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Quantum fluctuations in multiphoton Compton scattering
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We propose a method to study the interaction of a single-mode laser beam (as an external field) containing a
finite number of photons with a free electron. In particular, we give some numerical results of how the photon
number /. . affects the differential scattering cross section when the initial state of an external field is a Fock
state |/, ). Besides, for arbitrarily polarized light, we prove that our model will return to the semiclassical theory

as [, — 00.
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I. INTRODUCTION

Strong-field dynamics is a hot research topic and widely
exists in various quantum systems [1-4]. The classical [5-8]
and semiclassical [9—14] theoretical studies on multiphoton
Compton scattering in the past are satisfactory, and the leap-
forward development of laser technology [15] proves this
point experimentally [16-22]. It should be pointed out that
these experiments and theories imply that the initial photon
number /; . of the external field is sufficiently large (I, —
00) so that the laser can be treated as a fixed classical back-
ground field [1,13]. This processing method is also applicable
to other strong-field systems, such as strong-field ionization
[23-26] and harmonic generation [27,28]. However, when [ .
is finite or even small in magnitude, the depletion of external
fields [29-31] must be considered. In this case, how to deal
with the processes of light-matter interaction is a problem
worthy of attention. In particular, for multiphoton Compton
scattering, it is meaningful to investigate the effect of [ .
on some physical quantities (especially the on differential
scattering cross section).

It is a well-known fact that the motion of free electrons in
a classical plane-wave electromagnetic-field Ail . (x) is usually
described by Volkov states [32]. Utilizing the boundary condi-
tions Azfs(r,t — d00) = 0 [2], Volkov states will transform
into free states when + — o0co. Based on the Furry picture
[33], the incident and outgoing states of electrons can be
treated as Volkov states in the semiclassical theory [10—14] of
multiphoton Compton scattering. Obviously, the Volkov state
involving the classical field does not reflect the information
of the photon number in the radiation field. Here, Fried and
Eberly [34] once proposed to use the full quantum electrody-
namics (QED) method of summing Feynman diagrams to deal
with multiphoton Compton scattering. This method could be
used to calculate the corresponding scattering cross section
for a given [ ., although their work needed some refinement
[35,36]. In addition, Begrou and Sarro [37] also studied anal-
ogous problems by using a quantized background field.
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In this paper, starting from the Dirac equation, we try to
reexamine the multiphoton Compton scattering process from
the perspective of QED. By quantizing the background field,
the Volkov state involving the quantum field was obtained
[37-39], and it can accurately describe the photon number
of the background field. Inspired by this, we numerically
describe the quantum fluctuations of the differential scattering
cross section with /i . in the multiphoton Compton scattering
process. The results show that /; . will affect the differential
scattering cross section to some extent. Meanwhile, we also
prove that our results will return to the semiclassical results
[10] when [ . — o0.

The paper is organized as follows. In Sec. II, we describe
the calculation process of the differential scattering cross
section in detail and give a theoretical proof in the classical
limit. Our numerical results and conclusions are presented in
Secs. III and 1V, respectively. If there is no special declara-
tion, natural units (n.u.) with i = ¢ = ¢y = 1 are employed
throughout this paper. €y is the permittivity of vacuum. ¢ is
Feynman slash notation, representing g,,,y"a"(u, v = 0-3).
ys are the 4 x 4 Dirac matrices and the space-time metric
g =diag(1l, —1, —1, —1). In addition, we abbreviate the
multiplication of two four-vectors a,b" as a - b.

II. MODEL

A. S-matrix element for multiphoton Compton scattering

The electronic wave-function |(x)) in the electromag-
netic field satisfies the Dirac equation,

0
iz V() = Yoy - [=iV + eA@)] + y'm}p(x), (1)

where —e and m, represent the charge and rest mass of
the electron, respectively. Furthermore, the Coulomb gauge
is used for A(x), that is, A(x) =[0,A(x)] and V -A(x) =
0. Considering the collision between an electron and a
single-mode laser beam containing [ . photons, we are more
concerned about that a single photon scattered from the
laser beam (see Fig. 1). The corresponding transition-matrix
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FIG. 1. The schematic of multiphoton Compton scattering. The
laser beam contains /; . photons. After the laser beam interacts
with an electron, a photon of frequency «’ is scattered from the
laser beam. The parameters w (') and & (¢') are the frequency
and the polarization vector of the laser beam (the scattered photon),
respectively.

element is expressed as
Spi = (Pou(r, 1)U (17, 1) Pin (1, 1;)). 2

Here | i (r, 1;)) and |¢ou (7, 7)) are the wave functions of the
initial and final electrons, respectively, and U (¢, ;) is the
time-evolution operator.

In order to get U (¢f, t;), we decompose A (x) into

A =Age()+ )Y Ap (), 3)
& k'+k

where k = (w, k) is the four-momentum of the single photon
in the laser beam, and k' = (o', k') is the four-momentum of
the scattered photon; ¢’ = (0, &') and kK’ - & = 0. Let us make

Hy = vy - [<iV + eAp ()] + y'm,,
H =YY "ey’yAp.s), )
& k'#k

and define the time-evolution operator Uy(z, t;), which satis-
fies the following relation:

3
i Un(t. 1) = HoUo (@, 1). ®)

Then we obtain
Iy
Uty t;) = Uplty, t;) — if Uy(ty, HH'U(t,t;)dt. (6)
1

If only the first-order process is considered, we have

t

U([f,li)ZUO([f,ti)—i/fU()(tf,t)H,U(](l,tl‘)dt. 7

t

Now, we quantize both Ay . (x) and Ap . (x), that is,

Ao (x) = gleag e~ + H.c.)

1 0
Ape(x) = m(s/akgg/e-”‘ *+H.c.), ®)

where g = (2wV)™/? and V is the normalized volume of
the light field; e = [0, cos(£/2), isin(£/2),0] and £ is the
polarization parameter of the incident laser. ay.(ay ) is
the annihilation operator for the incident (scattered) photon.
When t; — —oo and t; — +00, electrons have no interaction
with the light field, and they should be described by free states.
Therefore, the boundary conditions are given by

Gin(r t; —> —00) = e B (r|p) @ |li) @ |0k ),
Gout (Tt — +00) = e EV (r[p) @ i) @ [ o). (9)

Here p = (E,, p) and p' = (E,, p') are the four-momentum
of the initial and final electrons, respectively. l; . and ny . are
the number of photons before and after scattering in the laser
beam. Substituting Egs. (7) and (9) into Eq. (2), we obtain

+00
Sfi:_i/ (Y (r, DL o [H' O o) [ (r, 1))d2, - (10)

o0

where
Yy, 1)) = lim Up(t, 1;)(rlp) ® s )e i,
Yy (D) = limUo(t,19){rlp) ® mie)e™ ™. (1)
[f—>+oo

According to Eq. (5), [¥,(r, 1)) and |y (r,t)) are both the
solutions of the following equation:

i%llﬂ()f)) = Hy|yr (x)). 12)
This equation has the following form solution [39,40]:
Yo s () = exp(ik - xN — igx — iZy, k - x)
13)
where

N = Nawea), + a) are),
Z s = (k-q)’l[Z(n’k,£+%) —&?¢Z g - & cosh x
+q-¢e*sinh x> + %ezgzs],
Z=[(k-q+e¢) —e'gteos’ ]2,
tanh 2y = —e’g*cos £/(k - q + €°&%). (14)
q is the four-momentum of the free electron and satisfies
¢ —m?>=0; s==+sin&; o = gleag . + e*a,:g). The ex-
pressions of operators D; and §, are as follows:

DJ; = exp(SaZ’s — 8" age),

X .
Sq = exp [E(Cl;aa;{’g — ak,eak,s)j|y

8 = egq - (¢ sinh 2x 4 &" cosh 2x)/Z. (15)

The bispinor Z2(§ + s)v satisfies the stationary state Dirac
equation of free electrons, and it is discussed in detail in
Appendix A. For convenience, let us mark it as u,,. Moreover,
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Jyn,..s is the normalization coefficient,

1
oty os = _[qo + a)Z”,k,gS - |8|2a)
m,

— o'y +1/2) cosh 2x]. (16)
Hence, we can treat |y, (r, 1)) and |y, (r, 1)) as

[ (r, 1)) = ¥, (),

[ (r, 1)) = Y,y (X). (17)

Furthermore, the boundary of ‘/f;n/k ,s(x) needs some refine-
ment, and we will discuss it in Appendix B.
We now return to Eq. (10), and there is

/ 32 K X
(MMHWWOZ—JZ yOf e, (18)

Substituting Eqgs. (13), (17), and (18) into Eq. (10), we
obtain

St = NuMyS(p' + Zy vk + k' — p— 7, k), (19)

where
27)* 2
Ny = i) S
‘ Vo esIpiy s ¥ 20V
_ + e,gyk
My = up,s,<nk,£|sp/D,,,[1 - 2 p/} y

X |:1 — k—w}D Sy |k, ) Ups,
p
= lke — Mg,
yy = upq 0. (20)

The § function in Eq. (19) reflects the energy-momentum
conservation of the whole scattering system. Let

q1 = p+Zy,sk — (ke + 3)k,
@ =P +Zy vk — (nis + 3k 1)
Then, the energy-momentum conservation equation becomes
g1 +Nk=q, + k', (22)

and its form is completely consistent with the corresponding
semiclassical equation [10]. In fact, when /; , — o0, g; and
q» will reduce into the “effective” four-momentum [2] of
electrons in the external field [39]. Moreover, Eq. (22) shows
that N is exactly the difference of the photon number before
and after scattering in the light field Ay ¢ (x).

Correspondingly, the transition rate is given by

IS il
wy=Jim 2> > 2.0
5,8 e kK p
ew
= [ du Mﬁm)
where 1/4 comes from averaging the electron spin

and photon polarization in the initial state; k' =
'(sin 6 cos ¢, sin 6 sin @, cos 0); 6 and ¢ are the azimuth

angles of k'; ' is determined by Eq. (22). In addition, the
photon number flux density can be written as

. I,
Jin = 78 24)
Thus, we can obtain the differential scattering Cross section,
do, N
don = 2 Z

5,8

—|My%. (25)
3272 me s’ ply s Jin

Now, we could numerically compute the scattering cross
section corresponding to given ;. and ng, with the help
of Eqgs. (20) and (25). The main steps of the numerical
scheme are roughly as follows. First, when the initial pa-
rameters p, k, lie, ke, S, 5, €, €', 0, @, and I are given,
we can obtain the parameters «’ and p’ through the energy-
momentum conservation [see the § function in Eq. (19)].
Second, we can express the operator g, as a square ma-
trix in the Fock representation. Naturally, we must truncate
the dimension of the matrix. Similarly, the Fock states |/ )
and |ng ) can also be expanded into the column matrices
with the same dimension as ai .. Finally, Eq. (25) can be
accurately obtained with the help of a computer and some
algorithms [41,42]. It is worth noting that the truncation of
the dimension of matrix ay . should ensure that the numerical
calculation results are within the convergence accuracy. The
corresponding numerical results will be discussed in detail in
Sec. III.

B. The classical limit: [; , — oo

In the semiclassical theory [10—14], the incident laser beam
is described by the classical field, that is,
cl A —ik-x * ik-x

Al () = E(se + %™ ). (26)
Here, A is the classical field strength. The relationship [43]
between the classical field strength and the density of photons

in the field obeys
1= Lare = @

2 Vv

where I is the laser intensity. Of course, we should follow
the basic principle of quantum mechanics that quantum the-
ory tends to be classical in the large quantum number limit.
So in this section, we will use Eq. (27) to prove that the
transition matrix element Sy; can reduce to the semiclas-
sical result when [, . — oo. In addition, for convenience,

27)

we omitted the subscript of I ., ng ¢, ar ., and az,s in the
proof.
First, My in Eq. (20) can be expanded as
+
My=) %, (28)
r=-2
where
— / T T 62g2k : ‘9/
Y() = lztpfsf¢ um(n|Sp,D,,/DpSp|l) + m

X (n|STDyitys (#ke! aa’ + & kga a)uy DS, |1),
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Y. =

eg_ [M_ k'

;
S s - k_p/}ups(n|sﬂDp,aD;S,,|l),

eg_ [¢dk k¢
Y = EMW[W - k_p/ u,,x(n|S;,D,,/aTD;S,,|l),
e?g%k - ' cos £ _
Y,Z = Wul,rs,kum(n|S;,Dp/a2D;S,,|l),
e2g%k - &' cos o
Y, = ugp/s,kups<n|sj,1)p/a1a'D;,S,,|l>. (29)

2k - pk-p
We may as well compute ¥ first. When [ — oo, there is
Jim (n|S},DyDIS,|l) = Jim > (nlS},Dyym) (m|D} S, |1).
n—00 n—oo0 m=0
N=l—n N=l—n
(30)

Through the analysis, we find that only m — oo contributes
to Eq. (30). Due to [39]

lim (m|D'S,|1) = &P F_ 1 (51, 1. B1). (€1
%
where
. - & - &
ge® = lim —2egymP S = —enl°%,
m—00 k- P .

k-p
) 1 e*A?
n; = lim
I—o0 2k - p

o E= 2%,

cos &. (32)

In the above formula, Eq. (27) is used. The function .%#; is
defined as

Fic.n By =Y eI @), (33)

1=—00

and J_;_»(¢), J;(n) represent the Bessel function.
Similarly,

nll)n(;lo (m|D;,S,,/ In) = @i(nim)ﬂz%n—n(é‘% n2, ﬂZ)a (34)

m— 00

and ¢, 2, and B, are given by

5t = —eA—, M=

p e 1 e*A?

Then, we have

Jim (n|S;,D,,/D;S,,|l)

n— 00
N=l—n

=N Y MBI 0 (8, ma, Bo) Ty N (C1s s B1)-

S1

(36)

By Fourier series, .%;(¢, n, B) can be expressed as an inte-
gral,

T d
FiC.mB) =/ T explijy +ic sin
Fin sin2y — 28)]. 37)

Using the Poisson summation formula and Eq. (37), we obtain

Ze’ﬁ‘(ﬂz_ﬂ‘)ﬁ;({zv N2, ﬂz)gslfN(gl» n1, B1)

51

T do
= / 2L exp[—iNO, — iy sin (6; + B> — B1)

x 27
+i¢y sin 0 4+ i(n; — n2)sin(20; — 2B1)]. (38)
Also,

iy sin 0 — g sin (01 + B2 — B1)
11 . . /. .
=3 |:e’9‘ e P (eAp—gl - eAQ) — c.c.i|. (39)

k-p k-p
If we let
;eio‘ = Ai/ ; —eA%,
n=mn—n, (40)
there is

lim (n|S},DyD}S,II) = &N F (g m ). (41)
[—00
n— 00
N=l—n
Finally, we have
; A%k - ¢
Yo =eM"F N, ityy| § + Uy, (42
o =N TN (& )iy [¢ +4k.pk.p/4“f* (42)
In the same way, we can obtain, in turn,

ohg, [Lt ]
pS»

Y., = ei(N—l)ag‘_N_H({, n, a)Tﬁp/s/ K p kop u
Y, = ei(N+1)ay_N_1(§, n, a)%ﬁ,,rs/[% - (Zkkz:]um
Yo, =N Ty (g, a)ﬁﬂf'ezis\:]'cl.’—i'c?jékum’
Y= Mg e, a)up,‘v,%—i/f;fgkum. (43)

The results in Egs. (42) and (43) above are perfectly in agree-
ment with the corresponding results obtained by Brown and
Kibble [10].

III. NUMERICAL RESULTS

In the previous discussion, we prove that doy/d Q2 will
reduce to the semiclassical value as [ , — oo. Furthermore,
Eq. (27) means that we could keep I constant through chang-
ing I, and V. That is to say, for a given intensity /, the
problem that how doy/d2 is affected by [, could be
solved. Next, we will take linearly polarized light (the polar-
ization parameter £ = () as an example to give some specific
numerical results of scattering cross section. For convenience
in later calculations, we will take the direction of k as the
Z-axis direction and abbreviate doy /d Qi as doy /dS2.

We take the laser frequency w = 1.54 eV (A =~ 805 nm)
and the initial electron kinetic-energy E, = 0. As shown in
Fig. 2(a), laser intensity will affect the total scattering cross
section corresponding to N =1 in the classical light field.
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FIG. 2. Panel (a): the total scattering cross section in the clas-
sical light field for N = 1. Here, the initial electron kinetic-energy
E, = 0 and the abscissa is the logarithmic coordinate. Panel (b): the
Thomson differential cross section.

Moreover, there is a critical strength: I, = 10'® W/cm?, and
it is the embodiment of the relativity effect [1]. Our calcu-
lations show that do;/d<2 is invariant with intensity when
I < I, and its value is exactly the Thomson differential cross-
section dor /dS2 [see Fig. 2(b)], thatis, 01 = o = 871r§/3 =
0.0017 n.u. Here, r, = €?/(4wm) is the classical electron ra-
dius. Note that o7 can be obtained by QED theory [44]
wherein the corresponding physical image is a one-electron
interacts with a single photon. However, according to our pre-
vious proof in Sec. II B, Fig. 2(a) is the result of a one-electron
interacting with infinite photons (I . — ©0). So it seems that
o7 does not vary with /; , when I = constant.

Generally, the volume V is considered to be infinite in QED
and the corresponding ji, = 1/V — 0. However, Eq. (27)
establishes the connection between the classical light field and
the quantum light field, and it shows that single photon flux
can have the corresponding classical intensity. Meanwhile,
V is required to be larger than A® in order that the field be
a good approximation to a monochromatic plane wave [10].
This means that single-photon flux intensity is significative
only if I < w/A* ~ 1.42 x 10* W/cm?. Using Eq. (25), we
calculate do /d2 corresponding to different E,s when [; , =
1 and V = 3. The results are shown in Fig. 3. It can be seen
that doy/d$2 corresponding to £, = 0 is just the Thomson
differential cross section. This shows that Eq. (25) is reliable.

x10™
_— Ep= 0 eV

do,/dQ [n.u.]

0 30 60 90 120 150 180
O [degrees]

FIG. 3. Shows the differential cross sections for [, = N = 1.
Here w = 1.54 eV and V = A3. In addition, our calculations indicate
that these differential cross sections are independent of ¢.

360 %10 n.u,
2.0
270
180 1.6
g‘ 90
Bt 1.2
&
8 0 |
— 360
& 0.8
270 .
180
0.4
90
0.0
180 0 120 180 0
6 [degrees)

FIG. 4. The contour maps of do,/d<2. Here, w = 1.54 eV and
I =2w/)>. Panels (a)—(e) correspond to . =2, 3, 5, 10, and 20,
respectively. Panel (f): the semiclassical results.

Besides, we also find that these curves in Fig. 3 are consistent
with corresponding semiclassical results and will not change
with [ . for I = w/)>. The same is true for I < w/A3. There-
fore, other than the scattered photon, the other /; . — 1 photons
have no contribution to do; /d 2. However, the conclusion will
be different for do, /d 2.

Similarly, we can also compute do,/d2 under the pre-
requisite of ensuring V > A3. In this case, the significative
intensity 7 must be less than 2w/A3, namely, 7 < 2.84 x
10* W/cm?. In Fig. 4, we present contour maps of do,/dQ
on the A-¢ plane when I = 2w/A>. We can see that do, /d Q2
is the periodic function of ¢, and the period is 7 /2 rad. What
is more important, do,/dS2 can vary with /; .. So to better
understand this change, we give corresponding cross-sectional
views of Fig. 4 when ¢ = 7 /4 and 7 /2 rad. The results are
represented in Fig. 5. We find that with the increase in I ,
do,/dS2 also increases and approaches to the semiclassical
value. Ulteriorly, we define the following parameter:

d(72 d02
Fmax = Max | —— max
e |, aQ

]l is the maximum of do, /d 2 when the initial

(44)

where max[
photon number is Iy ¢, and max[d“2 ]. represents the maximum
value of the semiclassical results As shown in Fig. 6, rpax 18
already very close to 1.0 when /; . = 200. However, the laser
beam in the laboratory generally contains a large number of

%1018 %1018

I,=2
k=3
L o=5

08F

0.4

T T T T
0 30 60 90 120 150 180 0 30 60 90 120 150 180
O[degrees] O[degrees]

FIG. 5. The cross-sectional views corresponding to the black
dotted lines in Fig. 4. Here, (a) ¢ = 7 /4 rad; (b) ¢ = /2 rad.
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FIG. 6. The transition behavior of do,/d2 from quantum to
semiclassical. The parameters w and [ are consistent with those in
Fig. 4.

photons (/. > 10%). So it is difficult to observe the fluctuation
of do,/d2 with [ .. In addition, our calculations show that
the above conclusions are also applicable to I < 2w/A>.

IV. SUMMARY AND DISCUSSION

We take the solution of the Dirac equation containing
the quantized light field as the initial and final states of
entire scattering system in this paper. With keeping the in-
tensity / = wly ./V constant, we numerically calculated the
differential scattering cross sections corresponding to differ-
ent /x .s. The results show that within the effective intensity,
doy/d2 will not be affected by [ ., but doy/d2 will in-
crease with /; . and quickly approach the semiclassical value.
Although the fluctuation of do,/d<2 does exist, its value is
too small. If high-energy photons ( ~ 10* eV) are used, the
order of magnitude of do, /d2 will be significantly increased
to 107'% n.u., and it may bring convenience to experimen-
tal detection. Moreover, in the large photon number limit
(It = 00), we also prove that the transition matrix element
Sy; obtained by using quantum electrodynamics to deal with
multiphoton Compton scattering is consistent with that by the
semiclassical theory.

It is worth noting that the above discussion is based on
the fact that the initial state of the external field is the Fock
state |l; .). However, strictly speaking, the incident laser beam
should be described as the coherent state [45],

|0) = e~ (/D101
Li=0 Lk’E!

where Q = /I . and [; . represents the mean photon number
of the incident laser beam. The Fock state |L; ) component in
|Q) follows Poisson distribution:

2Ly ¢

Ly !

|Lk.e), (45)

e (46)

P(Lk,a) =

Similar to the previous derivation in Sec. I A, we can easily
get

o0

[wnleon = Y P(Lie)lwyli,,,

L .=N

(47)

where [wy ]con 1S the transition probability with the absorption
of N photons when the initial state of the external field is
the coherent state |Q). [wy];,, represents wy corresponding
to Fock state |L;.) and it can be obtained from Eq. (23).
According to Eq. (47), we can obtain the differential scattering
cross-section [doy /d 2]con corresponding to |Q).

At present, our calculation data show that when o =
1.54 eV and I is relatively small (I ~ 10* — 107 W /cm?),
[don/d2]con Will not change with [ .. However, For larger 1,
the corresponding /; . is very large. In this case, our numerical
calculation method will be difficult to carry out because ay .
and az,g lie on the e index in operators D; and §,. Therefore,
in a strong field with extremely high intensity, how [ . affects
the Compton scattering process is very worth exploring.

Finally, it should be pointed out that laser pulses used
in real experiments are not single mode. Through Fourier
decomposition, we can get the frequency spectrum of laser
pulses, which characterize the space-time distribution of the
laser pulse. Therefore, the interaction between electrons and
laser pulses is actually equivalent to the interaction between
the electron and the multimode quantum light field. This situ-
ation will be extremely complex and has greatly exceeded the
scope of our paper. However, for laser pulses with a narrow
frequency spectrum, our single-mode calculation results are
still credible.
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APPENDIX A: THE PECIFIC EXPRESSION OF u,
In Sec. IT A, we define

Ugs = P8+ s)v, (A1)
where [39]
_G@+mok ")
2k - q
and
1 0O 0 O
" . O -1 0 O
S=¢¢+l=siné|ly o | o (A3)
O 0 0 -1
Obviously, we have
X1 X1
0 . 0
3 x| =i £ ol (A4)
0 0
and
0 0
Y| _ Vi
$ o | =—sin & ol (A5)
2 Y2
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Here, x1, x3, y1, and y, are arbitrary complex numbers. Fur-
thermore, there is also

$($ £ sin £)v = Fsin £($ £ sin &)v.

Because v is an arbitrary bispinor, we might as well set
x;1 =y =1 and x, =y, = 0. In this way, considering the
normalization, we obtain

(A6)

1
k ° 61 (ﬁ + me)k 0
s=+sin € — e E— . A7
Ha.s=tsin § \/ mew 2k -q 0 (A7)
0
and
0
[k-q(g+mk|1
——sinE = < A8
Ug, sin & mw 2% - q 0 ( )
0
Then, it is easy to obtain
0
u;suqs’ = m_efsss’v (A9)
_ + m,
Zuqsuqs = qu . (A10)

s

APPENDIX B: BOUNDARY TREATMENT OF ¢, (x)

qn’s

We note that ¥, (x) could not reduce to e~ (rlg) ®
|k as t — oo although it satisfies Eq. (12). In fact, for
an actual Compton scattering system, we must consider the
coupling and decoupling processes between the electrons and
the light field. To this end, we introduce a slowly varying
function,

) e >0
F@)= rli)n(}+ {e”, 1 <0 (B1)
Correspondingly,
Hy — Hy = y’y-[=iV + eF (DA ()] + y°m..  (B2)

With the help of % — 0, it is not hard to prove that
L‘]/n,k _s(x) 1s still the solution of Eq. (12) by only replacing g in

Eq. (13) with gF (¢). As a result, ¥/

qn'ieS
tend to the free state e %/ (r|q) ® |n'k.e) ast — Foo.

(x) will adiabatically
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