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Wigner analysis of electron correlation in high-order above-threshold ionization
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We theoretically investigate the electron correlation effect on high-order above-threshold ionization (HATI)
of the helium atom, by numerically solving the time-dependent Schrödinger equation. Our simulations show
that, due to the electron correlation effect, the HATI amplitude shows a significant enhancement, and moreover,
such an enhancement becomes weak for the long laser wavelength or high laser intensity. In terms of a Wigner
analysis, we reveal that the HATI enhancement is caused by the Coulomb exclusion between the two electrons
during the rescattering. With the increase of laser wavelength or intensity, the return energy of the rescattered
electron increases, and accordingly, the Coulomb exclusion effect decreases relatively, leading to that the HATI
enhancement becomes weak. Our work provides a deep insight into the two-electron correlated dynamics during
the strong-field ionization.
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I. INTRODUCTION

When an atom or a molecule interacts with an intense laser
field, the outmost bound electron may be ionized by absorb-
ing more photons than necessary. This phenomenon is called
above-threshold ionization (ATI) and has attracted increasing
attention since its first discovery [1]. The corresponding pho-
toelectron energy spectrum shows a series of peaks separated
by the energy of one photon. In addition, in the high-energy
part of the spectrum, there is a peculiar plateau structure
followed by a cutoff [2,3]. This feature is named as high-order
ATI (HATI) and the physical mechanism behind this phe-
nomenon can be understood with a three-step model [4,5]: the
bound electron in an atom is (i) first released into the contin-
uum, (ii) subsequently accelerated by the laser field, and (iii)
may return to the core and elastically scatters off the core to
obtain more energy from the laser field. Recently, significant
progress has been made in the study of (H)ATI. For example,
the ATI has been used to retrieve the structure and dynamics of
the valence-electron cloud in atoms on a sub-10-as timescale
[6], to observe the symmetry of the highest-occupied molec-
ular orbital (HOMO) of N2 and O2 [7], and to calibrate the
carrier-envelope phase of the few-cycle laser field [8,9]. On
the other side, based on the rescattering process behind the
HATI, a so-called laser-induced electron diffraction (LIED)
scheme was successfully employed in probing the molecular
structure and ultrafast dynamics [7,10–12].

Usually, the understanding and the application of ATI is
based on single active electron (SAE) approximation. Until
recently, the fingerprint of the multi-electron effect on the
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ATI was revealed [13–20]. For example, after the atom is
ionized, the remaining bound electrons can be also driven by
the laser field, leading to the generation of a dynamic core
polarization [16–18]. It has been shown that, after considering
the dynamic core polarization, the calculated ionization yields
of CO versus the orientation angle agree better with the data
than that simulated within SAE [16]. On the other hand, it
has been found that the multi-electron effect also affects the
back-rescattered electron. For example, the solution of the
time-dependent Schrödinger equation (TDSE) showed that
the HATI amplitude of an atom with two active electrons
(TAE) is much larger than that computed within the SAE,
and moreover, this difference decreases with the increase of
laser wavelength [20]. However, how the electron correla-
tion leads to the enhancement of the HATI amplitude and
why the HATI enhancement becomes negligible in the long-
wavelength regime have not yet been discussed. The main
reason for this is that the sole TDSE solution cannot give a
clear physical picture for the electron-correlation dynamics
during the strong-field ionization.

In this work, we theoretically study the electron correlation
effect on the HATI by numerically solving the TDSE of a He
atom with TAE. We find that the HATI amplitude shows a sig-
nificant enhancement in comparison with the result computed
with SAE, and moreover, the HATI enhancement becomes
weak with the increase of laser wavelength or laser intensity.
In terms of a Wigner analysis, which provides a reexpression
of quantum mechanics based on classical concepts in a phase
space, we reveal that the HATI enhancement is mainly caused
by the Coulomb exclusion between the two electrons during
the rescattering. With the increase of laser wavelength or
laser intensity, the return energy of the rescattered electron
increases. Accordingly, the Coulomb exclusion effect between
the two electrons becomes relatively weak, leading to a less
significant HATI enhancement.
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This paper is organized as follows. In Sec. II, we briefly
recall the numerical solution of TDSE and the Wigner
distributions. Subsequently, we present and compare the
photoelectron momentum distribution with TAE and SAE. By
using the Wigner distributions, the underlying physics of the
electron correlation effects in the HATI is revealed. Finally,
our conclusions are given in Sec. IV. Atomic units (a.u.) are
used throughout this paper unless otherwise stated.

II. THEORETICAL METHODS

A. Time-dependent Schrödinger equation

In this work, the ionization of He in a strong laser field
is simulated by numerically solving TDSE in one dimension
[21–23]:

i
∂

∂t
�(x1, x2, t ) = H�(x1, x2, t ). (1)

The total Hamiltonian in the length gauge and dipole approx-
imation is given by

H = p2
1

2
+ p2

2

2
+V (x1) +V (x2) + U (x1, x2) + (x1 + x2)E (t ),

(2)

where V (x) = − 2√
x2+a

and U (x1, x2) = 1√
(x1−x2 )2+b

with the

softening parameters a and b. In practice, the ground state of
He is obtained with the imaginary-time propagation method
[24] and then is evolved with a split-operator method [25,26].
By projecting the final state �(x1, x2,∞) onto the different
bound states of He+, the correlated wave packet of the first
electron can be obtained

ψ j (x1) = 〈ϕ j (x2) | �(x1, x2,∞)〉, (3)

where ψ and ϕ are the wave packets of the first electron
and He+ core, respectively, and the index j denotes the jth
eigenstate of He+. The portion of the wave packet ψ j far away
from the core is considered to be ionized and is used to obtain
the photoelectron momentum distribution (PMD), |Cj (p1)|2,
by using a Fourier transform method [27]. The total PMD
is written as a superposition of all PMDs related to different
ionic states of He+, i.e., M(p1) = ∑

j |Cj (p1)|2.
In our simulation, we use a linearly polarized laser pulse

with a sin2-type temporal envelope

E (t ) = E0 sin2

(
ωt

2N

)
sin(ωt ), (4)

where N is the number of optical cycles, E0 is the peak electric
field amplitude, and ω is laser frequency, respectively. For a
better fit of the real He atom and He+, the value of the soft-
ening parameters a and b, respectively, are chosen as 0.5 and
0.3 [28]. The corresponding ionization potentials for the first
and second electrons are I (1)

p = 0.88 a.u. and I (2)
p = 2.00 a.u.,

respectively. Note that it would be rather time consuming to
calculate the total PMD by including all of the ionic channels.
In practice, we gradually increase the number of the channels
to obtain a convergent PMD. Our calculation shows that the
PMD can well converge after considering the lowest four ionic
channels.

To more clearly show the electron-correlation effects in
the HATI of He, we also simulate the PMD with SAE. The
corresponding electron wave funtion ϑ (x, t ) is obtained by
solving the TDSE as follows:

i
∂

∂t
ϑ (x, t ) = Hs(x, t )ϑ (x, t )

=
[

p2

2
+ Vs(x) + xE (t )

]
ϑ (x, t ), (5)

where Vs(x) = − 1√
x2+c

and the value of the softening param-
eter c is chosen as 0.515 to match the ionization potential for
the first electron of helium. Similarly, the PMD with SAE is
calculated with the part of the wave packet far away from the
core by using the Fourier transform method.

B. Wigner distribution functions

The Wigner distribution is interpreted as a quasi-
probability distribution in the phase space and is suited to
explore the quantum-classical correspondence [29–36]. In this
work, we will employ the Wigner distribution to describe
the dynamics of the ionized electron during the strong-field
single ionization process. For each jth ionic state of He+, the
corresponding Wigner distribution of the ionized electron in
the (x1, p1) phase space takes the form [29]

Wj (x1, p1, t ) = 1

π

∫ ∞

−∞
dεψ∗

j (x1 + ε, t )

×ψ j (x1 − ε, t ) exp (2ip1ε), (6)

where ψ j is the wave packet of the first electron. Because
we study the Wigner distribution of the ionized electron, the
ionization part of the wave packet ψ j is extracted for the cal-
culation [32]. According to Eq. (6), the Wigner distributions
for the different ionic channels can be obtained. In practice,
for the laser parameters used in our work, the ionization am-
plitude related to the ionic ground-state channel is dominant,
and thus for simplicity we will just study the Wigner distri-
bution of the ionized electron related to the ionic ground-state
channel. By tracking the maximal probability density in the
Wigner distribution [31–33], one can understand the dynam-
ics of the ionized electron and the electron correlation effect
during the strong-field ionization. Note that, different from the
classical phase-space probability density function, the value
of the Wigner function can be negative, which is due to the
quantum nature of the electron wave function [34–36].

III. RESULTS AND DISCUSSIONS

Figure 1 presents the TDSE simulations of the PMDs of
He in a few-cycle laser field [N = 5 in Eq. (4)] with differ-
ent wavelengths and intensities. To more clearly show the
electron-correlation effect, we also show the SAE results.
For the wavelength of 600 nm in Fig. 1(a), the photo-
electron yields of He seem qualitatively the same as that
calculated with SAE in the low-energy region [p1 < 2

√
Up;

Up = (E0/2/ω)2], but have a significant enhancement in
the high-energy plateau region from HATI (2

√
Up < p1 <

2
√

5Up). With the increase of laser wavelength from 600 nm
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FIG. 1. TDSE-simulated PMDs of a helium atom subject to an
intense laser pulse with different laser parameters (red line). For
comparison, the SAE results are also presented (black line). (a)–(c)
The intensity of the laser field is fixed at 2.5×1014 W cm−2 and the
wavelengths are 600, 800, and 1200 nm, respectively. (d)–(f) The
wavelength is fixed at 800 nm and the laser intensities are 1.0×1014,
3.0×1014, and 5.0×1014 W cm−2, respectively. The blue and green
dotted lines denote the positions of the 2

√
Up and 2

√
5Up cutoffs,

respectively.

to 1200 nm, as shown in Figs. 1(a) to 1(c), the HATI enhance-
ment gradually becomes weak. Our result is well consistent
with that found in Ref. [20]. On the other hand, we also
present the PMDs at different laser intensities in Figs. 1(d)
to 1(f). For a low laser intensity in Fig. 1(d), significant en-
hancement of the HATI amplitude can be also observed in the
PAD of He. With the increase of laser intensity, the ioniza-
tion enhancement in the high-energy plateau region becomes
smaller. Therefore, our TDSE simulation clearly shows that,
due to the electron correlation effect, the HATI amplitude
exhibits a significant enhancement, and moreover, such an
enhancement becomes weak for the long laser wavelength or
the high laser intensity. In the following, we aim to understand
the electron correlation effect on the HATI amplitude and the
dependence of the HATI enhancement on the laser parameters,
respectively.

To reveal the underlying physics of the electron-correlation
effect on the HATI amplitude, a Wigner analysis method is
used to show the evolution of the ionized electron wave packet
in the phase space. For a laser field with multiple optical

FIG. 2. TDSE-simulated PMD for a single-cycle pulse with the
wavelength of 800 nm and the peak intensity of 2.5×1014 W cm−2

(red line). For comparison, the SAE result is also presented (black
line). TDSE-simulated PMD with the improved SAE model is also
shown (gray line). Inset: The electric field of the single-cycle pulse.
The violet solid circles in the inset denote the times at which the
snapshots of the Wigner distributions will be present.

cycles, the ionized electron wave packet may be emitted at
different optical cycles in the laser pulse, which makes the
Wigner distribution of the ionized electron too complicated
to be well analyzed. To facilitate the understanding of the
electronic correlation effect, we thus choose a single-cycle
pulse [N = 1 in Eq. (4)] with the wavelength of 800 nm and
the peak intensity of 2.5×1014 W cm−2. The corresponding
PMD of He is shown in Fig. 2; see the red line. Similarly, the
SAE result is also presented; see the black line. According
to the three-step model [4,5], for the laser field we used,
the photoelectron with the momentum of p1 < 0 originates
from the back-scattered electron that contributes to HATI. Our
result clearly shows that the HATI amplitude of He is much
larger than that calculated with the SAE, in good agreement
with the simulation result shown in Fig. 1.

Figures 3(a) to 3(e) present the snapshots of the Wigner
distributions of the ionized electron wave packet of He with
TAE at a sequence of times, e.g., t = 35, 45, 55, 110, and
130 a.u., respectively, which are indicated by violet solid cir-
cles in the inset of Fig. 2. By tracking the maximal probability
density in the Wigner distribution, one can easily understand
the dynamics of the ionized electron in the laser field. For
example, Fig. 3(a) shows that the ionized electron wave packet
is firsty driven away from the parent core along the negative
direction of the x1 axis, which corresponds to the tunneling
ionization of an atom in the laser field [37]. Later on, the
ionized wave packet continues moving along the negative
direction of the x1 axis in Figs. 3(b) and 3(c). Furthermore,
when the laser field reverses its direction, Fig. 3(d) shows that
the electron wave packet returns to the core and is strongly
forward-scattered (see the trend of distribution over time de-
noted by the green arrow). In addition, the atom may be
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FIG. 3. The snapshots of the Wigner distributions of the ionized
electron wave packet at five different times, e.g., t = 35, 45, 55, 110,
and 130 a.u., which are indicated by violet solid circles in the inset
of Fig. 2. (a)–(e) Helium with TAE and (f)–(j) atom with SAE. The
two arrows in (d) denote the trend of distributions in the phase space
over time for the forward-rescattered wave packet (green arrow) and
the tunneling ionized wave packet (blue arrow). The red dashed
circles in (d) and (e) represent the positions of the distribution for
the backscattered electron wave packet.

also ionized by tunneling at this time and the corresponding
electron wave packet moves along the positive direction of
the x1 axis (see the trend of distribution over time denoted
by the blue arrow). After the laser pulse ends (t > 110 a.u.),
Fig. 3(e) shows that the two kinds of electron wave packets
keep moving along the positive direction of the x1 axis.

To identify the electron correlation effect in the Wigner
distributions, we also present the corresponding Wigner dis-
tributions of the ionized electron wave packets calculated with
SAE in the right column of Fig. 3. As one can see, the Wigner
distributions from the TAE and SAE seem almost the same

at t = 35, 45, and 55 a.u., indicating that the influence of the
electron correlation on the tunneling ionization is insignifi-
cant. On the other hand, for the time t = 110 and 130 a.u., the
Wigner distributions of the forward-rescattered wave packet
and the tunneling ionization wave packet are still almost the
same for the TAE and SAE. Thus, for the photoelectron with
the momentum of p1 > 0, the PMDs for the TAE and SAE are
qualitatively the same, which is well consistent with our sim-
ulation shown in Fig. 2. However, a closer inspection reveals
that, in comparison with the result from SAE, the Wigner
distribution from TAE has an additional distribution near the
central core with the momentum of p1 < 0 at t = 110 a.u. [see
the red dashed circle in Fig. 3(d)], and furthermore, as the time
evolves from, e.g., t = 110 to 130 a.u., this distribution moves
away from the parent core along the negative direction of the
x1 axis [see the red dashed circle in Fig. 3(e)]. Such peculiar
Wigner distribution corresponds to the back-scattered electron
wave packet, resulting in the enhancement of the HATI ampli-
tude with the momentum of p1 < 0, just as shown in Fig. 2.
Such enhancement caused by the electron correlation might
be ascribed to a strong Coulomb exclusion effect between the
rescattered electron and the remaining electron, which leads
to an increase of the backscattering cross section of the return
electron.

To confirm our conjecture, we simulate the PMD of He
with an improved SAE model, in which the effect of the
remaining electron is described with an effective potential

He−e(x) = 1√
(x − xc)2 + s

, (7)

where xc denotes the position of the remaining electron. Due
to the Coulomb exclusion between the two electrons during
the rescattering, the position of the remaining electron will
slightly deviate from the central core. In our simulation, the
position offset xc is chosen as 0.6 a.u., and for a better fit
of the I (1)

p of He, the softening parameter s is set as 0.259.
The TDSE-simulated PMD with the improved SAE model
is shown by the gray line in Fig. 2, which is qualitatively
in a good agreement with the TAE result. Therefore, our
result clearly shows that the enhancement of the HATI am-
plitude is ascribed to the Coulomb exclusion effect between
the remaining electron and the rescattered electron during the
rescattering.

Finally, we discuss the dependence of the HATI enhance-
ment caused by the Coulomb exclusion effect on the laser
parameters. Just as shown in Fig. 1, the increase of laser wave-
length and intensity leads to better agreement between the
simulations of TAE and SAE. A possible reason is that, with
increasing laser wavelength or intensity, the return energy of
the electron will increase accordingly [4,5], and hence, the
Coulomb exclusion effect of the remaining electron on the
return electron becomes relatively weak. To more intuitively
show the dependence of the Coulomb exclusion effect on the
laser parameters, we simulate the scattering of a free elec-
tronic wave packet by a cation He+ in terms of Wigner dis-
tributions. To facilitate the analysis, the initial wave function
of the recolliding electron is described with a Gaussian func-
tion ψ0(x1) = (2πσ )−1/4 exp[−(x1 − x0)2/σ + iv0(x1 − x0)]
with an initial velocity of v0 and position of x0, and the cation
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FIG. 4. The snapshots of the Wigner distributions for the scat-
tering of a free electronic wave packtet by a cation He+. The
corresponding electron velocity is calculated with the laser param-
eters used in Fig. 1. For more details, see the text.

He+ is initially in the ground state. In our simulation, the
velocity of the electron is given according to the maximal
return energy of the rescattered electron in the laser field v0 ∼√

2×3.17Up, the initial position is set as, e.g., x0 = 20 a.u.
and σ = 2. Figure 4 presents the snapshots of the Wigner dis-
tribution at the time when the electronic wave packet reaches
the central core and the corresponding electron velocity is
calculated with the laser parameters used in Fig. 1. For short
wavelengths or low intensities of the laser fields in Figs. 4(a)
and 4(d), the velocity of the free electron is small and accord-
ingly the pronounced distributions for the back-rescattered
wave packet caused by the Coulomb exclusion effect can be
well observed (see the red dashed circles). However, with
increasing wavelength or intensity of the laser field, the elec-

tron velocity increases and the corresponding distribution for
the back-rescattered wave packet gradually disappears. The
change of the back-rescattered wave packet amplitude with
the laser parameters is well consistent with the simulation
shown in Fig. 1. Therefore, our result clearly shows that the
dependence of the HATI enhancement for He atom on the
laser parameters is ascribed to the Coulomb exclusion effect
with respect to the return energy of the rescattered electron.

IV. CONCLUSION

In summary, we theoretically studied the electron correla-
tion effects on the HATI of a He atom with TAE. We find
that the HATI amplitude of a He atom shows a significant en-
hancement in comparison with the SAE results, and moreover,
such enhancement becomes weak for long laser wavelength
or high laser intensity. By performing the Wigner analysis, we
clearly show that the enhancement is due to a strong Coulomb
exclusion effect of the remaining electron on the rescattered
electron. With the increase of laser wavelength or intensity,
the return energy of the rescattered electron increases and
accordingly the Coulomb exclusion effect of the remaining
electron decreases. Our work suggests the Wigner distribution
in phase space as a feasible tool in analyzing photoionized
electron wave packet dynamics and provides a deep under-
standing of two-electron correlated dynamics in strong field
ionization.
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