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Strongly bound fermion pairs on a ring: A composite-boson approach
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Particles made of two fermions can in many cases be treated as elementary bosons, but the conditions for this
treatment to be valid are nontrivial. The so-called “coboson formalism” is a powerful tool to tackle compositeness
effects relevant for instance for exciton physics and ultracold atomic dimers. A key element of this theory is an
ansatz for the ground state of N pairs, built from the single-pair ground state combined with the exclusion
principle. We show that this ansatz can fail in one-dimensional systems which fulfill the conditions expected
to make the ansatz valid. Nevertheless, we also explain how coboson theory can recover the correct ground
state. Thus, our work highlights limitations and strengths of the formalism and leads to a better treatment of
composite bosons.
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I. INTRODUCTION

The idea that composite particles made of an even number
of fermions can behave as elementary bosons is expected
from the fact that they have integer total spin, or, equivalently,
that the quantum state must be symmetric under exchange of
two such composite particles. These observations have been
related with experimental results such as superfluidity, super-
conductivity, or Bose-Einstein condensation of bosonic atoms
[1]. However, a careful treatment of compositeness effects has
been elusive until the last decade.

Coboson theory (see Refs. [2,3]) has its origin in the study
of the conditions for approximately bosonic behavior in exci-
tonic systems [4]. The discovery that compositeness effects
could be relevant in regimes for which they were assumed
negligible sparked the motivation for a more accurate descrip-
tion of the associated phenomena [5]. Further developments
of the theory included its application to Bose-Einstein con-
densates [6], Cooper pairs [7,8], and the extension to nonzero
temperatures [9]. In parallel, a quantum information approach
provided a deeper insight into the behavior of composite
bosons showing a connection between the bosonic character
and the entanglement of the constituents [10–14].

In this work we investigate the validity of the so-called
coboson ansatz for the ground state, which plays an important
role in coboson theory. This ansatz approximates the ground
state of a many-body system by the repeated application of
the operator that, when acting on the vacuum, creates a single
pair in its ground state. This procedure was shown to be
valid for excitons in Ref. [15], and is much older and more
widely used than the coboson formalism. We refer to such
approximation as coboson ansatz because it has crossed the
borders of exciton physics to other areas in which composite
bosons are relevant. This includes the examples of Wigner
molecules [16] and specially ultracold atomic dimers [17–19].
In particular, [20] used the coboson ansatz to explore the

BCS-BEC crossover that can be experimentally realized using
Feshbach resonances [21,22].

Conceptually, the ansatz is related with the intuition that
the ground state of a system of composite bosons should
be similar to a product state where each composite parti-
cle occupies the same orbital. It can be shown that this is
the canonical-ensemble counterpart of the BCS ansatz [8].
We note that coboson theory can be applied even when the
ansatz is not valid, as illustrated by the treatment of Cooper
pairs [3,7,8]. However, this approximation of the ground state
greatly simplifies the description of many-body systems.

The coboson ansatz is expected to be valid for short-
ranged interactions, dilute systems, and highly entangled
constituents. A recent article [23] has shown that the coboson
ansatz may break down in a one-dimensional (1D) discrete
model, even when it satisfies the above-mentioned conditions.
Although these results were not surprising in the light that
strongly bound fermion pairs behave as hard-core bosons
[24,25], the consequences of this behavior for the validity of
the ansatz in 1D systems have not been studied in detail so far.

Here we present a comparison between the coboson ansatz
and the true ground state for a model of two fermion pairs
with delta interactions moving in one dimension with periodic
boundary conditions, and we show that the spatial structure
and the energy are poorly predicted by the coboson ansatz also
for this continuous system. In the limit of infinite attraction,
the fidelity between the two states coincides with the one
found for the discrete model of [23]. Also in coincidence with
Ref. [23], we associate the main difference between the two
descriptions with the presence of strong spatial correlations
between pairs. Still, by using coboson theory we develop
a perturbative calculation that readily recovers the correct
results. Thus, although our study stresses the limitations of
the ansatz, it also illustrates the power of the coboson for-
malism to describe composite bosons in the regime of strong
interaction.

2469-9926/2022/105(1)/013302(9) 013302-1 ©2022 American Physical Society

https://orcid.org/0000-0002-6351-416X
https://orcid.org/0000-0003-3731-265X
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.105.013302&domain=pdf&date_stamp=2022-01-05
https://doi.org/10.1103/PhysRevA.105.013302


E. CUESTAS AND C. CORMICK PHYSICAL REVIEW A 105, 013302 (2022)

The article is organized as follows: In Sec. II we provide a
brief summary of concepts of coboson theory that are essential
for our work. In Sec. III we explain the model we study, and
in Sec. IV we apply the tools of the coboson formalism to the
system under consideration. Section V describes the ground
state of the system and compares it with the coboson ansatz.
In Sec. VI we state our conclusions. Technical details are
contained in several Appendices.

II. COBOSON FORMALISM AND COBOSON ANSATZ

We present here some aspects of coboson theory that are
essential for our purposes; a very detailed introduction can be
found in [2]. We focus on the case of particles composed by
two fermions of different kinds (a and b), such as different
sorts of identical fermions or fermions with different spin in
models with no spin flips.

The basic elements of the formalism are the coboson cre-
ation operators B†

j that, when acting on the vacuum |v〉, create
a single-pair eigenstate |α j〉 of the Hamiltonian. In a separable
reference basis, they can be written as

B†
j =

∑
q,p

〈q, p|α j〉a†
qb†

p. (1)

Here, a†
q (b†

p) are creation operators for fermions of kind a
(b), with p and q labeling the states in the separable basis and
〈q, p|α j〉 the matrix for basis change.

Of special relevance is the coboson creation operator B†
0

which, when acting on |v〉, creates a single pair in its ground
state. This operator is essential for the proposed approxima-
tion for the many-body ground state of N pairs:

|N〉 = 1√
FN N!

(B†
0)N |v〉, (2)

where the normalization constant FN depends on the prop-
erties of the single-pair ground state. In particular, F2 and
the ratios FN/FN−1 approach the bosonic value of 1 when
the single-pair constituents are highly entangled [10–12]. The
state |N〉, or coboson ansatz, is expected to provide a good
description of the full ground state when the system is dilute
and the interactions are sufficiently short ranged [2]. The
ground-state energy E (N )

GS for N pairs is then approximated by
the expectation value E (N )

cob of the Hamiltonian in the state |N〉:

E (N )
GS � E (N )

cob = 〈N |H |N〉. (3)

Taking the coboson ansatz as the starting point, the co-
boson formalism naturally leads to expressions in the form
of expansions in powers of density or number of particles,
arising from the commutators of the relevant operators [2].
In particular, the estimated ground-state energy of N pairs has
its main contributions determined by the values for 1 and 2
pairs as

E (N )
cob � NE (1)

GS + N (N − 1)

2

F2FN−2

FN

(
E (2)

cob − 2E (1)
GS

)
. (4)

Here, both F2 and the ratio FN−2/FN are close to 1 in the limit
when the pairs approach perfectly bosonic behavior [2,11]. In

this case, the above equation can be further approximated by

E (N )
cob � NE (1)

GS + N (N − 1)

2

(
E (2)

cob − 2E (1)
GS

)
. (5)

Expressions are also given in Ref. [2] for the calculation of
E (2)

cob and FN , but we omit them because we will follow a
slightly different path.

III. THE PHYSICAL MODEL

We consider fermions of kinds a and b, both of mass m and
moving in a 1D system of length L with periodic boundary
conditions. We assume that the creation and annihilation op-
erators corresponding to different fermion species commute;
this choice does not affect the final results. Particles of differ-
ent kind interact through a delta-type attraction:

Hint = −γ

∫
dx �†

a (x)�†
b (x)�a(x)�b(x). (6)

Our main goal is to compare the coboson ansatz with
the true ground state for two pairs in the regime of strong
attraction. We note that, for this particular model, the limit
of infinite attraction is the same as the infinitely dilute system,
which is when coboson theory is expected to work best. In
this strongly attractive limit, fermions of different species
make up highly bound pairs that behave like hard-core bosons,
approximating a Tonks-Girardeau gas [25,26].

Much research has been done on similar problems in
ultracold atom settings [24,27–31]. In particular, analytical
solutions can be found [32–37], and the ground-state energy
for N pairs in the strongly attractive limit is known to be [30]

E (N )
GS � h̄2

m

[
−Nλ2 + π2

2L2

N (N2 − 1)

6

(
1 + N

Lλ

)]
, (7)

with λ−1 being the size of each pair (see below for details)
and λL � N (no thermodynamic limit has been taken). Notice
that Eq. (7) presents an important difference with the coboson
prediction of Eq. (5) in the dependence of the energy with the
number N . In what follows we show that the coboson ansatz
also gives an incorrect order of magnitude for the energy
(subtracting the binding energy).

Writing the wave function following the literature [32–37]
is cumbersome and makes some calculations rather difficult.
Alternative numerical approaches based on the single-particle
solutions (in our case, plane waves) converge very slowly in
the strongly interacting limit. Here we present a different strat-
egy based on the concepts of Ref. [2]. We study the problem
in the coboson basis, i.e., in terms of the eigenstates of one
pair of interacting fermions in the ring, but without assuming
the coboson ansatz. This approach leads to a very compact
description of the approximate ground state that can be readily
used for further calculations.

IV. WRITING THE PROBLEM WITH TOOLS
FROM COBOSON THEORY

A. Single-pair eigenbasis

To define the coboson basis one must first solve the single-
pair problem. In our case, we can separate the relative and
center-of-mass degrees of freedom. Moreover, in the strongly

013302-2



STRONGLY BOUND FERMION PAIRS ON A RING: A … PHYSICAL REVIEW A 105, 013302 (2022)

attractive regime one can take a restricted basis considering
only the ground state of the relative motion and a set of low-
lying states of the center of mass. The solutions for the center
of mass (c.m.) have the form

ψc.m.(xc.m.)
(K ) = 1√

L
eiKxc.m. , K = 2πk/L, (8)

with k ∈ Z. The associated motional energy is given by

EK = h̄2K2

4m
. (9)

For the relative motion, the energy is

Eγ = − h̄2λ2

m
, λ � mγ

2h̄2 , (10)

up to corrections that are exponentially small for λL � 1. In
the same limit, the wave function can be written as

ψr (xr ) �
√

λe−λ|xr |. (11)

Here and in the following we neglect terms of the order of
e−λL (see Appendix A for more details).

From these solutions we can build the creation operator for
a single pair as

B†
K =

√
λ

L

∫
dxc.m. dxr eiK xc.m. e−λ|xr |

×�†
a (xc.m. + xr/2)�†

b (xc.m. − xr/2), (12)

where �†
α (x) creates a fermion of kind α at position x.

B. Two-pair coboson basis

Because the ground state is translationally invariant,
we restrict the two-coboson basis to {B†

K B†
−K |v〉, K =

0, 1, 2, . . . , KM} with KM a cutoff. The goal is to find the

coefficients of the ground state (GS) as

|ψGS〉 �
KM∑

K=0

cK B†
K B†

−K |v〉. (13)

The coboson ansatz corresponds to cK = 0 ∀K 	= 0.
The different states in the basis are neither orthogonal nor

normalized [2], so we need the overlap matrix S:

SPK = 〈v|BPB−PB†
K B†

−K |v〉. (14)

The steps in the calculation of S involve replacing the form of
the coboson operators, using the (anti)commutation relations,
and performing the resulting integrals. The details of the cal-
culation are provided in Appendix C, and the final result is

SKP = δKP(1 + δK0)

− 1

2Lλ

10 + K2+P2

(2λ)2[
1 + (P+K )2

(4λ)2

][
1+ (P−K )2

(4λ)2

][
1+ P2

(2λ)2

][
1 + K2

(2λ)2

] .

(15)

The norm of the coboson ansatz for N = 2 is related with
the corresponding diagonal term, S00 = 2F2 = 2 − 5/(λL),
showing that the normalization approaches the one for
bosonic particles for sufficiently large λL. This together with
the short-ranged interaction and the increasingly dilute char-
acter of the system imply that the usual conditions for the
coboson ansatz are fulfilled for λL � 1. In Appendix B we
show that the majorization condition proposed in [14] is also
satisfied.

C. Hamiltonian matrix in the coboson basis

To evaluate the matrix elements of the Hamiltonian, it is
convenient to use [2]

HKP = 2SKP(Eγ + EP ) + 	KP, (16)

with

	KP = 〈v|BK B−K [[Hint, B†
P], B†

−P]|v〉. (17)

The calculation of 	KP follows similar steps as for S and the
result is

	KP = 2γ

L

⎧⎨
⎩

(
1 + P2+K2

(4λ)2

) + 2
(
1 + K2

(4λ)2

)
(
1 + K2

(2λ)2

)(
1 + (P+K )2

(4λ)2

)(
1 + (P−K )2

(4λ)2

) − 1(
1 + (P+K )2

(4λ)2

)2 − 1(
1 + (P−K )2

(4λ)2

)2

⎫⎬
⎭. (18)

Assuming that the coboson ansatz holds, its prediction for
the energy gives

E (2)
cob � H00

S00
� 2Eγ + γ

L
, (19)

in disagreement with the known solution given in Eq. (7) by a
very large term, of order γ /L. Apart from the binding energy
2Eγ , the solution in Eq. (7) evaluated for N = 2 only has
a contribution of order h̄2π2/(mL2). Therefore, the coboson
ansatz provides a very poor approximation of the ground-
state energy for this problem. Furthermore, according to the

expansion of Eq. (5) this immediately means that the energy
estimation for N pairs obtained from the coboson ansatz for
arbitrary N with λL � N is approximately given by

E (N )
cob � NEγ + N (N − 1)

2

γ

L
, (20)

which clearly differs from the well-known result of Eq. (7),
both in the dependence with N and with the system
parameters.
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D. Quantities of interest for the characterization
of the ground state

Before calculating the ground state, we mention some
quantities of interest other than the energy. In terms of the cK ,
one can compute the fidelity between the numerical ground
state and the coboson ansatz as

F = |〈v|B2
0|ψGS〉|2

2〈ψGS|ψGS〉 = |(Sc)0|2
2c t Sc

, (21)

where the t superscript indicates the transpose and c is a vector
containing the coefficients of Eq. (13).

The results of Ref. [23] relate the failure of the coboson
ansatz with the presence of long-ranged spatial correlations.

We then calculate the conditional probability P(x|0) of finding
a particle of kind a at position x given that another particle
of the same kind was found at position 0. This conditional
probability is given by the squared norm of the state obtained
when applying the operators �a(x)�a(0) on the ground state:

P(x|0) ∝
∑
K,K ′

cK cK ′

× 〈v|BK B−K�†
a (0)�†

a (x)�a(x)�a(0)B†
K ′B

†
−K ′ |v〉.

(22)

Note that the fermionic character of the particles guarantees
P(0|0) = 0.

Following similar steps as in the previous calculations, we
can also find

P(x|0) ∝
∑
K,K ′

cK cK ′

⎧⎨
⎩

⎡
⎣cos[(K − K ′)x](

1 + (K−K ′ )2

(4λ)2

)2 − e−2λ|x| cos
[

K+K ′
2 x

]
(
1 + (K−K ′ )2

(4λ)2

)2

(
cos

[
K − K ′

4
x

]
+ sin

[
K−K ′

4 |x|]
K−K ′

4λ

)2
⎤
⎦

+ same with K ′ → −K ′

⎫⎬
⎭. (23)

In this expression, for the terms where a vanishing denom-
inator is found the corresponding limit must be taken. The
overall proportionality constant can be obtained by imposing
that the integral of P(x|0) over x equals 1. Due to the fermionic
character of the constituents the result must vanish for x = 0
regardless of the cK , which is guaranteed by the contribution
of the exponentially decaying term.

In particular, for the coboson ansatz we obtain

P(x|0) = 1 − e−2λ|x|

L[1 − 1/(λL)]
. (24)

V. GROUND-STATE SOLUTION IN THE COBOSON BASIS

A. Analytical treatment in the limit of very strong attraction

For very strong attraction, one can find an approximate
solution for the ground state using an expansion in ε = 1/(Lλ)
within the generalized eigenvalue equation Hc = ESc. For the
overlap matrix the expansion gives

SKP � δKP(1 + δK0) − 5ε. (25)

As a consequence of the different spatial scales for center of
mass and relative motion, the first order does not depend on
K, P. For the Hamiltonian, one finds

HKP � 2Eγ δKP + 2γ

L
+ δKP

h̄2P2

2m
− 11ε h̄2

4m
(P2 + K2). (26)

Since the binding energy 2Eγ is the same for all the states
in our description, we can look for the energy difference
	E = E − 2Eγ . After this subtraction, the largest term in the
resulting eigenvalue equation is given by the part proportional
to 2γ /L in HKP. This prefactor is multiplying a matrix whose
elements are all equal to 1. Such matrix has one very large
positive eigenvalue and a zero eigenvalue whose eigenvectors

satisfy ∑
K

cK = 0. (27)

Because we are interested in the approximate ground state,
the coefficients cK must obey this condition (see details in
Appendix D).

Imposing Eq. (27) on the set of linear equations we obtain
the condition on the energy

∑
K>0

(
h̄2K2

2m	E
− 1

)−1

= 1

2
, (28)

which is satisfied for

	E = 1

2m

h̄2π2

L2
, (29)

in coincidence with the result of Eq. (7) for N = 2 to zero
order in ε. And replacing the value of the energy we have that

cK � −2c0

4k2 − 1
, K = 2πk

L
, k = 1, 2, . . . . (30)

These coefficients correspond to the expansion of the function
sin(π |x|/L) on the functions cos(2πkx/L).

Plugging Eq. (30) into P(x|0) in the appropriate limit we
consistently find that

P(x|0) � 2

L
sin2(πx/L). (31)

The ground state for very strong attraction can then be un-
derstood in terms of two strongly bound pairs behaving as
hard-core bosons. The function sin(π |x|/L) for the position
of one pair relative to the other gives the necessary vanishing
of the wave function for overlapping identical fermions while
keeping the kinetic energy to a minimum.
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From Eq. (30) one can also find the fidelity between the
coboson ansatz and the correct ground state for λL → ∞:

F �
(

1 + 2
∞∑
j=1

1

(4 j2 − 1)2

)−1

= 8

π2
� 0.811, (32)

which coincides with the results of the discrete model studied
in Ref. [23]. There is also a simple explanation for this value:
it is the squared overlap between the normalized constant
wave function and

√
2 sin(π |x|/L) for x ∈ [−L/2, L/2).

The previous results are of order zero in ε but directly
neglecting the first order in H and S leads to wrong re-
sults. On the contrary, the steps above, which are detailed in
Appendix D, recover the right behavior. Notice also that the
procedure is approximate and involves a cutoff. Equation (30)
is only valid in the low-K range, which in turn relies on the
condition λL � 1.

B. Numerical results for very strong attraction

More accurate results for small but nonzero ε can be ob-
tained from the numerical solution of the equations. We thus
look for the approximate ground state from the generalized
eigenvalue problem Hc = ESc, where S and H are the matri-
ces defined in Eqs. (14) and (16), respectively. One should
be careful that the number of states included is such that
neglecting the basis states for which the relative motion is
excited is justified. For λL � 1, this still allows one to take
many values of K while keeping an energy difference with the
states left out of the description. Alternatively, one can also
include higher states for the relative motion; such a procedure
is a generalization of the one presented above.

As an example, we consider a case with λL = 200 and
26 basis states. The obtained energy 	E differs from the
reference result in Eq. (7) by about 1.7%, and the fidelity
between the obtained ground state and the coboson ansatz
is F � 0.814. In Fig. 1(a) we show the behavior of the co-
efficients (taking the logarithm of their absolute values) as a
function of KL/(2π ). The agreement between the numerical
solution (blue seven-pointed stars) and the analytical limit (red
four-pointed stars) is very good for the largest coefficients, but
the decay of the numerical solution is faster. As can be seen
in Fig. 1(b) the conditional probabilities calculated from the
numerics (dashed blue line) and the analytical solution (solid
red line) are also very similar, but the numerical solution takes
a slightly larger value (by about 1%) for opposing positions of
the pairs. Figure 1(b) also depicts the probability in Eq. (24),
calculated from the coboson ansatz (dot-dashed gray curve),
which gives an abrupt decay of the probability around x = 0
while the correct ground state shows a smooth behavior.

VI. CONCLUDING REMARKS

Focusing on a simple 1D system of fermion pairs inter-
acting through a delta potential we show that the coboson
ansatz predicts a ground-state energy which is much larger
than its exact value. The ansatz fails to provide a good ap-
proximation of the ground state for strong interaction because
it cannot capture the spatial correlations between pairs. This
failure contradicts the expectation that dilute systems with

FIG. 1. (a) Logarithm of the absolute values of the coefficients
obtained from the numerical calculation for λL = 200 (blue seven-
pointed stars) and from the analytic expression for infinite attractive
interaction (red four-pointed stars). (b) Probability of finding a parti-
cle of kind a at position x given that another particle of the same kind
was found at position 0 obtained from the numerical calculation for
λL = 200 (dashed blue line) and from the analytical solution (solid
red line) in Eq. (31). The probability given by the coboson ansatz
[see Eq. (24)] is shown by the dot-dashed gray line.

high entanglement between constituents and short-ranged in-
teractions should possess a cobosonlike ground state.

For very strong attraction, fermion pairs approach the
behavior of hard-core bosons, which in 1D can be treated
through fermionization [25]. One could then conjecture that
the failure of the ansatz is a consequence of the fermionized
character of the ground state. However, the results for the
discrete model in [23] show that the ansatz also fails for a
two-dimensional system with a strong anisotropy for which
the mapping between hard-core bosons and fermions does
not apply. Thus, the phenomenon is more subtle and the full
determination of the regime of validity of the ansatz is still an
open problem.

Although we focused on the case of two pairs only, the
structure of coboson theory is such that, when the ansatz
is valid, the predictions for N pairs are based on dominant
contributions from the cases N = 1, 2 determining the coef-
ficients in an expansion in powers of the density of particles
[2]. Because of this, our two-pair study shows that the ansatz
does not provide a proper description of the ground state for
arbitrary N .
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Our results represent a warning sign against the light use
of the coboson ansatz in the description of problems such as
ultracold atomic dimers in 1D traps. On the other hand, we
also showed how the coboson formalism can be applied to
the system even when the coboson ansatz fails. Therefore,
the coboson formalism still constitutes a useful toolbox for
strongly attractive interactions. In this regime, the treatment
of the problem in the free-particle basis is highly costly while
the coboson basis allows for straightforward calculations.

The problem we have tackled is solvable by means of
the Bethe ansatz [32,33]. Nevertheless, this procedure leads
to cumbersome expressions for the wave function which are
inconvenient for many calculations. On the contrary, our
approach leads to expressions that are straightforward to ma-
nipulate. Although we have restricted ourselves to a very
simple model, with only two pairs and exhibiting translational
invariance, we are confident that similar strategies can be
useful for broader families of physical systems.
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APPENDIX A: GROUND STATE
OF THE RELATIVE MOTION

We consider two particles of mass m in a ring of length L
with a delta-type attractive interaction,

H=− h̄2

2m

(
∂2

∂x2
a

+ ∂2

∂x2
b

)
− γ δ(xa − xb), (A1)

where xa and xb are the positions of the particles with a contact
interaction of strength γ > 0. Introducing the center of mass
xc.m. = (xa + xb)/2 and relative coordinates xr = xa − xb the
total Hamiltonian decouples H = Hc.m. + Hr , with Hc.m. and
Hr describing the center of mass and relative wave function:

Hc.m. = − h̄2

2mc.m.

d2

dx2
c.m.

, (A2)

Hr = − h̄2

2mr

d2

dx2
r

− γ δ(xr ), (A3)

where mc.m. = 2m and mr = m/2. The solutions are products
of the form ψ = ψc.m. ψr with a total energy given by the
sum of the relative and center-of-mass energies. The center-
of-mass wave functions are the free-particle states while the
relative normalized wave functions are

ψr (xr ) = cosh
[
λ
(|xr | − L

2

)]
√

L
2 + sinh(λL)

2λ

, (A4)

with energy

Eγ = − h̄2λ2

m
, (A5)

where λ is determined by solving(
λL

2

)
tanh

(
λL

2

)
= γ L

4
. (A6)

FIG. 2. (a) Energy parameter λ vs the interaction strength
γ (black solid curve) and the corresponding approximation [see
Eq. (A7)] for γ � 1 (gray dashed line). (b) Fidelity between the
state and its approximation for γ � 1 as a function of the interaction
strength.

In the strong attractive regime γ � 1 the parameter λ reads

λ � mγ

2h̄2 , (A7)

while the relative wave function can be approximated by

ψr (xr ) �
√

λe−λ|xr |. (A8)

Figure 2(a) depicts the λ dependence on the interaction
strength γ (black solid curve) and the approximation of
Eq. (A7) (gray dashed line), showing a good agreement for
γ L/2 � 5. Panel (b) gives the fidelity between the state and
its approximation from Eq. (A8), F = |〈ψr (xr )|ψλL�1

r (xr )〉|2,
which (as expected) goes to 1 for γ L/2 � 5.

APPENDIX B: SCHMIDT DECOMPOSITION OF THE
SINGLE-PAIR GROUND STATE AND ASSOCIATED

CRITERIA FOR BOSONIC BEHAVIOR

The translational invariance of the ground state for one pair
makes the Schmidt decomposition straightforward. In fact,
the state

ψGS(xa, xb) =
√

λ

L
e−λ|xa−xb|, (B1)
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can be easily decomposed using∫ L/2

−L/2
dxeikx−λ|x| = 2

{
λ + e−λL/2

[
k sin

(
kL
2

) − λ cos
(

kL
2

)]}
λ2 + k2

,

(B2)

that for λL � 1 reduces to∫ L/2

−L/2
dx eikx−λ|x| � 2λ

λ2 + k2
, (B3)

where we neglected exponentially small terms; notice that
this result is equivalent to taking the limits of the integrals
to infinity with an exponentially small error. The Schmidt
decomposition gives

ψGS(xa, xb) =
∑

K

2√
λL

(
1

1 + (
K
λ

)2

)
eiKxa

√
L

e−iKxb

√
L

, (B4)

where we write the Schmidt modes or single-particle orbitals
as plane waves with K = 2πk/L, k ∈ Z (the decomposition
is not unique and can also be given in terms of sine and
cosine functions). With this procedure one can also calculate
the Schmidt decomposition of the excited states.

The above expression allows the exact computation of en-
tanglement measures, as well as several quantities used within
the coboson formalism. We note that the calculation of the
purity P of the reduced states of the constituent fermions
does not require the Schmidt decomposition since it can be
obtained from the normalization of the ground state as

P = 1 − S00

2
= 5

2λL
. (B5)

According to Refs. [10,11], ideal bosonic behavior is expected
when the purity is sufficiently small, or equivalently for high
amounts of entanglement in the ground state.

In Ref. [14] the authors propose a majorization criterion
for good bosonic behavior arguing that in a case with no
interactions condensation can be regarded as a deterministic
LOCC (local quantum operation and classical communica-
tion) process. They take as initial state a product state of N
cobosons in N different potential wells and as final state the
N-particle coboson state |N〉. Then, they reason that a good
bosonic behavior will be guaranteed when the initial and final
state obey the majorization criterion for deterministic LOCC.
Such criterion affirms that the vector of descending ordered
eigenvalues of the initial state (�s i = {sN

0 , sN−1
0 s1 . . .}) must be

majorized by the ordered eigenvalues vector of the final state
(�s f = {s0s1, . . . sN−1, . . .}/χ̃N ), i.e., �s i ≺ �s f , where the s j

denote the Schmidt coefficients of the two-body ground-state
decomposition and χ̃N = ∑

j1< j2<··· < jN
s j1 s j2 . . . s jN < 1 is a

normalization factor.
In our problem, the ordered distribution of Schmidt coeffi-

cients of one pair takes the form

s j = 4

λL

1[
1 + (

2π
λL

)2
(� j

2�)2
]2 , (B6)

where the symbol �x� denotes the ceiling function. For sim-
plicity we focus here on the case N = 2, which was discussed
in detail in the body of the paper. Writing the exact distribu-
tions for the initial and final states for the protocol proposed

in [14] is complicated and beyond the scope of this study.
However, it is important to notice that for λL � 1 our distribu-
tion of coefficients s j is very smooth and admits a continuous
approximation. Furthermore, in the same limit the elements
s2

j are very few in comparison with the rest, of the form s jsl

with j 	= l . This means we can neglect their contribution. The
Schmidt coefficients of the initial and final states are then
essentially the same, except that each element s jsl appears
twice in the initial state (corresponding to the two possible
choices picking from the two different wells) but only once in
the final state. Thus, making a continuous approximation, the
distributions of Schmidt coefficients for sufficiently large λL
are related by

s f (x) � 2si(2x). (B7)

This shows that the majorization criterion is fulfilled and
our ground state is a good bosonic state according to [14].
Indeed, we have∫ M

0
dx s f (x) �

∫ 2M

0
dx si(x) >

∫ M

0
dx si(x). (B8)

This line of reasoning can also be extended to higher values
of N , as long as λL is sufficiently large. As an example, in
Fig. 3(a) we show the Schmidt coefficients for initial (gray)
and final (black) states for the case N = 2 and λL = 200 as
in the figure of the main text. Figure 3(b) depicts the numer-
ical corroboration of the majorization criterion �s i ≺ �s f up to
104 coefficients for N = 2. Panel (c) corresponds to N = 3
and gives the same as panel (a) while panel (d) shows the
numerical verification of the majorization criterion up to 106

coefficients for N = 3.
Another necessary criterion for good bosonic behavior that

has been proposed states that s j � 1/N . Such a criterion
is based on the idea that a low density prevents the over-
lap between the wave function of the fermionic constituents.
When ordering the Schmidt coefficients as s0 � s1 � . . . it
is sufficient to ask for s0 � 1/N , which in our case leads
to 4N � λL. Particularizing for N = 2 it gives 8 � λL, the
condition satisfied throughout our derivations.

APPENDIX C: CALCULATION OF THE OVERLAP
AND HAMILTONIAN MATRICES

We start from the expression

SPK = [δKP − 〈P| ⊗ 〈−P|Xa|K〉 ⊗ | − K〉]
+ K ↔ −K, (C1)

where we take K, P � 0. We note that this is a mere rewriting
of the expressions in Ref. [2] making use of an auxiliary
operator Xa. This operator is defined in such a way that, when
acting on two coboson states treated as made from distinguish-
able particles, it swaps the states of the fermions of kind a:

Xa(|ka, kb〉 ⊗ |qa, qb〉) = |qa, kb〉 ⊗ |ka, qb〉. (C2)

In the language of coboson theory, this is a “fermion ex-
change” operation. For the case we consider the two terms
with fermion exchanges are equal, so we may further reduce
this to

SPK = δKP(1 + δK,0) − 2〈P| ⊗ 〈−P|Xa|K〉 ⊗ | − K〉. (C3)
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FIG. 3. (a) Schmidt coefficients distribution �s i (gray squares)
and �s f (black dots) for λL = 200 and N = 2. . (b) Sum of the
first k ordered Schmidt coefficients for each of the distributions in
(a) showing the numerical verification of the majorization criterion
(�s i ≺ �s f ) up to 104 coefficients for N = 2 with the same color
scheme as before. (c) Same as (a) for N = 3. (d) Same as (b) for
N = 3 and 106 coefficients.

We now proceed with the overlap replacing the expressions
for the coboson operators as in Eq. (12) of the main text. This
gives a long expression that may be simplified by bringing

all annihilation operators to the right and obtaining the corre-
sponding delta functions from the anticommutators:

{�α (x), �†
α (x′)} = δ(x − x′), (C4)

with α = a, b. The resulting delta functions eliminate several
of the integrals and one finds

〈P| ⊗ 〈−P|Xa|K〉 ⊗ | − K〉 = λ2

L

∫
dx1 . . . dx4

ei{x1(P+K )/2+x2(K−P)/2−x3K}

e−λ
∑

j |x j | δ(x1 + x2 − x3 − x4). (C5)

We solve these integrals by writing the remaining Dirac
delta as

δ(x) = 1

2π

∫
du eiux. (C6)

Then, we arrive at an expression of the form

〈P| ⊗ 〈−P|Xa|K〉 ⊗ | − K〉 = λ2

2πL

∫
du

∫
dx1 . . . dx4

× ei
∑

j k j x j−λ
∑

j |x j |, (C7)

where k1 = u + (P + K )/2, k2 = u + (K − P)/2, k3 = u −
K , k4 = u. Now we can use that the integrals in the x j fac-
torize. Then, using Eq. (B3) we are left with

〈P| ⊗ 〈−P|Xa|K〉 ⊗ | − K〉 = λ6

L

8

π

∫
du

∏
j

1

λ2 + k j (u)2
.

(C8)

The remaining integral can be solved using residues and leads
to Eq. (15) of the main text.

APPENDIX D: ANALYTICAL APPROXIMATION
FOR THE VERY STRONG COUPLING LIMIT

Here we provide the steps that lead to the analytical so-
lution for the ground state for very large λL. For this, we
use the Taylor expansion in ε = 1/(λL) of the overlap and
Hamiltonian matrices, taking up to first order in ε. These
expansions are provided in Eqs. (25) and (26) of the main text,
respectively. As explained in the main text, we subtract the
binding energy from H and then look for the energy difference
	E = E − 2Eγ .

The generalized eigenvalue equation Hc = ESc then takes
the form∑

P

[
2γ

L
+ δKP

h̄2P2

2m
− 11ε h̄2

4m
(P2 + K2)

]
cP

= 	E
∑

P

[δKP(1 + δK0) − 5ε]cP. (D1)

This can be rewritten as(
2γ

L
− 11ε h̄2

4m
K2

)∑
P

cP + h̄2K2

2m
cK −

∑
P

11ε h̄2

4m
P2cP

= 	E

[
cK (1 + δK0) − 5ε

∑
P

cP

]
. (D2)
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It is convenient to divide every term by a refer-
ence energy E1 = h̄2K2

1 /(2m), with K1 = 2π/L, so that
we get

1

ε

(
2

π2
− 11ε2

2

K2

K2
1

)∑
P

cP + K2

K2
1

cK − 11ε

2

∑
P

P2

K2
1

cP

= 	E

E1

[
cK (1 + δK0) − 5ε

∑
P

cP

]
. (D3)

Assuming that we only include in our description values
of K so that K/K1 is still of order 1, we see that we
must have ∑

P

cP = O(ε). (D4)

In the next steps, we neglect all terms of order ε2 and after
rearranging we obtain

	E

E1
cK (1 + δK0) − K2

K2
1

cK = 1

ε

2

π2

∑
P

cP − 11ε

2

∑
P

P2

K2
1

cP.

(D5)

The quantity on the right is of order 1 and does not depend
on K . We can thus use that the left-hand side is independent
of K as well, and arrive at the condition(

	E

E1
− K2

K2
1

)
cK = 2

	E

E1
c0, K > 0. (D6)

Plugging this equality into condition (D4) for the sum of
the coefficients, to zero order in ε we obtain Eq. (28) of the
main text.
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