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Dispersion relations are fundamental characteristics of the dynamics of quantum and wave systems. In this
work we introduce a simple technique to generate a large variety of dispersion relations in a modulated tilted
lattice. The technique is illustrated by important examples: the Dirac, Bogoliubov, and Landau dispersion
relations (the latter exhibiting the roton and the maxon). We show that adding a slow temporal phase shift to
the lattice modulation allows one to reconstruct the dispersion relation from dynamical quantities. Finally, we
generalize the technique to higher dimensions and generate graphenelike Dirac points and flat bands in two

dimensions.
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I. INTRODUCTION

Dispersion relations, connecting the energy to the momen-
tum, E = E(p), of a quantum particle, or the frequency to the
wave number w = w(k) of a wave, are a fundamental concept
in many domains of physics. For example, relativistic par-
ticles are characterized by the Einstein’s dispersion relation
E? = p*c? 4+ m?*c*, crystalline solids by their bands E = E(q)
(with ¢ the quasimomentum), and superfluidity by Landau’s
dispersion relation, presenting exotic features like the maxon
and the rofon [1-3]. Dispersion relations provide a great deal
of information on the physics of a system.

Recent developments both in condensed-matter and
ultracold-atom systems have generated the concept of a
“quantum simulators.” Devising, for instance, a system dis-
playing a given dispersion relation provides information
several aspects of the physics of other systems exhibiting the
same dispersion relation. Ultracold atoms in optical lattices
or trapped ions have proved to be among the most clean and
flexible systems in physics, both theoretically and experimen-
tally. Optical lattices can mimic an almost perfect lattice (no
phonons, controllable decoherence, etc.) and make it easy to
create low-dimensional systems. Moreover, being formed by
the interference of laser beams, they can be “engineered” in
many ways, i.e., one can create a wealth of different lattices.
A few nonexhaustive examples are kagome [4], Lieb [5-7],
quasiperiodic [8], and disordered lattices [9]. They can also
be easily modulated in time, producing, notably, oscillat-
ing [10] or accelerated lattices [11,12]. These properties make
such systems an outstanding platform to the realization of
analog quantum simulators. In many cases one can con-
struct a given Hamiltonian from its building blocks, e.g.,
Bose- and Fermi-Hubbard’s [13—-15], Anderson’s [8,9,16,17],
and Dirac’s [18-22] Hamiltonians, bringing new light into
many aspects of their physics, notably the Mott transi-
tion [14], the Anderson localization and transition [17,23-25],
Bloch oscillations and Wannier-Stark ladders [11,12], or
Klein tunneling [26,27]. Proposals for manipulating disper-
sion relations by applying temporal modulations in lattices are
discussed in [28-30] and references therein.
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In the present work we present a simple one-dimensional
system able to “synthesize” several types of dispersion rela-
tions that we illustrate with important examples. An original
technique allowing the direct detection of these dispersion
relations is also proposed. In the last part we generalize the
synthesis of dispersion relations to higher dimensions, illus-
trated by the generation of graphenelike Dirac cones and Lieb
lattices (displaying a flat band) in two dimensions (2D).

II. SYNTHESIZING DISPERSION RELATIONS
IN ONE-DIMENSIONAL WANNIER-STARK
OPTICAL LATTICES

Our present model is based on the framework introduced in
Ref. [21] and further developed in [22]. Ultracold atoms are
placed in the interference pattern of counterpropagating laser
beams, which generates a sinusoidal potential, proportional
to the atom-laser coupling, acting on the center-of-mass de-
gree of freedom of the atoms [31]. If the atom’s de Broglie
wavelength is comparable to the lattice constant a = A /2
(AL = 2m /k;, is the radiation wavelength) [32], the system
is in the quantum regime, a condition easily realized for
temperatures of the order of a few uK. A linear shift of the
frequency produces a quadratic displacement of the nodes
of the standing wave [11,12,33] and the resulting inertial
constant force creates a tilt, that is, a potential of the form
Vus(X) = —Vj cos(2k; X) + Fx, with V| proportional to the
radiation intensity and F (constant) proportional to the fre-
quency chirp [34]. The atomic cloud density is assumed low
enough that atomic interactions are negligible.

A set of dimensionless units is obtained by measuring
space in units of a, energy in units of the so-called atom’s
recoil energy Ex = hzk% /2M = hwg, and time in units of
a)g1 (M is the atom’s mass). This leads to the dimensionless
Hamiltonian

2

2m*

where m* = 72/2, F = Fa/Eg, and V; = V,/Ey are dimen-
sionless quantities and Planck’s constant is 1.

Hy = — Vocos 2mx) + Fx, (D)
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The properties of such a system, that we shall call a tilted
lattice, are well known [35—41]. In short, this system is in-
variant under discrete spatial translations corresponding to an
integer multiple n of the lattice step (¢ = 1 in dimensionless
units) provided the energy is also shifted of nwp (nwp is the
shift amount) where wp = F is the so-called Bloch frequency
(= |Fla/h in dimensioned units). In the following, n denotes
the site index corresponding to potential minima localized at
the position x = n. The symmetry of the system implies that
the eigenfunctions (called Wannier-Stark states) are invariant
under a translation of an integer number of lattice steps, i.e.,
PO(x) = (e)(x — n), with the corresponding eigenenergies
E® = E\" + nwg, thus forming (depending on parameters V
and F) dlfferent ladders (labeled by £) of levels separated by
the constant step wp and characterized by a ground energy
shift Eé[). In what follows we will mainly consider poten-
tial parameters allowing two ladders (£ = g, e) of localized
“ground” and “excited” eigenstates, that is, there are two
states localized at each site n, o (x) and ¢ (x), separated
by an energy shift A = E." Eég) . Other eigenstates of Hy,
localized or belonging to the continuum, are assumed to be
irrelevant for the system’s dynamics, as explained below.

Controllable dynamics can be induced in such systems by
external modulations of the parameters Vj or F at frequencies
close to resonances, i.e., close to A or to multiples of wg. We
thus add to Hj a time-dependent potential

H (1) = f()V (x), 2

where V (x) = cos(2mx). Using this flexibility, the feasibility

of models reproducing the Dirac equation (hence the Dirac

dispersion relation) has been demonstrated in Refs. [21,22].
The driving f(¢) has the general form

f(t)—ZA

withje€Z,q=0,£1,and A, = A’jjﬁq (reality condition).
For given integers j the modulation resonantly couples states
centered in sites separated by j lattice steps. If ¢ = 0, one
couples states ¢© and (p(e) +; belonging to the same ladder ¢
(intraladder coupling). Interladder couplings between states
@ and gp(‘))] are obtained for ¢ = 1, or ¢! and <p(g) for
q=—1.
With the above provisions, the general solution for the
system can be developed in the Wannier-Stark basis restricted
to the subspace spanned by the ground and first excited ladder

[ja)ﬁl‘ tht (3)

\I}()C, [) = Z [Cn(t)e*inwgtgor(lg)(x)

n

+dy (1)e A 9 (x)] )

a form that holds if modulation amplitudes in f(¢) are low
enough to avoid projection on other eigenstates of the Hamil-
tonian Hy.

Plugging this form into the Schrodinger equation for Hy +
H,(t), one obtains a set of coupled differential equations for
the amplitudes c¢,(¢) and d,,(¢) (for details of this calculation,

see the Appendix of Ref. [21]), which reads
d Cn (t) E(gg) Tr(ge) Cntr (t)
dr (dna) - XZ: r e \d,)) O
re
with coupling amplitudes between sites n and n + r [42]:

Tr(gg) = Aro < (8)|V|(p(8)>

Tr(ﬁc’) = Ang < (€)|V|(p(€))
Tr(ge) — r, < (g)|v|(p(€))
Tr(eg) =A,_ ( (6)‘V’(p(g)) (6)

In the momentum representation the corresponding ampli-
tudes ¢(k,t) =Y, c,(t)exp(—ikn) (with analogous expres-
sions for d,) are governed by only two coupled equations:

d (Ek,t)\ _ (Fk)y Fk)\(ctk,1) o
di\d(k,t)) — \F*(k) F.(k))\d(k,1)

where
o0
F‘Z(k) — Z Tr(él)el'kr (8)
r=—00
with £ = {g, e}, and
F(k) = Z Tr(ge)eikr‘ 9)

The functions Fy(k) and F'(k) are Fourier series whose co-
efficients are proportional to the overlap integrals 7.(%¢)
of the wave functions centered at positions separated by r
sites but are controlled by the modulation coefficients Aj
[see Egs. (6)].

Equations (7) define an effective Hamiltonian for a two-
level-like system whose eigenvalues determine the dispersion
relation w(k):

[(k)

This dispersion relation is 2w periodic and is convention-
ally defined in the interval k € (—m, ]. Equation (10) is the
basis of our technique for synthesizing dispersion relations:
Specifying a given dispersion relation amounts to define the
functions F,(k), F,(k), and F(k), and from Eqgs. (8) and (9),
this sets conditions on the amplitudes 7.*), which allows
one, with the help of Eqgs. (6), to determine modulation pa-
rameters A ; , that must be used in the modulation term H; (¢).
Examples discussed in Sec. III illustrate how a desired disper-
sion relation can be obtained to a very good approximation.

— F(llw(k) — F.(k)] = |F (k)|*. (10)

III. APPLICATIONS
A. Dirac cone

A linear dispersion relation w(k) = =£clk|, also called
Dirac cone (corresponding to a Dirac particle of zero mass),
can be obtained from Eq. (10) with Fy(k) = F,(k) =0 and
F(k) = c|k|. This implies 7,*¢ =T =0, that is, no
intraladder couplings, and 1nterladder couplings given by
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Eq. (9). As the Fourier series of the function |k| is

T 4°°cos(rk)
kl=|=——-— ,
i=5-1 5=

one must have

. 4 cos(rk)
@O ikr _ ) — | T
§r T _c|k|_c|:2 - E 3 }

which, from Eq. (6), gives the modulation amplitudes

AO l<(P(g)|V|(P(e)> _ C% (11)

and

Al (g)|V‘gp(e)) %[cos(rn) —1] r>0.
Tr

The dispersion relation is thus synthesized by applying a
modulation given by Eq. (3) with coefficients

5 ( (g)}v|(p(€)) 810

( (g)|v|(p(€))

Ar,l -

+ —{eos(rm) — 1) (1= 8,0).

wr
Experimentally, this modulation can be easily created by an
arbitrary-wave generator. The overlap integrals (go(g)|V|(p£e))
depend on the lattice parameters V and F and go to zero rather
fast with the site distance r, implying that the modulation am-
plitude at higher frequencies must increase rapidly, eventually
breaking the slow modulation condition implied by Eq. (4).
Fortunately, for typical lattice parameters, keeping only r < 3
terms yet gives a rather good approximation of a Dirac cone,
as shown Fig. 1 (top), except at the tip of the cone at k =0
which needs higher harmonics to be well reproduced.

A way to overcome this limitation is to include in Eq. (11)
a frequency offset parameter b such that w(k) = *c(|k| + b),
which is readily done by setting

Aoy = c<b+ %)( O g

The parameter b controls the gap between the two half-cones:
If b > 0 a gap is opened, and if b < 0 one obtains two inter-
secting Dirac cones. Figure 1 (bottom) illustrates this case for
b = —1 and shows perfect linear behavior in the vicinity of
the Dirac points whose position k = =£b is controlled by the
applied modulation. We have thus obtained a flexible way to
generate Dirac-cone-type dispersion relations, allowing one to
open a gap or to merge the cones.

B. The superfluid dispersion relation, the roton and the maxon

Superfluidity is a purely quantum behavior appearing no-
tably in liquid helium and quantum atomic gases. Its simplest
mathematical treatment relies on the Bogoliubov correction
to the mean-field Gross-Pitaevskii equation [3,31,43], which
leads to the well-known Bogoliubov dispersion relation

2 212
w(k):w_(ﬁﬂgn) 1)

2M \ 2M

where M is the atom mass, g a parameter characterizing the bi-
nary atomic interaction in the Gross-Pitaevskii equation, and

1.0 05 0.0 0.5 1.0
k/m

FIG. 1. Linear dispersion relation. Top: Dirac cone (¢ = 1). Bot-
tom: Intersecting Dirac cones (¢ = 1, b = —1). Only terms 0 < r <3
were kept in the Fourier series (red circles). The analytical expres-
sions are shown for comparison (black solid lines).

n the atomic density (the approximation is valid in the limit of
low density and temperature). This dispersion is characterized
by a “phononic,” i.e., linear w(k) o k dependence at small
k (k < «/gnM /h) and a “free particle” part w(k) oc k* at large
k.

Following the same ideas as in the preceding section,
Eq. (12) can be obtained from the general form of the dis-
persion relation with F,(k) = F,(k) = 0 and

F (k) = c(lk| + ak?), (13)

where « is an imaginary number (o = i|«|), leading, through
Eq. (10), to the desired dispersion

w(k) = /K2 (1 + |a|2k2). (14)

Beyond the Bogoliubov approach, phenomenological ar-
guments by Landau [1] concerning the superfluidity of the
strongly interacting liquid “He supported the existence in the
dispersion relation of a minimum w(k,) at some k,, called
the roton [44] which, by continuity, implies the existence of
a maximum w(k,,) with k,, < k,, called the maxon. Roton and
maxon features have recently been observed experimentally
using a Bose-Einstein condensate in a modulated flat lat-
tice [45], in erbium condensates with interactions controlled
by Feshbach resonances [46,47], and in acoustic metamateri-
als [48].

A dispersion relation presenting a roton and maxon can be
synthesized by choosing « as a complex number, leading to

a)(k):c\/kz(l + (@ + a)|k| + o 2k2). (15)
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FIG. 2. Synthetic dispersion relation displaying a maxon and a
roton, generated by the Fourier series Eq. (16) (blue circles), re-
stricted to |r| < 3, compared to Eq. (15) with parameters ¢ = 1 and
a = —0.5 + 0.1 (black solid line).

Equation (9) then leads to

1 = Aulei|VI) = = [ cos ok + k),

from which we obtain the modulation amplitudes

2
A =<5+ o7 )i VIol?) '8

+ #[(Zna—kl)cos(rn) - 1](<p(§g)’v’(pﬁe))_l(l_(sro).
(16)

The fact that |A, | oc 7= (for r # 0) implies that the se-
ries has a rather fast convergence, and thus that only a few
terms suffice to give a good approximation of the desired
dispersion relation. Figure 2 shows the resulting Bogoliubov
dispersion relation with the rofon-maxon features obtained for
o = —0.5 + 0.1i, compared to Eq. (15).

C. Scanning the dispersion relation

A natural question is how to obtain experimental informa-
tion on the shape of the dispersion relation. We show below
that this can be done by preparing an initial wave packet
and monitoring its average position (X)(¢) in the modulated
lattice while applying a slow phase shift to the modula-
tion Eq. (3). We thus use a generalized modulation form
Zj Aj g exp(i[j(wpt + ¢(1)) + gAt]), where ¢(t) is an arbi-
trary time-dependent phase. All the developments of Sec. 1I
remain valid, except that for a slow variation of ¢(¢), the am-
plitudes become A} ; exp (ij¢(¢)). Equations (6) show that the
phase modulation ¢(#) is then imprinted in the coupling co-
efficients Tr(“’), which finally results in shifting k — k(¢) =
k 4+ ¢(t) in Egs. (8) and (9). Changing the phase ¢ turns out to
be equivalent to changing k [49], resulting in slowly varying
functions F (k(t)) and F;(k(t)) and thus w(k(t)).

We illustrate this idea in the simple case of an intralad-
der model with only the ground ladder £ =0 [i.e., ¢ =0 in
Eq. (2)]. In this case we have w(k) = Fylk 4+ ¢(¢)], and a
slow linear phase shift ¢ = yt (y < wp) results in (X)(¢) =
w(k)|r=k()/y (see Appendix). We choose here the example of

0.35
0.30
0251
=0.201
0.15
0.10{
0.051 7

00 01 02 03 04 05
k/m

FIG. 3. Detecting the dispersion relation. The solid black line
dispersion relation is obtained from w(k) = Fy[k + ¢(t)] with
Fo(k) = —0.81[1 — cos(2k)] — 0.5sin(2k) + 2sink and F, = F =0.
The blue circles show the average wave-packet position (X)(t)
(with an adjusted vertical scale factor) and the phase-shift ratio
y =m x 10~*w;.

an analytical dispersion relation
w(k) = a[l — cos(2k)] + bsin(2k) + csink, a7

which exhibits a rotonlike behavior as shown in Fig. 3 (full
black line). We performed a numerical simulation of the full
Schrodinger equation corresponding to the Hamiltonian H =
Hy + H,(t) (with a suitable choice of modulation parameters)
with an initial Gaussian wave packet whose width in k space
is small compared to its typical length scale. The time evolu-
tion of the wave packet is then registered while the phase is
linearly swept ¢(¢) = yt. The evolution of the mean position
(X)(t) is shown in Fig. 3 (blue circles) and shows a good
agreement with the analytical expression Eq. (17), validating
our proposal.

IV. DISPERSION RELATIONS IN TWO DIMENSIONS

The strategy developed in Sec. II can be generalized to
higher dimensions. We give here two examples: the creation
of 2D Dirac points and of a Lieb lattice dispersion relation
with a flat band.

A. Creating, moving, and the merging of Dirac cones

Manipulation of Dirac points both in optical lattices [20]
and crystals [50] is an active research subject. A 2D optical
lattice simulating Dirac physics was discussed in Ref. [22].
In brief, the corresponding dispersion relations can be synthe-
sized in a 2D modulated tilted lattice. Hamiltonian (2) is easily
translated into 2D (the definition of the dimensionless units is
analogous to the 1D case):

PAp

)
Ho., = 2m*

Volcos(2mrx) + Cos(27ry)]+a)g)x + wgy.
(18)
Since the above Hamiltonian is separable, all Wannier-Stark
properties described in Sec. II trivially generalize to the
present case. We consider only ground ladder eigenstates
formed by the tensorial product ¢ (x)g5’ (v) with ¢ (x;) =
<p(()i)(x,- — sxp,), i = {x,y}, s = {n, m} with eigenenergies Ey +

(x) o)
nwg” + mwg .
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The controlled dynamics for the Dirac system we are inter-
ested in is generated by adding a perturbation

Hy, (x, v, 1) = cos(mx)[Vee! Q25 1+6) 4 cc. + V]

+ [V, cos 2my)e (@5 H9) 4 el (19)

depending on the arbitrary phases ¢ ,. The general solution
(restricted to the ground ladder) can be written, in analogy
with Eq. (4),

Yy )= um®e@el (). (20)

Substituting the above solution in Schrodinger’s equation for
the total Hamiltonian Hy,, 4+ Hj,,, one obtains the following
set of coupled equations (in the resonant approximation):

dcym
l—

dt = (_1)n[7;cei¢xcn+2,m + T;ce_id)xcnflm + TOCn,m]

+ ]}ei%cn,m-%l + T;)e_iqﬁycn,m—l
with couplings

T, = Vi{gl? | cos ()] 57)

T, = V(g | cos 2ry)|¢}”)

To = Volws” | cos (x)|w5”),

where the factor cos(mwx) in Eq. (19) introduces a parity-
dependent factor (—1)" which results in a system of two
coupled sublattices corresponding to sites where n is odd
or even. In the reciprocal space (k,,k,), we define two-
dimensional Fourier amplitudes,

E(kx’ k,V’ t) = Z Z Cnm(t)e_mkxe_imh’

neven m

for n even and, equivalently, for n odd, d (ky, ky, t). These
amplitudes can be written as a two-component spinor [] =
(C(ky, ky, 1), d(k,, ky, t))T. The Hamiltonian projected in the k
space turns out to be

[To + T cos(2k, + ¢y)
Ty cos(ky + ¢y)
for which the dispersion relation is
o(ky, ky) = £{[To + Ty cos(2ks + )]
+ [T, cos(ky, + ¢,)]*}/2. (22)

In the k,, — 0 limit, choosing ¢, = ¢, =7 /2 and T =0,
a Dirac equation (for a free particle) is obtained with the
dispersion relation

ke, ky) = £, /AT + T242,

which is a Dirac cone (anisotropic if 27, # T,).

Another interesting situation is obtained from Eq. (22) with
¢ =0,¢, =m/2,and Ty # 0. Then the dispersion relation is,
for small ky,

T, cos(ky, + ¢y)
Ty — T, cos(2k, + @)} @b

ke, k) ~ £/[To + Ty cosh)l + TR (23)

Depending on parameters 7y and T, different structures are
obtained (assuming here Ty and 7, of opposite sign without

FIG. 4. Dirac cones. We plot the positive root of Eq. (23) for
parameters: T, = T, = 3 and Ty = —2.5 with two Dirac points.

loss of generality). As shown in Fig. 4, when |Ty| < |T|,
there are two Dirac cones centered at the positions k, =0
and k, = £(1/2)cos™'(|Ty/T|). These cones move towards
each other as the value of |7 /7| increases and finally coa-
lesce when Ty = —T,, giving a dispersion relation w(k,, k,) ~
VAT kS + Tyzkg in the vicinity of the point k,, k, =0,
which is thus a hybrid point with a linear dependence in the
y direction (corresponding to a free Dirac particle, or phonon)
and quadratic dependence in x (corresponding to a free non-
relativistic particle). A gap opens for |Ty| > |T,|, potentially
leading to topological effects.

B. The Lieb lattice

In this section we consider the synthesis of a Lieb lattice
dispersion relation [5-7] using a form of Eq. (19) which
results in an effective spin S = 1 with a flat band. The idea
is sketched in Fig. 5, essentially consisting in creating differ-
ent types of sites: A, B, coupled with coupling 7,; B and C

neven nodd mneven nodd

1 1 ] 1

I ' i i

O I | I i

L Cy DL C4 D,
modd-————'—‘————#-:----.---_:._ _____

PR R
mevcn»——-a:-‘uf.{l)in ‘T.. p------

CIT” D! C[Ty |
modd----- Q®---- . —----.____I._ _____

1 1

B[T’y : BITy :

FIG. 5. Synthesis of a Lieb lattice. The unit cell is indicated by
the dashed-dotted square. Sites D (n and m odd) are uncoupled to
their neighbors. The other sites A, B, and C are resonantly coupled
to their neighbors: B to C with amplitude 7; along the lines of m even;
A to B with amplitude 7, along the lines of n even.
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coupled with T};; while sites D are completely uncoupled and
thus dynamically irrelevant. This selective coupling can be
obtained with the following perturbation:

Hy,,(x, 1) = cos 2rx)[VD + V? cos(rry)] cos (wf;)t)
+ cos 2ay)[V,V + V,?) cos(x)] cos (w'1).

By substituting the general solution, Eq. (20), in
Schrodinger’s equation for the Hamiltonian Hy,, + Hi,,
one obtains the following set of coupled equations (in the
resonant approximation):

.dcn,m
1
dt

= T)'c[l + (_1)m](cn+l,m + Cn—l,m)

+ LI+ (=D)"1(cams1 + cam—1) (24

with couplings

T = 3Vl cos @rnlel”)
T, = 106} | cos @ry)lef).

provided that the modulation amplitudes obey the following
relations:

T
W = V2l cos (rofo).

As expected, Eq. (24) shows that the complex amplitudes ¢, ,
with n and m odd (corresponding to D sites) are dynamically
inert. These amplitudes are therefore irrelevant and, as shown
in Fig. 5, the effective unit cell contains only three relevant
sites, which is the characteristic of Lieb lattices.

In the same spirit as in Sec. IV A we define three ampli-
tudes in k space:

c(ky, k,vv t) = Z Z Cnm(t)eimkxeiimkv,
neven meven
and J(kx, ky, t) for m even, n odd, and f(kx, ky, t) for m odd, n
even. The time evolution in k-space for the three-component
spinor [] = (&(ky, ky, 1), d(ky, ky, 1), f(ky, ky, 1))T obeys

0 4T, cosk, 4T, cosk,
iM = | 4T, cosk, 0 0 [v],
i | 4T, cosk, 0 0

leading to the well-known three-band dispersion relation of
the Lieb lattice:

w(ky, ky) =0

w(ky, ky) = j:\/ (4T, cos k,)* + (4T, cosk,)*,  (25)

where the first expression corresponds to the flat band and the
second one to two symmetric bands, which are anisotropic if
T; # T,, as shown in Fig. 6.

V. CONCLUSION

We introduced in this work a technique allowing the
generation of a variety of dispersion relations in a tilted
modulated lattice, which we illustrated through several im-
portant examples: the 1D Dirac phononic dispersion relation,
the Bogoliubov dispersion relation, and the Landau superfluid

—0.4
920

Lofr U204 —04 %y

FIG. 6. Lieb lattice dispersion relation, Eq. (25). Parameters are
I, =15T =1

relation, with the maxon and the roton features. We proposed
a simple way to experimentally detect the dispersion relation
by adding a slow phase shift to the modulation and measuring
an easily accessible quantity, namely, the average position of
the wave packet. Finally, we illustrated the generation of Dirac
points in two dimensions and the generation of a flat band in a
Lieb lattice. The technique introduced in the present work thus
appears as an efficient, state-of-the-art experimentally feasible
way to synthesize lattice systems with arbitrary dispersion
relations, thus mimicking several important condensed matter
systems.
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APPENDIX: DYNAMICS IN A PHASE-MODULATED
LATTICE

In this Appendix we show how the introduction of a phase
shift allows to extract the shape of the dispersion relation
from the measurement of the average wave-packet position
evolution.

Consider a smooth wave packet in a system obeying a
dispersion relation w(k, ¢). Its average position (X)(¢) can be
written as

X)) = (X)(t = 0) + /0 ve()dr',

where vg(t) = dw/dk is the group velocity.
An adiabatic phase shift ¢(t) = yt corresponds to k(¢) =
ko + yt, and thus, by integration,

(X)) = (X)(r = 0) + [w(k(t)) — w(ko)]/ v,
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with (X)(t = 0) = 0. Choosing kj such that w(ky) = 0 results
in the simple expression

(X)) = wk®))/y-

Hence, measuring the temporal evolution of the average po-
sition of the wave packet directly gives the shape of the
dispersion relation.
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