state discrimination
problem even when N, ker p,, contains nonvanishing product
operators, a circumstance for which Proposition 1 cannot be
used. In addition, Proposition 1 of Ref. [24] implies the nec-
essary condition for LOCC of Ref. [28] that their nonlocality
constant n vanishes. Therefore, Theorem 1 implies, and is
strictly stronger than, the latter necessary condition as well.
Another necessary condition—for perfect discrimination of
a pair of multipartite quantum states by LOCC—has been
obtained as Theorem 1 in Ref. [29], and it is also possible
to derive this condition from our Theorem 1. We suspect,
though have no proof, that our theorem is strictly stronger
than that of Ref. [29] as well. In any case, since their Theorem
1 is restricted to discrimination of pairs of states, our result
is certainly much more general.(’ Thus, we have succeeded
in unifying, and going beyond, all of these previous results
on LOCC. Significantly, the geometric nature of our theorem
provides a simple, intuitive way to understand LOCC.

The question can be raised as to whether or not these
necessary conditions for LOCC may also be sufficient. The
demonstration above that our Theorem 1 is strictly stronger
than Proposition 1 of Ref. [24] shows that neither Proposition
1 nor the condition of Ref. [28] that n = 0 is sufficient. We
do not believe that Theorem 1 is sufficient either, though it
remains a possibility. If it is not sufficient, then neither is the
necessary condition of Ref. [29]. In our proof of Lemma 3, we
only needed to use a single path to the one outcome E; to show
that the conditions of Proposition 1 of Ref. [24] are satisfied.
Our Theorem 1 requires that there exists such a path to each of
the outcomes, which is, in itself, a stronger requirement. We
believe, however, that it is likely that a single path to each
outcome is not sufficient for LOCC, though such cases do
exist.” Rather, given that LOCC trees generally involve each
branch giving rise to an entire series of subsequent branches,
it is likely that some kind of tree of paths to the collection
of outcomes would be needed in general for LOCC, which
would mean that the single path of Theorem 1 is not sufficient.

®Indeed, Theorem 1 applies to all measurements and is not re-
stricted to the local discrimination problem.

7A simple example of an LOCC measurement for which one, and
only one, path exists in Z 4 to each of the outcomes is the measure-
ment on two qubits consisting of outcomes [0] ® [0], [0] ® [1], [1] ®
[+], [1] ® [—], where |£) = (|0) & |1))/ﬂ. In this case, the only
product operators in Z a4 are those that lie on the single, piecewise
local paths to each of these outcomes.

Of course, it would not be surprising for the existence of a
single path to generally imply the existence of many, but we
do not know if there are cases where one or more paths to
each outcome exist, while at the same time the measurement
is nonetheless not in LOCC.

Finally, we note that the geometric nature of Theorem 1
points toward ways of extending these results. In particular,
the fact that the paths of this theorem must lie within the
zonotope Z a4 suggests new approaches for obtaining lower
bounds on the error necessarily incurred when implementing
a measurement M by LOCC. Indeed, as a preliminary result
in this direction, we have devised a method of finding such a
lower bound when M is used to discriminate any orthogonal
set of pure states in Hilbert space #. These results, and hope-
fully extension to more general sets of states and more general
tasks, will be discussed elsewhere.
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APPENDIX A: PROOFS FOR GenTiles2

1. All product states orthogonal to all but one
of the states in GenTiles2

Here, we prove Lemma 4 by finding all product states
orthogonal to all but one of the states in GenTiles2. Reference
will be made to Fig. 1 of the main text, along with the indexing
of the rows and columns shown there. We use the orthonormal
basis of H, consisting of states [Lj), |S;) and |7;), with
j=0,---,m—1and k=0, ---,n— 3. Since the states we
seek must be products, they are of the form

m—1 /n-3
B) = x)y) =Y (Zc,uL,-k) +a;1S;) + b,-|T,»>>. (A1)

j=0 \k=0

For orthogonality to each state |S;) or |Lj;) of GenTiles2, we
require a; = 0 or cj; = 0, respectively. Denote the state that
we are not requiring |¢) to be orthogonal to as |R). Then,

m—1

6) = [X)ly) = rIR) + Y (cjolLjo) + b;|T})),
Jj=0

and orthogonality to |F) requires ) jWn—2cjo+ V2b =
0) as well.

Write |x) = ), x;]i) and |y) = Zj yjlj). We begin with
the following lemma:

Lemma 8. 1f |R> ;ﬁ |S]> and Y ;ﬁ 0, then Xj = Xj4+1( mod m)-
Similarly, if x; # 0 and |R) # |Lj) for any k, then y; = y; for
alli, i’ # j, j — 1(modm).

Proof. Recall the definitions of |Tj),|Lj) given be-
low Egs. (40) of the main text. When |R) # |S;), then
from Eq. (A2) we have that x;y; = (jjl¢) = bj/ﬁ =
(j +1, jl¢) = xj41y;. Therefore, if y; # 0, the first claim
follows immediately. When |R) # [Ljx), x;y; = (jil¢) =
cjo/v/n—2 = (ji'l¢) = xjyy for all i,7 # j, j — 1(modm)
and the second claim follows, completing the proof. |

Lemma 9. Excluding the case m = 3, n = 4, if for all i, j,
(ijl¢) # 0, then x; = xp # 0 for all i and y; = yo # O for all

(A2)
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J, which gives |¢) o |F) as the only product state orthogonal
to all but one of the GenTiles2 states. Therefore, the omitted
state cannot be |S;) or |Lj) but must be |F) itself. In case
m = 3,n =4, then the (unnormalized) state (|0)+ |1) +
2)) ® (Z#Hl |iy — 3|j 4+ 1)) is orthogonal to all states in
GenTiles2 other than [L;1) =|j) ® (]j + 1(mod3)) —
13))/+/2.

Proof. Since none of the x;,y; vanish, we can invoke
Lemma 8. Even if |R) =|S;), then due to the circular
relationship imposed by (modm), we have in succession,
XJ+1 = XJ425 XJ42=X) 435 *** 5 Xm—2 = Xm—15 Xm—1 = X0, " * *
Xj_o =Xj_1,X—1 =%y, and all the x; are identical
Similarly, even if |R) =|Lyk), there are always two
non-adjacent columns that are not the Jth (when m > 3):
j— 1, j+ 1(modm), such that the second claim of Lemma
8 applies for each of these columns, from which we may
conclude that all the y; are identical, which completes the
proof for the general case.

For the case, m = 3, columns j — 1, j + 1(modm) are ad-
jacent to each other. Therefore, when |R) = |L;;) for some
k, row J + 1 may be different from the others, those oth-
ers still being equal to each other. That is, y; =y; for all
i, j #J + I(modm), while we still have x; = xo for all j.
With orthogonality to |F), this leaves us with a state (|0) +
1) +12) ® (3 2y41 17) — (n = DIJ + 1)). However, this is
not orthogonal to any of the states |Lj;z) for k # 0. There-
fore, this state is an acceptable solution only when n = 4 and
|R) = |Lj1), which is the only state of GenTiles2 in that long
tile, and this completes the proof. |

To find other acceptable product states, we may thus as-
sume that ¢;; = (ij|¢) = 0 for at least one pair of indices,
i, j. We begin with

Lemma 10. The number of zero entries in any given tile
is either 0,1 or equal to the length of the tile (short tiles
have length 2, long tiles n — 2). Furthermore, there can be no
more than one tile that has one zero entry, that being the tile
containing |R).

Proof. Consider the Jth short tile, whose entries are de-
termined by ay|S;) + bs|T;). If |R) # |S;), then orthogonality
to |Sy) requires a; = 0. Then, we have no zero entries when
by # 0, and two zero entries when b; = 0. On the other hand,
when |R) = |S,) and b, = £a,, we have one zero entry in that
tile.

For the Jth long tile, we follow a similar argument. This
tile’s entries are determined by the coefficients cj;, where
cyr = 0 for all k # 0 unless |R) # |Lyk), in which case both
¢jo and ¢y can be nonvanishing. If both vanish, we have n — 2
zero entries in that tile; if one vanishes and the other does not,
we have no zero entries; and finally, if both are nonzero and
related as ¢;x = —'Xcy9, we have a single zero entry in that
tile. Clearly, the case of a single zero entry can only occur
when |R) resides within that given tile, and this completes the
proof. ]

We will also use the following lemma:

Lemma 11. If there is a long tile that has all its entries
equal to zero but that column is not all zeros, then the only
allowed nonvanishing product states are |S;), |T;) (depending
on which state is chosen for |R)), unless n = 4. When n = 4,
states |Ljo) + |L;j1) — |T;41) are allowed when m = 3, 4; and

0 So Lo 0 So Loy

1 Lo Sl 1 LO Sl

2 || Ss So 2 0 0 0
Ly

31| Lo Lo 3 0 0 0
(a) (b)

FIG. 3. GenTiles2 on a 3 x 4 system. Each tile is labeled in part
(a). In part (b), the case where the L, tile is all zeros but x; # 0 is
depicted, with zeros indicated in the bottom two rows, representing
v, = 0 = y3; see Lemma 11. |¢) = |Ly;) + |Lao) — |Tp) lies entirely
in row 0 so is a product state, while |¢) = |Lo) + |Loo) — |T1) lies
entirely in row 1 so is also product.

[Ljo) — [Lj1) + |Tj4+2), as well as |L;;) and |Lj), are also ac-
ceptable states when m = 4. [All indices are to be understood
as (modm).]

Proof. The entries in the Jth long tile are equal to x,y;
for all i # J — 1, J. Therefore, under the assumptions of the
lemma, y; = 0 forall i # J — 1, J, and there are no more than
two nonzero rows. Given the length of each long tile is n — 2,
then when n > 5, there are at least n — 2 — 2 > 1 zero entries
in each of the long tiles. According to Lemma 10, this implies
that every long tile is all zeros, and the only contribution to
|¢) are from the [S;), |T}), j =J —1,J. Then, it is easy to
see that no linear combination of these is a product state, ex-
cept aj—11Sy—1) + by—1|T;—1) and a;|S;) + by|T;). Given the
constraint of orthogonality to all states of GenTiles2 but the
one chosen as |R), we are left with the only allowed product
states being |S;), |T;), j =J — 1, J, depending on the choice
of |R), which completes the proof for n > 5.

When n =5, there can be n —2 — 2 =1 zero in one of
the long blocks, if that block contains |R). Then, the only
additional product state is a linear combination of |L;;) and
[Ljo) for that jth block (with both coefficients necessarily
nonzero for the block to have that one zero entry), but this
is not orthogonal to |F'), so leads to no new acceptable states
under these circumstances.

When n = 4, the long blocks have length 2 and can ei-
ther fit entirely within the two nonzero rows or can have
one zero entry outside those rows and one nonzero entry
inside them. When m = 3 (see Fig. 3), each long tile in-
tersects row 3, so we have y; =0 in this case and every
long tile has a zero in it. One of these tiles can have only
one zero (Lo or L, in Fig. 3), but the other must be all
zeros. Then, in addition to the acceptable product states
already identified, we also find |L;11.1) + [Ly+1.0) — |T142)
and |Ly_y 1) + |Lj—1.0) — |Ty) are product states orthogonal to
all the states in GenTiles2 except |L;1; 1), respectively (and
all subscripts are mod m, so each of these product states
is of the form indicated in the lemma). When m = 4 (see
Fig. 4), a similar kind of situation arises and here we ob-
tain [Ly—10) + |Ly—1.1) —1T7), |Lss1,0) — [Lysrn) — 1To-1),
[Ly2.0) — [Lys2) — 1T7)s |Lyy2,0) + [Lyy2,1) — [T7—1) when
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0 So Lo 0 So Lo
Ls H Ls K
1 S 11| Lo S
H Lo I
2 So 2 0 0 0 0
Ly
3] S3 Lo S3 311 O 0 0 0

(a) (b)

FIG. 4. GenTiles2 on a 4 x 4 system. Each tile is labeled in part
(a). In part (b), the case where the L, tile is all zeros but x; # 0 is
depicted, with zeros indicated in the bottom two rows, representing
y» = 0 = y3; see Lemma 11. |¢) = |Ly) — |Ly1) — |To) lies entirely
in row 0, as does |¢) = |L3o) + |L31) — |Tp), so both are product
states, while |¢) = [Loo) + [Lo1) — |T1) and |@) = |Lso) — |La1) —
|T1) both lie entirely in row 1 so are also products. In addition, |L3)
(|L31)) is also an acceptable state when |R) is chosen as |F') (|La;)).

|R) is the given |L;;) (again, each of these is of the form
indicated in the lemma, with mod m). In addition, here, a long
tile can be without any zero entries, so we also have |L;;) and
|Ljo) as acceptable states, depending on the choice of |R). This
completes the proof. |

We can now complete our search for allowable product
states by considering the follwowing case: if for every j such
that the jth long tile is all zeros, then x; = 0, see Lemma 13
below. First, we have

Lemma 12. If there exists pair i, j such that (ij|¢) =0,
then there also exists s such that y, = 0.

Proof. The proof is by contradiction, so assume x;y; =
(ijl¢) = 0, but for all s, y; # 0. Then x; = 0 and the ith and
(i — 1)th short tiles each have a zero in them. It must be that
|R) # |S;) or |R) # |S;_1), so starting with the one that is not
|R), apply the argument used in the proof of Lemma 9. For
example, suppose |R) # |S;). Then, the other entry in the ith
short tile, which is x;;y; is also zero. Since by assumption,
v; # 0, we have that x;,; = 0, implying that the (i + 1)th short
tile is all zeros, so also x;12y;+1 = 0. Therefore, x;,» = 0, and
by continuing the argument around the circle (mod m), we
find x; = O for all / and we have no nonzero state under these
conditions. If one of the other |S;) is the chosen |R), then one
can go around in both directions starting at x;_p, x; to finish
at x; coming from both sides, arriving at the same conclusion.
This completes the proof. ]

The last step is

Lemma 13. If every long tile that is all zeros sits in a
column that is also all zeros, then the only allowable prod-
uct states under these circumstances are |Lj) (f |R) =
IF)) and ~2|Lj110) — /n—2(Tj) — IS;)) and v2|Ljo) —
vn—2(|T;) +1S;)) (the latter two apply when |R) = |S;)).

Proof. Since from Lemma 12 at least one row is all zeros,
there are no more than two of the long tiles that do not have a
zero in them. Let us first consider the case where |R) = |F) or
|S;) for some j. In this case, for which the long tiles have only
|Ljo) in them, one zero entry implies that the entire long tile is
zero. Under the conditions of the present lemma, this means
there are no more than two columns that have nonzero entries

s—1 s s+1 s+2
Ls+1
s—1 0 o
s /?? oo o]l o
s+ 1 0 0
L,
"Ls+1

FIG. 5. Depicted here is the case where y; = 0 and |R) = |F') or
IS;). The coefficient o shown in row s — 1, column s, must vanish
unless |R) = |S,_1).

in them. This situation, with y; = 0 leaving the sth and (s +
1)th columns the only ones that aren’t all zero, is depicted in
Fig. 5. Note that @ # 0 only if |R) = |Ss—1).

When |R) = |F), @ = 0in Fig. 5 and the only contributions
to |¢) are from |Ly) and |Ls4 o). It is clear that the only linear
combination of these two states that yields a product state are
the individual states |Ly) and |Lsy1,0), each by itself.

When |R) = |§;) with j # s — 1, we still require o =0,
and we are left with the same situation as for |R) = |F).
However, we here require orthogonality to |F'), so we find no
allowable states in this case.

When  [R) =[S;-1), we have [¢) = cyollyo) +
cs11,01Lsy1,0) + bs—11T5—1) +ag11S;-1). Here, the zero
appearing in the short tile at position (s+ 1,5+ 1)
requires that either c¢o =0 (from ys4; =0) or ce410=0
(from x,4; =0). If cs11,0# 0 here, then also ¢ =0 to
obtain a product state, and we have |L,;o), which is
not allowed due to the requirement of orthogonality to
|F). We do find an allowable state when c,i10 =0,
that being +/2|Ls) — ~/n — 2(|Ty—1) — |Ss—1)). Similarly,
when |R) = |Ss410), we obtain the allowable state,
V2|Lot10) = V= 2(|Ts1) + [Ss51)-

We are left to consider the case where |R) = |Lj) for
some J, k. In the case j # s — 1, we must have o = 0 again
in Fig. 5, and the only contributions are from the two long
tiles depicted in the figure, along with (if also j # s, 5+ 1)
additional contributions from the jth long tile. Then, |¢) =
cjklLjk) + cjolLjo) + cs0lLso) + cs41,0/Ls41,0), and it is easy
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to see that no product state orthogonal to |F') is possible in this
case (whether or not j = s, s + 1, in which case the second
appearance of |Lyy) or |Lsy1,0) should obviously be omitted).

Finally, if j = s — 1, then in Fig. 5 the zero in that short
tile next to « should be replaced by another instance of «,
which need not vanish. Now we have |¢) = c,_1,0(|Ls—1,0) —
|Ls71.1)) + CS0|LS0> + Cs+l,0|Ls+l,0> + bsfl |77Y71> (thiS is the
combination that makes the entry in the sth row within the
(s — 1)th long tile vanish, as it must since y; = 0). Noting
in this altered version of Fig. 5 that the (s — 1, s — 2) entry,
which is equal to x,_;y,_», must vanish (it is part of the
(s — 2)th short tile), then if x,_; # 0, y,_» = 0 which requires
¢s0 = 0 = cy41,0. Then the only product states are either |7;_)
or |Ls_1,0) — |Ls—1k), neither of which is orthogonal to |F'), so
are not allowed. If, on the other hand, x;,_; = 0, then we have
a situation already considered in preceding paragraphs. This
completes the proof. |

Collecting all of the results in this Appendix, we obtain
Lemma 4.

2. Complete separable measurements
for discriminating GenTiles2

Any acceptable measurement consists of operators pro-
portional to projectors onto the states listed in Lemma 4. A
complete measurement requires that a positive linear combi-
nation of these operators is equal to the identity, see Eq. (1)
in the main text. When n > 4, let us list the various allowable
states as

Wo) = [F), [Wjt1) =1Sj),  [Wngju1) = |T)),

W r2ymtjr1) = ILji),

-2
(Wi j41) = /1 — 2|Ljo) — %UT» +18;)

m—3
=1j)® <Z|i+j+ 1(modm))

i=0

n—1
+ ) li) - (n—2>|j>>,

-2
Wrs iy 1) = v — 2|Ljo) — %urj_w —1S,21)

m—3
=) ® <Z|i+j+ 1(modm))

i=0

n—1
+ ) Iy —(n—2)j - 1>>. (A3)

The projectors onto these states are all diagonal in the standard
basis on one or the other party, except for the one proportional
to [F]. Taking matrix elements of Eq. (1),

<00|<Z c_,~[%]>|11> = (00| 1) (A4)
J

reduces to ¢y = 0, implying that [F'] must be excluded from
the measurement. Given this, next take

<jj|(Z c,-[w,-]>|j, n—1=0 (A5)

J

and

(Goj =1 (Z cﬂ%]) lin=1)=0,  (A6)
J
which gives ¢4 j+1 =0 and c(uy1ymtj+1 = 0, respectively,
for j =0, ---,m — 1. This leaves us with a unique complete
separable measurement for discriminating GenTiles2 when
n > 4, that consisting of projectors onto the states, |S;), |T}),
and L), for j=0,--- ,m—1,and k =0,--- ,n— 3. This
completes the proof of Lemma 5 for n > 4.
In the case of m = n = 4, the allowed states are

|Wo) = |F) = (|0) + [1) + [2) +13))
® (10) + [1) + [2) + 13)),
Wit1) = 1S;) = (1)) — [j + L(mod3))) ® | ),
Wits) = T;) = (1J) + [ + 1(mod3))) ® | ),
| W3kt j+9) = [Ljx) = 1)) ® (|j + 1(mod4))
+ (=D1j + 2(mod4))),
[Wir17) = ILjo) — (IT;) +1S;))
=1j) ® (|j+1(mod4))+|j+2(mod4))-2[j)),
[Wio1) = Ljo) — (Tj=1) — I1Sj-1))
=1j) ® (Ij + I(mod4)) + |j
+ 2(mod4)) — 2|j — 1(mod4))),
[Wit2s5) = |T;) — (ILj—1,0) + [Lj=1,1))
= (1j)+1j+1(mod4))—2[j—1(mod4))) ® |j).
[Wit20) = |Tj)—(|Lj—2,0)—ILj-2,1))
= (I/)+lj+1(mod4))—2[j—2(mod4))) ® |j),
(A7)

with j =0,1,2,3 and k =0, 1. First note that |F) is the
only state that is nondiagonal in the standard basis on both
parties. Therefore, taking the (i;i>| - - - |}i,) matrix element of
Eq. (1) gives that ¢y = 0 again, and |F’) cannot be a part of
the measurement. Then, taking the (jj|---|j, j + 1) matrix
element of Eq. (1) shows that ¢;;17 =0 for all j. Taking
the (jj|---|j, j+ 2) matrix element of Eq. (1) shows that
¢j421 = Oforall j. Similarly, the matrix elements (jj|---|j —
1, j) and (jj|---|j —2, j) show that ¢j;»5s = 0 and cji29 =
0, respectively. This again leaves the only operators allowed in
the complete measurement as those stated in Lemma 5. This
completes the proof for m = n = 4.

The final case of m = 3, n = 4 is slightly more involved
algebraically. The allowed states are

|Wo) = [F) = (10)+1)+12)) ® (10)+[1)+2)+3)).
Wjt1) = 1S;) = (1j) — |j + 1(mod3))) ® | ),
|Wita) = |T;) = (1) + |j + 1(mod3))) ® | ),
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(Waksja7) = L) = 1) ® (1j + 1(mod3)) + (—1)[3)),
|Wj+13) = [Ljo) — (IT}) +1S;))
=1j) ® (Ij + I(mod3)) + [3) — 2[j)),
|Wit16) = ILjo) — (ITj-1) — 1Sj-1))
= 1j) ® (|j+1(mod3))+|3) — 2| j — 1(mod3))),
|Wit19) = ITj) — (ILj=1,0) + [Lj=1.1))
= (Ij) + 1 + 1(mod3)) — 2|j — 1(mod3))) ® |/)

3
[Wji2) = (10) +[1) +12) ® (3Ij) —Z|i>>, (A8)
ij

with j=0,1,2 and k=0,1. From the (00]---|11),
(00] - - - |12), (00| - - - |13}, and (O1] - - - | 12) matrix elements of
Eq. (1), only |F) and |W;,5,) contribute and we obtain, in turn,

0 =1co— 3¢ — 3¢ + 4,
0 =1co —3can +c23 — 3c24,
0 =1co— 3¢+ c23 +co,

0= co + ¢ — 3C23 — 3C24. (A9)
The determinant of the matrix of coefficients for this set of
equations is equal to 64, which implies that the only solu-
tion is for each of the c¢; appearing in that equation must
vanish. Therefore, |F) and states |W;;2>) must be omitted
from the measurement. Excluding these states, consider the
(0j]---|1j) matrix elements of Eq. (1) for j =1,2. This
yields ¢yo =0 from j =1, ¢;; =0 from j = 2. Then, tak-
ing the (00| ---]20) matrix element gives cj9 = 0, as well,
and states |W;,9) are excluded. Finally, from matrix el-
ements (jO|---|jl) for j =0,2, (jO|---|j2) for j=1,2,
and (j1|---]j2) for j =0, 1, we obtain in succession that
€13, €18, C17, C15, C16, C14 €ach must vanish. We are again left
with only the states |S;), |7;), |[Ljx) as claimed in Lemma 5,
and this completes the proof. |

APPENDIX B: NONEXISTENCE OF PATHS OF PRODUCT
OPERATORS FROM I;; TO THE OUTCOMES OF Mg
FOR GENTILES1

We now prove that the measurement My, of Lemma 7 is
not in LOCC. We will characterize all product operators that
lie in the zonotope generated by the outcomes of Mgry, those
being the projectors {[Hn1}, {[Vim]}, denoting this zonotope
as Z g, - We will use the following lemma in what follows:

Lemma 14. A positive linear combination of projectors
onto the states in one of the H tiles (or in one of the Vtiles)
leads to a matrix whose entries are all zeros except for an
n/2 x n/2 block along the diagonal that is of the Toeplitz
form in the standard basis. This Toeplitz block is diagonal if
and only if the positive linear combination is proportional to
a simple sum of the projectors onto the given Htile (Vtile)
states, and is then itself proportional to a projector of rank
n/2.

Proof. Consider a positive linear combination of projectors
onto the states in one of the H tiles, say H;. This has B part

equal to projector [k], and A part

5—1 n/2—1
A® =" Y "7 j + k(modn)) (i + k(modn)]
m=0 i,j=0
n/2—1
= Y G j-ilj + k(modn))(i + k(modn)]. (B1)
i,j=0
where ¢ = Z:’n/io_ ! Cem™ = ¢y _;. Since the coefficients

depend only on j — i, this has an h/2 x n/2 block along the
diagonal that has the Toeplitz form

Cr,0 Cr,1 Cr2  Crj3
Cr—1  Cro Ck,1 Cr2
Ck,—2 Ck—1 Cro Cra1 - . (B2)

Cr,—1  Cro0

Furthermore, &, ¢ = 0 if and only if &,, = 0 for all m, and
then A® = 0. In addition, this block is diagonal if and only if
¢.» = 0 for all r # 0, implying that the vector of coefficients
Crm 1s orthogonal to each of the vectors @,, with coefficients
(w,) = @™, in which case ¢, = &, independent of m. Then,
A® is diagonal and proportional to a rank-n/2 projector, and
this completes the proof. ]

Note that as k is incremented, these Toeplitz blocks shift
one entry to the right and downward within the full n x n
matrix A.

To prove Theorem 8, we need to show that no continuous
path of product operators from I3 to at least one of the out-
comes of a complete measurement distinguishing the states
of GenTilesl exists. We will see that no such path exists
to any of the outcomes in the measurement found above in
Lemma 7. Referring to Lemma 7, which tells us which
projectors are to be included in our complete separable mea-
surement, we will next find all product operators that are
positive linear combination of those projectors, and so must
have the form

n
n—15-1

A ® B = Z Z (Ckm[Hkm] + Cllcm[vkm])a

k=0 m=0

(B3)

with non-negative coefficients. We next prove the following
lemma, in which we denote the standard basis on either party
by SB:

Lemma 15. 1If A is not diagonal in SB, then B is diagonal
in SB and .\A ® B has rank no greater than n/2. The same con-
clusion holds when the roles of the two parties is exchanged.

Proof. Since [V},,] is diagonal in SB on the A side, then for
K« # K,

n—1 %*1

AceB =" cim alkc|Hiom) (Himlic )4

k=0 m=0

(B4)

Consider the case «’ > «; since A is Hermitian, this effec-
tively covers all cases. Since the H; tile stretches from k to
k +n/2 — 1(modn) in the A space, this constrains which H
tiles contribute in Eq. (B4) for given «, «’. Notice, in partic-
ular, that if k" — x = n/2, then A,,» = 0 since every term in
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the sum on the right-hand side of Eq. (B4) vanishes. More
generally, the only values of k that contribute in this equation
are those such that both « and «’ lie in the range from k
to k +n/2 — 1(modn). Introducing u = k — n/2 + 1(modn)

and ' = «’ — n/2 + 1(modn), and recalling the definition of
¢ given below Eq. (B1), we have
ZZ:w Crwlk]l K —k=1,2,---,n/2-1
A B = ,
D ey Chi—w [kl K =k =n/241,-- n—1,
(BS)

and then rank(53) < n/2. This tells us that if .4 is not diagonal
in SB on the A side, then B is diagonal in SB on the B side.
(Since the set of states are symmetric under exchange of the
parties, we also have that when B is not diagonal, then A is
diagonal, again in SB on each side.)

Since B is diagonal in SB, then according to Lemma 14,
there can be no contributions from the V tiles at all, unless
they are such that the corresponding Toeplitz blocks (for party
B, here) are diagonal. This means that the only contributions
from the V tiles must be of the form of rank-n/2 projectors
onto whichever V tile is contributing. However, since we have
seen that B has rank no greater than n/2, and since each of
these projectors onto a V tile has support strictly different than
that for any other V tile, this is a contradiction if there is more
than one V tile that contributes. Therefore, we can assume that
no more than one V tile contributes, and that one contributing
V tile must be the one that has support matching that of B
shown in Eq. (B5). But this means that when A is not diagonal
in SB, A ® B of Eq. (B3) reduces to

Kk+n/2 n—1n/2-1
A@B=clcl® Y IkI+Y > &l
k=kc+1 k=0 i,j=0

+ k(modn))(i + k(modn)| ® [k], (B6)
where the first term on the right is from the single contributing
V. tile. Now, for this to be a product operator, the A parts
of the various terms must all be proportional to each other
for different k. However, the second term with the i, j sum,
which is of the Toeplitz form discussed in Lemma 14, differs
from each k to the next by a shift of the Toeplitz block down
and to the right, as noted just after the proof of that lemma.
The first term c,,[«] cannot correct for that shift to make
these expressions proportional to each other, so this is not a
product operator unless all the Toeplitz blocks vanish except
for one. Then the remaining Toeplitz block is tensored with
a single [k], whereas the ¢, [«] term is tensored with a sum
over n/2 different projectors [k]. Therefore, we must have
Cf«o = 0, since we assume here that A4 is not diagonal in SB,
and we are left with 3 having rank equal to unity, in which
case A ® B has rank no more than n/2. These cases are linear
combinations of projectors onto the states |H,,) for one fixed
k. By the symmetry under exchange of the parties, then for
the case where B is not diagonal in SB, we also obtain linear
combinations of projectors onto the states |V;,,) for one fixed
k, which again are of rank no greater than n/2. This completes
the proof. ]

We are left to consider the case that A and B are each di-
agonal in their respective SB. We next prove our final lemma.

Lemma 16. The identity operator I3, along with those pro-
portional to it, are the only product operators A ® B in Z
that has rank greater then n/2, and therefore, (0, I] is an
isolated line segment in the intersection of Z, with the set
of product operators.

Proof. We have already shown that product operators in
Zaq that are not diagonal in SB have rank no greater than
n/2. Therefore, we need to consider those product operators
that are diagonal. For k # «’, then from Eq. (BS):

0= AKK’Bkk = Ek,l(*l{" (B7)

For each k and pairs «, «’ within the range of the H tile,
|k — «k’| ranges over all values from 1 to n/2 — 1, modulo
n/2 (using modulo n/2 here because w"? = 1). Therefore,
Crx— = 0 here for all k and all k¥ # «’, which implies that
Crm = cro for all m and all k. By the same argument but
looking at A By = 0 for k # k', we also see that ¢}, = ¢},
for those terms in Eq. (B3) involving the V tiles. This means
that 4 ® B is a (positive) linear combination of rank-n/2
projectors, each of which projects onto the (entire) support
of one of the H tiles, or onto that of one of the V tiles. These
projectors are each of the form

n/2—1
Py(k) =Y [j + k(modn)] ® [k],
j=0
n/2—1
Pyk)=[kI® Y [j+k+ 1(modn)]. (B8)
Jj=0

We wish to find all linear combinations of these projectors that
are product operators. Introducing the isomorphism, [i] > |i),
these map as Py(k) — |Hy) and Py (k) — |Vio), and our
present problem maps to the problem of finding all product
states that are linear combinations of the |Hyy) and |Vig).
However, this is the same problem as finding all product states
that are orthogonal to all the states of GenTilesl other than
|F'), which we have already solved above. The answer found
there—see the paragraph just above Eq. (B8)—translates back
to the problem here as {Py (k)} <= {|Ho)}, {Pv(k)} <= {IVko)},
and Iy < |F). The first two sets consist of product operators,
each of which has rank equal to n/2, while I3; has rank of n2,
and the proof is complete. |

A direct consequence of Lemma 16 is that there exists no
continuous path of product operators lying within Z», and
stretching from I;; to anywhere. This completes the proof of
Theorem 8 that GenTilesl cannot be perfectly discriminated
within LOCC.

APPENDIX C: PROOF OF THEOREM 9

Let w = ¢*™/N and
N di—1 dr—1 dp—1
Ri=) ¥ =75 ZCJ 22 )
j=1 my,m| =0 my,m)= mp,mp=0
P ’
_ Mg —m, ’ ’ ’
Xa)[]Zaflpﬂ( @ ﬂ)]|m17m2’.'. ’mP)(ml’mz’... ,mP|’

(ChH
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and we wish to determine the conditions under which R
is a product operator of the form A ® A, where A = B®
C® ---. From here on, we replace A by B. We will show
that R = A ® B if and only if either (1) R = ¢;V; for some
fixed i or (2) R = cly ® Ip, which occurs when c¢; = Dc/N,
independent of j. We begin by examining the structure of R,
as given in Eq. (C1).
First, let D, = D/d, and note that we can write

di—1 Dy—1

ZC,Z 2

my,mpy=0 ny,np;=0

X a)"[ml_m2+d‘("'_"2)]|m1, n)(my, nal,  (C2)
where ny =my +day(mz +ds(mg + - - - +dp_o(mp_1 +
dp_ymp)---)) and similarly for n,. Then, if R is a product

operator, we have that

(my, m|Rlma, ny) = (my|Alma) (n1|B|ny)

N
— % Z Cjw./'[l111—inz+d1(n1—nz)]. (C3)
j=1

Defining s, = Z cj@'"/D and (m|X|n) =
operator X, we have

Xy for general

Amlsznlnz = Smy—my+d, (nj—ny) (C4)
for all ml,n’EQZO,l,-",dl—l and ny,ny =
0,1,---,Dy — 1. Since this depends only on m; —m;

and n; — np, we can restrict consideration to cases where
either m; =0 or my, =0 and n; =0 or n, =0. Now,
considering the tautology  (Apmym,Buyny ) (A, B ny) =
(Avmymy B, ) (Aot t, By ), we obtain from the restriction that
‘R is a product operator, that

Smy+dynySmy+diny = Smy+dnaSmy+diny (CS)
forall —d; +1<my,my<dy—1and =D, +1 < ny;,n <
D, — 1.

Note that so > 0 since c¢; > 0 for all j, and we can clearly
assume R # 0. Note also that s_, = s and 5,45 = s,. Let us

now prove the following lemma:

Lemma 17. If q exists such that s, = 0, then s, = 0 for all
r # 0.

Proof. To begin, note that A,, #0 and B,, # 0 be-
cause 0 # so = AymBu, for any m, n. Suppose g = my +
nidy $00 = Sy, 4n,d, = Am,0Bn 0, implying that either A, o =
0 or B, =0. First, suppose that A,,o=0. Then, 0=
Am10301 = Sm—dy = (Sa,—m, )", implying 0= Ad;—ml,OBOO-
Since By # 0, this means that Ay _,, 0 =0 and, in turn,
that 0 = Adl *ml,OBszl,O = Sdy—mi+(Dr—1)d, - Recall that N =
diD>+ 1 and that " = 1. Therefore, the preceding ex-
pression becomes 0 = 4, —m,+(D,—1)d; = SN—mj—1 = S—m;—1 =
(Sm+1)* = (A, +1.0B00)*. Hence we see that A, o=0—
A, +10 =0, which means that A,,0=0— A,y =0 for
all m > m;. In particular, we have that dy — 1> m
so 0= Ay _10, implying 0= Ay _1 080 =s5-1 = (s51)* =
(A10Bgo)* so, in fact, A9 = 0. Hence, for any fixed m; we
have that A,, 0 = 0 implies A;p = 0, which in turn implies
that A0 = 0 for any m. Finally, this means that s,4,4 =
ApoBo = 0 for any m, n not both equal to zero, which proves

the lemma in the first case that there exists m; such that
Aml(] =0.

On the other hand, if A0 #0, then 5,0 =0 when
Smy+ma, = 0. This implies that 0 = B,,0.4u0 = Smin,q, for
any m. Then 0 = Sm—dy+(m+Dd; = .A(),d] —mBnH—l,O’ so either (i)
Ad,—m.0 = 0 for some m, which by the preceding paragraph
implies that s, = 0 for any » # 0, or (ii) By, +1.0 = 0. The lat-
ter case means that B,,0 =0 — By,4+10=0— By, =0 for
any n > n;. Settingn = D, — 1, we have that 0 = s(p,—1)¢, =
S_1-a, = (S144,)" = (A10B10)*, implying either (iia) Ao =
0 — s, = Ofor any r # 0, by the preceding paragraph; or (iib)
Bio = 0. The latter implies, by the foregoing argument, that
B = 0 for any n, s0 Sytng, = AmoBuo = 0 for any m, n, and
the proof is complete. ]

Note that one can view s, as an inner product between
vector ¢ with components ¢; and vectors w, with components
@', where the N vectors o, are easily seen to be mutually
orthogonal. Hence, by this lemma, we have two possibilities:
Either (1) s, = 0 for all » # 0, in which case R « I ® I,
which follows from Eq. (59) and the fact that the only vector
orthogonal to the N — 1 vectors W, with r # 0 is Wy, which
has components that are independent of j or (2) s, # O for all
r. We now prove the following lemma:

Lemma 18. If s, # 0 for all r, then rank(R) = 1, implying
R = c; ¥, for some fixed j.

Proof. With R=A®B=)_,c;¥; and ¥; a rank-one
product operator, then B o ) ;¢;Tra(W;) is a positive linear
combination of rank-one positive operators. Since rank-one
positive operators are extreme rays in the convex cone of
positive operators, then if rank(B) = 1, it must be that there
is one and only one nonzero c¢;, which implies both that
rank(R) = 1 and that R = ¢;W¥; for some fixed j. Therefore,
we need only show that rank(88) = 1. This will be so if every
2 x 2 submatrix of BB has determinant equal to zero or, in
other words, if By, n, Buyn, = BuynyBnan, for all ny, ny, n3, ny.
Within each of these 2 x 2 submatrices, we may choose to
call the lower-right element as B,,,,,, and then without loss of
generality, we have that n; > n3 > 0 and n, > nq > 0. These
conditions on B are equivalent to

S(n—np)dy S(n3—ng)dy = S(ni—ny)dyS(n3—ny)d, (Co)

for all ny > n3 > 0 and n, > ny > 0, so these are what we
need to show follow from Eq. (C5).
We have

S(ni—n2)dyS(n3—ny)dy = S(ni—n2)dy SE14+(n3—ns£D5)d,
= S+14(n1—na)dy S(n3—na+D5)d,
= Sxdy 14 —ny£1)dy S(n3—ny+Dy)d,
= S(n;—not1)d; SFd, £14+(n3—ny£D,)d,
= S —mt D)dy S(n3—nyF)d) » (ChH

where we have used Eq. (C5) along with the fact that s,y =
sy, where N = d;D, + 1. The upper sign must be chosen
if n3 < n4, the lower sign if n3 > n4. For the upper sign,
we repeat this process ny — ny times, while for the lower
sign we repeat it n; — n3 times. In either case, we end up
with Eq. (C6), as desired. When n3 = ng4, we can swap
the roles of the pair n3, ny with the pair n;,n, and ob-
tain the desired result, except when it is also the case that
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ni = n,.% Therefore, we are done except for showing that
s(z) = 5454 forall g in the range 0 < g < di(D, — 1).
From Eq. (C5), we have that soSu,+d,n, = Sd,n,Sm,. Multi-
plying this by sy, we obtain
2
sosszrdlnz = sosdll‘lzsmz = So[sflf(sznz)d] sz]

= S—15—(Dy—n2)d Sm;,
= S,1[S1+n2d] sz] = S_1818my4nad,; (C8)

Since by assumption, s, # O for all r, this implies that
2
g = S185—1 = S18d,—1-d, = Sd;—151—d,

- Sd171S2+(D271)d| - SZS*I#*DZdI
= $285_0 = $2854,—2—d, = Sd,—252—d, » (C9)

and so on, where we have repeatedly used Eq. (C5)
and the fact that s, = S,4n = S/+(D,a,+1)- This shows that
s =s,s_, for all r=0,1,---,dy — 1. From here, we
find

2
S0 = S—1+d,51—d; = S1+d\S—1—-d, = S1+d,S(D,—1)d,

= Sd,S14(Dr—1)dy = SdS—d, » (C10)

8Note that a problem arises with this process if we ever end up with
$p,d, OF S_p,q,, since then Eq. (C5) doesn’t apply. However, sp,4, can
only appear after repeating the process n = D, — n; + n, times for
the upper sign, or for n = D, — n3 + ny4 for the lower sign. For the
upper sign this would only happen if n, — ny > D, — ny + ny, or if
ny — ng > D,, which is a contradiction, and for the lower sign it only
happens if n; — n3 > D, — n3 + ny, giving the same contradiction.
On the other hand, s_p,4, can only appear after repeating the process
n = D, + n3 — ny times for the upper sign, or for n = D, +n;, — n,
for the lower sign. For the upper sign, this requires that n, — ny >
D, + n3 — ny, and for the lower sign it requires that n; — n3 > D, +
n; — ny. Both of these lead again to a contradiction, in this case ny —
n3 = D,, so this problem does not arise.

and then starting from

2
Sy = S14nd;S—1—nd; » (C11)
we find that
2
Sy = S1—d\+(n+1)d,S—1—nd; = S—1+(n+1)nd,S1—d,—nd,
= S1+(n+1Dd, S—1—(n+1)d, » (C12)

from which we have that s(z) = S14nd,S—1-na, for all n. From
this, we find that

2
S0 = S1+nd,S—1—nd, = Sl+nd,S(D,—n)d,

= Sud, S14(Dr—m)di = Sndy S—nd » (C13)

which tells us that s§ = 5,4,5_44, for every n. Finally, by
following the steps taken in Eq. (C9) but instead starting from
Eq. (C11), we have that

2
S0 = S—14nd,S1—nd, = S—14nd,S2+(Dy—n)d;

= $24nd, S—1+(Dy—n)dy = S24ndiS—2—ndy =+,  (C14)

and thus we have that s(z) = Sim-tnd,S—m—nd, fOr every m,n,
which completes the proof. ]

We thus have two possibilities for R =}, c;¥; to be a
product operator. Either (1) R o I, the identity operator on
the full Hilbert space H or (2) R oc W, for some fixed j. Asa
consequence, there cannot exist a continuous path of product
operators stretching from / to any one of the W; in the space
of positive operators on H. By Corollary 1, this completes the
proof of Theorem 9.
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