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Modified weak-value-amplification technique for measuring a mirror’s velocity
based on the Vernier effect
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A modified weak-value-amplification (MWVA) technique to measure a mirror’s velocity based on the Vernier
effect is proposed. To demonstrate its enhanced sensitivity and higher signal-to-noise ratio (SNR), we use two
cascaded Michelson interferometers with similar optical structures. One has a fixed mirror and acts as a fixed
part of the Vernier scale, while the other, with a moving mirror, acts as a sliding part of the Vernier scale for
velocity sensing. The envelope of the cascaded interferometers shifts much more than a single one with a certain
enhancement factor, which is related to the free space range difference between them. In addition, we calculate
the SNR based on the Fisher information with both the MWVA and traditional weak-value-amplification
(TWVA) techniques. The results show that both the SNR and the sensitivity with our MWVA technique is greater
than that of the TWVA technique within the range of our time measurement window. In particular, MWVA can
present a viable and effective alternative to the TWVA technique out of the limit of resolution. Furthermore, by
using the principles of the Vernier effect, it is applicable and convenient to improve the sensitivity and SNR in
measuring other quantities with the TWVA technique.
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I. INTRODUCTION

Weak measurement is a new tool in quantum mechan-
ics to characterize postselected quantum systems [1,2], first
proposed by Aharonov, Albert, and Vaidman [3] as an ex-
tension to the standard (projective) von Neumann model of
measurement. In weak measurement, information is gained by
weakly probing the system while approximately preserving
its initial state. The average shift of the final pointer state
can go far beyond the eigenvalue spectrum of the system, in
sharp contrast with the standard quantum measurement. This
average shift is called the weak value and is usually complex
[4–6]. These features are widely applicable to understand
many counterintuitive quantum results, offering new insights
into paradoxes, such as Hardy’s paradox [7–9], the three-box
paradox [10,11], apparent superluminal travel [12], and the
direct measurement of the real and imaginary components of
the wave function [13].

In addition to the fundamental physical interest in weak
values, a major goal in weak measurement is to enhance
sensitivity when estimating weak signals [14–18]. Dixon et al.
amplified very small transverse deflections of an optical beam,
then measured the angular deflection of a mirror down to
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400 ± 200 frad, and the linear travel of a piezo actuator
down to 14 ± 7 fm [19]. Boyd et al. first realized weak-
value amplification in the azimuthal degree of freedom, and
achieved effective amplification factors as large as 100 [15].
Viza et al. achieved a velocity measurement of 400 fm/s by
measuring the Doppler shift due to a moving mirror in a
Michelson interferometer [20]. Pati et al. proposed an alter-
native method to measure the temperature of a bath using the
weak measurement scheme with a finite-dimensional meter
[21]. These applications are known in the literature as weak-
value-amplification (WVA) techniques [22].

It is worth noting that weak-value-amplification cannot be
arbitrarily large with decreasing output laser intensity [23].
Koike et al. [24] showed that the measured displacement and
amplification factor are not proportional to the weak value
and vanish in the limit of infinitesimal output intensity. Pang
et al. [25] investigated the limiting case of continuous-variable
systems to demonstrate the influence of system dimension on
the amplification limit. It is still the focus in weak measure-
ment to enhance the sensitivity of detecting small signals.
Starling et al. [26] and Feizpour et al. [27] showed that
postselection can significantly raise the signal-to-noise ratio
(SNR) of weak measurement. Huang et al. [28] proposed dual
weak-value amplification (DWVA), with sensitivity several
orders of magnitude higher than the standard approach, with-
out losing signal intensity. Krafczyk et al. [29] experimentally
demonstrated recycled weak-value measurements by using
photon counting detectors to improve the signal by a factor
of 4.4 ± 0.2 and improving the SNR by 2.1 ± 0.06 compared
with a single-pass weak-value experiment. In addition, there

2469-9926/2022/105(1)/013718(9) 013718-1 ©2022 American Physical Society

https://orcid.org/0000-0001-9182-0351
https://orcid.org/0000-0002-8885-382X
https://orcid.org/0000-0001-7851-4536
https://orcid.org/0000-0002-9465-8043
https://orcid.org/0000-0003-3623-8304
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.105.013718&domain=pdf&date_stamp=2022-01-27
https://doi.org/10.1103/PhysRevA.105.013718


HUANG, HE, DUAN, WANG, AND HU PHYSICAL REVIEW A 105, 013718 (2022)

has been a strong interest in applying conditional measure-
ments in which photon statistics (photon-number operators) is
employed as the measuring device [30–32].

The Vernier effect has been effective at enhancing the sen-
sitivity of photonic devices [33–36]. It is an efficient method
to enhance the accuracy of measurement instruments, and
consists of two or three scales with different periods. A sensor
consisting of two cascaded ring resonators was shown theo-
retically to attain very high sensitivity thanks to the Vernier
principle [33]. A high sensitivity of 1892 dB/RIU of an op-
tical sensor was achieved for intensity interrogation based on
cascaded reflective Mach-Zehnder interferometers (MZI) and
microring resonators [35]. A refractive index optical sensor
based on three cascaded microring resonators had a high
sensitivity of 5866 nm/RIU, whose measurement range was
significantly improved 24.7 times compared with the tradi-
tional two cascaded microring resonators [36].

We propose modified weak-value amplification (MWVA)
with two cascaded Michelson interferometers to improve the
sensitivity of traditional weak-value amplification (TWVA)
based on the Vernier effect. Specifically, in the framework
of quantum weak measurements, we observe the temporal
shift induced by a small spectral shift with two cascaded
Michelson interferometers. The spectral shift in our scheme is
a Doppler frequency shift produced by a mirror in one of the
interferometers, while the other interferometer has the same
optical structure with no movement of the mirror. By numer-
ical simulation, we obtain the temporal shift dependence of
the velocity, sensitivity, and SNR calculated from the Fisher
information [37]. MWVA is comparable to TWVA, but it
allows us to reach a higher sensitivity and SNR under the same
conditions of measuring time.

The rest of this paper is organized as follows. Section II A
briefly reviews the TWVA technique for measuring velocity
in a single Michelson interferometer. In Sec. II B, we derive
the MWVA technique for velocity with two cascaded Michel-
son interferometers based on the Vernier effect. In Sec. III,
by ensuring the same time measurement window and deter-
mining the meters in the two techniques, we obtain analytic
results of the sensitivity and SNR from the Fisher information.
Section IV consists of the summary and discussion.

II. TRADITIONAL WEAK-VALUE-AMPLIFICATION
AND MODIFIED WEAK-VALUE-AMPLIFICATION

TECHNIQUES

We propose and numerically demonstrate a weak measure-
ment scheme, in which the amplification of the phase shifts
in a Michelson interferometer can be effectively enhanced
by introducing another cascaded interferometer based on the
Vernier effect.

A. Weak-value-amplification technique
for velocity measurement

We review the traditional WVA technique to measure ve-
locity with a Michelson interferometer [20]. The temporal
shift is proportional to the weak value and can be amplified
in the measurement of v, which is accompanied by a de-
crease in the measured intensity due to the nature of the weak

FIG. 1. Schematic of WVA technique for velocity measurement
in the single Michelson. AOM is the acousto-optic modulator, which
can modulate the light into a temporal Gaussian-shaped pulse. PBS
is the polarizer beam splitter. The arrival time of single photons is
measured with an avalanche photodiode (APD).

measurement. The temporal shift is induced by the spectral
shift, which is a Doppler frequency shift produced by a mov-
ing mirror in a Michelson interferometer. The WVA technique
for velocity measurement is shown in Fig. 1.

In principle, the TWVA technique of weak measurement
has three parts: state preparation, weak interaction, and post-
selection. The initial state |�i〉 of the system and |�i〉 of the
meter are prepared with the polarizer and AO modulator. The
initial polarization state of the system can be described by
the polarization qubit,

|�i〉 = sin(α)|H〉 + cos(α)|V 〉, (1)

where α = π/4 rad is the angle between the horizontal line
and the transmission axis of the line polarizer (preselection).
The horizontal polarization state |H〉 corresponds to the arm
with the mirror through which the light passes, and the vertical
polarization state |V 〉 to the arm with the piezo-driven mirror
in the Michelson interferometer. The preparation of the meter
consists of the generation of the temporal mode,

I i
single = |〈p|�i〉|2(t ) = I0

1√
2πτ 2

e− (t+t0 )2/ 2τ 2
, (2)

where τ is the length of the Gaussian pulse, t0 is the center
of the pulse, and the value of I0 is normalized to 1. The
advantage of the temporal meter and non-Fourier limited
Gaussian-shaped pulse has been studied [20]. The pulse is in-
jected into a Michelson interferometer, where the horizontally
polarized component of the pulse goes through the arm with a
slowly moving mirror at speed v, and the vertically polarized
component goes through the arm with a piezo-driven mirror.
The weak interaction in Fig. 1 can be expressed as

U = e−igÂ⊗ p̂ = e−iωdÂt/2, (3)

where ωd = 2π fd = 2π 2v
λ

. Note that the spectral shift fd =
2v/λ is proportional to the velocity v. The observable Â satis-
fies Â = |H〉〈H | − |V 〉〈V |.

The postselection of the weak measurement is controlled
by inducing a phase offset 2φ by the piezo-driven mirror.
Thus, the final postselection of the system is

|� f 〉 = 1√
2

(|H〉 − ei2φ |V 〉), (4)
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and the weak value is

Aw = 〈� f |Â|�i〉
〈� f |�i〉 = −icotφ ≈ −i

φ
. (5)

The meter state of the temporal mode after the postselection
becomes [3]

〈p|� f 〉 = 〈� f |U |�i〉〈p|�i〉
= 〈� f |e−igÂ⊗p̂|�i〉〈p|�i〉
= 〈� f |�i〉[1 − igAw p̂]〈p|�i〉 + O(g2)

≈ 〈� f |�i〉e−igAw p̂〈p|�i〉. (6)

Hence, the squared absolute value of the meter state (6) is

I f
single = |〈p|� f 〉|2

= (sinφ)2e− 4πvt
λφ |〈p|�i〉|2

= (sinφ)2

√
2πτ 2

e− 4πvt
λφ e−(t+t0 )2/2τ 2

≈ (sinφ)2

√
2πτ 2

e
−

(
t+t0+ 4πτ2v

λφ

)2/
2τ 2

. (7)

The final step of Eq. (7) is obtained by assuming

(4πτ 2v)2

2τ 2(λφ)2 = 4πτ 2v

λφ

2πv

λφ
= δt

τ

2πvτ

λφ
� 1, (8)

where the condition 2πvτ � λφ is consistent with the
Ref. [20] and the relationship δt < τ is nature in the working
range of the weak measurement. In the traditional WVA tech-
nique to measure velocity, the time shift δt = 4πτ 2v

λφ
in Eq. (7)

is amplified in the measurement of v. Note that the spectral
shift fd = 2v/λ can translate to the time shift δt = 2πτ 2 fd

φ
=

4πτ 2v
λφ

[20].
In addition, we show the time shift of the meter in the

scheme of the TWVA technique to measure velocity v =
30 nm/s with length τ = 0.2 ms and central wavelength λ =
800 nm of the Gaussian pulse in Fig. 2. An interferometric
scheme based on a purely imaginary weak value was studied,
combined with a frequency-domain analysis, perhaps with
the potential to outperform standard interferometry by several
orders of magnitude [38]. However, the amplification of the
TWVA technique cannot be arbitrarily large due to the limit
of the resolution of the detector.

B. Modified weak-value-amplification technique
based on Vernier effect

Figure 3 shows the schematic diagram of the MWVA
technique for measuring velocity. It includes two Michelson
interferometers based on the TWVA technique, which are
the same as with the TWVA technique in Fig. 1. The upper
interferometer with moving mirror 1 serves as the sliding part
of the Vernier scalar because velocity changes will cause a
shift of the final meter. The lower interferometer with static
mirror 2 serves as the fixed part. The Vernier scale, consisting
of two scales with different periods, can efficiently enhance
the accuracy of measurement instruments [39].
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FIG. 2. Time shift of meter in the scheme of the WVA technique
to measure velocity v = 30 nm/s with length of Gaussian pulse
τ = 0.2 ms and phase offset φ = 0.3 rad of postselection. The ver-
tical dotted line represents the corresponding center of the Gaussian
function.

In our work, the upper and lower interferometers are pre-
pared with different free spectrum ranges (FSRs). The total
transmission meter of the cascaded Michelson interferometer
is the superposition of the optical power output of two interfer-
ometers, which exhibits peaks when their interference peaks
partially overlap. The envelope period is

Rsliding × Rfixed

|Rsliding − Rfixed|
. (9)

When the velocity changes, the transmission of the single
(upper) interferometer will shift, and the shift of the cascaded
Michelson interferometers’ envelope is magnified by the fac-
tor E . The shift of the transmission peak is proportional to the

FIG. 3. Scheme of MWVA technique with two cascaded Michel-
son interferometers based on Vernier effect.
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FIG. 4. Numerical simulation of the transmission temporal shift δt with τ = 0.2 ms and t0 = −1.0 ms at different velocity v. Panel
(a) shows the final meter I f

d of single Michelson interferometer, the upper plane (blue curve) represents the results measured at v = 0.0 nm/s
and the lower plane (red curve) is corresponding to the signal measured at v = 3.0 nm/s. The temporal shift δt is calculated by fitting the shift
of the peak of the two curves. Panel (b) displays the final meter I f

sum of two cascaded Michelson interferometers. Similarly, the temporal shift
δt is obtained from the shift of the envelope of the two curves. The units of the y coordinate of each graph is (2πτ 2)−1/2

enhanced factor,

E = Rfixed

|Rsliding − Rfixed|
. (10)

To produce the Vernier effect, the parameters of the main
optical components in our scheme in Fig. 3 must meet the
following requirements:

(i) Light: a high-power light source is suitable. Note that
the pulses for lights 1 and 2 need not be coherent, because the
laser detected at APD is the superposition of the optical power
output of two interferometers.

(ii) Piezo-driven mirror: the postselection of the TWVA
technique is controlled by inducing a phase offset 2φ with the
piezo-driven mirror, i.e., the intensity of the outgoing light is
proportional to the phase offset, as shown in Eq. (7). To obtain
the overlap with easily discernible peaks, the intensity of the
outgoing light of each interferometer, i.e., the phase offset,
should keep the same value.

(iii) AOM: this is the most critical device. The pulse,
which serves as the sliding or fixed part of the Vernier scale,
should be produced with an equally spaced Gaussian mode
rather than an individual pulse (2) [35,36,39]. AOM is mainly
used outside the laser cavity and modulates the laser with the
electric signal of the driving source [40]. In our work, AOM
1 modulates the laser with Rsliding as the preselection meter
|〈p|�i〉|2sliding(t ) = I i

u in the upper interferometer, while AOM

2 modulates the laser with Rfixed as the preselection meter
|〈p|�i〉|2fixed(t ) = I i

d in the lower interferometer. Then,

I i
u =

N∑
m=0

1√
2πτ 2

e− (t+t0−mRsliding )2/
2τ 2

, (11)

I i
d =

N∑
m=0

1√
2πτ 2

e− (t+t0−mRfixed )2/
2τ 2

. (12)

The final meter |〈p|� f 〉|2fixed(t ) = I f
d of the lower interfer-

ometer becomes

I f
d =

N∑
m=0

(sinφ)2

√
2πτ 2

e− (t+t0−mRfixed )2/
2τ 2

. (13)

The final meter |〈p|� f 〉|2sliding(t ) = I f
u of the upper interfer-

ometer with moving mirror 1 at velocity v becomes

I f
u =

N∑
m=0

(sinφ)2

√
2πτ 2

e
− (t+t0−mRsliding+ 4πτ2v

λφ
)2

/
2τ 2

. (14)

The intensity of the total laser detected at APD is the sum of
the light power from the upper and lower interferometers, i.e.,
I f
sum = I f

u + I f
d.

We select an experimental setup with φ = 0.3 rad, τ =
0.2 ms, λ = 800 nm, t0 = 1.0 ms of pulse I i

u (11) and I i
d

(12), Rfixed = 2.0 ms, and Rsliding = 1.96 ms of the upper
interferometer. The numerical simulations of the transmission
temporal shift of a single Michelson interferometer and two
cascaded Michelson interferometers are shown in Figs. 4(a)
and 4(b), respectively. The sensitivity-enhanced factor E =

3 ms
0.06 ms = 50 due to the Vernier effect is the same as E =

2.00 ms
2.00 ms−1.96 ms = 50, calculated from Eq. (10). The results ver-
ify that the sensitivity for measuring velocity can be enhanced
according to the calculated sensitivity-enhanced factor (10)
by choosing two interferometers with smaller differences in
FSR. However, in practice, there is a compromise between
sensitivity and measurement accuracy because a smaller FSR
difference will increase the FSR of the envelope, which intro-
duces difficulty in tracking the temporal shift of the envelope
peak [39].

The numerical results show that the MWVA technique
based on the Vernier effect is more sensitive than the TWVA
technique regardless of the measurement time of these two
techniques. In the scheme of the TWVA technique, Eq. (7)
indicates that the time shift δt = 4πτ 2v

λφ
can be effectively

enhanced by increasing the measuring time. Figure 4 shows
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FIG. 5. Numerical simulation of transmission temporal shift of the single Michelson interferometer with τ = 0.4 ms and t0 = −2.0 ms
(upper panels) and the two cascaded Michelson interferometers with τ = 0.2 ms and t0 = −46.0 ms (lower panels). For the different measured
velocities v, the left panels show the results of the measurement v = 30 nm/s, and the right panels display the results of the measurement
v = 10 nm/s. The unit of the y coordinate of each graph is (2πτ 2)−1/2. Note that the green lines are an additional auxiliary line that we added
to determine the position of the characteristic peak.

that our scheme takes more time than that of the sin-
gle Michelson interferometer, which brings the question of
whether our scheme is more sensitive for a given measurement
time.

III. FURTHER DISCUSSION AND NUMERICAL RESULTS

A. Sensitivity-enhanced factor at same measurement time

We study the sensitivity-enhanced factor in the two
schemes mentioned above at the same measurement time.
Note that we can obtain the temporal shift in a certain effective
time window, and the rest of the time window is useless in the
measurement. For example, when the time is greater than 2 ms
in the window in Fig. 4(a), the measurement is invalid.

By choosing the appropriate meter in the TWVA and
MWVA techniques, we compare their sensitivity at the same
measurement time. Note that we can obtain the temporal
shift in a certain and effective time window. The simulation
is shown in Fig. 5. I i

u and I i
d are chosen for postselection

phase φ = 0.3 rad, the length of the individual Gaussian pulse
is τ = 0.2 ms, t0 = 46.0 ms of pulses I i

u (11) and I i
d (12),

Rfixed = 2.0 ms, and Rsliding = 1.96 ms. Then

I i
d =

⎧⎨
⎩

N∑
m=0

1√
2π×0.22 e− (t+46−2.00m)2/ (2×0.22 ) t < 4 ms

0 t > 4 ms,

I i
d =

⎧⎨
⎩

N∑
m=0

1√
2π×0.22 e− (t+46−1.96m)2/ (2×0.22 ) t < 4 ms

0 t > 4 ms.

To keep the same measurement time, the meter mode I i
single

(2) of the schematic of the TWVA technique with the single
Michelson in Fig. 1 should be modulated with length τ = 0.4
ms and length t0 = −2.0 ms of the Gaussian pulse. I i

single is
given by

I i
d =

{ 1√
2π×0.42 e− (t−2.0)2/ (2×0.42 ) t < 4 ms

0 t > 4 ms.

With the input of I i
single of the single Michelson in Fig. 1, we

can obtain the final meter I f
single (7) of measuring velocity v =

30 nm/s and v = 10 nm/s in Figs. 5(a) and 5(c). Under the
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same window of measurement time, the results of the detected
intensity I f

sum of the two cascaded Michelson interferometers
measuring velocity v = 30 nm/s and v = 10 nm/s based on
the Vernier effect are as shown in Figs. 5(b) and 5(d).

The method of choosing the window of measurement time
is explained as follows: The goal is to obtain the enve-
lope through movement of I f

sum within the smallest possible
measurement time window. In our work, we find that the in-
tersection of straight lines determined by the interval troughs
can track the shift of the envelope trough. More specifi-
cally, the shift of I f

sum can be calculated by tracking the
shift of the trough, which is the nearest wave to the right
of the intersection. Therefore, we call the above method the
intersecting-point-tracing (IPT) method, by which we obtain
the shifts of the envelope I f

sum at measuring velocity v =
30 nm/s and v = 10 nm/s based on the Vernier effect, as
shown in Figs. 5(b) and 5(d), respectively. The results show
that the IPT method is effective and convenient for tracking
the shifts.

From Figs. 5(a) and 5(c), we can obtain the effec-
tive sensitivity-enhanced factor of measuring velocity v =
30 nm/s, Em = 3.00 ms

0.25 ms = 12. From the temporal shifts of mea-
suring velocity v = 10 nm/s in Fig. 5(b) and Fig. 5(d), we
obtain the same result, Em = 1.00 ms

0.08 ms = 12. Although Em = 12
is smaller than E = 50, as calculated from Eq. (10), the sen-
sitivity of the TWVA technique is still enhanced by several
orders of magnitude thanks to the Vernier effect.

In the actual measurement process, for the temporal shift
to be measurable, we require that δt > �t , where �t is the
resolution of the detector. In this work, we assume that the
shift δt = 0.08 ms in Fig. 5(c) has reached the resolution �t ,
which cannot be measured by the instrument. However, δt =
1.0 ms > �t in Fig. 5(d) can be effectively measured due
to the enhanced sensitivity of the Vernier effect. Therefore,
the MWVA technique based on the Vernier effect can break
through the resolution of the detector of the TWVA technique
for velocity measurements.

B. Analysis of signal-to-noise ratio based on Fisher information

By calculating the Cramér-Rao bound (CRB) [41,42], we
consider the fundamental limitation of velocity measurements
with both the traditional WVA technique and the modified
WVA technique based on the Vernier effect. The CRB is the
fundamental limit of the minimum uncertainty for parameter
estimation and is equal to the inverse of the Fisher informa-
tion. In information theory, the Fisher information is a way
of measuring the amount of information that an observable
random variable x carries about an unknown parameter �

upon which the probability of x depends. Let P(x|�) be the
probability density function for x conditioned on the value of
�. The Fisher information [37] is usually defined as

F(�) = N
∫

dxP(x|�)

[
d

d�
lnP(x|�)

]2

, (15)

where N represents that N photons are sent through the
interferometer. Then the CRB, which is the minimum vari-
ance �2(�) of an unbiased estimate of �, can be obtained
as CRB = 1/F(�). We calculate CRB and the SNR for
TWVA and MWVA based on the Vernier effect at the same

measurement time, 0 < t < 4 ms (discussed in Sec. III A). In
our work, � corresponds to the temporal shift δt .

In the scheme of Fig. 1, with the traditional WVA tech-
nique, we choose the pulse in Sec. III A and obtain the
probability distribution of t ,

Ps =
{ (sinφ)2

√
0.32π

e− (t−2.0+δt )2/ 0.32 t < 4 ms
0 t > 4 ms,

and the Fisher information can be computed as

Fs = N
∫

dtP(t |δt )

[
d

dδt
lnPs(t |δt )

]2

. (16)

The sensitivity in the determination of δt = 4πτ 2v
λφ

is bounded

by the square root of the minimum variance, �(δt ) = √
1/Fs.

The smallest resolvable velocity is determined by

SNRs = δts
�(δt )

= v

�v
= 4vπτ 2

√
Fs

λφ
, (17)

where δts = δt .
Figure 3 shows the Fisher information Fc with the MWVA

technique based on the Vernier effect. To keep the same mea-
surement times with the TWVA technique, we choose inputs
I i
u (11) and I i

d (13) with the parameters in Sec. III A, and the
Fisher information Fc can be calculated as

Fc = N
∫

dtP(t |δt )

[
d

dδt
lnPc(t |δt )

]2

, (18)

where the probability distribution Pc satisfies

Pc =

⎧⎪⎪⎨
⎪⎪⎩

N∑
m=0

1√
0.08π

[e− (t+46−2.00m+δt )2/ 0.08

+e− (t+46−1.96m+δt )2/ 0.08] t < 4 ms
0 t > 4 ms.

Therefore,

SNRc = δtc
�(δt )

= 12v

�v
= 48vπτ 2

√
Fs

λφ
, (19)

where δtc = 12δt . Note that SNRc with the TWVA technique
will be enhanced with the factor Em = 12 due to the Vernier
effect.

The complexity of probability distributions Ps and Pc

makes it difficult to analytically calculate the Fisher informa-
tion. We numerically perform the integrations (16) and (18)
for N = 54 × 106, with results as shown in Fig. 6(a). On this
basis, we calculate the SNR at different velocities with the
TWVA and MWVA techniques. Accordingly, these results are
shown in Fig. 6(b).

The CRB [41,42] states that the inverse of the Fisher in-
formation is a lower bound on the variance of any unbiased
estimator of δt . �2(δt ) represents the noise limit of the mea-
surement process and characterizes the extent of the shot noise
of the quantum measurement [22]. The Fisher information
intuitively reflects the accuracy of our parameter estimation.
The larger it is the greater the accuracy is, i.e., it represents
more information. Fig. 6(a) shows that the Fisher information
Fc with MWVA is greater than Fs with the traditional TWVA
when the measured velocity is less than 32 nm/s [read from
Fig. 6(a)]. However, with the further increase of velocity v,
MWVA will become less efficient than TWVA. As we have
pointed out, MWVA is an effective alternative to TWVA when
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FIG. 6. (a) Fisher information and (b) SNR at different velocities
with traditional WVA technique and modified WVA technique based
on Vernier effect.

the measurement is beyond the limits of resolution of the
detector in Fig. 1.

Continuing the discussion of the SNR in Fig. 6(b), the
results show that SNRc is greater than SNRs with the tra-
ditional WVA technique when our measured velocity is less
than 58 nm/s [read from Fig. 6(b)]. Note that an interesting
conclusion can be drawn from Fig. 6. The Fisher information
characterization is not fully equivalent to the SNR character-
ization with the increase of measurement velocity. A similar
conclusion is obtained by analyzing the WVA technique be-
yond the Aharonov-Albert-Vaidman limit [22]. In addition,
as the measurement velocity decreases, the SNR of MWVA
improves more.

We notice that the time shift δtc in our MWVA technique is
less than 3.5 ms, thanks to the same time measurement win-
dow being guaranteed. The upper limit of the corresponding
velocity measurement is 40 nm/s. Therefore, we can conclude
that MWVA is more efficient than TWVA because SNRc is
larger than SNRs, as v < 40 nm/s in Fig. 6(b). In addition,
the MWVA technique shows its advantage of the enhanced
sensitivity and the higher SNR when the velocity measure-
ment is smaller especially when the TWVA technique loses
the sensitivity (where δt is smaller than the resolution of the
detector).

IV. SUMMARY AND DISCUSSION

Using the feature of sensitivity enhancement in the Vernier
effect, we proposed the modified weak-value-amplification
technique to measure the mirror’s velocity. Compared with
the traditional weak-value-amplification, we demonstrated a
sensitivity-enhanced and higher signal-to-noise ratio (SNR)
by using two cascaded Michelson interferometers with
similar optical structures. An interferometer with a fixed
mirror acts as a fixed part of the Vernier scale, and the other,
with a moving mirror, acts as a sliding part of the Vernier
scale for velocity sensing. By choosing the appropriate
meter in modified weak-value-amplification and traditional
weak-value-amplification to ensure the same measurement
time. Our numerical results showed that modified
weak-value-amplification is more efficient than the traditional
technique, with 12 times sensitivity enhancement and a
higher signal-to-noise ratio. In addition, as the measurement
velocity is smaller, the signal-to-noise ratio of modified weak-
value-amplification is improved more. Note that modified
weak-value-amplification can present a viable and effective
alternative to the measurement out of the limit of resolution
in the traditional weak-value-amplification technique.

A few remarks are warranted. We proposed an intersecting
point-tracking (IPT) method to track the shift of the me-
ter with cascaded Michelson interferometers, which indicates
that the intersection of straight lines determined by interval
troughs can track the shift of the envelope trough. We found
that Fisher information characterization is not fully equiva-
lent to signal-to-noise ratio characterization with the increase
of measurement velocity. A similar result can be found in
Ref. [22]. Our study can serve as a purely theoretical dis-
cussion of this inconsistency among Fisher information and
signal-to-noise ratio. In addition, by using the principles of
the Vernier effect, it is applicable and convenient to further
improve the sensitivity and signal-to-noise ratio in measuring
other physical quantities with the weak-value-amplification
technique.

Note that our modified weak-value amplification is only
one of the techniques used in precision interferometric mea-
surements. There are lots of effective efforts that may be
able to be combined with our scheme as well. For exam-
ple, we could map our system to a Fabry-Pérot cavity [31],
which could improve the sensitivity without postselection by
changing the finesse of the cavity. Future work may focus on
the combination of this technique and our work. In addition,
our modified weak-value-amplification technique can be re-
alized beyond the Gaussian meter wave function. It has been
shown [43] that the Hermite-Gaussian and Laguerre-Gaussian
pointer states for a given coupling direction have advantages
and disadvantages compared with the fundamental Gaus-
sian mode in improving the signal-to-noise ratio, and it has
been indicated [44] that the postselected weak measurement
scheme for nonclassical pointer states (coherent, squeezed
vacuum, and Schrödinger cat states) is superior to semiclassi-
cal schemes. Therefore, a modified weak-value-amplification
technique with a non-Gaussian meter wave function based
on the Vernier effect will be studied in our future work,
whose relevant experiments are gradually being carried
out.
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