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Recovery of a generic local Hamiltonian from a steady state
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With the development of the quantum many-body simulator, Hamiltonian tomography has become an in-
creasingly important technique for verification of quantum devices. Here we investigate recovering the generic
Hamiltonians of two spin chains with two-local interactions and three-local interactions by measuring local
observables. For these two models, we show that, when the chain length reaches a certain critical number,
we can recover the generic local Hamiltonian from its one steady state by solving the homogeneous operator
equation (HOE) developed by Bairey, Arad, and Lindner [Phys. Rev. Lett. 122, 020504 (2019)]. To explain the
existence of such a critical chain length, we develop an alternative method to recover the Hamiltonian by solving
the energy eigenvalue equations (EEE). By using the EEE method, we completely recovered the numerical
results from the HOE method. Then we theoretically prove the equivalence between the HOE method and the
EEE method. In particular, we obtain the analytical expression of the rank of the constraint matrix in the HOE
method by using the EEE method, which can be used to determine the correct critical chain length in all the
cases.
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I. INTRODUCTION

In quantum mechanics, all the information on a quantum
system is contained in its Hamiltonian [1,2]. For example,
all the energy eigenvalues and eigenstates can be obtained
by solving the eigenvalue problem of the Hamiltonian. For
a condensed-matter system, however, its (effective) Hamil-
tonian is unknown when prepared. Then it is crucial to
determine the Hamiltonian by making some quantum mea-
surements, which is called Hamiltonian tomography [3–5]. In
a Hamiltonian tomography, the quantum measurements made
must provide sufficient information such that the Hamilto-
nian can be specified uniquely. For a generic Hamiltonian, a
successful Hamiltonian tomography needs the information on
all the energy eigenvalues and eigenstates. This implies that
the number of independent quantum measurements increases
exponentially with the number of particles in a Hamiltonian
tomography.

Fortunately, the Hamiltonian of a physically realizable
system is usually not generic but local, which means that
interactions arise only between (or among) local particles
[6,7]. This information on the local interaction pattern of the
Hamiltonian is extremely useful to reduce the necessary in-
formation from the quantum measurements in a Hamiltonian
tomography. For example, it has been shown that the local
Hamiltonian can be reconstructed uniquely by the information
on one eigenstate when the particle number becomes large in
most cases [8,9].
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One of the major challenges in Hamiltonian tomography
is to develop an algorithm to recover the Hamiltonian from
numbers of measurements which is in accord with demands
of resource limitation with high accuracy [10]. The measure-
ment resource in the state-of-the-art algorithm for recovering
a generic local Hamiltonian scales polynomial to the system
size [11,12]. Many algorithms have been proposed to recover
the Hamiltonian by making quantum measurements on its
eigenstate [13–18], dynamics [19–22], and quantum quench
process [23]. Several algorithms have been employed to suc-
cessfully recover some local Hamiltonians with a specific
pattern [24–26].

Recent years have witnessed the rapid development of
quantum simulators and computation devices, such as con-
trolling trapped ions [27–30] and superconducting circuits
[31,32]. To verify the above devices, it is necessary to recover
its Hamiltonian from the measured observables, which makes
the Hamiltonian tomography become increasingly important
in condensed-matter physics and quantum computing. Given
the practical value of Hamiltonian tomography and signifi-
cant development of numerical methods of this task, several
Hamiltonian tomography algorithms have been implemented
on real physical systems [33–35].

However, there is still a fundamental problem in Hamil-
tonian tomography that does not have a satisfactory answer:
when can a generic local Hamiltonian be uniquely recovered
from a steady state? Note that this problem has been solved
partially. For example, the authors in Ref. [13] found that,
when the rank of the constraint matrix equals the number
of independent parameters minus one, the generic Hamilto-
nian can be uniquely recovered. However, we do not know
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what factors determine the rank of the constraint matrix for
a given generic local Hamiltonian. Here we aim to present
an analytical answer to this fundamental problem. Based on
our analytical results, in particular, we can predict the crit-
ical chain length for a random local Hamiltonian, i.e., the
generic Hamiltonian with the chain length beyond which can
be uniquely recovered.

The paper is organized as follows. In Sec. II, after review-
ing the HOE method derived from a steady state [13], we
implement the HOE to reconstruct two local Hamiltonians in
a spin chain from a steady state, where we find that HOE fails
to recover the Hamiltonian when the chain length is smaller
than the critical chain length. In Sec. III, we develop the EEE
method to give the analytical expressions for the critical chain
lengths for any local Hamiltonian tomography. Section III
contains three subsections. In Sec. III A, we employ the EEE
method to recover the same two local Hamiltonians as studied
in Sec. II. In Sec. III B, we prove the equivalence of the
HOE and EEE in a Hamiltonian tomography. In Sec. III C,
we determine when the local Hamiltonian can be recovered
from a steady state. In Sec. IV, we give a brief summary.

II. RECONSTRUCTING THE HAMILTONIAN
BY HOMOGENEOUS OPERATOR EQUATIONS

In this section, we review and apply the method developed
in Ref. [13] to solve the Hamiltonian tomography problem
whose goal is to recover the Hamiltonian of a quantum system
by measuring some observables when the system stays in
a steady state. According to quantum mechanics, the steady
state may be an eigenstate of the Hamiltonian or a mixed state
of several such eigenstates.

In general, the Hamiltonian to be recovered is decomposed
as the sum

H =
N∑

n=1

anhn, (1)

where each hn is a known Hermitian operator, an is an un-
known real parameter, and N is the number of terms in the
Hamiltonian. The task of the Hamiltonian tomography is to
determine the vector �a = (a1, a2, . . . , aN ), which is formed by
all the unknown parameters in the Hamiltonian. Suppose that
our system stays in the steady state ρ. Thus the expectation
value of any observable K is invariant under the quantum dy-
namic evolution, which is expressed in the Heisenberg picture
as

∂t 〈K〉 = −〈i[K, H]〉 = 0, (2)

where 〈O〉 = Tr[Oρ] denotes the expectation value of the ob-
servable O in the steady state ρ. Inserting Eq. (1) into Eq. (2),
we conclude a homogeneous linear equation for the vector �a,

N∑
n=1

an〈i[K, hn]〉 = 0. (3)

Since Eq. (3) works for any observable K , we can choose a set
of observables {Km}M

m=1 and obtain M linear constraints on the

vector �a

∀m :
N∑

n=1

an〈i[Km, hn]〉 = 0, (4)

which can be briefly written in the matrix form as

G�a = 0, Gmn = 〈i[Km, hn]〉. (5)

Equations (4) or (5) are called the linear homogeneous oper-
ator equations (HOE) [36], which are the basic equations to
recover the Hamiltonian developed in Ref. [13].

The number of degrees of freedom of the vector �a satisfy-
ing Eqs. (5) is determined by the rank of the constraint matrix
G, denoted as RankG = r. In the Hamiltonian tomography,
we assume that there always exists a nonzero solution of �atrue,
which implies that the rank r < N . The larger the rank of G,
the more determined the solutions of �a. However, even when
the rank of G arrives at its maximum r = N − 1, there still are
an infinite number of solutions in the form of α�atrue, with α

being any real number. To remove the trivial ambiguity of the
solutions, we reconstruct the task into a convex optimization
with constraint

min
�a

||G�a||, such that ||�a|| = 1. (6)

The solution to Eq. (6) is the lowest right-singular vector of
the constraint matrix G, i.e., the row vector of V T that corre-
sponds to the lowest singular value of G in the singular value
decomposition G = U�V T . The error of the reconstructing
task is defined as the distance between the normalized true
vector �atrue and the recovered vector �arecovered:

� =
∥∥∥∥ �atrue

||�atrue|| − �arecovered

||�arecovered||
∥∥∥∥. (7)

In Ref. [13], the HOE method has been applied to re-
cover the local Hamiltonian from local measurements. More
precisely, the local Hamiltonians of six middle qubits in a
one-dimensional 12-qubit chain with random two-local inter-
actions are successfully recovered by measuring the middle
qubits.

Here, we apply the HOE to study how to recover the local
Hamiltonian from one single steady state. For comparison,
we study recovering the Hamiltonians of two forms of the
spin-1/2 chain. The first spin chain consists of local terms and
nearest-neighbor interactions, whose Hamiltonian

H2 =
L∑

l=1

∑
η

alησ
η

l +
L−1∑
l=1

∑
η

∑
θ

alηθσ
η

l σ θ
l+1, (8)

where L is the spin chain length, η and θ take values in the
set {x, y, z}, σ

η

l is the η component of the Pauli matrix of the
lth spin, and all alη and alηθ are the unknown parameters to be
recovered.

The second spin chain consists of all three-neighbor inter-
actions besides the terms appearing in the Hamiltonian H2,
i.e., its Hamiltonian

H3 = H2 +
L−2∑
l=1

∑
η

∑
θ

∑
δ

alηθδσ
η

l σ θ
l+1σ

δ
l+2. (9)

012615-2



RECOVERY OF A GENERIC LOCAL HAMILTONIAN FROM … PHYSICAL REVIEW A 105, 012615 (2022)

The state prepared to be measured is the mixed state which
is a mixture of q eigenstates of H , the Hamiltonian to be
recovered.

The corresponding single steady state is assumed to be

ρ =
q∑

μ=1

pμ|λμ〉〈λμ|, (10)

where |λμ〉 is the μth eigenstate of the Hamiltonian (H2 or
H3) with nonzero probability pμ, where pμ is sampled from
a normalized uniform distribution. q is the rank of the state
ρ. Intuitively, the Hamiltonian H3 contains more unknown
parameters than the Hamiltonian H2, and we expect that H3

is more difficult to recover from the information in a steady
state.

Now we apply the HOE method reviewed in Sec. II to
recover the above Hamiltonians, whose procedure is given
as follows. First, for each given chain length L we prepare
the Hamiltonians to be recovered by generating 200 random
vectors {�atrue} of the Gaussian distribution with zero mean
and unit standard deviation. Second, for each random vector
�atrue we numerically calculate the eigenstates of the prepared
Hamiltonian and construct three mixed states ρ with q =
1, 2, 3 as given in Eq. (10). Third, we choose the terms {hi}N

i=1
in the prepared Hamiltonian as the observables {Km} and cal-
culate the constraint matrix G. Note that such a choice makes
the number of equations equal to the number of unknown
parameters in the prepared Hamiltonian. Fourth, we calculate
the recovered vector �arecovered by the singular decomposition
of G, along with the error as given in Eq. (7).

Following the above HOE procedure, we numerically ob-
tain the reconstructing errors of the Hamiltonians H2 and H3

from mixed states ρ with the chain length L from 1 to 9 shown
in Fig. 1. We find that the HOE method successfully recovers
the Hamiltonian H2 when L � Lc, where (1) Lc = 5 when
q = 1, (2) Lc = 3 when q = 2, and (3) Lc = 3 when q = 3,
and it successfully recovers the Hamiltonian H3 when L � Lc,
where (1) Lc = 7 when q = 1, (2) Lc = 6 when q = 2, and
(3) Lc = 5 when q = 3. Here the reconstructing error � � 1
implies the failure of the HOE method and � < 10−6 implies
the success of the HOE method.

Note that for a given type of Hamiltonian, the more eigen-
states are contained in mixed state ρ, i.e., q is larger, the
more Hamiltonians can be uniquely recovered. In addition, it
is easier to recover H2 than to recover H3 from a steady state
with the same q.

As discussed in Sec. II, the condition for the Hamiltonian
to be successfully recovered by the HOE method is δ = N −
(r + 1) = 0, where N is the number of unknown parameters in
the Hamiltonian, and r is the rank of the constraint matrix G.
Here we numerically verify that δ = 0 only when L � Lc for
the Hamiltonians H2 and H3, which are shown in Tables II and
III, respectively. In fact, the number of unknown parameters in
the Hamiltonians can be directly counted. For the Hamiltonian
H2, N = 12L − 9; for the Hamiltonian H3, N = 39L − 63.
From the numerical results, we observe that r depends not
only on the Hamiltonian (including the length L) but also on
the rank q of the steady state. However, we have no idea of
how to directly determine the analytical relation between r
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FIG. 1. We reconstruct (a) H2 and (b) H3 by means of HOE from
steady state. Simulations are executed over 200 random Hamiltoni-
ans with three different states for each chain length L. The squares,
circles, and triangles represent states of q = 1, 2, and 3, respectively.

and the variables L and q for a given Hamiltonian from the
HOE method.

III. DETERMINING THE RANK OF CONSTRAINT
MATRIX WITH ENERGY EIGENVALUE EQUATIONS

To determine the value of RankG, it is instructive to study
the energy eigenvalue equations (EEE). In this section, we first
apply EEE to recover Hamiltonians H2 and H3 from the mixed
state with different rank. Then, we prove the equivalence of
HOE and EEE. Finally, we determine the value of RankG
using the characteristics of EEE.

A. Reconstructing Hamiltonians by the energy eigenvalue
equation

When our system stays in the steady state ρ in Eq. (10), the
most complete information about the state ρ can be obtained
through quantum tomography. In general, we assume the
spectrum of ρ is not degenerate. Then we can explicitly obtain
every eigenstate |λμ〉 and its probability pμ. Since generally
the probability pμ contains no information of the Hamiltonian,
all the information of the Hamiltonian is contained in the
eigenstates {|λμ〉}. Based on this consideration, we develop
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the following approach to recover the Hamiltonian directly
based on the energy eigenvalue equation, which is briefly
called the EEE approach.

The energy eigenvalue equation of generic local Hamilto-
nian H = ∑N

n=1 anhn can be written as

N∑
n=1

anhn|λμ〉 = λμ|λμ〉, (11)

where |λμ〉 is the eigenstate with eigenvalue λμ appearing in
Eq. (10). In a specific basis {|i〉} Eq. (11) becomes

N∑
n=1

an〈i|hn|λμ〉 = λμ〈i|λμ〉. (12)

Splitting Eq. (12) into the real and the imaginary part

N∑
n=1

anRe〈i|hn|λμ〉 − λμRe〈i|λμ〉 = 0, (13a)

N∑
n=1

anIm〈i|hn|λμ〉 − λμIm〈i|λμ〉 = 0, (13b)

where Rez and Imz denote the real and the imaginary part
of complex number z, respectively. Denoting L as the chain
length, we can get 2L+1q homogeneous linear equations with
the unknowns �x = (a1, . . . , aN , λ1, . . . , λq), which can be
written in the matrix form as

Q�x = 0, (14)

where the constraint matrix Q is a 2L+1q × (N + q) matrix:

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

ReA1 ReB1

ImA1 ImB1

ReA2 ReB2

ImA2 ImB2
...

...

ReAq ReBq

ImAq ImBq

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (15)

with Aμ being a 2L × N matrix:

Aμ =
⎛
⎝ 〈1|h1|λμ〉 · · · 〈1|hN |λμ〉

...
...

...

〈2L|h1|λμ〉 · · · 〈2L|hN |λμ〉

⎞
⎠ (16)

and Bμ being a 2L × q matrix with nonzero elements in its μth
column:

Bμ =
⎛
⎝0 · · · 0 −〈1|λμ〉 0 · · · 0

...
...

...
...

...
...

...

0 · · · 0 −〈2L|λμ〉 0 · · · 0

⎞
⎠. (17)

Here Eq. (14) plays the same role as Eq. (5) in the HOE
method. Similarly, we can solve the parameter vector �a by the
following constraint optimization problem:

min
�a

||Q�x||, such that ||�a|| = 1. (18)

The degree of freedom of the vector �x is determined by rank
of constraint matrix Q, which is denoted as RankQ = r′. The
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FIG. 2. We reconstruct (a) H2 and (b) H3 by means of EEE from
steady state. Simulations are executed over 200 random Hamiltoni-
ans with three different states for each chain length L. The squares,
circles, and triangles represent states of q = 1, 2, and 3, respectively.

number of unknowns of linear equations (14) is represented
as N ′ = N + q.

The procedure to apply the EEE to recover the local Hamil-
tonians is given as follows. First, for each given chain length
L we prepare the Hamiltonians to be recovered by generating
200 random vectors {�atrue} of the Gaussian distribution with
zero mean and unit standard deviation. Second, for each ran-
dom vector �atrue we numerically calculate the eigenstates of
the prepared Hamiltonian and construct three mixed states ρ

with q = 1, 2, 3 as given in Eq. (10). Third, we extract the
eigenstates by eigendecomposition of density matrix ρ. Then
we construct constraint matrix Q by Eq. (15) and calculate
the RankQ. Fourth, we solve Eq. (18) using the least-squares
method by NumPy function numpy.linalg.svd and calculate
the reconstructing errors.

Following the above EEE procedure, we obtain the recon-
structing errors of the Hamiltonians H2 and H3 from mixed
states with chain length L from 1 to 9 shown in Fig. 2. We
present the accurate value of the number of unknowns N ′,
RankQ, and difference δ′ = N ′ − (r′ + 1) as the function of
L with q = 1, 2, 3 for H2 and H3 in Tables IV and V, respec-
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tively. For all the cases with the same N and q, we observe
that

δ′ = δ, (19)

r′ = r + q. (20)

Equation (19) implies that the EEE method and the HOE
method has the same power to recover the Hamiltonians in all
the cases, which are numerically verified by the results shown
in Fig. 1 and Fig. 2. Equation (20) shows that the rank of G
can be obtained by calculating the rank of Q.

Up to now, we tackled the Hamiltonian tomography prob-
lem of H2 and H3 by both HOE and EEE methods. It turns out
that the local Hamiltonian space that HOE and EEE can suc-
cessfully recover contains the area that satisfies δ = δ′ = 0.
In other words, it gives the same critical chain length Lc in
all the cases. Here, we emphasize that, in the HOE procedure,
when all the Hamiltonian terms are used as observables {Km},
adding new observables to matrix G will not increase the value
of RankG. Subsequently, r in Tables II and III is the maximum
value of RankG to the corresponding type of Hamiltonians.
We can infer that the number of linearly independent functions
in HOE can be no more than the number of independent
functions in EEE.

B. Equivalence between HOE and EEE

In this subsection, we prove the equivalence of HOE and
EEE. We first derive the HOE from the EEE.

In the EEE method, the complex conjugation of Eq. (12)
gives

N∑
n=1

an〈λμ|hn| j〉 = λμ〈λμ| j〉, (21)

where | j〉 is any basis vector. Combining Eq. (12) and
Eq. (21), for any two basis vectors |i〉 and | j〉 we obtain

〈λμ|[| j〉〈i|, H]|λμ〉 = 〈λμ| j〉〈i|H |λμ〉 − 〈λμ|H | j〉〈i|λμ〉
= λμ〈λμ| j〉〈i|λμ〉 − λμ〈λμ| j〉〈i|λμ〉 = 0,

(22)

which immediately leads to the basic equations of the HOE:

N∑
n=1

an〈i[Km, hn]〉 =
∑
μ, j,i

ipμ〈 j|Km|i〉〈λμ|[| j〉〈i|, H]|λμ〉 = 0,

(23)
where Km is any linear operator on the Hilbert space.

Now we derive the EEE from the HOE. We start from
the basic equations of the HOE, Eq. (23). Because Km is
an arbitrary operator, we can always make the coefficients
〈 j|Km|i〉 linearly independent. Thus we can obtain∑

μ

pμ〈λμ|[| j〉〈i|, H]|λμ〉 = 0. (24)

Note that it can be written as

Tr

(
| j〉〈i|

[
H,

∑
μ

pμ|λμ〉〈λμ|
])

= 0. (25)

Because {| j〉〈i|} constructs a basis of the operator space,
Eq. (25) gives[

H,
∑

μ

pμ|λμ〉〈λμ|
]

= [H, ρ] = 0. (26)

Equation (26) implies that H has the same eigenstates with ρ

when {pμ, μ = 1, . . . , N} are nondegenerate, i.e., that it sat-
isfies the eigenvalue equation (11). This completes our proof
of the equivalence of the HOE and the EEE. Consequently,
Eq. (19) and Eq. (20) directly follow from the above equiva-
lence.

C. Determining the rank of the constraint matrix

We are now in a position to determine RankG from RankQ
by Eq. (20). As mentioned above, the matrix Q satisfies
Eq. (14), which contains 2L+1q homogeneous linear equations
with the unknowns �x = (a1, . . . , aN , λ1, . . . , λq). However,
the Hamiltonian is diagonal in its own eigenbasis and Eq. (12)
gives∑

n

an〈λν |hn|λμ〉 = λμδμν, μ, ν = 1, . . . , q. (27)

Since 〈λν |hn|λμ〉 is complex in general, the above equa-
tions give 2q2 real constraint linear equations. Because every
hn is Hermitian, Eq. (27) is real valued; then it implies∑

n

an〈λμ|hn|λν〉 = λμδμν, μ, ν = 1, . . . , q. (28)

Then there are q2 constraint independent homogeneous linear
equations with the unknowns �x in Eq. (27). Thus there are
at most 2L+1q − q2 independent linear equations in Eq. (14),
i..e., r′ � 2L+1q − q2. In addition, there are always nonzero
solutions of Eq. (14), which implies that r′ � N + q − 1.
Therefore, we obtain

r′ = min{2L+1q − q2, N + q − 1}. (29)

By using Eq. (20), we arrive at

r = min{2L+1q − q2 − q, N − 1}. (30)

The above analytical expressions of the rank of G in Eq. (30)
and the rank of Q in Eq. (29) are numerically verified in
Tables II, III, IV, and V.

The critical chain length is denoted as Lc. When chain
length L � Lc, we can uniquely recover the corresponding
Hamiltonian. Now, we determine the Lc from Eq. (30). To
uniquely recover the Hamiltonian, RankG should equal the
number of unknowns minus 1, which leads to

2L+1q − q2 − q � N − 1. (31)

For the two-local Hamiltonian H2, N = 12L − 9. From
Eq. (31), the critical chain length

Lc(H2, ρ) = min
L

2L+1q − q2 − q � 12L − 10, (32)

where L � 2 and 1 � q � 2L.
Similarly, for the three-local Hamiltonian H3, N = 39L −

63. From Eq. (31), the critical chain length

Lc(H3, ρ) = min
L

2L+1q − q2 − q � 39L − 64, (33)

where L � 3 and 1 � q � 2L.
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TABLE I. Critical chain length Lc for H2, H ′
2, and H3 with q =

1, . . . , 6.

H\Lc\q 1 2 3 4 5 6

H2 5 3 3 3 3 3
H ′

2 6 4 3 3 3 3
H3 7 6 5 4 4 3

We point out that our method not only works for local
Hamiltonians H2 and H3, it can also be used to predict Lc

for any one-dimensional spin-1/2 chain with local Hamilto-
nians. To demonstrate its effectiveness, we calculate the Lc of
H ′

2, which contains the nearest- and the next-nearest-neighbor
interaction,

H ′
2 = H2 +

L−2∑
l=1

∑
η

∑
θ

alηθσ
η

l σ θ
l+2. (34)

For the Hamiltonian H ′
2, N = 21L − 27. The critical chain

length can be calculated by

Lc(H ′
2, ρ) = min

L
2L+1q − q2 − q � 21L − 28. (35)

The critical chain lengths for H2, H ′
2, and H3 with q =

1, . . . , 6 are shown in Table I.

IV. CONCLUSION

We revisit the problem of reconstructing a generic local
Hamiltonian when the system stays in a steady state by mea-
suring a collection of observables. Applying the HOE method
to the two spin chains with two-local interactions and three-
local interactions, we numerically find that only when the
chain length L is not less than some critical chain length Lc

can we uniquely recover the corresponding local Hamiltonian.
The critical chain length Lc depends not only on the spin chain
model, but also on the rank q of the steady state.

To explain the underlying mechanism for the existence of
the critical chain length Lc, we observe that, when the rank r
of the constraint matrix G is not less than the number of un-
known parameters in the recovered Hamiltonian minus 1, the
Hamiltonian can be uniquely recovered. To further determine
the rank r, we develop an alternative method called the EEE
method, which is used to recover all the results from the HOE
method. Furthermore, we proved the equivalence between the
HOE method and the EEE method. Especially, we obtain the
analytical expression of the rank r by using the EEE method,
which can be used to determine the critical chain length Lc

analytically.
Note that our method can be applied to generic local

Hamiltonians, but it fails for some local Hamiltonians whose
probability measure is zero, for example, any local Hamil-
tonian that can be written as the sum of two terms that
commute with each other, H = H1 + H2 with [H1, H2] = 0.

Then the eigenstate space of H is also the eigenstate space of
H1 and H2, which leads to the fact that Hamiltonians H ′ =
αH1 + βH2 have the same eigenstate space for any different
real numbers α and β. Obviously it is impossible to recover
a unique Hamiltonian from any number of eigenstates in
this case.

Our work studies the condition for a generic local Hamil-
tonian that can be recovered from its one steady state. For
the two spin chain models with two-local interactions and
three-local interactions, we show the generic Hamiltonians
can be reconstructed uniquely only when the chain length
is not less than the critical chain length. Furthermore, our
quantitative result in Eq. (31) for determining the criti-
cal chain length Lc can be used on any one-dimensional
spin-1/2 chain with generic local Hamiltonians. In prin-
ciple, we can extend our analytical result on the critical
length to the critical system size for two-dimensional and
three-dimensional generic local Hamiltonians. We hope that
our work will shed light on the Hamiltonian tomography
problem.
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APPENDIX

In this Appendix, we list the numerical results on our
Hamiltonian reconstructions in four tables as follows. Ta-
bles II and III show the numerical results of reconstructing
Hamiltonians H2 and H3 by means of HOE, respectively.
For Hamiltonian H2 (or H3), the number of unknowns (N)
in Eq. (5) is a function of the chain length L, and the rank
of the constraint matrix G (r) is the function of the chain
length L and the rank of the steady state ρ (q). Only when the
difference δ = N − 1 − r is zero can we recover the generic
Hamiltonian H2 (or H3). All the numerical results of N , r, and
δ for L � 9 and q = 1, 2, 3 are presented in Tables II and III.

Tables IV and V show the numerical results of reconstruct-
ing Hamiltonians H2 and H3 by means of EEE, respectively.
For Hamiltonian H2 (or H3), the number of unknowns (N ′)
in Eq. (14) and the rank of the constraint matrix Q (r′) is
the function of the chain length L and the rank of the steady
state ρ (q). Only when the difference δ′ = N ′ − 1 − r′ is zero
can we recover the generic Hamiltonian H2 (or H3). All the
numerical results of N ′, r′, and δ′ for L � 9 and q = 1, 2, 3
are presented in Tables IV and V.
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TABLE II. N , r, and δ as the function of L and q when recon-
structing H2 by means of HOE from the steady state.

q = 1 q = 2 q = 3

L N r δ r δ r δ

2 15 6 8 10 4 12 2
3 27 14 12 26 0 26 0
4 39 30 8 38 0 38 0
5 51 50 0 51 0 51 0
6 63 62 0 62 0 62 0
7 75 74 0 74 0 74 0
8 87 86 0 86 0 86 0
9 99 98 0 98 0 98 0

TABLE III. N , r, and δ as the function of L and q when recon-
structing H3 by means of HOE from the steady state.

q = 1 q = 2 q = 3

L N r δ r δ r δ

3 63 14 48 26 36 36 26
4 111 30 80 58 52 84 26
5 159 62 96 122 36 158 0
6 207 126 80 206 0 206 0
7 255 254 0 254 0 254 0
8 303 302 0 302 0 302 0
9 351 350 0 350 0 350 0

TABLE IV. N ′, r′, and δ′ as the function of L and q when recon-
structing H2 by means of EEE from the steady state.

q = 1 q = 2 q = 3

L N ′ r′ δ′ N ′ r′ δ′ N ′ r′ δ′

2 16 7 8 17 12 4 18 15 2
3 28 15 12 29 28 0 30 29 0
4 40 31 8 41 40 0 42 41 0
5 52 51 0 53 52 0 54 53 0
6 64 63 0 65 64 0 66 65 0
7 76 75 0 77 76 0 78 77 0
8 88 87 0 89 88 0 90 89 0
9 100 99 0 101 100 0 102 101 0

TABLE V. N ′, r′, and δ′ as the function of L and q when recon-
structing H3 by means of EEE from the steady state.

q = 1 q = 2 q = 3

L N ′ r′ δ′ N ′ r′ δ′ N ′ r′ δ′

3 64 15 48 65 28 36 66 39 26
4 112 31 80 113 60 52 114 87 26
5 160 63 96 161 124 36 162 161 0
6 208 127 80 209 208 0 210 209 0
7 256 255 0 257 256 0 258 257 0
8 304 303 0 305 304 0 306 305 0
9 352 351 0 353 352 0 354 353 0
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