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Arbitrary-length XX spin chains boundary-driven by non-Markovian environments
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In this work we provide a recursive method of calculating the wave function of an XX spin chain coupled at
both ends to non-Markovian reservoirs with arbitrary spectral density. The method is based on the appropriate
handling of the time-dependent Schrödinger’s equations of motion in Laplace space and leads to closed-form
solutions of the transformed amplitudes for arbitrary chain lengths as well as arbitrary initial conditions within
the single-excitation subspace. Results on the dynamical as well as state-transfer properties of the system for
various combinations of parameters are also presented. In particular, detailed quantitative comparisons for
Lorentzian and Ohmic reservoirs are illustrated.
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I. INTRODUCTION

One-dimensional many-body systems such as quantum
spin chains arise in many contexts throughout quantum in-
formation theory as well as condensed-matter physics due to
their versatility as basic resources for the implementation of
solid-state devices for quantum computing and quantum com-
munication tasks [1]. Among these tasks, faithful quantum
state transfer [2–9] and long-distance entanglement [10–15]
have been investigated for various spin-chain configurations
in great detail throughout the last 20 years or so, with the
research in these fields being still active.

In recent years, much interest has arisen in the study of the
properties of open quantum systems interacting with external
environments, whose experimental realization inevitably in-
volves decoherence and dissipation. Such systems may consist
of just a pair of qubits, with a focus on the effects of the
environmental dissipation on the generated bipartite entan-
glement [16–20], up to a whole quantum spin chain with
focus on state transfer [21–24] or short- and long-distance
correlations [25–28]. Extensions that account for the non-
Markovian character of the surrounding environment have
also been made [29–35], revealing interesting effects associ-
ated with the memory character of the reservoir, which enable
the exchange of information between the system and the envi-
ronment within finite times.

At the same time, attention has been drawn to a spe-
cial class of open quantum systems, i.e., the so-called
boundary-driven open quantum systems [36]. These are
quantum systems coupled to external environments at their
edges and are usually studied for their transport [37–40]
and thermodynamic properties [41–43]. For one-dimensional
boundary-driven open quantum systems, the different temper-
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atures or chemical potentials between the two edge baths will
cause a current flow from one bath to the other, mediated
by the quantum system, which can reach a nonequilibrium
steady state (NESS). The study of the transport properties
of such systems, focusing on ways to control the associated
current flows efficiently, therefore seems promising owing to
the potential applications in solid-state devices such as diodes
or transistors [44]. On the other hand, the dynamical and
quantum state-transfer properties of such systems [45] are also
essential from a practical perspective for the implementation
of quantum information tasks.

Among the tools available for the study of open quantum
systems, tensor network numerical methods based on matrix
product states have proven quite efficient for the simulation
of their dynamical behavior [46,47]. The method of matrix
product states can, in many cases, yield analytical expressions
for the expectation values of observables in the NESS of open
quantum systems boundary-driven by Lindblad operators for
Markovian reservoirs [48–51]. Perturbative approaches [52]
as well as approaches based on quantum trajectories using nu-
merical Monte Carlo techniques [53] have also been explored
in great detail.

In this paper, we extend the study of the dynam-
ics of an arbitrary-length XX chain boundary-driven by
two non-Markovian reservoirs. Our theory is cast in terms
of Schrödinger’s equations of motion within the single-
excitation subspace, which can be solved recursively in
Laplace space, yielding closed-form solutions for the trans-
formed amplitudes for a broad class of spectral densities
of the boundary reservoirs, as well as arbitrary initial con-
ditions. Results for the quantum state-transfer properties of
the system for various parameters of the two reservoirs
are also presented. Our work extends the analytical tech-
niques used for dealing with boundary-driven open quantum
systems by providing a systematic way of calculating the
whole wave function of the spin chain and therefore en-
abling the study of numerous properties of the system at
hand.
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FIG. 1. Schematic presentation of the system under study. A
Heisenberg XX spin chain of arbitrary length is coupled to non-
Markovian reservoirs at its boundaries.

In much of the extensive literature on methods for the han-
dling of non-Markovian reservoirs, the Lorentzian or Ohmic
spectral densities are used for illustration. Yet the analytical
forms of those spectral densities are fairly different. In or-
der to explore the impact of those forms on the behavior of
realistic physical systems, we have, in addition, performed
comparative calculations for those two reservoirs. Our results,
discussed in Sec. III, seem to reveal what one might call
differences in the Markovianity of the two reservoirs.

This article is organized as follows: In Sec. II we pro-
vide the theoretical description of our problem in terms of
the time-dependent Schrödinger equation (TDSE) and obtain
closed-form solutions for the transformed amplitudes for an
arbitrary number of sites, arbitrary spectral densities of the
boundary reservoirs, and arbitrary initial conditions within the
single-excitation subspace. In Sec. III we illustrate the poten-
tial of our approach through the application to two types of
non-Markovian boundary reservoirs, namely, Lorentzian and
Ohmic, by studying the dynamical or state-transfer properties
of the system, and in Sec. IV we provide some concluding
remarks as well as future directions related to our work.

II. THEORY

Our system consists of an N qubit (spin) chain interact-
ing with two environments, E1 and E2, through its first and
last qubits, with coupling strengths g1 and g2, respectively.
The interaction between each pair of neighboring qubits in
the chain is denoted by J . A schematic presentation of our
system is depicted in Fig. 1. The Hamiltonian of our sys-
tem H = HS + HE + HI consists of three parts, namely, the
Hamiltonian of the XX chain HS , the Hamiltonian of the
two environments HE , and the chain-environment-interaction
Hamiltonian HI , given by the relations (h̄ = 1)

HS = ωe

N∑
i=1

|e〉i i〈e| + ωg

N∑
i=1

|g〉i i〈g|

+
N−1∑
i=1

J
2

(σ+
i σ−

i+1 + σ−
i σ+

i+1), (1a)

HE =
∑

λ

ω1
λaE1

λ

†
aE1

λ +
∑

λ

ω2
λaE2

λ

†
aE2

λ , (1b)

HI =
∑

λ

g1
(
ω1

λ

)(
aE1

λ σ+
1 + aE1

λ

†
σ−

1

)

+
∑

λ

g2
(
ω2

λ

)(
aE2

λ σ+
N + aE2

λ

†
σ−

N

)
, (1c)

where ωg and ωe are, respectively, the energies of the ground
and excited states of each spin (all spins are assumed to be
identical), ωi

λ (i = 1, 2) is the energy of the λ-mode photon of

each environment, a
Ej

λ and a
Ej

λ

†
( j = 1, 2) are the annihilation

and creation operators of each environment, respectively, and
σ+

i = |e〉i i〈g| and σ−
i = |g〉i i〈e| (i = 1, . . . , N) are the qubit

raising and lowering operators, respectively.
The wave function of the compound system (spin chain +

environments) in the single-excitation space is expressed as

|�(t )〉 =
N∑

i=1

ci(t )|ψi〉 +
∑

λ

cE1
λ (t )

∣∣ψE1
λ

〉

+
∑

λ

cE2
λ (t )

∣∣ψE2
λ

〉
, (2)

where

|ψi〉 = |g〉1|g〉2 · · · |g〉i−1|e〉i|g〉i+1 · · · |g〉N |0〉E1 |0〉E2 , (3a)∣∣ψ1
λ

〉 = |g〉1|g〉2 · · · |g〉N |00 · · · 01λ0 . . . 00〉E1 |0〉E2 , (3b)∣∣ψ2
λ

〉 = |g〉1|g〉2 · · · |g〉N |0〉E1 |00 · · · 01λ0 · · · 00〉E2 . (3c)

For our derivation, it is useful to adopt the transforma-
tions ci(t ) = e−i[ωe+(N−1)ωg]t c̃i(t ) (i = 1, . . . , N) and c

Ej

λ (t ) =
e−i(Nωg+ω

j
λ )t c̃

E j

λ (t ) ( j = 1, 2) for the qubits’ and environments’
amplitudes. The equations of motion of the transformed am-
plitudes, resulting from the TDSE, are

i
dc̃1(t )

dt
= J

2
c̃2(t ) +

∑
λ

g1
(
ω1

λ

)
e−i�1

λt c̃E1
λ (t ), (4a)

i
dc̃i(t )

dt
= J

2
[c̃i−1(t ) + c̃i+1(t )], i = 2, . . . , N − 1,

(4b)

i
dc̃N (t )

dt
= J

2
c̃N−1(t ) +

∑
λ

g2
(
ω2

λ

)
e−i�2

λt c̃E2
λ (t ), (4c)

i
dc̃E1

λ (t )

dt
= g1

(
ω1

λ

)
ei�1

λt c̃1(t ), (4d)

i
dc̃E2

λ (t )

dt
= g2

(
ω2

λ

)
ei�2

λt c̃2(t ), (4e)

where �
j
λ ≡ ω

j
λ − (ωe − ωg) ≡ ω

j
λ − ωeg, j = 1, 2.

Formal integration of Eqs. (4d) and (4e), under the as-
sumption that c̃E1

λ (0) = c̃E2
λ (0) = 0, and substitution back into

Eqs. (4a) and (4c) yield

dc̃1(t )

dt
= −i

J
2

c̃2(t )

−
∫ t

0

∑
λ

e−i�1
λ(t−t ′ )[g1

(
ω1

λ

)]2
c̃1(t ′)dt ′, (5a)

dc̃N (t )

dt
= −i

J
2

c̃N−1(t )

−
∫ t

0

∑
λ

e−i�2
λ(t−t ′ )[g2

(
ω2

λ

)]2
c̃N (t ′)dt ′. (5b)
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The summation over all possible modes of each envi-
ronment can be replaced by an integration that requires the
specification of the environment’s spectral density Jj (ω

j
λ),

according to
∑

λ[g j (ω
j
λ)]2 → ∫

dω
j
λJj (ω

j
λ), j = 1, 2. In what

follows, we keep the spectral density of both environments
arbitrary. The resulting set of differential equations then is

dc̃1(t )

dt
= −i

J
2

c̃2(t ) −
∫ t

0
R1(t − t ′)c̃1(t ′)dt ′, (6a)

dc̃i(t )

dt
= −i

J
2

[c̃i−1(t ) + c̃i+1(t )], i = 2, . . . , N − 1,

(6b)

dc̃N (t )

dt
= −i

J
2

c̃N−1(t ) −
∫ t

0
R2(t − t ′)c̃N (t ′)dt ′, (6c)

where we have introduced the definition

Rj (t ) ≡
∫ ∞

0
Jj (ω

j
λ)e−i� j

λt dω
j
λ, j = 1, 2. (7)

Taking now the Laplace transform of the above set of
differential equations and using the property of the convo-
lution transform, L[

∫ t
0 f (t ′)g(t − t ′)dt ′] = F (s)G(s), where

F (s) and G(s) are the Laplace transforms of functions f (t )
and g(t ), respectively, we obtain

sF1(s) = c1(0) − i
J
2

F2(s) − B1(s)F1(s), (8a)

sFi(s) = ci(0) − i
J
2

[Fi−1(s)+Fi+1(s)], i=2,. . ., N − 1,

(8b)

sFN (s) = cN (0) − i
J
2

FN−1(s) − B2(s)FN (s), (8c)

where we have used the fact that c̃i(0) = ci(0) since ci(t ) =
e−i[ωe+(N−1)ωg]t c̃i(t ). In the above system of algebraic equa-
tions, Fi(s) is the Laplace transform of c̃i(t ), while Bj (s) is the
Laplace transform of the function Rj (t ), j = 1, 2.

As detailed in the Appendix, the set of equations (8) can
be organized in such a way that each Fi(s), i = 2, . . . , N , is
expressed in terms of F1(s) as

Fi(s) = Ai(s)F1(s) + Ai−1(s)(ik)B1(s)F1(s)

− (ik)
i−1∑
n=1

Ai−n(s)cn(0), i = 2, . . . , N, (9)

where k ≡ 2
J and Ai(s) obey the relation

Am+2(s) = (iks)Am+1(s) − Am(s), m = 1, . . . , N, (10)

with A1(s) = 1 and A2(s) = iks. Given these conditions, one
can easily verify that the mth term of this sequence is given by

Am(s) = [(iks) + i
√

k2s2 + 4]m − [(iks) − i
√

k2s2 + 4]m

2mi
√

k2s2 + 4
, m = 1, . . . , N. (11)

Taking Eq. (9) for i = N − 1 and i = N , we obtain

FN−1(s) = AN−1(s)F1(s) + AN−2(s)(ik)B1(s)F1(s) − (ik)
N−2∑
m=1

AN−1−m(s)cm(0), (12)

FN (s) = AN (s)F1(s) + AN−1(s)(ik)B1(s)F1(s) − (ik)
N−1∑
m=1

AN−m(s)cm(0). (13)

Substituting Eqs. (12) and (13) back into Eq. (8c) and using the relation
∑N−1

m=1 AN−m(s)cm(0) = ∑N−2
m=1 AN−m(s)cm(0) +

A1(s)cN−1(0), we can, after some straightforward algebraic manipulations, find that F1(s) is given by

F1(s) = ikcN (0) − k2[s + B2(s)]A1(s)cN−1(0) + (ik)
∑N−2

m=1{ik[s + B2(s)]AN−m(s) − AN−1−m(s)}cm(0)

ik[s + B2(s)]AN (s) − {1 + k2B1(s)[s + B2(s)]}AN−1(s) − ikB1(s)AN−2(s)
. (14)

The inverse Laplace transform of Eq. (14) provides
the time evolution of the amplitude c̃1(t ). The rest of the
amplitudes are given by the inverse Laplace transforms of
Fi(s), i = 2, . . . , N which are recursively related to F1(s)
through Eq. (9).

The analytical method we developed above allows us
to obtain the time evolution of the amplitude of any spin
for an arbitrary number of sites as well as for arbitrary
initial conditions within the single-excitation subspace by

simply calculating the inversion integral of the correspond-
ing Laplace transform. With our method, the number of
sites N becomes an arbitrary and easily modifiable pa-
rameter entering expression (14). The inversion integral
can be readily calculated numerically (or even analytically
in some cases) after specification of the spectral density
of each environment, which is necessary for the calcu-
lation of the Laplace transforms Bj (s) of the functions
Rj (t ).
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III. RESULTS AND DISCUSSION

A. Lorentzian spectral density

As a first example, we consider the case of an XX
chain boundary-driven by two non-Markovian reservoirs with
Lorentzian spectral densities, given by

Jj
(
ω

j
λ

) = g2
j

π

γ j

2(
ω

j
λ − ω

j
c
)2 + ( γ j

2

)2 , j = 1, 2, (15)

where gj are the coupling strengths between the edge spins
and the boundary reservoirs in units of frequency and γ j and
ω

j
c , j = 1, 2, are the widths and the peak frequencies of each

distribution, respectively.
For analytical simplification of Eq. (7), we extend the lower

limit of the integration over frequency from zero to −∞.
Note that such an extension is not, in general, valid for any
spectral density; it is, however, well justified in the case of a
Lorentzian spectral density with positive peak frequency and
width such that the distribution has a practically negligible
extension to negative frequencies. The necessary condition for
this is γ j 	 ω

j
c . In this case the frequency integrals can be

calculated analytically, yielding

Rj (t ) = g2
j

π

γ j

2

∫ +∞

−∞

e−i
(
ω

j
λ−ωeg

)
t(

ω
j
λ − ω

j
c
)2 + ( γ j

2

)2 dω
j
λ

= g2
je

−i� j
ct e− γ j

2 t , j = 1, 2, (16)

where �
j
c ≡ ω

j
c − ωeg, j = 1, 2. The Laplace transforms of

Rj (t ) are then given by the expressions

Bj (s) = g2
j

s + γ j

2 + i� j
c

, j = 1, 2. (17)

Using these expressions of Bj (s), j = 1, 2, we can easily ob-
tain the time evolution of the amplitudes c̃i(t ), i, . . . , N , using
Eqs. (9), (11), and (14). Note that in all of our calculations, we
express all couplings entering the formalism in units of the
nearest-neighbor coupling strength J . Thus, in our figures,
time is measured in the dimensionless units J t .

In Fig. 2(a) we study the dynamics of the populations of the
edge as well as the intermediate spins in the g1, g2 < J case
for c1(0) = 1. For the intermediate qubits, we adopt the term
“channel qubits,” which is frequently used in quantum infor-
mation protocols and represents the sum of the populations of
all except the two edge qubits. The corresponding occupation
probability is PCh(t ) = ∑N−1

i=2 |ci(t )|2 = ∑N−1
i=2 |c̃i(t )|2. Since

the coupling between the qubits is larger than the couplings
between the edge spins and the reservoirs, we observe oscilla-
tions in the edge and channel qubit populations, associated
with the spreading of the initial excitation throughout the
whole chain. Eventually, the population will be lost due to the
environmental dissipation. This can be seen through the long-
time dynamical picture of the sum of all qubit populations, as
in Fig. 2(c). On the other hand, in the case where g1, g2 > J ,
as examined in Fig. 2(b), since the initial excitation is on the
first qubit, the population is essentially “trapped,” albeit not
permanently, between the first qubit and environment 1, with
only a small portion of the population leaking to the channel.

FIG. 2. Dynamics of the populations of the first qubit (black
line)1, N th qubit (teal line)2, and channel qubits (orange line)3 for
c1(0) = 1, N = 5, γ1 = γ2 = 0.02J , �1

c = �2
c = 0, and (a) g1 =

g2 = 0.3J and (b) g1 = g2 = 1.5J . In (c) and (d) we show the
long-time dynamics of the sum of all qubit populations in the spin
chain for g1 = g2 = 0.3J and g1 = g2 = 1.5J , respectively.

In this case the exact value of g2 is of little relevance since
the population of the N th site at any time t is practically
negligible. As seen in Fig. 2(d), the strong coupling between
the first qubit and the reservoir causes the total population to
be lost through the reservoir much faster than in the previous
case.

Although, as discussed above, the strong coupling between
the environment and the edge qubits may result in population
trapping [Fig. 2(b)], if the chain length is small (up to five
qubits or so), the long-time dynamics of the chain reveals
an oscillatory population transfer between the two edges of
the chain (Fig. 3) along with the dissipation to the reservoirs.
In that case, the population of the N − 2 channel qubits re-
mains low for any time t [see insets in Figs. 3(a)–3(c)]. This
effect ceases to occur for spin chains of longer length since
the excitation cannot be easily transferred between the two
edges of the chain. As seen in Fig. 3, the frequency of these
oscillation is highly sensitive to N , decreasing as the latter
increases.

In Fig. 4 we examine the long-time dynamics of the total
population for chains with an odd number of sites and initial
excitation on the center of the chain, i.e., c(N+1)/2(0) = 1. In
Figs. 2(c) and 2(d) we observe that, if the initial excitation
is on the first qubit, the total population of the chain decays
much faster for increasing values of g1. This, of course, is
also true for cN (0) = 1 and increasing values of g2, which
is also obvious from symmetry arguments. However, as seen
in Fig. 4(a), if the initial excitation is on the center of the
chain, increasing the magnitude of the couplings between the
edge spins and the corresponding environment leads to the
completely opposite effect, namely, a much slower decay of
the total population in the long-time dynamics picture. Such
an effect occurs only as long as the boundary couplings are
larger than the coupling between the qubits J . In the opposite
regime, the increase of the boundary couplings (to values
still less than J ) results in faster decay of the total popu-
lation to the reservoirs. These results indicate that, for large
boundary couplings, the evolution of the edge spins tends
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FIG. 3. Long-time dynamics of the populations P1(t ), PN (t ), and PCh(t ) (inset) as well as their sum for spin chains of small length and
c1(0) = 1, γ1 = γ2 = 0.01J , g1 = g2 = 1.8J , �1

c = �2
c = 0. (a) and (d) N = 3, (b) and (e) N = 4, and (c) and (f) N = 5.

to freeze, alluding to a quantum Zeno effect, leading thus
to an effective hindering of the total decay to the reservoirs
through them. This hindering of the decay becomes even
more pronounced for increasing chain lengths [Fig. 4(b)],
which physically can be attributed to the increased number
of pathways for the evolution of the initial excitation through-
out the whole chain and therefore the smaller likelihood for
the population to reach the edge spins and be lost to the
reservoirs.

It may be useful at this point to note that the dissipation
of the total population to the reservoirs can also be slowed
down by choosing detunings �1

c and �2
c larger than the
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FIG. 4. Long-time dynamics of the sum of all qubit populations
in the spin chain with the initial excitation in the central qubit
c(N+1)/2(0) = 1 and γ1 = γ2 = 0.02J , �1

c = �2
c = 0, and (a) N = 5

and (b) N = 11. Black line: g1 = g2 = J , teal line: g1 = g2 = 2J ,
and orange line: g1 = g2 = 3J .

boundary-coupling constants. In that regime of parameters,
the dominant modes of the Lorentzian spectral densities of
the boundary reservoirs are off resonant with the qubit fre-
quency and therefore do damp the system less. That might
be argued to be obvious. Be that as it may, the statement is
valid only in the context of non-Markovian reservoirs; because
the spectral density of a non-Markovian reservoir must, at
some frequency, exhibit a more or less pronounced peak, as it
must depart from the slowly varying, smooth spectral density
which is necessary for the Markovian approximation. It could
therefore be viewed as yet another feature of non-Markovian
behavior.

It is also important to note that the effect in which the
increased coupling constants between the edge spins and the
environments act like a barrier and protect the total population
of the chain from decaying to the latter does not necessarily
require an initial excitation in the center of the chain. This
is just one among the choices of possible initial conditions
where this phenomenon occurs. The general rule is that the
initial excitation should be anywhere but the edge spins in
order to avoid the trapping of the population between the edge
spins and their corresponding reservoirs, as was the case in
Fig. 2(b). For example, an increase of g1 and g2 for a chain
system initially prepared in the state 1√

N−2

∑N−1
i=2 |ψi〉 will

result in the same phenomenon that occurs in Fig. 4.
In Fig. 5, we study the state-transfer properties between

the two edge spins of the chain in terms of the average-state
fidelity [54]

F (t ) = 1

2
+ |cN (t )|2

6
+ |cN (t )|

3
, (18)

which involves an average over all possible sender-qubit
states. In Fig. 5(a) we show the dynamics of the average-state
fidelity for a spin chain with N = 10 sites for different values
of the boundary couplings g1 and g2. As becomes evident,
the first peak of the average-state fidelity is very sensitive to
the boundary couplings, decreasing as their values increase.
At the same time subsequent peaks in time tend to increase
their maximum value. The position of the first peak indicates
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FIG. 5. (a) Dynamics of the average-state fidelity of state transfer
between the two edges of the spin chain for N = 10 and (b) maxi-
mum average fidelity as a function of the number of spin sites N . In
both panels γ1 = γ2 = 0.5J , �1

c = �2
c = 0, and g1 = g2 = 0 (black

line or dots), g1 = g2 = 0.1J (teal line or dots), and g1 = g2 = 0.3J
(orange line or dots).

that the transfer time is slightly decreased by increasing the
boundary couplings; however, larger values of the latter lead
to nonfaithful state transfer in general. In Fig. 5(b) we examine
the behavior of the maximum value of the average-state fi-
delity as a function of the number of spin sites for chain length
up to 40 sites. As N increases, the maximum average-state
fidelity tends towards lower values that depend also on the
values of the boundary couplings of the edge spins with the
reservoirs. Our results qualitatively agree with a similar study
by Ren et al. [45], in which they studied the state-transfer
properties of the same system using the dephasing and dissipa-
tion models in terms of the quantum state diffusion approach.

B. Ohmic spectral density

As a second example, we consider the case of boundary
reservoirs characterized by Ohmic spectral densities [55,56],
according to the relation

Jj (ω
j
λ) = N jg

2
jω

j
c

(
ω

j
λ

ω
j
c

)S j

exp

(
−ω

j
λ

ω
j
c

)
, j = 1, 2, (19)

where gj are qubit-environment coupling constants in units
of frequency, ω

j
c are the so-called Ohmic cutoff frequencies,

and S j ( j = 1, 2) are the Ohmic parameters characterizing
whether the spectrum of the reservoirs is sub-Ohmic (S < 1),
Ohmic (S = 1), or super-Ohmic (S > 1). N j is a normaliza-
tion constant given by the relation N j = 1

(ω j
c )2
(1+S j )

, where


(z) is the gamma function.
Inserting Eq. (19) back into Eq. (7), we perform the inte-

gration over frequency for arbitrary S j and find that Rj (t ) is

given by the expression

Rj (t ) = N jg
2
jω

j
c

∫ ∞

0

(
ω

j
λ

ω
j
c

)S j

e
− ω

j
λ

ω
j
c e−i

(
ω

j
λ−ωeg

)
t dω

j
λ

= g2
je

iωegt
(
iω j

ct + 1
)−1−S j

, j = 1, 2. (20)

Note that, unlike much of the literature, in our use of Ohmic
spectral densities we found it necessary to include the normal-
ization factor N j , which renders meaningful the comparison
with the Lorentzian spectral density, discussed in Sec. III C.

The Laplace transform of Eq. (20) can also be calculated
analytically, yielding

Bj (s) = −g2
j

i1−S j

ω
j
c

e−iKj (s)[Kj (s)]S j 
( − S j,−iKj (s)),

j = 1, 2, (21)

where Kj (s) ≡ (s − iωeg)/ω j
c ( j = 1, 2) and 
(a, z) is the in-

complete gamma function. In the special case where S j are
integers, it is useful to use the incomplete gamma function
property


(−n, z) = 1

n!

[
e−z

zn

n−1∑
k=0

(−1)k (n − k − 1)!zk

+ (−1)n
(0, z)

]
, (22)

which holds for integer n, to express Bj (s) in terms of

(0,−iKj (s)). Using Eq. (21), as in the previous case, we can
easily calculate the Laplace inversion numerically and find the
time evolution of the amplitudes c̃i(t ), i, . . . , N .

In Fig. 6 we study the dynamics of the sum of all qubit
populations in the chain for various parameters of the Ohmic
reservoirs. The dynamics of this quantity provides us straight-
forward information on how fast the initial excitation gets lost
in the two environments. As Fig. 6(a) indicates, by increasing
the Ohmic parameters S j ( j = 1, 2) of the reservoirs, the sum
of populations decays more slowly, indicating a slower decay
of the single excitation to the environments. Physically, this
effect is attributed to the fact that by increasing S j , the spectral
density distribution of the environments is mainly peaked in
the vicinity of modes whose frequency is larger than the qubit
frequency ωeg = J [see the inset in Fig. 6(b)], and therefore,
by being off resonant with the qubit frequency, they damp
the system less. A similar behavior is observed in Fig. 6(b),
where the dynamics are shown as a function of the cutoff
frequencies for the Ohmic type of environments (S j = 1).
Since for Ohmic distributions the peak of the distribution
coincides with the cutoff frequency ω

j
c ( j = 1, 2), an increase

in the cutoff frequencies results in distributions whose modes
extend mainly beyond ωeg, resulting in a slower decay to the
boundary environments. Note that, in general, for arbitrary
Ohmic parameters, the Ohmic distributions are always peaked
at the frequencies ω

j
λ = S jω

j
c , j = 1, 2. The characteristic os-

cillations observed in both panels of Fig. 6 are indicative of the
non-Markovian character of the Ohmic boundary reservoirs,
enabling the exchange of population between them and the
spin chain within finite times.
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FIG. 6. Dynamics of the sum of all qubit populations in an N = 6
qubit chain, boundary-driven by reservoirs with Ohmic spectral den-
sities. The parameters used in (a) are ω1

c = ω2
c = J and S1 = S2 =

1 (black line), S1 = S2 = 2 (teal line), and S1 = S2 = 3 (orange
line), while in (b), S1 = S2 = 1 and ω1

c = ω2
c = 0.5J (black line),

ω1
c = ω2

c = 1.0J (teal line), and ω1
c = ω2

c = 1.5J (orange line). In
both panels, g1 = g2 = 0.3J , ωeg = J , and c1(0) = 1. The inset in
(b) shows the Ohmic spectral density as a function of ωλ for various
Ohmic parameters S (S = 1: solid line, S = 2: dotted line, and
S = 3: dashed line) and g = 0.3J (coupling strength) and ωc = J
(dotted vertical line).

In Fig. 7(a) we examine the dynamics of the populations of
the edge as well as the channel qubits of the chain for Ohmic
boundary reservoirs (S j = 1, j = 1, 2) in the weak-boundary-
coupling regime g1, g2 < J . The initial single excitation is on
the first qubit [c1(0) = 1]. The dynamics indicate oscillations
between the populations of the chain damped by the two
Ohmic environments. The situation, however, may change
drastically in the strong-boundary-coupling regime g1, g2 >

J , as shown in Fig. 7(b). In this case the dynamics of the
population P1(t ) indicate a long-time stability behavior around
a finite value for times much larger than any other timescale of
the system. Note that a further increase of the boundary-
coupling constants will not result in the increase of this
long-time stability value. Still, as seen in Fig. 7(c), this value
is highly affected by the Ohmic parameters of the environ-
ments (more specifically, by the Ohmic parameter of the first
environment, which is the one that communicates with the first
qubit). In general, an increase in the Ohmic parameters results
in more complex behavior, as indicated by the orange line in
Fig. 7(c). In the long-time dynamics picture, the population
of the first qubit exhibits an oscillatory behavior with a fre-
quency that depends on the Ohmic parameter of its boundary

reservoir. These noncoherent oscillations become faster for
super-Ohmic reservoirs and are essentially an effect associ-
ated with the non-Markovianity of the boundary reservoirs
that drive the chain since they indicate population exchanges
between the chain and the latter for very long times. Another
parameter that considerably affects this oscillatory behavior is
the number of qubit sites. In Fig. 7(d) we plot the dynamics
of P1(t ) for a chain of various numbers of qubit sites N ,
boundary-driven by super-Ohmic environments with S j = 2,
j = 1, 2. For a small number of qubit sites, the long-time dy-
namics in the inset in Fig. 7(d) indicate a long-living coherent
oscillatory behavior (black line), while for chains that consist
of a larger number of qubits, the population of the first qubit
exhibits small noncoherent oscillations around a stabilized
value (orange line). Our results are just a first glimpse of
the richness of the effects one may expect from the boundary
driving of chains with an Ohmic type of reservoirs.

C. Comparing Lorentzian to Ohmic spectral densities

So far we have separately studied the cases of boundary-
driven chains using reservoirs with Lorentzian and Ohmic
spectral densities. As is evident throughout our formalism, the
dynamics of the chain when the boundary reservoirs are char-
acterized by a Lorentzian spectral density does not depend
directly on the qubit frequency ωeg but on the detuning �c

between the latter and the peak frequency of the Lorentzian.
Therefore, the specification of �c along with the rest of the
Lorentzian and spin-chain parameters is sufficient for calcu-
lating the wave function of the chain. However, this is not
the case for Ohmic boundary reservoirs, where, in order to
calculate aspects of the chain dynamics, one must specify the
qubit frequency ωeg as well as all of the rest of the Ohmic spec-
tral density parameters (i.e., the cutoff frequency and Ohmic
parameter). This direct dependence on the qubit frequency is
reflected in the particular form of Bj (s) for Ohmic boundary
reservoirs according to Eq. (21). In all of our calculations
involving Ohmic boundary reservoirs, in the regime of the
parameters we have explored, no couplings are significantly
larger than the qubit frequency or the cutoff frequencies ω

j
c ,

j = 1, 2.
In Fig. 8, we provide a comparative evaluation of the effect

of the two spectral densities. In Fig. 8(a), we have chosen both
distributions to be peaked exactly on resonance with the qubit
frequency ωeg = 3J . Although the freedom in the choice of
the parameters of each distribution results in many possible
line shapes of their spectral densities, the general tendency
for typical parameters of the two distributions is that Ohmic
distributions are usually wider than Lorentzian distributions.
In Fig. 8(b) we use the distributions of Fig. 8(a) as spectral
densities of the boundary reservoirs and study the dynamics
of the sum of all qubit populations in an N = 7 chain for
various values of the boundary couplings gj , j = 1, 2, and
initial excitation in the center of the chain. The solid lines cor-
respond to Lorentzian boundary reservoirs, while the dashed
lines correspond to the Ohmic ones. As also argued in the
discussion of Fig. 4, since the initial excitation is not on the
edge qubits of the chain and the boundary couplings are larger
than the qubit-qubit coupling J , increasing the values of gj ,
j = 1, 2, results in slower dissipation of the total excitation in
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FIG. 7. (a) Dynamics of the populations of the first qubit (black line), N th qubit (teal line), and channel qubits (orange line) for c1(0) =
1, N = 6, ωeg = J , ω1

c = ω2
c = J , S1 = S2 = 1, and g1 = g2 = 0.3J . (b) Same as in (a), but for g1 = g2 = 1.4J . (c) Dynamics of the

population P1(t ) for various values of the environmental Ohmic parameters and c1(0) = 1, N = 6, ωeg = J , ω1
c = ω2

c = J , g1 = g2 = 1.4J .
Black line: S1 = S2 = 0.5, teal line: S1 = S2 = 1.5, and orange line: S1 = S2 = 3.0. (d) Dynamics of the population P1(t ) for various values
of the number of qubit sites and c1(0) = 1, ωeg = J , ω1

c = ω2
c = J , S1 = S2 = 2.0, g1 = g2 = 1.4J . Black line: N = 4, teal line: N = 8, and

orange line: N = 12. In the insets of (b)–(d) we show the long-time dynamics of the population P1(t ).

the environments. A comparison of the solid (Lorentzian) and
dashed (Ohmic) lines reveals two major differences: First, the
dynamics of the total population in the boundary-driven chain
with Lorentzian reservoirs is more sensitive to the increase
of the boundary couplings compared to the Ohmic-driven
chain. Moreover, for the particular combination of param-
eters chosen, the total excitation in the chain tends to live
longer in Lorentzian-driven chains compared to Ohmic-driven
ones, which can be attributed to the much broader profile
of the Ohmic spectral density compared to the Lorentzian
one. Second, it is evident that the dynamics of the sum of
all qubit populations exhibit more vivid oscillations in the
Lorentzian case compared to the Ohmic one. Such oscillations
are indicative of the non-Markovian character of the boundary
reservoirs and therefore the exchange of populations between
the chain and the reservoirs within finite times. Even if both
types of reservoirs are non-Markovian, the Ohmic spectral
density in Fig. 8(a) tends to be substantially flatter than the
Lorentzian spectral density, thus resembling a Markovian en-
vironment for which no oscillations are expected between the
chain and its boundaries.

Finally, before concluding, we should note that the dy-
namics of the average-state fidelity of the state transfer
between the edges of a chain boundary-driven by Ohmic
reservoirs displays a behavior more or less qualitatively sim-
ilar to the corresponding average-state fidelity dynamics of a
boundary-driven chain with Lorentzian reservoirs, shown in
Fig. 5.

IV. CONCLUDING REMARKS AND OUTLOOK

In this paper, we have presented a formalism for a
systematic way of calculating the wave function of an
arbitrary-length XX spin chain, boundary-driven by non-
Markovian environments of arbitrary spectral density. The
theory is cast in terms of Schrödinger’s equations of motion
within the single-excitation subspace and leads to closed-form
solutions for the Laplace transforms of the amplitudes for
arbitrary initial conditions using a recursive method. The in-
version integrals can easily be calculated numerically (or even
analytically in some cases) upon specification of the spectral
density of each environment. The calculation of the wave
function of the chain within the single-excitation subspace
enables the study of a number of interesting properties of the
system. As an illustration of the potential of the approach, we
have considered Lorentzian and Ohmic spectral densities for
the boundary environments and studied aspects of the dynam-
ical and state-transfer properties of the system. Our results
demonstrate the memory effects of the non-Markovian en-
vironments. The concomitant information exchange between
the latter and the spin chain gives rise to a plethora of interest-
ing effects such as population trapping, oscillations between
the populations of the edge spins, and the protection of the
spin populations against dissipation for increased values of
the boundary couplings.

One aspect of our results that turns out to be revealing and
somewhat surprising has to do with the comparative analysis
of the dynamics of the chain under two quite different reser-
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FIG. 8. (a) Spectral density of a Lorentzian distribution with
peak frequency ωc = 3J , width γ = 0.65J , and g = J (solid line)
compared with an Ohmic distribution with Ohmic parameter S = 3,
cutoff frequency ωc = J , and g = J (dashed line). (b) Dynamics
of the sum of all qubit populations in an N = 7 chain and initial
excitation in the center of the chain [c(N+1)/2(0) = 1] for various cou-
pling strengths between the boundary reservoirs and the edge qubits.
Black line: g1 = g2 = J , teal line: g1 = g2 = 2J , and orange line:
g1 = g2 = 3J . The solid lines correspond to Lorentzian boundary
reservoirs, while the dashed lines correspond to Ohmic ones. The
rest of the parameters (except the coupling strengths) correspond to
the parameters in (a). The qubit frequency is chosen to be resonant
with the peak frequency of the two distributions, namely, ωeg = 3J .

voirs, namely, Lorentzian and Ohmic. We adopted the general
notion that any reservoir with spectral density not smoothly
and slowly varying as a function of energy (frequency) within
an extended range around the resonance with the qubit is
non-Markovian. This entails some degree of memory, which
in turn implies that the loss to the reservoir would not be
monotonic. In much of the work on and approaches to non-
Markovian reservoirs, it is the Lorentzian that has served
as a typical illustration. Physically, that behavior should be
expected for a Lorentzian spectral density as it exhibits a
well-defined peak. But so do Ohmic and super-Ohmic spec-
tral densities. However, our direct quantitative comparison

of the effect of a Lorentzian spectral density versus that of
a super-Ohmic one in Sec. III C revealed the effects of an
almost qualitative difference between the two; the effect of the
super-Ohmic one resembles an almost Markovian reservoir,
which implies a much lower degree of non-Markovianity. This
concrete example complements earlier general formulations
of measures of non-Markovian behavior [57].

Our work was motivated by the rapidly growing inter-
est in the field of boundary-driven open quantum systems
and, in particular, the need for the development of the nec-
essary analytical or numerical tools for the study of their
properties. The results provide the background for a number
of extensions, such as accounting for different spin-chain
configurations, as well as the theoretical description of the
system, within our formal development, beyond the single-
excitation. It would, in addition, be interesting to investigate
whether the behavior for long times of the edge qubits,
which communicate directly with the boundary reservoirs
(Fig. 7), could be useful in the survival of long-distance
quantum correlations for chains consisting of a large num-
ber of qubit sites boundary-driven by Ohmic reservoirs. It
should, however, be kept in mind that, from the standpoint
of state transfer and quantum information processing, the
single-excitation scheme is sufficient. Nevertheless, from the
standpoint of statistical-mechanics properties of spin chains
connected to non-Markovian environments, extension of the
approach beyond the single-excitation subspace is necessary.
This represents a compelling and very challenging task, on
which we hope to make progress in the near future.

Extension of our work to different spin-chain configu-
rations would provide further insight into the dynamics of
systems boundary-driven by non-Markovian environments.
On that issue, our approach lends itself to the evaluation
of the degree of non-Markovianity of various spectral den-
sities. In the present paper, by comparing the effects of
Lorentzian to Ohmic environments as manifested in the time
evolution of the system and the concomitant dissipation,
we have noted some qualitative features attributable to non-
Markovianity. There are, however, quantitative measures of
non-Markovianity, such as in [57], among others. Given that
there is more than one relevant measure [58], we are in the
process of exploring those aspects in the context of our system
and expect to report on definitive results in future work.
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APPENDIX

The system of equations (8) is a set of N algebraic equations that can be solved recursively as follows: First, we solve Eq. (8a)
for F2(s) and Eq. (8b) for Fi+1(s) to find

F2(s) = (iks)F1(s) + (ik)B1(s)F1(s) − (ik)c1(0), (A1a)

Fi+1(s) = −Fi−1(s) + (iks)Fi(s) − (ik)c j (0), i = 2, . . . , N − 1, (A1b)
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where k ≡ 2/J . Using these two relations, we can express each Fi(s) in terms of F1(s). The first few terms up to F6(s) can be
organized as follows:

F2(s) = (iks)F1(s) + (ik)B1(s)F1(s) − (ik)c1(0), (A2a)

F3(s) = [(iks)2 − 1]F1(s) + (iks)(ik)B1(s)F1(s) − (ik)[(iks)c1(0) + c2(0)], (A2b)

F4(s) = [(iks)3 − 2(iks)]F1(s) + [(iks)2 − 1](ik)B1(s)F1(s) − (ik){[(iks)2 − 1]c1(0) + (iks)c2(0) − c3(0)}, (A2c)

F5(s) = [(iks)4 − 3(iks)2 + 1]F1(s) + [(iks)3 − 2(iks)](ik)B1(s)F1(s)

− (ik){[(iks)3 − 2(iks)]c1(0) + [(iks)2 − 1]c2(0) + (iks)c3(0) + c4(0)}, (A2d)

F6(s) = [(iks)5 − 4(iks)3 + 3(iks)]F1(s) + [(iks)4 − 3(iks)2 + 1]B1(s)F1(s)

− (ik){[(iks)4 − 3(iks)2 + 1]c1(0) + [(iks)3 − 2(iks)]c2(0) + [(iks)2 − 1]c3(0) + (iks)c4(0) + c5(0)}. (A2e)

Careful inspection of the above system of equations reveals that Fi(s) follows a pattern of the form

Fi(s) = Ai(s)F1(s) + Ai−1(s)(ik)B1(s)F1(s) − (ik)
i−1∑
n=1

Ai−n(s)cn(0), i = 2, . . . , N, (A3)

where Ai(s) obeys the relation

Am+2(s) = (iks)Am+1(s) − Am(s), m = 1, . . . , N, (A4)

with A1(s) = 1 and A2(s) = iks. The mth term of this sequence is given by

Am(s) = [(iks) + i
√

k2s2 + 4]m − [(iks) − i
√

k2s2 + 4]m

2mi
√

k2s2 + 4
, m = 1, . . . , N. (A5)
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