PHYSICAL REVIEW A 105, 013306 (2022)

Superradiant phase transitions in one-dimensional correlated Fermi gases with
cavity-induced umklapp scattering
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The superradiant phase transitions of one-dimensional correlated Fermi gases in a transversely driven optical
cavity, under the umklapp condition that the cavity wave number is equal to two times the Fermi wave number,
are studied with bosonization and renormalization group techniques. The bosonization of Fermi fields gives rise
to an all-to-all sine-Gordon (SG) model due to the cavity-assisted nonlocal interactions, where the Bose fields at
any two spatial points are coupled. The superradiant phase transition is then mapped to the Kosterlitz-Thouless
phase transition of the all-to-all SG model. The nesting effect, in which the superradiant phase transition can
be triggered by an infinitely small atom-cavity coupling strength, is shown to be preserved for any nonattractive
local interactions. For attractive local interactions, the phase transition occurs at a finite critical coupling strength.
Nevertheless, the analysis of the scaling dimension indicates that the perturbation of the nonlocal cosine term
is indeed relevant (irrelevant) when the scaling dimension is lower (higher) than the critical dimension, similar
to the case of an ordinary local SG model. Our work provides an analytical framework for understanding the
superradiant phase transitions in low-dimensional correlated intracavity Fermi gases.
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I. INTRODUCTION

The quantum gases in an optical cavity provide new
paradigms for exploring many-body physics [1,2]. The self-
organization of atoms into a checkerboard order, accompany-
ing the superradiant macroscopic occupation of cavity modes,
occurs above a critical atom-cavity coupling strength [3,4].
For a Bose-FEinstein condensate (BEC), the superradiant phase
transition is approximately characterized by a generalized
Dicke model since atoms only condensate into several reso-
nant modes [3]. The superradiant phase transition of Fermi
gases (and hard-core bosons [5]) shows distinct features due
to the presence of a Fermi surface [6—12]. For example, when
the Fermi surface is commensurate with a cavity wavelength
ko = 2kr (kg is the Fermi wave number), i.e., the atoms
are scattered by cavity photons with the umklapp condition,
the nesting effect where the critical point softens to zero is
predicted in one-dimensional Fermi gases [6—8]. For higher-
dimensional Fermi gases, the critical coupling strengths are
also prominently decreased approaching the umklapp con-
dition in certain directions. Recently, the superradiant phase
transition of Fermi gases was observed experimentally [12].

The cavity-induced spontaneous symmetry breaking in in-
tracavity quantum gases in general can be interpreted with an
effective atom-atom interaction generated by the adiabatical
elimination of cavity dynamics [13—-16], upon the picture of
cavity-induced dynamical potentials [9,17-26]. Although the
fluctuations of the single-mode cavity field in the superradiant
phases in the thermal dynamic limit may be ignorable, due to
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the cavity modes essentially having no spatial dynamics [27],
the interplay of cavity-assisted nonlocal and local interac-
tions in low-dimensional correlated quantum gases is still
under investigation [28]. The superradiant phase transition of
Fermi gases crossing the Feshbach resonance shows a smooth
crossover between the BCS and BEC regimes [11,29]. Ex-
perimentally preparing strongly correlated Fermi gases in an
optical cavity calls for further study on the interplay between
correlation effects and cavity-induced dynamics [30,31].

In this paper, we theoretically study the superradiant
phase transitions of one-dimensional (1D) correlated Fermi
gases trapped in an optical cavity with the bosonization and
renormalization group (RG) techniques. We focus on the
nesting point where the Fermi surface has a wavelength com-
mensurate with the cavity wavelength, i.e., kg = 2kr. The
bosonization of the Fermi fields gives rise to an all-to-all sine-
Gordon (SG) model, in which the Bose fields in any distances
are coupled. The superradiant phase transition is then linked
to the well-known (1 + 1)-dimensional Kosterlitz-Thouless
(KT) phase transition of the SG model. By employing the
perturbative renormalization group techniques, we capture the
ground-state phase diagram of the Fermi gas. The nesting
effect, where the model shows a vanishing critical coupling
strength, survives only with a repulsive local interaction.
The critical coupling strength becomes finite when the lo-
cal interaction becomes attractive. The critical behaviors are
discussed. Nevertheless, we find the relevancy of the non-
local cosine term is also subjected to the scaling-dimension
analysis; it is relevant (irrelevant) when the scaling dimen-
sion is lower (higher) than the critical dimension of the
KT phase transition, similar to that in an ordinary local
SG model.
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FIG. 1. Illustration of the model. The 1D Fermi gas is coupled
with the cavity field (€2.) via transverse driving (£2,). The atoms are
assumed to have two energy levels (not shown), and the higher level
has been adiabatically eliminated since the driving and cavity fields
are far detuned from the energy levels. The Fermi surface (FS) is
assumed to be resonant with the cavity field, i.e., ko = 2k;.

In the following, we present the model and its bosonization
in Secs. II and III, respectively. Further, we perform the RG
analysis in Sec. IV, discuss the phase diagram in Sec. V, and
analyze the critical dimension in Sec. VI. A brief summary is
given in the last section.

II. MODEL

We consider a 1D Fermi gas of two-level fermions loaded
in a single-mode optical cavity (see Fig. 1), where the atomic
and cavity dynamics are coupled through the scattering of
a transverse driving field €2, by atoms into the cavity. The
single-photon detuning A (i.e., the frequency differences be-
tween the energy-level difference and the light fields) is
assumed to be far larger than other energy scales and then
the higher level can be adiabatically eliminated. The model
Hamiltonian thus is given by

V2
/ [—— — w4 Vpd &cosz(kox):|1ﬁ(x)
+ ( + )/dxn(x) cos (kox) — Aqa'a
+ // dxdrU(|r]) : a(x)a(x —r) :, (1)

where ¥ and & are the field operators for atoms and cavity
photons, w is the chemical potential of fermions, the Vy =
Q2 /A term with density operator /i = v/ Tt and single-photon
Rabi frequency €2, represents the Stark shift induced by the
cavity field, n = Q.2,/A with the Rabi frequency of the
pumping field €2, is the atom-cavity coupling strength, A,
is the two-photon detuning (i.e., the frequency difference be-
tween the cavity mode and pumping field), and the last term
is the local interaction. Here, the symbol : - - - : denotes the
normal order. The Fermi gas is assumed to be prepared with
the umklapp condition that the cavity wavelength ko is com-
mensurate with the Fermi wavelength kg, i.e., kg = 2kp. This
setup, focused here mainly due to the nesting effect, perfectly
manifests itself in softening the critical coupling strength to
zero in one-dimensional Fermi gases [6—8].

The dynamics of cavity mode & can be captured by the
Heisenberg-Langevin equation

ihd = —(A. +ix)a+n / dxii(x) cos (kox) + «/ﬂ&in(t),
(2)

where A, = A, + Vofdxxﬁ(x) cos? (kox)¥ (x), k describes
the decay of the cavity, and a;,(¢) satisfying (a;,) = 0 and
(&i,,(t)&;(t’)) =48(t —t') is the Langevin operator [13,32—
34]. We assume the optical cavity has a far shorter characteris-
tic time &t, due to the large k and A, with respect to the energy
scales in atomic dynamics. Then the adiabatic elimination of
the cavity mode is applicable and it leads to the relation

N [ dxi(x) cos (kox)
A + ik

3)

by taking the coarse graining 8t ! f o2

Jos dr'A(t) ~ A(t)
and assuming 87! [ ttst‘//zz dt'a(t') is ignorable in the dynam-
ical equation [35]. By substituting Eq. (3) into Eq. (1), we

derive

N . "2v? .
A~ /dxw*(x)[— ek u]w(x)
m
+ ﬂeff/dxdx’ s A()AX) : cos(kox) cos(kox')

+ // dxdrU(|r]) : i()i(x —r) :, @)

where negr & n*A. /(A2 + k%), after neglecting the Stark shift
term by assuming |A.| 3> V; for simplicity. The second term
is the cavity-assisted nonlocal interaction. We would like to
note that, in finite-temperature systems, the integration of
cavity fields will leave a time-dependent cavity-assisted in-
teraction term [27]. While atomic gases generally are trapped
with a harmonic trapping potential in experiments, our anal-
ysis will be restricted to the ideal case without the trapping
potential for simplicity. The focused critical physics is mainly
associated with the long-scale degrees of freedom and thus
should be insensitive with boundary conditions.

The model we consider here is expected to experience a
phase transition from the normal phase to superradiant phase
when increasing the atom-cavity coupling strength, similar
to other intracavity quantum gases [3,4]. The cavity mode is
empty in the normal phase, and is macroscopically occupied
in the superradiant phase (i.e., proportional to atom number),
respectively [1,2]. Here, we are mainly interested in the crit-
ical behaviors of the superradiant phase transition under the
umklapp condition, and thus focus on the low-energy dy-
namics captured by the bosonization technique, as elaborated
below.

III. BOSONIZATION

The single-particle spectra of the Fermi gas have a
quadratic dispersion with a Fermi surface determined by the
chemical potential p at zero temperature (see Fig. 1). The low-
energy dynamics mainly involves the single-particle modes
at around the Fermi surface, and then the single-particle part
[i.e., the first term in Eq. (1)] can be approximately simulated
by a linearized Hamiltonian,

H, = Z sUf ckcsk —U;Z/dx w "(—isd, )1//A ,

k,s==%1
4)
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where ¢y = L™2 [ dxifre* ¥ with s = £ and system
length L (also the range of spatial integrals), and vy is the
first-order dispersion coefficient at around the Fermi surface.
Hy can be further bosonized as

. vp o 2T s

with the bosonization relation
» F *  £27iANLx/L —i27hs(x)
Yy = Wi e e , (7N
Ta

where (ﬁq, F,, AN,, and « are the Bose field operators, Klein
factors, number operators, and factor to violate the ultraviolet
divergence (the minimum spatial resolution, which in general
is set as the lattice constant in the lattice model), respec-
tively [36,37].

The atom-cavity term [i.e., the second term in Eq. (1)] is
expanded into

~

0, = ﬂ;ff Z /dxdr[cos(Zkox)+COS(k0”)]

s1---s4==%1
r\ -~ r\ ~ r
A A e L Y A G
x eikf (52+54—51—53)x+iky(s2+53—51—54)r/2 , (8)

with ¢ = > k%4 In order to make the expressions in
the summation nonvanishing, s, + s4 — s; — s3 and s, + 53 —
s1 — $4 have to be =4 and 0, or 0 and 44, which are only satis-
fied by (s1, 2, 53,54) = (1, =1, 1, —1), or (1, —1, =1, 1), or
(-1,1,1,—-1), or (—1, 1, —1, 1). By employing Eq. (7), we
finally derive the bosonized Hamiltonian,

- % / f dxdrcos2y/mgp ™) cos2v/med' ), (9)

where the abbreviated expressions f& = f(x +r/2, 1) are
used, and £ = Lns/(4ma)? by considering €2, is proportional
to the cavity length and further is proportional to the system
size in the thermal dynamics. It is necessary to scale the
strength of the cavity-atom coupling £ with the system length
L to avoid the energy divergence.

The local interaction term [i.e., the last term in Eq. (1)] is
transformed into

Z // dxdrU(r)elkf[(Sz+S4 51—=53)x+(s3—54)r]

spees4==%1

X s o (= P, (o — P, (1) - (10)

Assuming the characteristic length of U (|r|) is far larger than

27 /ky but is far smaller than the system size, then we can
approximately derive

A ~ UO/dx G (11)

where Up is the interaction coefficient and ¢ =

¢ 1)/V2.

(p1 —

We finally derive the bosonized Hamiltonian,
3
Z / dx[g(0,0)* + g~ (3:¢0)*]

S f f dxdr cos2/To ) cosyTd ), (12)

where 0 = (¢1 +¢_1)/~/2, the effective  velocity
u=,/vp(vy +2Up), and the Luttinger parameter

g=vs/(vy+2Up). g>1 (g<1) correspond to the

attractive (repulsive) local interactions, respectively.
The Lagrange of our model takes the form

L=—id00,6+ g[g(axe)2 +¢71(0,:6)]

+ %f[ drcos2ymd ™) cosy/mp ),  (13)

with the imaginary time t under the convention of action
S = [[ dxdt L and partition function Z = [ D[¢, ]e5. By
integrating the field 6, we yield

1
c =2—[u*‘<af¢>2 + u(d,¢)*]
8

+% / drcos2/m ™) cos2/T o). (14)

This is an all-to-all sine-Gordon model in the sense that two
fields with any distances are coupled in the cosine term.

IV. RENORMALIZATION GROUP ANALYSIS

A (1 4 1)-dimensional SG model in general has a phase
transition at a critical coupling strength, which belongs to
the same universality class of the KT phase transition in a
two-dimensional XY model and superfluids, and also char-
acterizes the metal-insulator transition of topological edge
states in topological matters [37-39], etc. The superradiant
phase transition is linked to the (1 4 1)-dimensional KT phase
transition of the all-to-all SG model, where the normal or
superradiant phases correspond to the irrelevant (gapless) and
relevant (gapped) regimes of the cosine term. Inspired by this
interesting connection, we will analyze the KT phase transi-
tion of the all-to-all SG model in Eq. (14) with the perturbative
renormalization group technique below.

For discussion convenience, we define x = (x, —7) and

= (k, ), where k and @ are the momentum and frequency.
To figure out the renormalization process, we set a cutoff
vVu~lw? + uk? < A on the momentum-frequency plane and
denote the field with ¢4 (x). The strategy for the perturba-
tive renormalization is standard: (1) Expand the field into
low-frequency and high-frequency parts, and integrate out the
high-frequency part; and (2) rescale the dimensions back to
the same cutoff and then obtain the renormalization equations.

The field can be expanded into the high- and low-frequency
components

-z T

k|<A A<]k|<A

>¢ke"’”‘ = ¢a(x) + h(x),

15)
withdA = A — A K< A.
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First, we need to calculate the effective action for ¢» by
integrating out the 4 field. As the action S[#] is in the quadratic
form, it directly gives (¢ry ) = (u™'w? + upz)’l(Skr,,k, and

TR Wl
A <|k|,|K'|<A
= Gydl + 0Wdl?), 1N =+, (16)
where dl =In(A/A"), Gy =G__ =g/(2n), and G4_ =

G ~ glo(Ar//u)/(27). Then it leads to

(88), = s(l+2gdl)fdzxdrcos(Zﬁq)Xf))Cos(2ﬁ¢ﬁ;))

2g&dl Ar
+ %/dz d JO<¢_> sm(Z\/_qﬁﬁQL))

x sin(2y/m ). a7

Noting that Jo(Ar/+/u) quickly decays with r from r = 0
as A is large, we have 2sin(2y/m ') sin2y/To)) ~ 1 —
2712 (d,pa ) — cos(44/Tpyr). Ignoring the irrelevant terms
and rescaling the dimensions ask — Ak/A’andx — A'x/A
(note that the system size L is also rescaled), and on the
other hand, considering the scaling of u can be absorbed by
redefining the coordinates, we yield the following effective
Lagrangian,

Left = ?[u—l(a cpn)* + u(dpa)*]

+ Z/drcos(Zﬁq)X”))cos(2ﬁ¢f\_)), (18)

where g7 =11 —2Ag*&dl/L]"*g7 !, & =¢&[1+
2(1 — g)dl], and the nonuniversal coefﬁcient A=
2w f drr’Jo(Ar//u). Then the renormalization equations
(i.e., the KT equations) are given by

s dg
57 =2 —gk o

Unlike an ordinary SG model [37], where the complete RG
equations for both the coupling strength and interactions can
only obtained with both the one-order and second-order per-
turbations, the all-to-all SG model is not renormalizable for
second-order perturbations.

= Atg’. (19)

V. PHASE DIAGRAM

At around the invariant point g = 1 and £ = 0, we define
the small fluctuations of the parameters

g=g—1, =z =A§. (20)

The linearized RG equations can be derived in the following
forms,

dz, dz

— = 2z0, —F =-—24, 21
dl b g T @b
which allows us to plot the phase diagram on the plane of
Z)-z. as the ordinary local SG model [37], as shown in Fig. 2.
The quantity C =z, — zﬁ is invariant along the renormaliza-
tion flow.

FIG. 2. Phase diagram. The bold red line denotes the unstable
fixed points on the negative semiaxis of z,, which corresponds to
the quantum phase transition with vanishing coupling strength. The
red dashed curve marks the marginal curve of relevant regime, which
separates the massive (M) phase (gray shade) and critical (C) phase
(yellow shade). In phase M (C) the system has a finite (vanishing)
mass gap. The red circle indicates the nesting effect (infinitely small
critical coupling strength) in free Fermi gases predicted with the
Landau theory of phase transition [6—8]. The phase diagram shows
that the nesting effect survives for nonattractive local interactions
(g < 1) only.

From Fig. 2, we can find the RG flows are stationary on
the Z axis. The positive semiaxis of Z; corresponds to stable
fixed points and does not indicate any phase transition. The
fixed points on the negative semiaxis (see the red bold line)
are unstable and correspond to the quantum phase transition
toward the relevant regime of cosine perturbation, i.e., the
massive (M) phase (see the gray shade), in which z; flows to
finite along the RG flows. On the critical points, the system
is characterized by a Gaussian model without the nonlocal
cosine term. At around these critical points, the correlation
length may be estimated as Ac oc |£]"/12€=DI with the crit-
ical exponent 1/[2(g — 1)] by ignoring the variation of z|,
following the spirit of the renormalized coupling coefficient
zy reaching to an order of 1 when the system size L ~ A¢
[let z; ~ 1 after integrating the left-hand equation in Eq. (21)
with fixed z; = g — 1] [37,40]. Then the mass gap is scaled
as Eg oc Az' oc |€]Y/120-9)1 The critical curve of the unstable
fixed point at the origin (see the red dashed curve in Fig. 2)
that separates the M phase and the critical (C) phase [37]
(see the yellow shade in Fig. 2, i.e., the irrelevant regime)
corresponds to the KT phase transition with a finite cosine
term (as the finite-temperature KT phase transition in classical
models), at around which the system generally has no standard
power-law scaling for the correlation length.

Considering the coupling coefficient of the SG model &
Neir & 1%, one can realize that the relevancy of the cosine
perturbation in the RG analysis is directly linked to the su-
perradiant phase transition of the original intracavity Fermi
model (1). The finite mass gap in phase M corresponds to
the band gap opened by the cavity-assisted optical lattice in
the superradiant phase. The continuous symmetry ¢ — ¢ + ¢
of the derivative terms, where ¢ is an arbitrary number, is
broken into the discrete symmetry ¢ — ¢ + n/7 /2 with
integer n by the presence of a cosine term. It corresponds
to where the cavity mode is macroscopically occupied and
the Z, symmetry of model (1), @ — —a and w — w is
spontaneously broken in the superradiant phase [1,2]. Then
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we can acquire knowledge of the superradiant phase transition
from the above RG analysis of the all-to-all SG model di-
rectly. The superradiant phase transition has vanishing critical
coupling strengths for a nonattractive local interaction, i.e.,
when g < 1. This result is consistent with Refs. [6-8], which
predict the nesting effect in the superradiant phase transition
of noninteracting degenerate Fermi gases (i.e., g = 1). The
critical exponent of the correlation length is given by 1/[2(g —
1)], which becomes divergent in the free-fermion limit. The
phase boundary for the attractive local interaction g > 1 is a
quadratic curve (see the red dashed curve in Fig. 2), which
is consistent with Refs. [11,29] that predict the attractively
interacting Fermi gases have a finite critical superradiant cou-
pling strength. Noting that ¢ = ,/vy/(vy + 2Up) and then
(g— 1)~ —Uy/vs when Up/vy < 1, and & o n?, the critical
superradiant coupling strength 7. o |Up|/vy, i.e., the critical
coupling strength, is linearly (inversely) proportional to the
local interaction strength |Up|.

VI. SCALING DIMENSION

Now let us go forward to the analysis of the scaling di-
mension of the all-to-all cosine term following Ref. [37]. By
redefining the fields ¢/,/g — ¢, the Luttinger parameter g
will be absorbed into the cosine term,

[ %[ml(a,mz +u(8,:4)]

—|—%fdrcos(Fd)(*))cos(Fqﬁ(*)), (22)

(é(x)BT(x/» = 1612

1o O4=

with I'=2./mg. For the free field Sy=
[[ dxdt[u="'(3:¢)* + u(3.¢)?1/2, the generating functional
of fields ¢ is given by

Z[h] = /D[¢(x)]e—so—fdxdrl1x¢(x)

= Z[0] exp [% // dxdx’h(x)Go(x,x’)h(x/)i|, (23)

where G(x, x') is the Green’s function satisfying —(u’lar2 +
ud?)Go(x,x') = 8(x — x’). With the complex coordinates z =
T+ ix/u and 7 =t — ix/u, the Green’s function takes the

form
Go(z,2) ! 1 R’ 24)
, )= —1In| —— ).
0= Nzt a2

Note that G(x,x’) only depends on the difference (x —x’)
denoted by z and 7 in the above equation.

For a particular choice, h = hy = ,-ijv:l I'j6(x —x;), the
generating functional is given by

F(1,2,...,N)=Z[ho]/Z[0]
ZijZij
= Hi>j( ;21)

where z;; = z; —z;. To make JF nonvanishing, it requires
>_;Tj =0, since R/a — oo in the thermodynamics limit.
These basic results all can be found in the Ref. [37].

We are mainly interested in the all-to-all cosine term
Bx) = %fdr cos(T'p™)) cos(I'p ™)) here. According to the
above results, the correlation function of B(x) can be written
as

I\T; /47 —(32,; Tj) /4

G

(25)

J
§ 59 o) T o)
Z // drdr/<eil"(rl¢(+)eir‘(rz¢(’)ei[‘a3q>(+) eir(w‘*) )
+1

Ty /4m

- %; 3 f/ drdr’l'[,«>j(zz—zzij) : (26)

o1+02+03+04=0

where we have defined ¢(z12,%12) = ¢F), ¢(z34,734) =
Qg(i)/ = qg(x/ + r_” 'L'), Fj = O‘jl—‘, and Zij =% — Zj.

The condition o7 + 05 + 03 + 04 = 0 requires o;’s to ap-
pear in pairs with opposite signs. Then for any sets of o,
the six terms in the continued product in Eq. (26) have four
terms with powers of —I'?/4mr and two terms with pow-
ers of I'2/4x. For the scaling transformation x — Ax and
L — AL, the correlation function (B(x)B'(x")) is scaled as
A~T/m(B(x)B (x')). Therefore, the scaling dimension of the
all-to-all cosine term B(x) is d = I'?/2w = 2g [37,41]. The
above RG analysis then further leads to the conclusion that
the KT phase transition of the all-to-all SG model is also
subjected to the upper critical dimension d. = 2g. = 2: The
perturbation is relevant (irrelevant) when the scaling dimen-
sion is lower (higher) than the critical dimension, similar to
an ordinary local SG model [37], although the all-to-all SG
model involves infinitely long-range coupling.

We would like to note that, an unperturbed Gaussian quan-
tum field theory with a spatial dimension higher than one, as
an expected high-dimensional extension of our model, has a
total dimension higher than the critical dimension of the KT
phase transition, and its phase transition is well characterized
with mean-field theory. For higher-dimensional Fermi gases,
the critical coupling strengths for the superradiant phase tran-
sition predicted by the mean-field assumption of the cavity
field are nonvanishing in both cases with and without attrac-
tive interactions [6-8,29].

VII. CONCLUSION

We theoretically analyze the superradiant phase transitions
of 1D correlated Fermi gases with cavity-induced umk-
lapp scattering, based on bosonization and renormalization
group techniques. An all-to-all SG model is derived with the
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bosonization of Fermi fields. The superradiant phase transi-
tion is linked to the (1 4 1)-dimensional KT phase transition
of the SG model. The phase diagram given by the RG analysis
shows that the nesting effect is preserved only with nonat-
tractive interactions. For attractive Fermi gases, the critical
coupling strength becomes finite. The scaling-dimension anal-
ysis of the nonlocal cosine term is also subjected to the critical
dimension for the KT phase transition, which is two dimen-
sional, as that in an ordinary local sine-Gordon model. Our
results are consistent with the studies on the infinite-range
coupling Heisenberg chains [42] and Ising models [43], which
predict vanishing critical interactions, as well as the stud-

ies on attractively interacting Fermi gases with a BCS-BEC
crossover [11,29], which predict nonvanishing superradiant
critical coupling strengths. Our analysis is easily extended to
the case of hard-core bosons [5].
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