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We study nondipole effects in the two-photon double ionization of helium by solving the full-dimensional
time-dependent Schrödinger equation (TDSE). The angular distributions of the photoelectrons in TDSE calcu-
lations are parametrized by several angular distribution parameters. The electron correlation effects are revealed
and discussed by analyzing angular distribution parameters of the photoelectrons. Compared with the linearly
polarized laser, the values of dipole angular parameters for circularly polarized laser pulses in the nonsequential
double-ionization regime are closer to the pure dipole emission of the one-photon single ionization, which
indicates a weaker electron correlation for circular pulses. For the nondipole angular parameters, in the sequential
double-ionization regime, we find that the parameters show peak structures from the sequential ionization
channel over the energy sharing between two electrons and these peak positions are slightly shifted by the
electron correlation. In general, due to the nondipole effects, the angular distributions of photoelectrons are
shifted towards the direction of laser propagation, due to the transfer of the photon linear momentum.
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I. INTRODUCTION

Photoionization of atom has been a long-lasting problem
which has been extensively explored in various circumstances.
With the development of intense XUV sources from high-
order harmonic generation (HHG) [1,2] and free-electron
lasers (FELs) [3–5], the ionization of atom by one-photon
and two-photon absorption has been experimentally accessi-
ble. As a two-electron atom, helium atom provides a good
platform to study the role of electron correlation, which is
very important in multielectron systems. After several decades
of investigations, the one-photon double ionization (PDI) of
helium has been well understood [6]. Three mechanisms have
been proposed, i.e., the shake-off mechanism, the knock-out
or two-step-one mechanism, and the quasifree mechanism
from the quadrupole channel [7–10]. Recently, the research
has been carried out by considering nondipole effects [11,12]
including the momentum transfer from photon to the electron
and ion [13,14]. Except for the discussions on the nondipole
effects in PDI, more recent efforts have been put on the more
complex two-photon double ionization.

The two-photon double ionization (TPDI) of helium is usu-
ally divided into two regimes according to the photon energy
in the long laser pulse limit. For photon energy 39.5 eV <

h̄ω < 54.4 eV, TPDI can occur by simultaneously absorbing
two photons. TPDI in this energy regime is called the nonse-
quential double ionization (NSDI) while, for photon energy
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h̄ω > 54.4 eV, the TPDI can be regarded as a result of two
sequential one-photon absorption. It is called the sequential
double ionization (SDI) in this energy regime. Though many
computation results for the total cross section have been pro-
vided [15–20], reliable experimental measurements are still
lacking [21–24]. Except for the total cross section, the differ-
ential spectra regarding the energy distribution and the angular
distribution of two photoelectrons have also been well studied
under dipole approximation.

For the cases of long laser pulses, it has been found [25–27]
that, in the NSDI regime, the energy spectrum shows a “U”
shape while, in the SDI regime, two sequential peaks at en-
ergies h̄ω − Ip1 and h̄ω − Ip2 will appear, with Ip1 = 24.6 eV
and Ip2 = 54.4 eV being the first and second ionization po-
tential of helium, respectively. If the photon energy is large
enough, sequential channels related to the excited state of
He+ will be also opened, resulting in more sequential peaks
[26,27]. As for the angular distributions, in the NSDI regime,
the two electrons tend to take the back-to-back ejection mode
[25] while, in the SDI regime, they show more complex
structures. Near the sequential peaks, the photoelectrons tend
to emit independently. For electron energies between the
two main sequential peaks, they tend to take the back-to-
back ejection mode while, for electron energies outside the
main sequential peaks, they tend to be emitted in the same
direction [27].

For the cases of short laser pulses, the distinction between
NSDI and SDI by the photon energy becomes ambiguous. In
the SDI regime for long laser pulses, the second ionization
can occur a long time after the first ionization when the
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electron correlation is negligible. However, in cases of short
laser pulses, electrons are ionized at almost the same time.
The electron correlation between them is not negligible. It
has been found that the two main sequential peaks in the SDI
regime in these cases will be closer to each other [28] and
even become a single peak by shortening the laser pulses [29].
And electrons in the SDI regime will become more likely to
take a back-to-back ejection mode as in the NSDI regime.
Besides, Foumouo et al. [30] found that the two electrons in
the NSDI regime of ultrashort laser pulses tend to absorb one
photon individually and the U shape of energy spectrum also
changes into an inverse U shape. All these signatures in short
laser pulses suggest the idea that the distinction between NSDI
and SDI becomes small. And the successful use of the virtual
sequential picture for NSDI [31] also confirms this fact.

The angular distributions of photoelectrons are usually de-
scribed by several asymmetric parameters. For the one-photon
single ionization (PSI), angular distribution parameters have
been derived including the nondipole terms [32] and sev-
eral parameters were computed for the rare-gas atom [33].
For the one-photon double ionization, studies have also been
made beyond the dipole approximation [34]. However, things
become different for the two-photon process. Two-photon
single ionization of halogen negative ions within the lowest-
order perturbation theory under the dipole approximation was
studied in Ref. [35]. And, recently, helium was also studied
by solving the full-dimensional TDSE [36] while, for TPDI,
there are two different ways to extract the angular distribution
parameters. One is to extract angular distribution parameters
of a single electron from the final double electron distribution.
In this method, the indistinguishability of two electrons is
considered and it is useful in both the SDI and NSDI regimes
[26,37,38]. The second way is only useful in the SDI regime,
which can be treated as the combination of two PSI processes,
and the idea of PSI can be directly used. The angular distri-
bution parameters for the two electrons are different [39–43].
In the second method, nondipole effects can be easily added.
For the first method, however, like almost all existing studies
for TPDI of helium, they are based on the dipole approxi-
mation, which means a unified description of the nondipole
angular distribution in the NSDI regime and SDI regime has
not been reached yet.

In this work, we will add nondipole corrections to the
existing TPDI studies by solving the full-dimensional TDSE.
Except for the dipole approximation and several works based
on the elliptical or circular polarization laser pulse recently
[44–47], most of the existing studies of TPDI have been
based on the assumption of the linearly polarized laser pulse
[16,25,26,28,29,48,49]. Here we will carry out the studies in
the case of the elliptical and circular polarization. In order to
study the role of electron correlation from the NSDI regime
to SDI regime, we limit the photon energy from 40 eV to
100 eV, which is different from the photon energy used in
experiment to measure the nondipole effect recently in the PSI
of helium [50]. In particular, we will focus on the angular
distribution parameters evaluated through the first method.
Compared with linearly polarized laser pulses, the values
of dipole angular parameters in the NSDI regime are closer
to the pure dipole emission of PSI for circularly polarized
laser pulses, which indicates a weaker electron correlation for

circular pulses. Based on the nondipole angular parameters,
a newly defined relatively asymmetric parameter is used to
describe the angular distributions of photoelectrons. The peak
structures from the sequential ionization channel are found
and the peak positions are shifted by the electron correlation.
Through the reconstruction of angular distributions by angular
distribution parameters, one finds electrons are shifted along
the direction of laser propagation.

The rest of this paper is organized as follows. In Sec. II, we
introduce our methods in detail and present the expressions
of angular distribution parameters. We will present the dipole
angular parameters in a way without the dependence on choice
of particular frame of coordinates in order to compare our
results with previous ones. In Sec. III, we will show our results
of angular distribution parameters and give the explanation
of the behavior of these parameters and, in Sec. IV, we will
give a brief summary. Atomic units are used unless otherwise
specified.

II. THEORETICAL METHODS

In this section, we present a brief introduction for our
theoretical method to treat TPDI. Our method is based on
the numerical solution of the full-dimensional TDSE of the
two-electron system interacting with laser pulses beyond
the dipole approximation. After the end of the laser pulses,
the wave function is further propagated until the electron
correlation can be neglected, and then the wave function is
projected to the product of two Coulomb waves. Finally, we
can extract observables such as the energy spectrum, angular
distribution, and so on. In subsection A, we show how to
solve the TDSE. In subsection B, we show how to extract
the angular distribution parameters through the final wave
function and give a brief discussion about the parameters.
In subsection C, we present the form of the dipole angular
parameters independent of coordinates. And we will provide
the relationship between the values of parameters in different
frames of coordinates.

A. Time-dependent Schrödinger equation

The TDSE of the two-electron system in a laser field can
be written as

i
∂

∂t
�(r1, r2, t ) = H�(r1, r2, t ), (1)

in which r1 and r2 are the coordinates of two electrons and H
is the full Hamiltonian, which is given by

H = H0 + HI , (2)

where H0 is the Hamiltonian for the field-free helium atom
and HI is the interaction term between helium and laser pulse.
H0 can be written as

H0 = p2
1

2
+ p2

2

2
− 2

r1
− 2

r2
+ 1

|r1 − r2| , (3)

where p1 and p2 are the momentum operators of the two
electrons. In this work, we adopt the length gauge for HI . In
the dipole approximation, the laser pulse is only a function of
time. By considering the first-order nondipole corrections, HI
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can be given by [14]

HI =
∑
i=1,2

ri · E(t )

− α

2

(
k̂ · ri

)(
ri · ∂E(t )

∂t

)
+ α

2
l i · (

k̂ × E(t )
)
, (4)

where α, E(t ), and k̂, are the fine-structure constant, electric-
field vector, and the unit vector of propagation direction of
laser pulses, and l1, l2 are the angular momentum operators
of the two electrons. In Eq. (4), the first term is the electric
dipole term, the second term is the electric quadrupole term,
and the last term is the magnetic dipole term.

In order to solve Eq. (1), we expand the wave function by

�(r1, r2, t ) =
∑

L,M,l1,l2

RLM
l1l2

(r1, r2, t )

r1r2
Y LM

l1l2 (r̂1, r̂2), (5)

in which

Y LM
l1l2 (r̂1, r̂2) =

∑
m1,m2

〈l1m1l2m2|LMl1l2〉Y m1
l1

(r̂1)Y m2
l2

(r̂2), (6)

where 〈l1m1l2m2|LMl1l2〉 is the Clebsch-Gordan coefficient.
By assuming the laser is polarized in the x-y plane and prop-
agates along the z direction, the vector potential of the laser
pulse has the form

A(t ) = A0 f (t )
(

1√
1+ε2 cos ωt ex + ε√

1+ε2 sin ωt ey
)
, (7)

where f (t ) is the envelope of the laser pulse, which in the
present work is given by f (t ) = sin2(π t

τ
+ π/2) with τ be-

ing the total pulse duration, and ε is set to 1 for circularly
polarized laser pulses.

For radial functions RLM
l1l2

(r1, r2, t ) in Eq. (5), we employ
the finite element discrete variable representation (FE-DVR)
method, which has been successfully used in many studies
of few-electron atoms and molecules interacting with laser
pulses [51–55]. For the wave-function propagation, we use the
Arnoldi propagator.

B. Angular distribution parameter

After a sufficiently long free propagation of the wave
function, we project the final wave function to the double-
ionization state which is constructed by the product of two
one-electron Coulomb scattering states, which is given by

|�DI (k1, k2)〉 = 1√
2

[
|ψ (−)

k1
(r1)〉|ψ (−)

k2
(r2)〉

+ |ψ (−)
k1

(r2)〉|ψ (−)
k2

(r1)〉
]
, (8)

where |ψ (−)
k (r)〉 is the one-electron Coulomb scattering

state [56]

|ψ (−)
k (r)〉 = 1√

2πk

∑
l,m

ile−i(σl +δl )
[
Y m

l (k̂)
]∗

R̃k,l (r)Y m
l (r̂),

(9)

with

R̃k,l (r) = 2

r

2l eπZ/2k|�(l + 1 + iκ )|
(2l + 1)!

e−ikr (kr)l+1

× 1F1(l + 1 − iκ, 2l + 2, 2ikr). (10)

For the Coulomb potential, σl = arg �(l + 1 + iκ ) and δl =
0. Besides, 1F1 is the Kummer confluent hypergeometric func-
tion and κ = − Z

k , where Z is the nuclear charge number and
is set to 2 for TPDI of helium.

Then the differential momentum spectrum of the two elec-
trons can be computed by

P(k1, k2) = k2
1k2

2

2
|〈�DI (k1, k2)|�(r1, r2, t f )〉|2

= 1

4π2

∣∣∣∣
∑

L,M,l1,l2

Y L,M
l1,l2

(k̂1, k̂2)ML,M
l1,l2

(k1, k2)

∣∣∣∣
2

,

(11)

with ML,M
l1,l2

(k1, k2) given by

ML,M
l1,l2

(k1, k2) = (−i)l1+l2 ei(δl1 +δl2 +σl1 +σl2 )

×
∫

r1dr1

∫
r2dr2R̃k1,l1 (r1)R̃k2,l2 (r2)

× RL,M
l1,l2

(r1, r2, t f ). (12)

The differential spectrum can be directly written as

P(E1, E2, k̂1, k̂2) = 1

k1k2
P(k1, k2), (13)

with E1 = k2
1/2 and E2 = k2

2/2.
Integrating over the variables θ2, ϕ2, ϕ1, we get

P(E1, E2, θ1) = 1

4π2k1k2

∑
L,M,l1,l2

∑
L′,M ′,l ′1,l

′
2

×
[
ML′,M ′

l ′1,l
′
2

(k1, k2)
]∗

ML,M
l1,l2

(k1, k2)

×
∑

j

2 j + 1

2
Π1( j)

(
L L′ j

−M M ′ 0

)

× Pj (cos θ1), (14)

with

Π1( j) = (−1)l2+M
√

(2l1 + 1)(2l ′
1 + 1)(2L + 1)(2L′ + 1)

×δl2,l ′2

(
j l ′

1 l1
0 0 0

){
L L′ j
l ′
1 l1 l2

}
. (15)

By defining

β j (E1, E2) =
√

(2 j + 1)π

4π2k1k2

∑
L,M,l1,l2

∑
L′,M ′,l ′1,l

′
2

×
[
ML′,M ′

l ′1,l
′
2

(k1, k2)
]∗

ML,M
l1,l2

(k1, k2)Π1( j, 0),

(16)
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with

Π1( j, m) = Π1( j)

√
2 j + 1

4π

(
L L′ j

−M M ′ m

)
δM,M ′+m

= 〈l1l2LM|Y m
j (θ1, ϕ1)|l ′

1l ′
2L′M ′〉, (17)

the angular distribution P(E1, E2, θ1) can be written as

P(E1, E2, θ1) =
∑

j

β j (E1, E2)Pj (cos θ1). (18)

Integrating with respect to E2 and comparing our angular
distribution parameters with that in PSI or PDI [32,34], we
can get

P(E1, θ1) =
∑

j

β j (E1)Pj (cos θ1)

= σ0(E1)

2

{
1 + β̃2(E1)P2(cos θ1)

+
[
δ(E1) + 1

2
γ (E1) sin2(θ1)

]
cos(θ1)

+ β̃4(E1)P4(cos θ1) + β̃5(E1)P5(cos θ1)

}
, (19)

with

β j (E1) =
∫

dE2β j (E1, E2),

σ0(E1) = 2β0(E1),

β̃ j (E1) = β j (E1)

β0(E1)
,

γ (E1) = −5β̃3(E1),

δ(E1) = β̃1(E1) + β̃3(E1). (20)

In the present work, we compute the angular distribution
parameters until j = 5, which is reasonable and will be ex-
plained below.

These angular distribution parameters can be divided into
two groups—dipole angular parameters and nondipole angu-
lar parameters. If we use the dipole approximation, only the
dipole parameters will appear and all nondipole parameters
will be equal to zero. The parameters can be divided into these
two groups under the following analysis.

(i) At first, the initial state of helium atom is a ground state
with Li = Mi = 0 and l i

1 = l i
2 (i represents the initial state).

(ii) For one-photon absorption, the selection rule for the
electric dipole limits �l1 = ±1 or �l2 = ±1. For the electric
quadrupole, the selection rule limits �l1 = ±2, 0 or �l2 =
±2, 0 and, for the magnetic dipole, it limits �l1 = �l2 = 0.

(iii) Considering the first-order small quantity, the final
state in TPDI can be reached through two dipole channels
(path A), or one dipole channel and one nondipole channel
(path B). For path A, (l f

1 + l f
2 ) is an even number while it is

an odd number for path B ( f represents the final state). For
path A, L f

max = 2 and, for path B, L f
max = 3.

(iv) According to Eqs. (15), (16), and (17), if the angu-
lar distribution parameter is not equal to zero, ( j + l ′

1 + l1)
should be an even number and l ′

2 = l2 with two final par-
tial waves (L, M, l1, l2) and (L′, M ′, l ′

1, l ′
2), which also means

( j + l ′
1 + l1 + l ′

2 + l2) is an even number. The two final partial
waves should be both from path A, or one from path A but
another from path B in the limit of considering the first order
small quantity. If two final partial waves are both from path
A, (l ′

1 + l1 + l ′
2 + l2) is an even number and j is also an even

number. If two final partial waves are not both from path
A, (l ′

1 + l1 + l ′
2 + l2) is an odd number and j is also an odd

number.
(v) Finally, we know that all even order angular distri-

bution parameters should be dipole angular parameters and
all odd order distribution parameters are nondipole angular
parameters.

(vi) According to the requirement that L, L′, and j should
form a triangle, the maximum of j should be taken to be 5.

C. Angular distribution parameters in different frames of
coordinates

For linear polarization of laser pulses, one usually assumes
it polarizes in the z direction and propagates in the x or
y direction. This coordinate frame will be called � below.
But for circular or elliptical polarization of laser pulses, one
usually assumes it propagates along the z direction with the
pulse polarization in the x-y plane, which will be denoted
as �0 below. Although the physics does not depend on the
choice of the framework of coordinates, the values of observ-
ables will be different. To confirm the validity and accuracy
of our computation, we derive the relationships of dipole
angular parameters between different frames of coordinates.
The dipole approximation is used below because only dipole
angular parameters have been computed in literature.

According to Ref. [57], in TPDI, the transition matrix
element can be written as

F (k1, k2) = f1(k̂1 · e)2 + f2(k̂2 · e)2

+ fs(k̂1 · e)(k̂2 · e) + f0(e · e)2, (21)

in which f1, f2, fs, f0 are the functions of E1, E2, k̂1 · k̂2, and
e is the polarization direction of the electric field. Simi-
lar to Ref. [37], we define Nk1

1 = 2, Nk2
1 = 0, Nk1

2 = 0, Nk2
2 =

2, Nk1
s = Nk2

s = 1, Nk1
0 = Nk1

0 = 0; then the final distribution
of two electrons in the momentum space is given by

P(k1, k2) ∝ |F (k1, k2)|2

=
∑
i, j

fi f ∗
j (k̂1 · e)N

k1
i +N

k1
j (k̂2 · e)N

k2
i +N

k2
j , (22)

with i, j = 1, 2, s, 0. fi f ∗
j can be expanded by

fi f ∗
j =

∑
l

BlPl (k̂1 · k̂2), (23)

where Bl is the coefficient of Pl (k̂1 · k̂2) and it is a function of
E1, E2. By using the equation for the Legendre function,

∫
d�k̂2

Pl (k̂1 · k̂2)Pl ′ (k̂2 · e) = 4π (2l + 1)−1Pl (k̂1 · e)δll ′ ,

(24)

013104-4



ANGULAR DISTRIBUTION PARAMETERS IN TWO-PHOTON … PHYSICAL REVIEW A 105, 013104 (2022)

and integrating with respect to k2, we get

dσ

dE1d�1
∝

4∑
l=0

Cl (E1)Pl (k̂1 · e), (25)

in which Cl (E1) is the coefficient. Note that l can only be
0, 2, and 4, consistent with the discussion above for angular
parameters. Actually, this constraint for l can also be derived
from equations above. First, according to Eqs. (22), (24), and
(25), the value of l in Eq. (25) has the same parity with
(Nk1

i + Nk1
j + Nk2

i + Nk2
j ) and is not larger than its maximum.

According to the definition of these values, it can only be an
even number and its maximum value is 4. So l in Eq. (25) can
only take 0, 2, and 4. Then we can change Eq. (25) to

dσ

dE1d�1
= dσ

dE1

(
1 + α2P2(k̂1 · e) + α4P4(k̂1 · e)

)
, (26)

with α2, α4 being the angular distribution parameters. It is
obvious that these expressions are independent of the frame of
coordinates and can be used to provide a connection between
different coordinates. We will present them for the cases of the
linear polarization and the circular polarization in coordinate
systems of � and �0 below. We would like to point out that, in
the next discussion for the linear polarization and the circular
polarization, θ is the angle between z axis and k and ϕ is the
angle between x axis and the projection of k in the x-y plane
in both frames of coordinates � and �0.

1. Linearly polarized laser pulses

For linearly polarized laser pulses, one usually chooses
the coordinate �. In Eq. (26), with k̂1 · e = cos θ1, one can
directly get α2 and α4. For the coordinate �0, the laser is polar-
ized along the x direction; thus one has k̂1 · e = sin θ1 cos ϕ1.
Inserting this into Eq. (26) and integrating over ϕ1, we get

dσ

dE1dθ1
= dσ

dE1

(
1 − 1

2
α2P2(cos θ1) + 3

8
α4P4(cos θ1)

)
.

(27)

However, according to Eq. (19), what one directly gets are β̃2

and β̃4 in �0. Therefore, one arrives at the following relation:

β̃2 = − 1
2α2, (28)

β̃4 = 3
8α4, (29)

which connects angular distribution parameters in different
coordinates (�,�0) for linearly polarized laser pulses.

2. Circularly polarized laser pulses

For circularly polarized laser pulses, the electric field
changes with time; under the time averaging one has the re-
lation that 〈(k̂1 · e)2〉T = 1

2 sin2 ξ and 〈(k̂1 · e)4〉T = 3
8 sin2 ξ ,

with ξ being the angle between k1 and the propagation direc-
tion of laser pulses. In �0, the pulse propagates along the z
axis and thus ξ = θ1, which leads to

〈P2(k̂1 · e)〉T = − 1
2 P2(cos θ1), (30)

〈P4(k̂1 · e)〉T = 3
8 P4(cos θ1). (31)

Inserting the above relations into Eq. (26) and integrating over
ϕ1, we get

dσ

dE1dθ1
= dσ

dE1

[
1 − 1

2
α2P2(cos θ1) + 3

8
α4P4(cos θ1)

]
. (32)

Again, in �0, what one directly gets are β̃2 and β̃4, so the
relations between them are given by

β̃2 = − 1
2α2, (33)

β̃4 = 3
8α4. (34)

One can find that the relations of angular distribution param-
eters in different frames of coordinates are the same for the
linear and the circular polarization laser pulse. Further, one
can prove that the relations are independent of the ellipticity
of the laser field.

Before we close this section, we would like to point out
that, in Sec. III, the energy sharing between the two electrons
(η = E1

E1+E2
) and the total energy (E = E1 + E2) of the two

electrons are used as variables rather than E1, E2. Expressed
in terms of the variables η and E , the angular distribution is
given by

P(E , η, θ1) =
∑

j

β j (E , η)Pj (cos θ1), (35)

with β j (E , η) = Eβ j (E1, E2). Integrating with respect to E
and recombining the parameters, we get

P(η, θ1) =
∑

j

β j (η)Pj (cos θ1)

= σ0(η)

2

{
1 + β̃2(η)P2(cos θ1)

+
[
δ(η) + 1

2
γ (η) sin2(θ1)

]
cos(θ1)

+ β̃4(η)P4(cos θ1) + β̃5(η)P5(cos θ1)

}
, (36)

with

β j (η) =
∫

dE β j (E1, η),

σ0(η) = 2β0(η),

β̃ j (η) = β j (η)

β0(η)
,

γ (η) = −5β̃3(η),

δ(η) = β̃1(η) + β̃3(η). (37)

Apparently, the angular distribution parameters expressed in
E1, E2 or η, E have the same properties.

III. RESULTS

In this section, we will provide our main results of the
angular distribution parameters. In subsection A, we focus
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FIG. 1. Dipole angular parameters for a linearly (left panel) and circularly (right panel) polarized pulse for a duration of 2 fs at different
photon energies. The two horizonal gray dashed lines at 2 and 0 in each panel represent the cases of an uncorrelated emission of electrons. The
vertical gray solid lines are respectively related to the sequential process of the ground state of He+ (the inner two) and the first excited state
of He+ (the outer two), for the case of 70 eV.

on the dipole angular parameters. At first, dipole parameters
for the linearly polarized pulses are compared with the ex-
isting results in literature. Then, we will present and discuss
the dipole parameters for circularly polarized pulses. In sub-
section B, we will show and analyze the nondipole angular
parameters via the features in the electron angular distribu-
tions. In subsection C, we provide the one-electron angular
distribution, which is reconstructed by angular distribution
parameters.

A. Dipole angular parameters

To check the validity of our results, we extract the angular
distribution parameters β̃2, β̃4 under the dipole approximation
with a linearly polarized laser pulse in the frame of coordi-
nates �0. According to Eq. (28), the dipole angular parameters
α2, α4 in coordinate � can be obtained.

The photon energies are chosen to be 42 eV, 48 eV,
and 70 eV, respectively. Results are shown in Fig. 1(a). In
Ref. [26], the dipole angular parameters α2, α4 are denoted
as β, γ . In their calculations, the duration of the laser pulses τ

is taken to be 4.5 fs and the maximal total angular momentum
number Lmax and the maximal single electron angular mo-
mentum number lmax are chosen to be 2 and 10, respectively.
However, τ, Lmax, and lmax are respectively set to be 2 fs,
4, and 5 in our calculations. Although the value of angular
momentum number is different, the convergence of results
is checked and ensured in our computation with the laser
intensity of 1012 W/cm2. Comparing these two sets of results,
we note that not only the trend of the parameters but also the
values are identical. Nevertheless, there is a little difference
when the photon energy is 70 eV. Our results do not change so
acutely like theirs near the sequential threshold, shown by the
vertical gray solid lines in Fig. 1(a). We think this is because
we use a shorter duration of 2 fs, which results in a larger
spectrum broadening. Then, we turn to the dipole angular
parameters for circularly polarized laser pulses. According
to Eq. (26), dipole angular parameters α2, α4 are shown in

Fig. 1(b). In the SDI regime, the main signature does not
change in the case of the circular polarization. However, in
the NSDI regime, compared with the results of the linear
polarization, α2 is closer to 2 and α4 is closer to 0, which
means that electrons are more likely to be emitted like PSI
of the ground state of the hydrogen atom for the circularly
polarized pulses. In fact, previous studies for ultrashort laser
pulses in the NSDI regime [30] and the successful application
of the virtual sequential picture for NSDI [31] also suggests
that electrons tend to absorb one photon individually in the
NSDI regime.

According to the above discussion, TPDI in the NSDI
regime can be qualitatively understood by a simple physical
picture. When the helium atom interacts with laser pulses, two
electrons tend to absorb one photon individually. Neglecting
the electron correlation, only one electron would be ionized
for Ip1 < ω < Ip2. However, with the inclusion of the electron
correlation, the second electron can be also ionized. At the
same time, the electron correlation will result in a deviation
of α2, α4 from 2,0, respectively. Compared with the case of
the linear polarization, the electron correlation will be weaker
and the deviation of α2, α4 will be correspondingly smaller
for circular pulses. To further confirm this physical picture,
results of dipole angular distribution parameters under differ-
ent ellipticity of the laser field are shown for the NSDI regime
(42 eV) in Fig. 2(a). It can be clearly seen that, when ε changes
from 0 to 1, α2 grows closer to 2 and α4 grows closer to 0,
which suggests the weaker electron correlation for a larger
ellipticity of the laser field. This result is consistent with the
physical picture above. Besides, we also show the dependence
on ellipticity of the laser field in the SDI regime in Fig. 2(b).
One can find that, when ε changes from 0 to 1, α4 grows closer
to 0. For α2, it grows closer to 2 when η does not reach the
regime where the sequential process of the excited state of
He+ is open. All these results suggest that the larger ellipticity
of the laser field leads to the weaker electron correlation in
either the NSDI regime or the SDI regime. This conclusion
can be partly seen in the study of the angular distribution in a
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FIG. 2. Dipole angular distribution parameters for 42 eV (upper
panel) and 68 eV (lower panel) under different ellipticity of the
laser field. ε = 0 (1) represents linear (circular) polarization laser
pulse. Besides, the pulse duration is 2 fs for 42 eV and 20 cycles
for 68 eV. The two horizonal gray dashed lines at 2 and 0 in each
panel represent the cases of an uncorrelated emission of electrons.
The vertical gray solid lines are respectively related to the sequential
process of the ground state of He+ (the inner two) and the first excited
state of He+ (the outer two), for the case of 68 eV.

fixed configuration of two photoelectrons with the ultrashort
laser pulse in Ref. [47].

B. Nondipole angular parameters

Only a circularly polarized laser pulse is used to study the
nondipole angular parameters because usually the coordinate
frames are different for linearly and circularly polarized laser
pulses as we discussed above and, unlike the dipole angular
parameters, there is not a simple correlation for the values of
nondipole angular parameters in different coordinate frames.
In Fig. 3, we present the results of nondipole angular pa-
rameters γ , δ, β̃5 with circularly polarized laser pulses in the
frame of coordinate �0. The value of γ is about two orders
of magnitude larger than that of δ and β̃5, which means the
nondipole contribution of the angular distribution of electron
is dominated by γ . In the NSDI regime, when η increases, δ

and β̃5 are almost zero, while γ will increase from negative
values to positive values quickly at first and then the increase
will slow down. In general, γ is a concave function of η. In
this paper, the concave function means that its second deriva-
tive is negative. This concave behavior acts like a background
for γ in the SDI regime. For γ in the SDI regime, other
features are the peaks on the background which are related
to the sequential ionization process. Besides, the variation of
γ , δ, β̃5 is synchronous, which means the underlying physical
origin is the same.

To understand the behavior of nondipole angular parame-
ters, we define a relatively asymmetric parameter A, which is
given by

A(η) = P+(η) − P−(η)

P+(η) + P−(η)
, (38)

with P+(η) and P−(η) given by

P+(η) =
∫ π

2

0
P(η, θ1) sin θ1dθ1, (39)

P−(η) =
∫ π

π
2

P(η, θ1) sin θ1dθ1. (40)

Note that P+(η) and P−(η) are respectively related to electron
distribution along with and opposite to the laser propaga-
tion direction. Thus A(η) stands for the extent of electron
emission along the laser propagation direction. It can be eas-
ily shown that the asymmetric parameter A is related to the

FIG. 3. Nondipole angular parameters γ , δ, and β̃5 for a 2 fs pulse of circular polarization at different photon energies. The horizonal gray
dashed line at zero represents the results if nondipole effects are not considered.
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FIG. 4. Relatively asymmetric parameter A as a function of the
energy sharing η for circularly polarized laser pulses. The horizonal
gray dashed line at zero in each panel represents the results in the
case where nondipole effects are not considered. (a) The duration of
laser pulses is 2 fs, but for different photon energies. (b) The photon
energy is fixed at 68 eV, but for different pulse durations. The vertical
gray solid lines are related to the sequential process of the ground
state of He+ (the inner two) and the first excited state of He+ (the
outer two).

angular distribution parameters by

A = δ

2
+ γ

8
+ β5

16
≈ γ

8
. (41)

Apparently, similar to γ , the relatively asymmetric param-
eter A is a concave function of η. In Fig. 4(a), we show
results of A at different photon energies with a 2 fs circularly
polarized laser pulse. When a photon interacts with an atom,
it will transfer its linear momentum to the electron and the ion
[58]. Intuitively, the electron will have a positive momentum
along the laser propagation direction, which means A will
be positive. However, the Coulomb effect from the nucleus
will attract the electron to the nucleus, which results in the
decrease of A. For the lower energy electron, the Coulomb
interaction will be comparatively stronger. Therefore, A will
be a concave function in general.

In the SDI regime, the relatively asymmetric parameter A
(or equivalently γ ) has several peaks on the concave back-
ground in Fig. 4(a). For photon energy of 64 eV, there are
only two peaks while there are four peaks for 70 eV, although
they tend to cluster together. These peaks may come from
sequential TPDI channels. For 64 eV, the intermediate state
can only be the ground state of He+ for a monochromatic
light. However, for an even larger photon energy, the channel
of the first excited state of He+ can be also opened, which
results in four peaks in 70 eV with long enough laser pulses.
In Fig. 4(b), we show the results of A with photon energy
of 68 eV at different pulse durations. The positions of the
standard channel of sequential TPDI of the ground state and
the first excited state of He+ are shown by vertical gray solid
lines. For a short pulse duration of 1220 as including about
20-cycle oscillations, there are only two peaks. With the in-
crease of the pulse duration to about 1700 as, the two peaks
start to split into four peaks. However, the position of the
peaks are not exactly at the position of the sequential channel.
For the sequential channel related to the ground state of He+,
the peaks move outward, while the peaks move inward for the
sequential channel related to the excited state of He+.

The meaning of the relatively asymmetric parameter A in
the SDI regime can be understood in another perspective.
For the sequential TPDI process, the ionization process can
be regarded as two PSI within the single-active electron ap-
proximation. According to the photon momentum transfer,
both electrons will have a positive momentum along the laser
propagation direction, which means that A is positive. This
is confirmed in Fig. 4 near the sequential channel. Therefore,
the value of A also stands for the extent of ejection of two
electrons in the same direction. A larger value of A means that
electrons are more likely to be emitted in the same direction.

Now let us turn to discussing the underlying mechanism
of the shift of the peak positions in A, which may be related
to the electron correlation. We denote the sequential TPDI
process with the ground state of He+ as g channel and the
first excited state as e channel. For the g channel, if the
electron correlation does not exist, the peaks of A should
be exactly at the position η1 and η2 with η1 = ω−Ip1

2ω−Ip
and

η2 = ω−Ip2

2ω−Ip
, where Ip = Ip1 + Ip2 is the ionization potential

of helium. After the first electron (the fast one) is ionized
through the g channel, the second electron (the slow one) will
be ionized. If two electrons are ejected in the same direction,
the electron correlation between them will tend to change the
energy sharing to an extreme distribution, which is also called
the postcollision interaction, while, if two electrons move in
the opposite direction, for the fast electron, the screening of
the core is reduced due to the ionization of the slow electron.
The energy of the fast electron will decrease and the energy
of the slow electron will increase, which will tend to change
the energy distribution to an equal energy sharing. Therefore,
electrons tend to be emitted in the opposite direction in the
interval η ∈ (η2, η1), while electrons outside this interval tend
to be emitted in the same direction. The above observation
has been found within the dipole approximation in Ref. [27].
Inside the energy interval, the value of A will be smaller than
that in the region outside the interval. Therefore, the peak
positions will shift outward.
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For the e channel, the first ionized electron is the slow
electron and the second ionized electron is the fast electron.
Electrons tend to move in the same direction in the interval
η ∈ (η′

1, η
′
2) with η′

1 = ω−Ip1−�E
2ω−Ip

and η′
2 = ω−Ip2+�E

2ω−Ip
, where

�E is the energy difference between the ground state and the
excited state of He+. On the contrary, electrons outside the
energy interval will tend to move in the opposite direction.
This causes the peak positions of the e channel to shift in-
ward. Therefore, in Fig. 4(b), one finds the deviation of peak
positions from the sequential ionization threshold of A for
long enough pulses. If the pulse duration decreases, electrons
are more likely to be emitted in the opposite direction [29].
According to the discussion above, compared with the cases of
long laser pulses, the peak of the g channel will move outward,
while the peak of the e channel will move inward and the value
of A will decrease. If the pulse duration is short enough, four
peaks of the g channel and the e channel will merge into two
peaks.

Finally, we will examine the value of A at point η = 0,
which is shown in Fig. 4. In the NSDI regime, A is negative
because of the attraction from the nucleus. In the SDI regime,
governed by the sequential channel, the value is positive when
the photon energy is just above Ip1. If one increases the photon
energy, due to the spectrum broadening and electron correla-
tion, the value of A gradually increases and is still governed
by the sequential channel. When the sequential channel is far
away from η = 0, A begins to decrease and is mainly governed
by the Coulomb interaction from the nucleus. In this case, it
even becomes negative again for long enough laser pulses.

C. Reconstruction of angular distribution

Through angular distribution parameters, one can recon-
struct the one-electron angular distribution if one integrates
over the variable η in Eq. (36). One expects that the angular
distribution reconstructed by angular distribution parameters
and that directly computed from the two-electron momentum
distribution from TDSE should be exactly the same.

For circularly polarized pulses, in Fig. 5, we show results
at two different photon energies of 42 eV and 68 eV in the
NSDI regime and the SDI regime in the first and second
row, respectively. In the left column of each case, we show
the angular distributions of the electrons reconstructed from
all the parameters (labeled with “total”) and only from the
dipole parameters β̃2 and β̃4 (labeled with “dipole”). Appar-
ently, the nondipole corrections to the angular distributions
are larger for the 68 eV case and can merely be noticed with
naked eyes, while the difference between the two results is
hardly detectable for 42 eV. Further, the relative scale of the
nondipole angular distribution and the dipole angular distri-
bution is shown in Fig. 6. Clearly, one finds the nondipole
correction is larger for larger photon energy. Besides, in the
direction away from the polarization plane, the nondipole
correction will be relatively important. Moreover, the ratio is
antisymmetric under the transformation from θ to π − θ due
to the symmetry of dipole and nondipole angular distribution.
The positive (negative) value of the ratio represents the en-
hancement (reduction) of the angular distribution. Therefore,
when the nondipole corrections are included, one can draw a
conclusion that the angular distribution will be shifted right-

FIG. 5. Reconstructed one-electron angular distribution in the
NSDI regime (the first row) and the SDI regime (the second row).
The angle 0◦ represents the direction of the laser propagation. The
left column represents distributions reconstructed by the dipole pa-
rameters only (dipole) and by all the parameters (total). The right
column shows the angular distributions reconstructed only by the
nondipole parameters.

ward along the direction of the laser propagation due to the
photon linear momentum transfer to the ionized electron.

For a better illustration, in the right column of Fig. 5, we
reconstruct the electron angular distributions that are solely
contributed by the nondipole parameters γ , δ, and β̃5. Con-
sistent with the picture of the photon momentum transfer,
the angular distribution is enhanced along the propagation
direction of the laser pulse (labeled as “positive”), while it
is reduced in the opposite direction of the laser propagation
(labeled as “negative”).

FIG. 6. Relative scale of nondipole angular distribution PND(θ1)
and the dipole angular distribution PD(θ1) with photon energy 42 eV
(left panel) and 68 eV (right panel). The horizonal dashed gray line
represents the value zero. The direction perpendicular to the propa-
gation direction laser pulse is shown by the vertical dashed gray line.
The positive (negative) value represents the enhancement (reduction)
of the angular distribution because of nondipole corrections.
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IV. SUMMARY

In conclusion, we have presented a detailed study of the
two-photon double ionization of helium. In this work, we have
focused the nondipole corrections to the parameters of the
angular distribution of the electron for the cases of circularly
polarized laser pulses. As shown, according to the different
ionization channels, the angular distribution parameters can
be divided into two groups—the dipole angular parameters
and the nondipole angular parameters. Through the analysis
of the behavior of these parameters in terms of the energy
sharing, we discuss the effects of the electron correlation.

For the dipole angular parameters, in the NSDI regime, the
values of parameters are closer to those from the pure dipole
emission in PSI compared with the linear polarization case,
which indicates a weaker electron correlation for NSDI by
circularly polarized pulses.

For the nondipole angular parameters, the behavior of
parameters as the function of the energy sharing becomes
more complex, which can be better explained by defining a
relatively asymmetric parameter A. Because of the Coulomb
attraction from the nucleus, the behavior of A in the NSDI
regime is a concave function of the energy sharing η. In

the SDI regime, there are some peaks of A related to the
sequential ionization channels on the concave background.
We have presented a detailed analysis of these peaks and their
shifts, depending on different ionization channels and mutual
interactions between the two electrons and the nucleus, as well
as the duration of the laser pulse.

Through the angular distribution parameters, one-electron
angular distribution is reconstructed. Comparing the total an-
gular distribution and the dipole angular distribution, one
can draw a conclusion that due to the momentum transfer
electrons are shifted along the direction of laser propaga-
tion, which is further confirmed by the nondipole angular
distribution.
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