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Nonresonant two-level transitions: Insights from quantum thermodynamics
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Based on concepts from quantum thermodynamics, the two-level system coupled to a single electromagnetic
mode is analyzed. Focusing on the case of detuning, where the mode frequency does not match the transition
frequency, effective energies are derived for the levels and the photon energy. It is shown that these should be used
for energy exchange with fermionic and bosonic reservoirs in the steady state to achieve a thermodynamically
consistent description. While recovering known features such as frequency pulling or Bloch gain, this sheds light
on their thermodynamic background and allows for a coherent understanding.
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I. INTRODUCTION

Two-level systems are the paradigm for the interaction of
matter with light. Typically, one considers light frequencies
/27w, where the photon energy /iw matches the energy differ-
ence E, — E; between the upper (index u) and lower (index /)
levels. However, it is well-known that optical transitions are
broadened due to the finite lifetimes of levels and photons, so
a certain width of frequencies can be emitted or absorbed. A
straightforward question is how energy balance is satisfied for
a finite detuning ZA = hw + E; — E,,.

Detuning is known to have a variety of practical conse-
quences, e.g., it results in frequency pulling [1] for lasers and
Bloch gain for intersubband transitions in semiconductor het-
erostructures [2,3]. From a more fundamental point of view,
there had been discussions on the thermodynamic consistency
[4] for the archetypal Scovil&Schulz—DuBois maser [5]. De-
tuned transitions also play an important role for certain gate
operations on qubits in quantum information [6,7].

Here, the issue of detuning is studied from a quantum-
thermodynamic [8—11] perspective. Assuming local couplings
[12—14] of the two levels with separate reservoirs, the energy
balance in the steady state allows us to identify effective ener-
gies for the levels and the electromagnetic mode. These differ
from the bare energies by a fraction of the detuning which is
proportional to the contribution to the total broadening, see
Egs. (14) and (21) for the classical and quantum treatments,
respectively. Applying the effective energies for the reservoir
transitions, it is shown that both the first and second law of
thermodynamics are satisfied.

In this paper, fermionic systems are considered, where the
upper (lower) level is connected to a specific reservoir with

* Andreas.Wacker @teorfys.lu.se

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

2469-9926/2022/105(1)/012214(9) 012214-1

electrochemical potential p,/;, as depicted in Fig. 1. Such a
setup was recently realized experimentally with high conver-
sion efficiency for microwaves [15]. It is a prototype model
system for many important devices such as light emitting
diodes (LEDs), semiconductor lasers, or semiconductor solar
cells, where the upper and lowers levels correspond to conduc-
tion and valence band states, respectively. Related results for
the states of an atom coupled to bosonic reservoirs have been
presented in Ref. [16], restricting to a classical field, which
resolved the issues addressed in Ref. [4].

This paper is organized as follows: Section II briefly
summaries the general concepts from quantum thermodynam-
ics applied. The heart of the paper is Sec. III, where the
two-level system is carefully analyzed using detailed calcu-
lations presented in Appendices A and B for the classical and
quantum treatment of the electromagnetic mode, respectively.
Sections IV and V consider the frequency pulling of lasers
and the Bloch gain for intersubband transitions. For these
examples, it is shown that the effective energies introduced
here provide the same features as detailed microscopic calcu-
lations performed before. Finally, Appendix C details how the
effective energies can be generalized to arbitrary systems with
fermionic baths.

II. GENERAL THERMODYNAMIC POINT OF VIEW

We consider the system (e.g., the two-level system) in
connection with reservoirs using the common quantum-
thermodynamics treatment. Let U, be the energy flow from
the reservoir « into the system and Uop[ the energy flow from
the optical field into the system. Energy conservation implies
in the steady state:

> Uy + U =0. (1)
The entropy production in reservoir « reads
dSot Ua - Mo
T = T NO( e 2
dt T, + T, @)

where N, is the particle transfer from the reservoir o into
the system. Then the second law of thermodynamics in the
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FIG. 1. Sketch of the two-level system (horizontal black full
lines) coupled to particle reservoirs and a single mode electromag-
netic field. If the photon energy /iw does not match the energy
difference between the levels, the analysis of energy fluxes provides
effective energies (dashed blue horizontal lines), see Eqs. (14), which
satisfy energy conservation £, — E; = liw. For a quantum treatment
of the cavity mode coupled to a bosonic reservoir, the light comes
in portions with an effective energy E,, = fiw, see Egs. (21) which
differs from the photon energy of the empty cavity 7w, by a fraction
of the total detuning /iA .,y = fiwey + E — E,.

form of positive definite entropy production in the steady state
requires
dSe  dSopt
dt dt

2 0. 3)

A standard quantum kinetic treatment is provided by the
time evolution of the reduced density operator p of the system,

b _ 1 +Z£ 4)

ar =
where H the system Hamilton operator and £, describes the
coupling to reservoir o within a Markovian treatment, see,
e.g., Ref. [17]. Following well-established standard proce-
dure [18-20], which is commonly used for the description of
nanoscale engines, see, e.g., Ref. [21], the energy and particle
flows from the reservoirs into the system are

Up = Tr{HsLo[pl) and N = Tr(NsLo [P}, (5)

respectively, where N is the number operator of the system.
The corresponding power (work per time) transferred to the
system reads

Uik } ©)

Py = Tr{ 1o} ”
which requires an absolute time-dependence of the Hamilto-
nian, as given by a classical optical field. It matches exactly
the total rate of work j - £ done by a classical electromagnetic
field [22], where j is the current density and £ is the electric
field.

Such thermodynamic considerations have been frequently
performed for the analysis of optoelectronic systems such as
LEDs, lasers, and solar cells, see, e.g., Refs. [23,24] with a
highlight on different aspects. The focus of this paper is to
use Egs. (1) and (3) as necessary conditions for the choice
of L, in the construction of master equations. As shown

below, this has distinct implications on the choice of energies
used in the thermal occupation functions of the reservoirs for
finite detuning between the optical modes and the two-level
system.

In this paper, we stay within the realm of the quan-
tum master Eq. (4) with Lindblad-type Liouvillians L,, see
Eq. (8), which is frequently applied to optical systems, see,
e.g., Ref. [25]. For the case of classical fields with a time-
dependent Hamiltonian Hs (), thermodynamic aspects of
more detailed approaches have been studied in Refs. [26-28],
where the impact of the Rabi splitting for strong classi-
cal fields is also addressed. It should be noted that the
derivation of quantum master equations in the presence of
time-dependent Hamiltonians Hg(¢) is a matter of ongoing
discussion, see, e.g., Ref. [29] and references cited therein.

III. TWO-LEVEL SYSTEM WITH ELECTRONIC
RESERVOIRS

We consider an electronic two-level system with energies
E, > E; as given by the bare Hamiltonian

Hy = E e, + Ee)e, (7)

which is coupled to electron reservoirs « € {u, [} with tem-
peratures 7, and electrochemical potential w, via Lindblad
operators [30,31]

»Cot[,b] = yotfaD@; [Ib] + Va(l

- f o )Déa [/A) ]

with D,[p] =opo’ —3(0'op + po'o), ®)
where y, denotes the coupling strength between level « and
its connected reservoir. This is known as the local approach
[12-14]. Commonly, one assumes that only the energy E,
of the isolated level is relevant for the transition to bath «,
which results in the occupation functions f, = f°™"°" with
the Fermi function

1
common __ ) 9
fot eXP [(Ea - /-'Lvt)/kBTa] + 1 ( )

However, it is known that such an approach can lead to viola-
tions of the thermodynamic rules [4,12,32], which is also the
case for the system studied here (see below). The key point
of this paper is to trace such violations to the use of Eq. (9).
Therefore, we keep the occupations f, undefined until we can
identify effective energies (14) and (21), which are suggested
to replace the localized level energies E, in Eq. (9). These
effective energies reflect the coupling of the local levels to the
other levels in the system (here by the light field), which is
disregarded in the common use of the local approach.

Transitions between states u# and [ are possible by coupling
to an optical field resulting in a net rate R for transitions u — .
Below, we provide detailed calculations of R in the steady
state (superscript®®) both for classical and quantum fields in
Secs. III A and III B, respectively. In particular, we investigate
the sign of R% obtained by quantum kinetics and compare it
with the sign determined by thermodynamic considerations as
outlined in Sec. 1.
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Typically, such systems are treated under resonance
(A =0) in the literature (see, e.g., Refs. [33,34]). Here the
focus is on detuning with a finite value of A.

A. Classical field

Within the common rotating wave approximation (RWA),
we set Hg = Hy + V,(t) with

Va(t) = heélée™ + he*eje e, (10)

with the coupling strength €. A standard density matrix cal-
culation, as detailed in Appendix A, provides the following
results in the steady state, where R* is the transition rate
between the upper and lower level, as given by Eq. (A12):
The net power absorbed from the electromagnetic field (6) is
given by

P® = —hwR* (11)

and the particle and energy flows from the contacts (5) in the
steady state read

Ny =R® and N} =—R", (12)
US =E,R* and U® = —ER®, (13)
with the effective energies
- WA - hA
E =E, +- and B =£ - "2 (s
Yu + Yi Yu + Yi

Note that this is a rigorous result for the system considered
based on the general thermodynamic framework of Sec. II
within the Markovian approximation and the local coupling
to the reservoir (8). The effective energies can be interpreted
as a distribution of the total detuning A to the bare levels ac-
cording to their relative coupling strengths y,, so they satisfy
E, — E; = ho. This reflects the fact that the sum of energy
flows, Uuss + UlSS + P = 0, conserves energy (1).

Based on these results, the entropy production (2) provides

s ess s Bl — E, — 1t
S;:+S;*=RSS< - T“). (15)
1 u

Up to now, we performed all calculations without specifying
the vales of f,, which need to reflect the reservoir proper-
ties. Now we use the criterion of positive definite entropy
production (3) to identify these. According to Eq. (A12), R*
has the same sign as (f;, — f;). Thus, positivity of entropy
production (3) implies that f, — f; needs to have the same sign

as (E’ W By ”") This can be guaranteed if we choose
= —1 16
fa= eEa—ra)/ksTe 4 1 (16)
as (exu i X, i ) has always the same sign as (X; — X,,) due

to the strong monotonic decrease of m. Howeyver, violations
of Eq. (3) are possible if we choose the bare energy levels E,
in the bath Fermi functions following the tempting guess (9).
We conclude that the effective energies (14) should be used
for the occupation functions in the fermionic reservoirs in full
analogy to the bosonic case treated in Ref. [16].

For equal temperatures, 7, = T; = T, Eq. (15) shows that
R* has the same sign as u,, — @; — how. This implies operation

as an LED if the bias u, — p; surpasses the photon energy
hiw and operation as a solar cell in the opposite case. This is
a consequence of the fact that no entropy is produced in the
light field, which is described by a classical field in Eq. (10).
Thus, the only source of entropy production is the generation
of heat from the excess energy u, — u; > hw for emission
or fiw > w, — p; for absorption, which is transferred to the
IESErVoIrs.

Note, that this procedure also applies to tunneling prob-
lems, which correspond to w = 0. Thereby it resolves the
violation of the second law for the local approach in Ref. [12].

B. Quantized field

Within the RWA, we set in the spirit of the Jaynes-
Cummings model [35]

Vic = hgc éa+ hg*cTEu& + hwed'ta,
with the bosonic annihilation operator a for the photon mode.
Now the detuning is given by /iAcy = hwey + E; — E,. To
allow for a steady state, we add the interaction of the photon
mode with a thermal bosonic reservoir with average occupa-
tion ny and transition rate ), via the Lindblad operator

Lo[p] = yo(m + DDalp] + yompDar[P] - a7

As for the fermionic occupation factors f;,, the value of n, is
specified at a later stage. This provides the equation of motion
for the density operator:

dp

| N .
i E[HO +Vic, o1+ Lulp] + Lilp] + Lolp].  (18)

As described in Appendix B, this provides the following re-
sults in the steady state with the net transition rate R, for
which we do not have a closed expression:

Nuss — RSS and les — —RSS, (19)
Uuss — EMRSS’ Ulss — _ Eles7
7SS __ sS (20)
and U," =— EuR
with the effective energies
E —E + Yuli DA cav
T vitvtw
- hA,
E] ZE] _ Yi cav ’ (21)
YutVi+ 0
- hA
and Epy = liwcay — M,
YutVi+ W

which satisfy E, = Ej + Epp, so the fluxes (20) fulfill energy
conservation (1). This is analogous to Egs. (14) for the clas-
sical treatment. However, the finite lifetime of the photon
mode in the cavity contributes now to the broadening and,
correspondingly, we obtain an effective photon energy Epp,
which is relevant for the transitions with the bosonic bath.

Now we consider the requirement for positive entropy pro-
duction (3). Applying the energy and particle currents above
and Eq. (2), the entropy condition reads

RS ENE_FEI_MI _Eu_/'Lu
Ty T T,

i| >0, (22)
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where T;, is the temperature of the bosonic bath coupled to the
photon mode.

In Appendix B, it is shown within a Hartree-Fock like
approximation, that

Ju _ fi % ny
1—f, 1—f 14mn
(23)

the sign of R*® equals the sign of

Applying the Fermi and Bose distributions

1 1

fu = e(Eu—Mu)/kBTL + 1’ ‘fl = e(f;—//,,)/kgﬂ + 1’

1

andny, = —————
ph eEpm/ksTy _ 1’

Eq. (23) becomes
e_(Eu_l/«u)/kBTu — e~ ~ph/kBTb X e_(E/_//vl)/kal
determines the sign of R*,

which guaranties the positivity in Eq. (22) due to the mono-
tonic increase of the exponential function. Here it is crucial
that the effective energies (21) enter the respective occupation
functions. Otherwise, violations of Eq. (22) can be easily
constructed for particular values of temperatures and electro-
chemical potentials.

For equal temperatures, 7, = T; = T, Eq. (22) shows that
R® has the same sign as w, — pw; — Epn(1 — T/Ty). Thus,
light emission (R% > 0) is even possible for u, — u; < Eph,
provided that T, is not too large. In this case, the LED emits
more light than it consumes electrical energy, which has been
experimentally verified [36]. The excess energy is taken from
the reservoirs which provide cooling [37]. For operation as
a solar cell (R* < 0), this shows that the extracted electrical
power Py = —R*(u, — ;) is limited by

T, —T
Ty

Py < Uy ,
which is just Carnot’s law for the incoming heat UbsS from the
warm reservoir with T, > T.

IV. RELATION TO FREQUENCY PULLING IN A LASER

For laser operation, the coherent states are a better ap-
proximation for the optical field than number states [38].
Technically, this can be done by the semiclassical approxima-
tion [39], where (a) is treated as a classical field. Therefore,
in Egs. (B1) and (B2), the approximation

Y = g'Tr{é]¢,a"p) ~ g*a*ou 24)
is used with
0w = €' Tr(é]¢,p} and  a = ' Tr{ap},

where a natural oscillation with frequency w is assumed.
Without detuning, w = wey = (E, — E;)/h is the natural
choice, which corresponds to the interaction picture. For
the case of detuning, w is determined below. Equation (18)

provides

d . Eu - El .
-0y = 1|w — h Oyl + lga(o'uu - Ull)

dt
En (25)
2
L i = i — waa — igoy — La, (26)

dt 2

which, together with (B1) and (B2), give a closed set of
equations. In the steady state, Eq. (26) provides
s _ Ljiyb/zga%_ 27)
gl
With the semiclassical approximation (24), the set of equa-
tions for the quantum case (B1), (B2), and (25) equal the
classical treatment, as given in Egs. (A1), (A2), and (A3), with
€ = ga. Thus, we obtain from Egs. (A8) and (A11)
o —HUg™ ) fu = fi)

o, = - a”. (28)
'S At iy w2 ©

Equations (27) and (28) are only consistent if
(0 — Wcay + iV /2DA + i(yu +¥1)/2]
= —Igl*HIga™ ) (fu — fo)- (29)

While the real part of the equation provides the field strength
a* of laser light in the cavity due to gain saturation, its
imaginary part determines w: As the right-hand side is purely
real, the imaginary part needs to be zero on the left-hand side.
Using A = w — (E, — E;)/h, one obtains

_ Vu + v hweay + wo(E, — Ep)
Yut Vi + v '

Straightforward algebra shows that iw = Eph from Egs. (21).
Thus, the effective photon energy obtained in Sec. IIIB
matches the actual oscillation frequency in the laser. Further-
more, the effective energies E, and E; from the classical field
(14) and the quantum treatment (21) agree with each other for
this choice of hw.

Equation (30) shows that for detuning between the cavity
frequency and the optical transition frequency, the laser oper-
ates at a frequency in between. This is known as frequency
pulling [1]. Actually, the expression (12.23) of Ref. [1] is
directly obtained from Eq. (30) by introducing the Q fac-
tors Q. = o/ and Q, = w/(y, + y;) for the cavity and the
atomic transition, respectively. Thus, the treatment by heat
flows suggested here provides the same result as a detailed
optoelectronic study.

ul

hw (30)

V. RELATION TO BLOCH GAIN

For layered semiconductor structures, optical transitions
occur between subbands with a well-defined transition en-
ergy E, — E; due to the quantized energies in the growth
direction [40]. In addition, the lateral free-particle motion
(with energy E; described by wave vector k) provides a
continuous degree of freedom with occupation functions
fu(Er) and f;(Ex) in each of the subbands. Due to in-
trasubband scattering, the levels are broadened and thus
light emission (absorption) is possible for detuning, with
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a finite value of A=w—(E,—E;)/h. A microscocopic
density-matrix approach for the scattering [2] provided the

J

steady-state net transition rate between the upper and lower
subbands,

R\ (ko) o
pm(ko) & 5 (Vu + y1)?/4

for states with a particular value of k = ky (which is essen-
tially conserved in the optical transition); see Eq. (20) of
Ref. [2]. The first factor provides the common Lorentzian
broadening of the line and the second factor shows that the
transitions are driven by differences between the occupations
of the subbands. This factor is not just f,(Ey,) — fi(Ey,) as
frequently assumed, but has different energy arguments. This
leads to a particular gain spectrum for the case of equal oc-
cupation of both subbands [f,,(E) = f;(E)], called dispersive
gain or Bloch gain due to its relation to Bloch oscillations in
superlattices [41,42]. This type of gain could be observed in
quantum cascade lasers [3] and has been recently suggested to
be relevant for the generation of frequency combs [43].
Analyzing the occupation factors of Eq. (31) reveals that
the occupations of the upper level are taken at an av-
erage energy E v = Exy + RAY./(Yu + y1). Correspondingly,
the occupations of the lower subband are taken at an aver-
age energy E,ﬁo =E, —hAy/(yu+ 1), 50 E, + E,z) — (E; +
E} ) = hw. This fully corresponds to the choice (14) obtained
above, which therefore provides the same characteristic Bloch
gain. The average energies (14) can alternatively be obtained
as average transition energies within a Green’s function treat-
ment [16] (see Ref. [44] for the connection with Bloch gain).

VI. CONCLUSION

Applying a quantum thermodynamic approach, effective
energies were identified to describe optical transition under
detuning, as given in Egs. (14) and (21) for the classical
and quantum treatments, respectively. These effective ener-
gies satisfy energy conservation by distributing the detuning
to the bare energies according to their respective contribution
to the broadening of the transition. Applying these effective
energies for transitions with thermal reservoirs provides ther-
modynamic consistency within the generally accepted heat
and work definitions (5), (6), where both the first and second
laws are satisfied for steady-state operation.

The effective energy of the photon could be attributed to
the pulled frequency in a laser cavity. Similarly, the effec-
tive level energies agree with the average energies associated
with inter-subband transitions. Thus, the approach used here
provides a comprehensive view of features obtained from
different sophisticated microscopic treatments.

All results obtained are rigorous within the Markovian
Lindblad master equation used. The only exception is the
fulfillment of the second law for the quantum treatment of
the cavity mode, where a Hartree-Fock-like approximation
was required. It would be interesting how far the results can
be generalized. Another open issue is whether these effective
energies can also be applied for noise calculations, where
different types of averages apply.

Yut Vi { Yilfu(Ex,) — fi(Ey, — hA)] n Yul fu(Exy + RA) — fi(Ey,)]
Yu + Vi

, 31
Yut+ Wi } ( )

(

It is interesting to note that the effective energies appear
independently of whether the coupling to the electromagnetic
field is treated classically by a time-dependent Hamiltonian
and quantum mechanically within a time-independent Hamil-
tonian. Thus, these findings appear not to be affected by the
question in how far the quantum master equation Eq. (4) is
applicable for time-dependent Hamiltonians.

For the classical case, the results can be generalized to
arbitrary fermionic systems with a time-periodic Hamiltonian,
see Appendix C. However, the identification of the effec-
tive energies then relies on a self-consistent solution of the
system dynamics with the occupation functions, which may
limit practical applications. (The recently developed thermo-
dynamically consistent local approach [45] is an interesting
alternative at the cost of a limited resolution for heat.) Albeit,
the approach is thermodynamically consistent for arbitrary
system parameters, one has to remember that the local ap-
proach (8) restricts to a single transition energy, which does
not allow the detailed description of photon-assisted reservoir
transitions or Coulomb blockade phenomena.
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APPENDIX A: CALCULATIONS
FOR THE CLASSICAL CASE

The quantum master equation (4) with Hg = Hy + Vcl(t)
based on the operators (7) and (10) can be mapped to a
time-independent problem in the rotating frame where AR =
UAU (1), with U (t) = el EFhedietEgal/h and provides
the equation of motion for the density operator

dpR N B
d—pt = — [~ A, +etle, + €], R
+ La[pR1+ L112"1,

with A = w — (E, — E;)/h. This gives the equations of mo-
tion for the reduced density matrix o;; = Tr{éj'.é,- pRY:

Eauu - yu(fu - auu) + l'(G*UM[ - EO‘[M), (Al)
d . N
201 = vi(fi —ou) +i(eoy, — € o), (A2)
. . Yu + Vi
—ou = iAo, e — - u- (A3
20 =1 Oul + i€(0u — o11) > Oul (A3)
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From the changes of the populations, we identify the net
transition rate u — [:

R = —i(e*0y — €0,;) = 2Im{e*o,,} . (A4)
Furthermore, the work flow (6) becomes
Ps = Tr{ihw(e*e .6 — eclee™)p)
= ithr{(e*élTéu —€e&iepRy = —hwR.  (A5)

This shows that each transition from the upper to lower level
is associated with the energy portion /iw removed from the
system even if E, — E; # hiw. This agrees with the concept
that the transition is associated with the creation of one photon
with angular frequency w, albeit the optical field is treated as
a classical variable in Eq. (10). In the steady state, Eq. (AS)
directly provides Eq. (11).
The energy and particle flows from the leads (5) are

Uy = Tr{H L, [p1} = Tr{H® L, [p"1}
he

= EyYo(fo — Ouwa) — (eop + €*01)  (A6)
and
Ny =Te((@e, + &]e)Lalpl) = Volfa — 0ua) - (AT)
|
Vato o —a N lou\ _ (Vafu) _ (Ow
- vi+a)\oy ) \wnfi o)
SO
o —on =H(e")(fu — fi) with H(le*) =
and we find

R® = aH(fu — f0),
with positive & and H.

(A12)

APPENDIX B: CALCULATIONS THE QUANTUM CASE

Defining the average occupation of the photon mode np, =
Tr{a'ap} and Y = g"Tr{¢]¢,a*p}, Eq. (18) provides the equa-
tions of motion

d
——Ouu = yu(fu - Uuu) + l(Y - Y*),

B1
7 (B1)
d . .
prl vi(fi —ou) —i(Y =Y%), (B2)
d . .
7 h = Yy — npp) — (Y —Y7), (B3)
d i
LY = iNeY +ilglF — Y Iy gy,
dt 2
with F = Tr{¢fe,(1 — ¢/ ¢)p)
+Tr{(ele, — ¢fena‘ap), (B5)

where Acyy = Weay — (E,, — E;)/h. Equations (B1)-(B3) have
a very transparent interpretation: The occupations of the levels
and the photon mode are fed (emptied) by the respective
reservoirs with corresponding rates y,, where the speed is

In the steady state, Eq. (A3) provides

ol = _E(.auu — o) _ (AS)
A + l(yu + J/l)/2

Thus, we can relate the transition rate (A4) to the real part of

* oSS
€*o, by

2A
Re{e*os} = — Im{e*os} = — R®. (A9
Yu T Vi Yut+ Vi
In the steady state, Eqs. (A1) and (A2) become
yu(fu —Ow) = R*® and Vl(fl —oy) = —R* (AIO)

and thus Eq. (A7) provides Egs. (12) of the main text. Insert-

ing Eqs. (A9) and (A10) into the energy flows (A6) from the

leads provides Eqgs. (13) and (14), which are the key results.
Egs. (A4) and (A8) provide the steady-state transition rate:

l€l*(vu + 1)

with o = .
(Yu+7)?/4+ A2

R® = a(aLtll — o),

Then, Egs. (A1) and (A2) result in

1 <oz(7/ufu +vf)+ VuVlfu)
vavi + oy + v \eWutu + vif0) + vavifi )’

YuVl _ 1

Vutv)? (All)

- 2 Gutw)®
vavite(Vutv) 14 el B

(

proportional to the occupation differences. In addition, there
are optical transitions # — [ generating photons with a rate

R = 2Im{Y}. (B6)

The new quantity Y satisfies a linear differential equation,
where the inhomogeneity is determined by the expression
F related to spontaneous [ Tr{@j,éu( 1 —¢;¢)p}] and stim-
ulated [oc Tr{(élé, —éjél)f&,?)}] emission. These provide
further dynamical variables, so we do not have a closed system
of equations.

The energy flows from the fermionic reservoirs (5) are

Uy = Tr(HsLo (1}
h

Ve "
Y +Y
5 X +YT

and the corresponding energy flow from the bosonic reser-
VOIr is

= aya(fa_gaa)_ (B7)

Uy = Tr{HsLu[p]}

Ay .
= fiweay Vo (M — Nph) — T(Y +Y7). (B3)

Let us now consider the steady state. Then, Eq. (B4) pro-
vides

gI*F

YSS__
= RETES
Acav"f‘lyu );I o

(B9)
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which implies

2Acav1m{Yss} o AcavRSS

Re{YSS} = . (B10)
YutVi+W Ye+Vi+wm
Furthermore, Egs. (B1)—(B3) provide
yu(fu - Uuu) = RSS’ Vl(fl - O'll) = _RsS7
and  yy(ny — npn) = —R™. (BI1)

Inserting into Eq. (A7) (which is the same here), we obtain
Egs. (19). Inserting the relations (B10) and (B11) into the en-

J

R* = ap(l — o)1 — o)(1 + nph)<

ergy flows (B7) and (BS8), we find in the steady state Egs. (20)
and (21).

From Eqgs. (B6) and (BY), we get R = apF with
__ Eutwntw

Ay + (vt v +1) /4

cav
so the sign of R* equals the sign of F. Using Hartree-Fock-
like approximations, Eq. (B5) provides

> 0,

29

F~ O‘uu(l - oll) + (Uuu - gll)nph . (B12)
Then, straightforward algebra shows
Ouu (o]} Nph
— X , B13
1— Ouu 1 - oyl 1+ nph) ( )

where we assume f,, fi, 0., 057 < 1 as appropriate for fermionic states, which are not entirely occupied due to their contribution
in a dynamical process. Similarly, Eqs. (B11) can be rewritten as

R%® = Vu(fu - Gult) = j/u(l - Gull)(l - f”)(
R* =y (o — fi) = yi(1 — o)1 — fl)(l_—o_” - Tﬁ)

R™ = yy(nph — np) = w(1 + npn)(1 + nb)(

Applying Egs. (B14)-(B16), subsequently, Eq. (B13) provides

RS =0 O — _fu ou _ _f
= 1—0u 1 ;_fu > 1—oy 1 }fl

RSS > Ouu < u ajl > !
0 = 1—0ouy l}fu T p— l;fl

RS <0 Oun > u o < A
= Teow T T T-ay <17

o
fu _ uu )1 (B14)
1 - fu I —ou
o
L /i (B15)
n n
b _ D ) (B16)
14+ Nph 1+ nyp
Mph  _ _m fo  _ _fi ny
and T — Thm l}f“ = l}f, X Thm
ph My u _fi Ty
and - > = pffl, > l—ffl X T
Tph My Ju _Jr Tty
and Trng < Tom = T-f ~ T X Tim"

As the right hand-side needs to satisfy one of the three relations, we find equivalence for all relations. This provides the condition

(23).

APPENDIX C: GENERALIZATION FOR ARBITRARY
SYSTEMS WITH CLASSICAL FIELDS

The approach for the two-level system used in the main
text can be generalized to arbitrary fermionic systems with
a time-periodic Hamiltonian Hg(t) = Hg(r + 1) as character-
istic for a classical optical field. This includes an arbitrary
number of reservoirs, which are coupled to the system in the
local form (8), where each reservoir « provides transitions to a
unique level « of the system. Here, we assume that the system
eventually reaches a steady state p*(¢) which is periodic with
period 7 following the external driving in Hg(r) after initial
conditions died out due to the dissipative terms in the quantum
evolution. We define

ux

(Tr{Hs (1) Lo [P (O1)), (ChH

Ng* = (Tr{aa La[p™O1)), €2)

where the averaging

] t+1
(f(t) = ;/ f@dt'

is taken over the common period of p*(¢) and Hs (7). Thus,
U} and N3’ do not depend on time. This allows for the

(
definition of effective energies
£ = U

o . k]
av
N2

(C3)

which are the average energies taken from reservoir « per
particle transferred into the system. It appears natural to ap-
ply these energies E, for the energy dependence (16) of the
occupation function f, (and possibly also y,, if the wide band
limit is not applicable). This requires a self-consistent solution
for the steady state of the dynamical equation (4) with its input
parameters.

In the remaining part of this Appendix, it is shown that
this procedure is thermodynamically consistent. The energy
is conserved and the entropy production is semipositive for
the steady state averaged over a period. This follows concepts
used in Ref. [46] for periodically driven systems in a related
context.

The general expressions (5) and (6) provide

d N .
S THHs0p@)) = Z Uy + Ps.

For the steady state, the average change (j—tTr{I-Als(t),E)“(t)})
vanishes due to the integration over one period and we directly
get Y, UY + P¥ =0, showing that the average external
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power and energy currents from the reservoirs going into the
system add up to zero. This is just energy conservation for the
steady state.

The total entropy Sy is given by the von Neumann entropy
of the system and the reservoirs (changing by heat transfer
U, — ueN, into the system), resulting in its temporal change

dSior
dt

d R R Ua - ,uozNa
= —ka TP I p(0)} = ) ===

o

Upon averaging in the steady state, we get

av _ [dSwlp™ ()] Eoy — o 0y
o {rn) gy,

o

Using Eq. (C2), we find

S = kB<Z Tr{ Lo [p% ()] In ﬁ“}>, (C4)

with the locally thermal operator

_PL N
Z“neXp( T, )

where the number Z! renormalizes the trace to unity (and
drops out as Tr{L,[p]} = 0). As Eq. (4) gives
d _ .. 5 5 5
ETr{p(t) Inp()} = Xw: Tr{Lo[p()]1n p(2)},

we find for steady-state averaging

0= k3<z Tr{La[p™ ()] In f)“(t)}>,

which we can subtract from Eq. (C4), resulting in

—In ,b“(t))}>.

As p't satisfies £,[p"] = 0 if the occupations (16) are ap-
phed, we find ngl > 0 by Spohn’s inequality [19,47,48]. Thus,
entropy production is positive semidefinite for the average
steady state.

Siox = ke<2 Tr{ Lo [p™(0)](In p"
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