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We derive inequalities sufficient to detect the genuine N-partite steering of N distinct systems. Here, we are
careful to distinguish between the concepts of full N-partite steering inseparability (where steering is confirmed
individually for all bipartitions of the N systems, thus negating the bilocal hidden state model for each bipartition)
and genuine N-partite steering (which excludes all convex combinations of the bilocal hidden state models).
Other definitions of multipartite steering are possible and we also derive inequalities to detect a stricter genuine
N-partite steering where only one site needs to be trusted. The inequalities are expressed as variances of
quadrature phase amplitudes and thus apply to continuous-variable systems. We show how genuine N-partite
steerable states can be created and detected for the nodes of a network formed from a single-mode squeezed
state passed through a sequence of N — 1 beam splitters. A stronger genuine N-partite steering is created, if one
uses two squeezed inputs or N squeezed inputs. We are able to confirm that genuine tripartite steering (by the
above definition and by the stricter definition) has been realized experimentally. Finally, we analyze how bipartite
steering and entanglement are distributed among the systems in the tripartite case, illustrating with monogamy
inequalities. While we use Gaussian states to benchmark the criteria, the inequalities derived in this paper are not
based on the assumption of Gaussian states, which gives an advantage for quantum communication protocols.
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I. INTRODUCTION

From the perspective of both fundamental and applied
physics, understanding whether N distinct systems can
be genuinely entangled is considered important [1-10].
Svetlichny first showed that a genuine tripartite nonlocal-
ity can be shared among three systems [11]. Greenberger,
Horne, and Zeilinger (GHZ) [12] and Mermin [13] inves-
tigated the nonlocal properties of N genuinely entangled
systems created in an extreme quantum superposition state.
Multipartite entangled systems have applications in the field
of quantum information. The tripartite-entangled GHZ states
were proposed for quantum secret sharing, where two parties
must collaborate to uncover a cryptographic key [6]. Usually,
the certification of entanglement required to ensure security
against eavesdropping involves assumptions about the instru-
ments at the given sites. When entanglement is confirmed
by way of violation of a Bell inequality, however, fewer
assumptions are needed, resulting in device-independent se-
curity [5,14-18]. A quantum network consisting of mutually
entangled systems may form the basis for a quantum com-
munication network. Recent papers motivate the use of
multipartite Bell nonlocality for device-independent security
on a network [19-21].
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Einstein-Podolsky-Rosen (EPR) steering is a type of entan-
glement associated with the nonlocality of the EPR paradox
[22]. The concept of EPR steering was motivated by the
arguments put forward by Schrodinger in response to the
EPR-paradox paper [23-26]. Based on the negation of asym-
metric local hidden state (LHS) models, steering is useful for
one-sided device-independent quantum security, where one
has control over some, but not all, of the devices on the nodes
of the network [27-29]. Implementing steering, as opposed
to entanglement, thus increases the potential for ultrasecure
communication [27,30-32]. Steering has also been proposed
as a resource for other applications, including secure quantum
teleportation [33], quantum metrology [34], and secret sharing
[35]. However, the set of steerable states is a strict subset of
the set of entangled states [23]. The detection of N-partite
steering is therefore more challenging and standard witnesses
for entanglement will not suffice. An early criterion for steer-
ing was an inequality applied to the EPR paradox [24,25,36].
Numerous steering criteria have since been derived, but most
refer to the bipartite case [26]. This highlights the need for
criteria to confirm steering shared among N systems, derived
with minimal assumptions about the states being measured.

The concept of multipartite steering was introduced by He
and Reid [28] and developed for Gaussian states by Kogias
et al. [37]. Experiments followed [38—43], which motivated
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studies of the monogamy of steering [37,43—45]. Marian and
Marian have recently derived criteria involving EPR variances
that are sufficient to certify multimode steering, and have
linked these results to Gaussian states [46]. However, as for
multipartite entanglement and nonlocality [10,47-53], differ-
ent definitions of multipartite steering are possible. This is
particularly true for steering, where subtleties enter into the
definitions, because different nodes on a network can have
different levels of trust in devices.

In this paper, we further address gaps in the literature,
by deriving criteria sufficient to detect N-partite steering. We
follow [48,49,54] to provide a treatment where classes of mul-
tipartite steering are clearly distinguished. In particular, we
consider full N-partite steering inseparability (where there is
steering across each of the bipartitions of the N systems), and
distinguish this from the stricter definition, genuine N-partite
steering (which excludes convex mixtures of hidden states
allowing for bilocality along different bipartitions). Similar
to the earlier results of van Loock and Furusawa for the
N-partite entanglement of continuous-variable (CV) systems
[10,38,48,49], we envisage that local measurements can be
performed on each system and derive inequalities that are only
violated if the systems are mutually steerable. The inequalities
are in terms of the variances of the local-field quadrature phase
amplitudes. We follow the bilocal approach of Svetlichny [11]
and Collins et al. [55], noting that other approaches might also
be considered [50,51,56].

As we show in this paper, the variance criteria are useful
to detect genuine multipartite steering for N-partite Gaus-
sian systems, where one creates Gaussian states for N field
modes from squeezed states and beam splitters. This is rele-
vant given recent CV multipartite entanglement experiments
[38,57-62] and Gaussian boson sampling experiments [63],
some of which realized networks for very large N. Three types
of N-partite Gaussian states are considered in this paper: the
CV GHZ (and cluster, for N = 3), CV EPR, and CV split-
squeezed (SS) states. Although we use the N-partite Gaussian
states to benchmark our criteria, the inequalities are valid in
principle to detect steering in non-Gaussian systems. This
is recognized in the bipartite case where it has been shown
that variance inequalities can detect steering for NOON states
[64] and for cat states [65,66]. Our paper, in contrast to some
previous work [37], is not based on the underlying assumption
that the systems are prepared in Gaussian states. This is an
important and necessary requirement for one-sided device-
independent protocols [27,30-32]. Using values reported in
the literature, we apply the inequalities to confirm that genuine
tripartite steering has been realized experimentally for optical
fields. We also derive inequalities which allow for N — 1
untrusted sites, and deduce that the genuine tripartite steering
has been confirmed for N = 3, with the requirement that only
one site needs to be trusted.

We also examine monogamy relations for tripartite sys-
tems, where N = 3. These relations give constraints on the
amount of bipartite steering and entanglement between any
two of the nodes of the triparty network. We derive a relation
that constrains the amount of bipartite entanglement, showing
that for the CV GHZ, CV EPR, and CV SS states, although
a limited amount of bipartite entanglement is possible, no bi-
partite steering can be observed as measured by the two-mode
Gaussian steering parameter.

The continuous-variable criteria of this paper will apply
to systems of large collective spin, in certain limits [67-71].
Furthermore, since the inequalities of this paper are de-
rived from uncertainty relations, the methods presented may
be generalized for multipartite spin systems, as done for
Bohm’s EPR paradox [72]. Although multiparticle and mul-
timode entanglement and steering can be inferred from spin
squeezing [73-78], Fisher information [34,79-81], or (using
superselection rules) interference [42,82,83], to demonstrate
nonlocality in a strict way requires spatial separation and
local measurements [84—89]. Two-particle entanglement and
Bell correlations have been studied and reported for separated
atoms [90-93], and bipartite EPR steering and genuine N-
partite entanglement have been observed for separated atomic
clouds containing several hundred atoms [40,41]. Yet, it re-
mains a challenge to demonstrate N-partite steering (N > 2)
for spatially separated atomic systems. The results of this
paper may be useful for this purpose.

Summary of paper

In Sec. II, we summarize the definitions of N-partite
steering, distinguishing between full N-partite steering in-
separability and the more strict definition given by genuine
N-partite steering. In this section, we derive steering in-
equalities that if violated will reveal the presence of genuine
N-partite steering. These inequalities involve a single set of
gain parameters optimized to detect the EPR steering of a
single preferred party, and are similar to those considered
recently by Marian and Marian in independent work [46].

Continuing, in Sec. III, we focus on tripartite systems. We
expand the set of criteria, also deriving inequalities closely
related to those of van Loock and Furusawa that have been
widely used to study multipartite entanglement [58,60,94].
These inequalities include those with a broader set of gain
parameters, which allow certification of genuine tripartite
steering once the EPR steering of each party is sufficiently
strong (as measured by vanishing conditional inference vari-
ances). The work presented in Secs. II and III extends the
work of He and Reid [28], who derived inequalities based
on a weaker form of genuine N-partite steering. We confirm
that those earlier inequalities (derived in [28,49]) will also
certify the stricter form of genuine tripartite steering defined
in the present paper. In addition, we derive inequalities that if
violated will certify an even stricter form of genuine tripartite
steering, giving a method to detect genuine tripartite entangle-
ment and steering where only one node needs to be trusted.

In Sec. IV, we show how the criteria derived in Secs. II and
IIT with suitably optimized gains are useful to detect the gen-
uine N-partite steering of four types of CV Gaussian states.
These are the CV split-squeezed states, the CV EPR states,
and the CV GHZ (and cluster) states, created using one, two,
and N squeezed-vacuum states incident on beam splitters.
We examine details for N = 3 in Sec. V. Using the criteria,
we infer full tripartite steering inseparability and strict gen-
uine tripartite steering from experimental results reported in
the literature. Full tripartite steering inseparability has been
detected in at least two experiments [38,60], for the corre-
lations generated from CV EPR and cluster states. For CV
GHZ and cluster states, the stricter form of genuine tripartite
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steering (including where two sites can be untrusted) is also
detectable using the inequalities, and we are able to confirm
the experimental realization for tripartite CV cluster states
in one experiment [60] where values for the van Loock—
Furusawa variances were measured. Finally, in Sec. VI, we
give an analysis of the monogamy properties of the CV tripar-
tite steerable states. A conclusion is given in Sec. VIL.

II. DEFINITIONS AND CRITERIA
FOR N-PARTITE STEERING

A. Preliminaries

Consider an N-partite system consisting of N modes,
where each mode labeled i =1,...,N is described by
bosonic annihilation operators a; satisfying canonical com-
mutation relations. We introduce the generalized quadrature
operators with phase ¢ as

qi(p) = €%a; + e ¥al (1)

noting we will later define x; = a; + alT and p; = (a; — a:f)/i
which implies Ax;Ap; > 1.

We use A = A — B to denote a bipartition of the N subsys-
tems into two groups, A and B. Proving entanglement for such
a bipartition would require us to falsify any separable model
of the form [95]

pan =) Proy oy )
R

where Y, Pr = 1 (Pg > 0), pa-p represents a density operator
for the combined systems, pf\R) is an arbitrary density operator
for the subsystem A, and pj is an arbitrary density operator
for the subsystem B. Here, no assumption of separability is
assumed between any subsystems of either A or B. However,
to confirm steering of system A (by B), the falsification is to be
achieved without the explicit assumption that pl(gR) would nec-
essarily correspond to a quantum state described by a quantum
density operator [24]. To make this distinction symbolically,
we denote the density operator ,olgR) by ng, but omit the

subscript for pgR). Thus, we demonstrate the steering of A by
system B if we falsify the biseparable local hidden state model
symbolized as

prsa =) Prosp Py - 3)
R

Where more convenient, we will also symbolize as pap—5.

As rigorously formalized in [23-25], the definition of steer-
ing concerns certain probabilistic models, called LHS models,
rather than density operators defined within quantum theory.
Such LHS models are local hidden variable models, where
extra constraints are given for the local hidden variable states
describing the local system at some of the sites. Thus, to
determine steering of A by B, we negate all models giving
the probability distribution for joint measurements at sites A
and B as

P(XA,XB|9,¢)=fp(/\)d?»PQ(xAI/\,9)P(XBI)»,¢), “4)

where x4 and xp are the results of measurements on each sys-
tem. Here, A are hidden variables, p(4) is the corresponding

probability density, and 6 and ¢ are local measurement set-
tings at the sites of systems A and B, respectively. P(x4|A, 0) is
the probability of an outcome x,, given the parameters A and
the settings 0. For steering of A, it is required to negate the
model where Pp(x4|A, 6) is consistent with a local quantum
density operator p4 for system A, as denoted by the subscript
Q. There is thus a constraint on the distributions for A, so that
quantum uncertainty relations are satisfied. If the criteria to
negate the LHS models are to be valid, one must be sure to use
valid quantum devices and measurements at that site. Hence
the quantum sites are referred to as trusted sites. Otherwise,
the sites are said to be untrusted.

In this paper, for notational convenience we use Eq. (3), the
meaning of Egs. (3) and (4) being equivalent. We will denote
the bipartition A — B where the system A is to be trusted
as AQ — B. Similarly, the bipartition A — BQ denotes that B
is trusted. If the systems A and B comprise more than one
subsystem, or mode, then more options of trust are available.
Suppose system A is just one mode labeled & and system B is
two modes labeled [ and m. If both subsystems / and m are
trusted, but system k is not, then the bipartition is denoted
k — (ImQ). The bipartition k — Im where only the site [ is
trusted will be denoted k — (IQ)m.

B. Steering in one partition

We follow van Loock and Furusawa [10] and introduce
the following linear combinations of the operators for the N
systems:

N N
w=Y gqie). v=3 hqx). )
i=1 i=1

Here, g; and h; are real numbers that will be optimized to
reduce the variances in u# and v, as we will later see.

Let us first focus on the factorized description p/ggpém.
In this case the variance for the state denoted by R in the
expansion Eq. (3) reads

(Awg = (Aup)zp + (Aup)y

> (Aua)ig (6)

where

=7 2qi(¢). (7)
iel
Here we use the notation that (Auy )/%Q is the variance with
respect to the operators of system A, evaluated assuming the
system is described as a quantum state pf‘R). The variance
associated with a system B in a hidden variable state is con-
strained only by the condition (Aug)3 > 0. Generally, we use
the notation (Ax)? to denote the variance of x, and Ax to
denote the standard deviation.
Moreover, the LHS model symbolized by ps¢pp as defined
by Eq. (3) must satisfy the uncertainty relation

(Aupg)ag(Ava)ag = Ca (8)

where we define

Ci= Y ghisin(gi — xi)

iel

€))
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and we use
[, vi] = 20y gihi sin(g; — xi) - (10)
iel
This arises from the Heisenberg uncertainty relation
[x;. pj] = 2i.

Now we assume a LHS description of the form of Eq. (3).
For a system in a mixture, the overall variance of u is [96]

(Au)* =" Pr(Au)g . (11)
R

The Cauchy-Schwarz inequality implies

(Auy(Av)® > [ZPR(Au),%} [ZPR(AM,%}
R R

2
> {ZPRmu)R(Av)R} : (12)
R

Thus, using the concavity of the variance, the Cauchy-
Schwarz inequality, and the above results, we find for the
system described by the LHS model psppp that it is always
true that

(Au)(Av) = ) Pe(Au)p(Av)g
R

P ZPR(AM)AQ(AU)AQ
R

=Cy. (13)

If this condition is violated, then one observes falsification of
the LHS model pappp, and therefore steering of A by B.
Analogously, the model p4 ppg always implies

(Au)(Av) = Cp. (14)

If this condition is violated, then one observes falsification of
the LHS model psppp, and therefore steering of B by A.

To summarize our results so far, we detect one-way steering
in a particular direction of a partition A by one of the criteria
above. If either one of the two conditions holds, i.e., if

(Au)(Av) = max{Cy, Cp} 15)

is not satisfied, we have observed one-way steering in the
partition A. If, however, we see that both conditions do not
hold, i.e., if

(Au)(Av) = min{Cy, Cg} (16)

is false, we have detected two-way steering in the partition A.

C. Full steering inseparability

To demonstrate the full N-partite inseparability of N sys-
tems, it is necessary to prove the failure of each separable
model pa_p, for all the bipartitions A of the N systems [10].
Full N-partite steering inseparability is to be defined in a sim-
ilar way. However, we see that because of the asymmetry in
the definition of steering, there is the possibility that steering
across a bipartition is in one direction only (“one-way steer-
ing”) [97,98]. This would imply that one of the LHS models

PA—p OF pp_, 4 is valid, while the other can be negated. A con-
sequence is that different definitions of multipartite steering
are possible, as formalized in the following.

1. Definition

We conclude that a system displays full N-partite steering
inseparability if one may demonstrate steering for all bipar-
titions A = A — B of the N systems. Specifically, this means
demonstrating, for each bipartition, that there is steering at
least in one direction; i.e., for each A, either all models de-
noted by pa—, g, or all models denoted by pg_.4, or both, can
be negated.

We say that we demonstrate full N-partite steering two-way
inseparability if, for each bipartition, all LHS models p4, - 5,
and pp, .4, are negated.

2. Criteria

A criterion sufficient to confirm full N-partite steering in-
separability reads as the violation of

(Au)(Av) > rr}in max{Cy, Cg}, a7n

where the minimum includes all bipartitions A = A — B of
the system (we make sure that A— B and B — A are con-
sidered as the same partition). Similarly, a violation of the
condition

(Au)(Av) > mAinrnin{CA, Cs} (18)

implies full two-way steering inseparability. The proof fol-
lows straightforwardly from the definitions. ]

D. Genuine multipartite steering
1. Definitions

An even stronger condition is given if instead of excluding
each bipartition separately, we can exclude also more general
LHS models that are constructed from convex combinations
of LHS models across all the different bipartitions. Formally,
this is described in the notation of Sec. I A by a distribution

p=7) Prin. (19)
PA

Here, ZA Py, =1, P, > 0, and each p, describes an LHS
model for at least one (both) direction(s) of the partition A in
order to exclude genuine multipartite (two-way) steering. We
conclude that we demonstrate genuine N-partite steering if the
above model is negated.

Here, we already have two definitions, and as we discuss in
Sec. I E and below, other definitions are also possible. In this
paper, we will adopt the stricter of the above definitions, and
refer to this as Definition 1 for genuine tripartite steering. This
definition is based on the concept to ensure steering across all
bipartitions, in both directions.

Definition 1. We say that a system displays genuine N-
partite steering if the above model, Eq. (19), can be negated,
where p, denotes the LHS model in both directions (A — B
and B — A). Specifically, we negate that the correlations can
be modeled by a theory that expresses the joint probability for
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a set of outcomes x; = (x1, ..., Xxy) as

P(xila) =) PP(xil},a). (20)
A

Here, x; is an outcome of a measurement performed on the
subsystem i, and a is a set of numbers that denotes the mea-
surement settings for each subsystem. The A indexes all the
LHS models symbolized by AQ — B and BQ — A for each
bipartition A = A — B. Here, P(xq|A, a) is the probability for
outcomes x; = (xi, ..., xy), given the system is in the LHS
state denoted by A and with measurement settings a. P, > 0
is the probability for the LHS state A, and ), P, = 1.

Definition 2. Genuine N-partite one-way steering is con-
firmed if the above model is negated, where for each
bipartition A, we consider only one of the directions for
steering, i.e., only one of AQ — B and BQ — A is included in
the convex combination.

Definition 3 (one trusted site). We may propose as a very
strict yet convincing definition of genuine N-partite steering
that one negates all LHS models (and their convex combina-
tions) where we consider that only one site can be trusted.
In the tripartite case, we would seek to negate kQ — Im, and
also the models k — (IQ)m and k — [(mQ) (and all convex
combinations). This definition is stricter than the Definition
1, which only requires negation of kQ — Im, k — (ImQ). The
negation of kQ — Im, k — (IQ)m and k — [(m(Q) implies nega-
tion of kQ — Im, k — (ImQ), and hence genuine N-partite
steering by Definition 3 implies genuine N-partite steering
according to Definition 1. Definition 1, that requires negation
of k — (ImQ), does not exclude that there is steering between
the system / and m. This is because in this case the LHS model
has two trusted sites / and m. By contrast, Definition 3 requires
negation of k — [(mQ) and k — (IQ)m, which excludes steer-
ing for the combined systems I/m.

2. Criteria

Let us first consider genuine multipartite steering (Defini-
tion 2) and use methods as above, together with Eq. (15), to
obtain the condition

(Au)(Av) > ZPA max{C/gA), CEA)}

PA

> min max{C", C{™} (21)

where C* and C5" are the values of C4 and Cp for the bi-
partition A. Analogously, we obtain the condition for genuine
multipartite two-way steering (Definition 1) from Eq. (16) as

(Au)(Av) > min min{C{V, C§M} . (22)

The definition used in Eq. (4) with respect to the untrusted
sites [ and m is along the lines introduced by Svetlichny
[11] and Collins et al. [55], in relation to genuine tripartite
nonlocality. There is no assumption of locality made between
the two systems, [ and m, and indeed the combined bipartite
system denoted /m may be nonlocal. The Svetlichny model
corresponds to Eq. (4) but without the assumption of a trusted
quantum state for k, and is referred to as a bilocal model.

E. Discussion of definitions

Recent analyses indicate that for consistency with opera-
tional definitions of genuine multipartite nonlocality, a weaker
definition of genuine tripartite nonlocality corresponding to
a stricter subset of models is preferable [50,51,56]. This
definition takes into account no-signaling and time ordering
between measurements made by the untrusted parties. While
this is an important issue that may lead to more sensitive
criteria, we do not address this in this paper. We derive cri-
teria sufficient to negate the Svetlichny-type models [Eq. (4)],
noting that such criteria will also be sufficient to rule out the
stricter subset.

Other definitions may also become applicable, where we
anticipate that for future applications, there is a strategy for
trust that means not all LHS models will be relevant. A
question relevant to secret sharing applications is whether
the steering of at least one of the single systems requires all
of the remaining N — 1 parties. Following [54], this value
N — 1 is called the depth of steering parties. It can be shown
that genuine N-partite steering as given by Definition 1 is a
necessary condition for N systems to have a depth of steering
parties of N — 1.

If we anticipate application of the steerable states to scenar-
ios with N = 3 where there will always be at least two trusted
sites among three, then the relevant LHS models that describe
separability for the system are (kQ) — (IQ)m, (kQ) — I(mQ),
and k — (ImQ) (k= 1,2, 3). Since negation of (kQ) — Im
implies negation of (kQ) — (mQ)! and (kQ) — m(IQ), we see
that the negation of Eq. (20) will imply negation of all these
LHS models, based on two trusted sites. Hence, the criteria
derived in this paper according to Definition 1 will negate this
type of genuine tripartite steering. This is useful, for example,
if there are two fixed trusted sites on a network. Definitions
based on sites with fixed trust have been given in [39].

More generally, Definition 1 for genuine N-partite steering
will negate all LHS models (and convex combinations), where
N — 1 of the subsystems are trusted. However, if we restrict to
just one trusted site on a network, we would wish to negate the
LHS models kQ — Im, k — (IQ)m, and k — [(mQ). This then
requires Definition 3. The criteria derived in this paper accord-
ing to Definition 1 do not detect this type of genuine tripartite
steering.

It is also possible to consider negation of the LHS models
(and convex mixtures of them) relevant to secret sharing:
kQ — Im. This is where one does not trust the two collabo-
rating (steering) parties / and m, which gives the alternative
definition (Definition 2) of genuine tripartite steering, referred
to in [28]. The criteria derived in this paper will negate
all such models, and therefore confirm genuine tripartite
steering according to this earlier definition, which we call
Definition 2.

Definition 3 gives a strict definition of genuine N-partite
steering. In the tripartite case, this implies to negate the model
k — (1Q)m, since the bipartite system composed of systems /
and m (where only [ is trusted) can show steering. Definition 1
of genuine N-partite steering does not negate this model, and
hence may not exclude that there is steering among N — 1 sub-
systems. Criteria for genuine tripartite steering with Definition
3 will also be presented in this paper, in Sec. III D.
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F. Steering, security against an eavesdropper, and the
EPR paradox

One may demonstrate the EPR paradox [22] if we are able
to select two observables Ox and O% of B, such that [36]

SA\B <1. 23)

Here Syp = A(xa — OF)A(pa — O%) and x, and p, are ob-
servables for system A, such that the uncertainty relation
gives AxsApy > 1. The observables 0),§ and 0’; are general,
although in this paper, we will use linear combinations of
quadrature phase amplitudes. The condition is also sufficient
to demonstrate steering of system A, by the steering parties of
a distinct system B [24,25].

Consider u and v as defined in Eq. (5), where we have three
systems identified as k, [, and m, so that i = 1,2, 3 corre-
sponds to i = k, [, m. Let hy = g; = 1. Denoting the values
of u and v in this case by u; and v, so that

up = xp + hixp + hypXop,

(24)
Vr = Pk + 8P + 8mPm
then an inference variance product is defined
Skiim = AugAvy . (25)

Here we use the notation S instead of S, to make clear we
have specified the observables O3 and O% to be used by the
steering parties. The violation of the inequality

Skjim = 1 (26)

then implies an EPR paradox, where the “elements of reality”
referred to in the EPR argument relate to the system k. This
constitutes a steering of system k by the systems / and m,
because the local hidden state model of Eq. (4) is falsified.
This condition is readily generalized to N systems.

In the setup to measure Sy, < 1, the observers at the
combined systems / and m are in some way (either alone or
together) making measurements at their sites, in order to pre-
dict or infer the results of measurements made by an observer
of system k. An EPR steering paradox is obtained when the
errors in the inference, given by Au; and Avy, have a product
that goes below the value of the Heisenberg uncertainty bound
for system k, because a local state with these variances in xi
and py is not possible according to quantum mechanics.

Full tripartite steering inseparability is a necessary con-
dition for genuine tripartite steering and is the key to some
important applications. We consider a quantum secret sharing
scenario, where two observers 2 and 3 collaborate to infer
the result of a measurement of the spin of a third party, 1,
for the purpose of sharing a secret key [6,35,99-101]. The
observers later collaborate via public channels, to confirm
entanglement between the groups, thus determining if there
has been intervention by an eavesdropper. Extra security is
possible, if steering of the third system by the two parties 2
and 3 is confirmed [28]. This is because then there are minimal
assumptions made about the steering parties, while the station
of the third party 1 is kept secure [27,30].

Thus, if one is able to demonstrate that for certain states
there is steering across all bipartitions, we have a system
that can be used for this purpose in a symmetrical fashion
among the different observers and sites. Tripartite steering

inseparability does not necessarily ensure however that the
steering cannot be generated by mixing states where there is
steering between just two parties (refer to [48,49] for similar
discussions in relation to entanglement). The desirable fea-
ture to ensure that two observers are required to observe the
steering, as opposed to one, can be confirmed for a particular
bipartition, in principle, by negating steering of the third party
1 by 2 (or 3) [102].

G. Sum inequalities

Previous papers on multipartite entanglement have con-
sidered inequalities involving the sum of the variances,
(Au)? + (Av)?, where u and v are defined by Eq. (5) [10].
Such sum criteria can be derived from the above criteria 1 and
2, using that x> 4+ y? > 2xy for all real x and y. Specifically, if
the criterion involving the products is of the form AuAv > [
where [ is an expression involving g; and 4;, then we obtain
the criterion

(Au)* + (Av)?
—_— >
2
for the sum of the variances. We see however from this rela-

tion that the violation of sum criterion Eq. (27) will always
imply violation of the product inequality AuAv > 1.

Aulv > 1 27

III. CRITERIA FOR CONTINUOUS-VARIABLE
TRIPARTITE STEERING

A. Single inference inequalities

For concreteness, we consider three systems and use the
results of the previous section to obtain product inequalities
for the certification of genuine tripartite steering. One may
define the linear combination [10]

u = hixy + hoxp + haxs,
v =gi1p1+ &p2+ 8&3p3 (28)

where h; and g; (j = 1, 2, 3) are real numbers. We note that
the phase of the quadratures x; and p; can be adjusted inde-
pendently at each site and we may also define, for example,

u' = hxy — hapy + haxs,
v' = gip1 + gx2 + g3p3 - (29)

Assuming the Heisenberg uncertainty relation Ax;Ap; > 1
for each j = 1,2, 3, the separability assumption of Eq. (2)
written as (k, [,m € {1,2,3}and k #£ | # m)

Pimk = ) Pr0ly 0Pk o (30)
R
implies [49]
Aulv 2> gl + g + hngml - 3D

Similarly, based on the uncertainty relation A(—hyp; +
hnXim ) A(82%2 + &mPm) 2 182h2 + gmhim|, the separability as-
sumption implies [49]

Au AV > higrl + 1higr + higml - (32)

This brings us to inequalities for steering.
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Lemma 1. Violation of
Aulv > |gihy (33)

implies EPR steering of system k by the systems / and m. The
violation of

Aulv = |gih + gmhyl (34)

implies EPR steering of systems ! and m, by system k. The
violation of the inequality

AulAv = minf{|gihil, 181h1 + gmhm|} (35)

thus implies two-way EPR steering across the bipartition A|B
where A = {k} and B = {l, m}. Here,l # k £ mand [, k,m €
{1,2,3}. In the steering of system k, the observers of the
combined systems / and m infer values for the x; and p; of
system k, in order to violate the inequality Eq. (33). In the
steering of combined systems [/ and m, the observer at k infers
values for the h;x; + hyx,, and g;p; + gmpm of the combined
systems [ and m, in order to violate the inequality Eq. (34).
The two-way steering can be established by selecting different
values of g; and h; for each direction of steering. However,
here, we are interested to rule out all bipartitions with a single
inequality. In this way, one can immediately also rule out
the mixtures associated with different bipartitions and LHS
models, and hence deduce genuine tripartite steering. We note
the same result will apply to ' and v’ defined by Eq. (29).

Proof. The proof of the lemma follows from Eq. (18) taking
Ca = |grhi| and Cp = |g1hy + gmhiml. n

Now we arrive at conditions sufficient for genuine tripartite
steering, using Definition 1 of Sec. II D.

Criterion 1. Violation of the inequality

S3 = AuAvz min{|gih |, |g2h2 + g3h3],
X |g2hal, |g1h1 + g3h3l,
x |g3h3l, |g1h1 + g2hal} (36)

is sufficient to confirm full two-way tripartite steering insep-
arability and also to confirm genuine tripartite steering. An
identical result holds for Au’Av’. The proof follows from
Lemma 1 and Eq. (22). |

Letting g =h = 1,8 = —hy = 1/+/2,and g3 = —h3 =
1/ «/5, Criterion 1 implies that observation of

(x2 + x3) (p2+ p3)
M2 TN 2T 3
NG } [ A

is sufficient to confirm genuine tripartite steering. This in-
equality has been used previously to certify genuine tripartite
steering, in the work of [28,38,49]. The definition of genuine
tripartite steering in those works however was based on Def-
inition 2 (refer to Sec. II D). The results of this paper show
that the inequality Eq. (37) [and the associated criterion for
the sum of the variances, see Eq. (27)] also implies stronger
genuine tripartite steering, defined according to Definition 1
(Sec. II D). Generally, where |g;h; + gmhm| = |grhi|, Crite-
rion 1 reduces to AuAv > min{|g /|, |g2h21, |g3hs|}, which
equates to that derived using Definition 2.

Criterion 2. Violation of the inequality

S3 = A|:)C1 — ] < 0.5 (37)

S3 = AuAv> min{max{|gih|, |g2h2 + g3hsl},
x max{|ghal, |g1h1 + g3h3l},
x max{|g3hzl, [g1h1 + g2h2(}} (38)

is sufficient to confirm full tripartite steering inseparability.
The proof is given as for Eq. (21). ]

B. Average-variance inequalities

The above approach uses a single inequality to confirm N-
partite steering, and hence there is no optimization of the gains
gi and h; for each bipartition. Another approach introduced
in [28] is to take averages over the variances associated with
each bipartition, thus allowing one to individually optimize
gains for each bipartition. The approach also allows one to see
that if it is possible to show sufficient steering of each system
k =1,2,3, so that each of the EPR variances Sy, becomes
sufficiently small, then genuine tripartite steering must follow.

This brings us to the following criterion to certify genuine
tripartite steering.

Criterion 3. We define

Skiim = AQex 4 i1 X + My X )A (P + k1Pt + SkomPm)
(39)
where hy;, him, gki, and g, are real constants. Here,
l#k#mand [, k,me {l1,2,3}. Violation of the following

inequality will certify genuine tripartite steering among the
three systems:

St123 + S213 + S3j12 = min(1, |g2,1h2,1 + 82,352 31,
X 1832030 + g3.1h3.11,
X |g12h12 + g1,3013]) . (40)

Provided |gx.;hr; + Sk.mhk.m| = 1, for each k where k #£ [ #
m, this simplifies to the inequality

Stz + Soz + 832 2> 1. (41)

Proof. We consider that the system is described by mixtures
of the type

Pmix = P p19-23 + P p1-230)
+ Py p2o-13 + Py p2—130)
+ P p30-12 + Py p3—(120) » (42)

where we use the abbreviated notation for LHS mixtures,
given in Sec. II. Here, P, P;/, and P, are probabilities, such
that P, = P, + P/ and P, + P, + P; = 1. Using Definition 1
of Sec. II D for genuine tripartite steering, we wish to negate
all such models ppix. First, we note that if Sy, < 1, we
certify steering of system k (Lemma 1). If Sy;,, < gk, 1k +
Sk.mhi.m|, then we certify steering of the combined sys-
tems /m. This is because the LHS models (denoted px—(mo)
and prp—im) associated with that bipartition k — I/m imply
Skjim = 1 and Sy = 18101 + gmhi, respectively. More gen-
erally, each LHS model associated with the bipartition k — Im
implies

Skim = min {1, |gr.1he.1 + gk mhiml} - (43)
This is also true if for any particular £ we define

Skiim = Ak — hi1pr + P mXm ) APk + 8k1X1 + 8k.mPm)
(44)
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or as

Skiim = Ak — gki1P1 + &kmPm) A(—pr + Iy 1) + M mXim)
(45)

as we see from the results of Egs. (29) and (32). Abbreviating
the notation to define Sy = Sy, we assume the system is
described by (42) and we use Eq. (12). We see that the value
of S; would be taken as the average over the three different
bipartitions k — Im, and similarly for S, and S5, which leads
to the inequality

S1+85+83 2 P81 +PSis+ P53
+P1S21+PSoo + P3S)3
+ PS50+ PS50+ P3S33. (46)

Here, we denote Sy ; as the value of S for the bipartition
k — Im. The system will be in a given bipartition with a fixed
probability, P;. Recognizing each Sy ; to be positive, we can
therefore write

S1+8+8 2 PSi1+PS o+ P3S33. 47)

If the system is in the bipartition labeled 1, i.e., bipartition
1 —23,then S, = min(1, |g12/12 + g1.341.3]). Applying the
conditions on the Sy from Lemma 1, this becomes

S1+ 82483 = Prmin(1, |g12h12 + g1,3h1.3])
+ Py min(1, |g2,1h2,1 + g2,3h2,3])
+ Psmin(1, |g32h32 + g3,1h3,11), (48)

which leads to

S1+ 82+ 83 > min(1, |g2,1h2,1 + g2,3h2.3,
132030 + g3.1h3.11, |g12h1 2 + g1.3M1 3]).
(49)

We note that provided |gx ;hx.; + Sk.mhx.m| = 1, the LHS bi-

partition k — Im implies Sy > 1. Here we use that for the

bipartition k — /m, for both LHS models Sy ; > 1, provided

|8kt + gkmhiem| 2= 1. u
Criterion 3 justifies the use of

Si+8+852>1 (50)

where we take |gk.1hi; + gk.mhi.m| = 1 for each k. The con-
dition S; + S, + 55 < 1 was stated as sufficient to detect
genuine tripartite steering in [28], based on Definition 2 of
genuine tripartite steering. We now see that this condition also
holds as a criterion, according to the stricter Definition 1 used
in this paper.

We note that the phases of u and v can be adjusted accord-
ing to Eq. (29) and Eq. (44) or Eq. (45). To be explicit, in
Sec. V A4 we will define Sy23 and S3;12 according to Eq. (44)
and Sy|13 according to Eq. (45). Criterion 3 also applies for
this choice of phase. It is also possible to extend Criterion 3,
by deriving an inequality that keeps more terms at the step
Eq. (46) in the derivation. However, this gave no advantage
for the states examined in this paper (refer to Supplemental
Material [103]).

C. Van Loock-Furusawa-type steering criteria

The work of van Loock and Furusawa motivated exper-
imental measurements of sums of variances, which enabled
detection of genuine multipartite entanglement. The applica-
tion to steering of these inequalities was considered by Teh
and Reid [49], using Definition 2 for genuine multipartite
steering. We are thus motivated to examine these criteria using
the stricter Definition 1.

In their paper [10], van Loock and Furusawa consider
quantities

Bi = [A(x; — x2)I* + [A(p1 + p2 + g3p3)]°,
By = [A(x; — x3)1* + [Agip1 + p2 + p3)I%,

Bui = [AG —x) + [A(p1 + g2p2 + p3)I* - (51)
defined for arbitrary real parameters g, g», and g3. They
consider the biseparable bipartitions denoted pxo—(mg) in our
notation, for which the following uncertainty relation holds:

Aulv 2 gl + g + hiugml . (52)

They then use Eq. (52), to show that inequality By > 4 is
implied by both the biseparable states p(13)0,20 and p230),10;
which assume separability between systems 1 and 2. Simi-
larly, a second inequality By; > 4 is implied by the biseparable
states p(130),20 and p(120),3¢0, While a third inequality By > 4
follows from biseparable states (120,30 and p23g).10- Van
Loock and Furusawa derived a condition for full tripartite
inseparability, based on the violation of two of the above
inequalities.

Here, we will prove a similar result for steering. We follow
[49] and define the product inequalities that were used for
multipartite entanglement:

S1= Al —x2)A(p1 + p2 + &3p3),
St = Alxz — x3)A(g1p1 + p2 + p3),
Sm = A(xr —x3)A(p1 + 202 + p3) . (53)

First, following the proofs of [10,49], we note that the in-
equality Sy > 2 is implied by the biseparable states associated
with bipartitions 13 — 2 and 23 — 1. Similarly, the second in-
equality Sy; > 2 is implied by the biseparable states associated
with bipartitions 13 — 2 and 12 — 3, and the third inequality
Smr > 2 is implied by separable states over bipartitions 12 — 3
and 23 — 1. This means that the violation of any two of the
inequalities Sy > 2, Sy > 2, and Sy; > 2 is sufficient to prove
full tripartite inseparability.

We now extend the result for tripartite steering.

Criterion 4. The violation of any two of the inequalities

Si21,85m=21,5m =1 (54)

implies full tripartite two-way steering inseparability.

Proof. Here, we use the results with i3 =0, h; = g =
g2 = 1,and h, = —1 to show that the LHS models p1p 023 and
p10230 imply Sy > 1, and similarly the LHS models pypp13
and p2p13,0 imply

S > 1. (59)

This follows from Lemma 1: Considering bipartition {k — Im}
where k =1, [ = 2, and m = 3, we find that violation of the
inequality AuAv > 1 implies two-way steering across the
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bipartition {1 — 23}, and similarly across bipartition {2 — 13}.
Similarly, we see that LHS models p3pp012 and p3012,9 (and
the LHS models p2p 013 and p;013,0) imply

Sp>1. (56)

The LHS models p3ppi2 and p3pi2,0 (and the LHS models
P1op23 and p1 023 o) imply

Sm > 1. (57)

Hence, if two inequalities are violated, all three bipartitions
show two-way steering, and the result follows. ]

Criterion 5. We confirm genuine tripartite steering, if the
inequality

St+Su+Sm = 2 (58)

is violated.

Proof. For N = 3 parties, there are three bipartitions, and
three corresponding biseparable states pj 23, p2,13, and p3 12
that we index by k = 1, 2, 3, respectively. Consider any mix-
ture of the form Eq. (42). We consider the three types of
bipartitions, grouping the two associated LHS models to-
gether. We use that for mixtures pmix = Y Prp®), the result
Eq. (12) follows, where here the subscript denotes that the
averages are over the state p®. We can then write

St 2 PiS11 + PaSiz + PaSis
ZPSi1+PSiy 2P+ P (59)

where here we define Sy as the expected value of S; for
the bipartition py j, with probability P;. This uses that we
know from the proof of Criterion 4 that both of the LHS
models pjp023 and pjp23¢ With bipartition &k = 1 will satisfy
St = 1, and also Sy > 1. Similarly, both LHS models p2p 013
and p, 13,0 satisfy S; > 1 and Sy > 1, and both LHS models
P30P12 and 0P3012,0 satisfy Syt > 1 and Sip > 1. Hence, for
any mixture S; > P; + P,. Similarly, Sy > P, + P; and Syp >
P, + P5. Then we see that since Zi=1 P, = 1, for any mixture
it must be true that S; + Sy + Sy > 2. [ |

Immediately, from the result Eq. (27), one arrives at the
corresponding criteria for the original van Loock—Furusawa
inequalities, involving summations. We choose to write these
explicitly, in the event this may be useful, because the quanti-
ties have been experimentally reported.

Criterion 4b. The violation of any two of the inequalities

Br>22, Byuz22, Bnpz>2 (60)

implies full tripartite two-way steering. The proof follows
from Criterion 4 and the result Eq. (27).

Criterion 5b. We confirm genuine tripartite steering, if the
inequality

By + By + By = 4 (61)

is violated, where By > 2, By > 2 and By > 2 are the van
Loock-Furusawa steering inequalities, Eq. (60). The proof
follows from Criterion 5 and the result Eq. (27).

This result confirms the validity of the criteria given as (35)
and Result (4) stated in [49] and [28], respectively (based on
Definition 2), for Definition 1, used in this paper.

We also note criteria involving just two of the van Loock—
Furusawa inequalities. These inequalities are an adaption of
the similar criterion derived for entanglement in [48,49].

Criterion 5c.We can confirm genuine tripartite steering, if
with g = g» = g3 = 1 the inequality

Si+8n <1 (62)

is satisfied (or Sy + Sy < 1, or Sy + Spp < 1).
Proof. This follows from the proof of Criterion 5.
Criterion 6¢. We can confirm genuine tripartite steering, if
with g; = g» = g3 = 1 the inequality

B[ + BH <2 (63)

is satisfied (or BI + BIII < 2, or BII + BIII < 2)
Proof. This follows from Criterion Sc.

D. Strict genuine tripartite steering: Definition 3

We now give criteria for the stricter definition of genuine
tripartite steering, discussed in Sec. I E. This definition al-
lows the inference of genuine tripartite steering with only one
trusted site, and negates all LHS models that allow steering
among two parties.

Criterion 7. We confirm genuine tripartite steering by Def-
inition 3, if either of the following inequalities is violated with
g=10=1,2,3)

St + S+ Sm = 2 (64)

or By + By + By > 4. Similarly, we conclude genuine tri-
partite steering by Definition 3 if any one of S;+ Sy > 1,
Su+Sm > 1,and S; + Smp > 1 (or By + By 2 2, By + By >
2, and By + By > 2) is violated, with g; =1 (i = 1,2, 3).

Proof. For N =3 parties, there are three bipartitions,
and three corresponding biseparable states pj 23, 02,13, and
p3.12 that we index by k =1, 2,3, respectively. For Def-
inition 3, the relevant LHS models for p; .3 (k=1) are
P10P23, P1P230) and p1pp)3, and similarly for each k =
2 and 3. As for the proof of Criterion 5, we consider
any convex mixture of these LHS states pmix = » ; Pcp™®
where Pp®) = Py piopim + Pi1 Pc0a0m + PeomPrPimo) and
Pei+ Pey+ Pew =P, Y, P = 1, with each P ; > 0. From
Eq. (31), the uncertainty relation for oxg om0 is

Aulv 2 |hgr| + |higi + hiugml . (65)

For pipp23, using hy =1, hpy = =1, h3 =0, and g = g, =
g3 = 1, the relation becomes

A(xi —x2)A(pr + p2+p3) 2 gl =1, (66)

implying Sy > 1. For p;ppg)3, using hy =1, by = —1, h3 =
0,and g; = g» = g3 = 1, we see that

A(xy — x2)A(p1 + p2 + p3) 2 |hagal =1, (67)

i.e., 81 = 1. However, for p1 0230, usinghy = 1, hy = 1, h3 =
0,and g1 =g =g3 =1,

A(x; — x2)A(p1 + p2 + p3) 2 |hags| =0, (68)

i.e., St = 0. Proceeding similarly, for pipp23, using 4 =1,
hy=—1,hp=0,and g1 = g2 = g3 =1,

Alxp = x3)A(p1 + p2 + p3) 2 [gil, (69)
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i.e., Sy = 1. Continuing, we find for PL1020)3 that Sy >
0, and for pjpy3p) that Syp > 1. Proceeding similarly, for
Props,using hp =1, hs =—1,h =0,and g1 = g» = g3 =
1, we see from

A(xy —x3)A(p1 + p2 + p3) = g (70)

that Syt > 0. For p1 p20)3, we find S 2> 1, and for p; 0230, we
see that Syip > 1. In summary, for p19023 and p1 p20)3, S1 2 1;
for p1gp23 and p10239), Sm 2= 1; for p1peey3 and p10230),
Su = L

Similarly, for pypp13 and p2p10)3, St = 1; for pappi3
and 020139), Su = 1; for p2p(10)3 and p2013g), Sm = 1. For
P30p21 and p3p00y1, St = 1; for p3gpar and p3 210y, S 2
1; for p3ppg) and p3p21g), St = 1. Hence, for pnx, using
that for mixtures the variance is given according to Eq. (11),
we find

SiZzPa+PotPi+Pot+Pot+ P,
SuzPio+Pis+Ps+P+ P+ P,

Sz P +Pis+Ps3+P+P3+P. (71
Hence,

St+Su+Sm = 2P + 2P + 2P 3

+2P2 4+ 2P + 2P
+2P;35+2P;,+2P 1 22, (72)

The proof of the second inequality follows from Eq. (27). We
also see that

Si+Su 2 Pii+2Pi2+Pi3+2Pr+ P+ Pas

+P3+2P+ P > 1, (73)

and similarly, S; + Syp = 1 and Sy + Sy = 1. The results for
the sum inequalities By, By, and By follow from Eq. (27). B

IV. GENUINE N-PARTITE STEERABLE STATES

We now give an analysis of how to generate and detect
genuine N-partite steering. We consider three types of states
that we refer to as the CV EPR, CV split-squeezed, and CV
GHZ states. These are generated by a network of N — 1 beam
splitters, using two, one, and N squeezed-vacuum input states,
respectively.

A. CV EPR state

We begin with the CV EPR state. This state has been used
to generate genuine tripartite entanglement [60], and can be
generated following the schemes suggested in [10,49]. The
setup for N = 3 is illustrated in Fig. 1. We will show that
the schemes also produce a genuinely N-partite steerable state
that can be detected using Criterion 1, derived in the previous
section.

Two orthogonally squeezed inputs are placed through a
50 : 50 beam splitter BS1, to produce EPR entangled fields
with boson operators a; and g at the two outputs. We show
this by writing the output fields as

a1 = VRia" + VTia3",
= VTia!"™” — VRa)" (74)

as
ai J

Ry

Squeezed Rl

as
vacuum state

(in)
i & O
-
Squeezed
D Vacuum state

vacuum state

FIG. 1. Generation of the tripartite-entangled CV EPR state. The
configuration uses two squeezed-vacuum inputs a('") and ag"), and
two beam splitters (BS) with reflectivities Ry = R, = 1/2. The x;
and p; are the two orthogonal quadrature-phase amplitudes of the

spatially separated optical modes, denoted by a; (i = 1, 2, 3).

where R + 17 =1, Ry being the reflectivity of the beam
splitter, and a)' M and a, (" are the inputs to the beam split-

ter (Fig. 1). This gives a(m) VRia, + Tidy and o™ =
VTia, + /R\d,. Thus, \/_xl VRix, = x{™ and \/—pl +

JTip, = (“), where x;, x’. and pj, p'; ; are the quadratures

(in) (in)

of the fields a; and a respectlvely, and X; and p;  are the

in)

quadratures of the ﬁeld ai.m). If the input a2 is a squeezed

input with Azxgn) = ¢ then
AY(VTix) — VRixy) = AW = e (75)

where we use the notatlon A%x = (Ax)? to simplify the use of

2 (i) _
brackets. If the input a!™ is squeezed in p, so that A2p!"™ =
e~ then

A WVRip +VTipy) = e (76)
Choosing R = % these fields satisfy
A(x; — xb) = 2e7 %,
A*(pi+ph) =2e77 (77)

where x; and p; are the quadratures associated with each mode
a;. Entanglement is detected when [104]

Alxp —x)DA(p1+p) < 2, (78)

implying the fields to be entangled for all r > 0.
More generally, to investigate the EPR steering correlations
as in [36], we find

— gusy) = &2 (1€ + Rie™™) + Rie” + Tie ™
—2VRTig: s(e —e™™)

which is minimum for

A%(x,

/RIT] (le _ 672r)
8x,s = B ) . (79)
(Tie’” + Rie™*")

Similarly,

A*(p1 + gpsPh) = & (Tie™™ + Rie”) + Rie™™ + Tie™
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FIG. 2. Genuine N-partite steering for the CV EPR state: The
plots shows the optimal steering parameter Sy defined in Eqgs. (82)
and (92) as a function of the squeezing parameter r and for differ-
ent reflectivities R;. Steering of system 1 is obtained when Sy =
Si,...ny < 1.Itis evident that genuine N-partite steering is obtained
for sufficiently large r, implying mutual steering between all subsys-
tems, as given by Criterion 1b and Eq. (95).

—2VR Tigp (e —e™™)
which is minimum for

/]?1 Tl (le _ e—2r)

= . 80
gp' (R162r + Tle*2’) ( )
This gives
1
A2 — 8x,8 SES y
1= 8) = TR T Ry
1
AX(p1 + 8psh) Y

T R +(1—Re 2

For all values of beam splitter reflectivity R, there is EPR
steering whenever r > 0, and perfect EPR correlation as the
variances become zero, as r — 00. The optimal EPR steering
product as defined by Eq. (25) for the two output modes is

Sy = Sip = Aug Avy = A(xy) — g5 X5)A(p1 + &psPh) (82)

where here for Eq. (25) we identify h) = —g, ;and g, = g, ;.
We plot S, in Fig. 2 for the optimal choice of gains g, ; and
8p.s» for various values of reflectivity R;. One may prove by
differentiation that the optimal choice to minimize S; is R; =
1/2. The optimal steering product then becomes

1
= = AujAv; = 83
S; = Sip mAvy = — (83)
for optimal gains given by
8x,s = &p,s = tanh 2r. (84)

In Fig. 3, we plot the optimal gains versus r.

As shown in [10,49], to produce tripartite entangled fields,
the field 2 is then split using a beam splitter labeled BS2, with
a vacuum input a{™, to give two new outputs a; = (v/Rad), +

V") and a3 = (VTrdy — /Raai™), where Ry + 1> = 1.

1.5
1h
s s
S .: _——— = = = ===
S -
< -
L ARe i
0.5 7 - —R =1/2
/
/A - =R;=1/3
..... Ry =2/3
O 1 1 1
0 0.5 1 1.5 2

FIG. 3. Optimal gains: The gains g, , required for the steering in
Fig. 2 as given by Eq. (79), as a function of the squeezing parameter
r for different reflectivities R;. The plots for g, ; as in Eq. (80) are
obtained on replacing R; with T;.

The setup for N = 3 is shown in Fig. 1. We see that ), =

Raas + «/Tras. Thus
Xy = v/Roxa + /Toxs,
Py = NRaps + VTops (85)

where x; and p; are the quadratures of the field a;. Taking
R, = %, from Eq. (77) we see that A%[x; — %(xz +x3)] =
2¢7% and A%[p; + \/%(Pz + p3)] = 2e~?", implying that the
variances are zero for large r. The output fields satisfy the
condition
1 1

Alxy — ﬁ(xz +x3) |Alp1+ E(P2+P3) <1 (86)
for genuine tripartite entanglement given by Eq. (17) of [49],
with equal gains for the second and third modes. The product
becomes zero, indicating maximum EPR entanglement, in the
limit of large r.

However, we are interested to examine the tripartite EPR
steering. On taking R, = %, from Eq. (81) we see on substi-
tuting Eq. (85) that

8x.s 1
AP x) — == =—,
[xl ﬁ(xz +x3)i| cosh 2r
Ay + 52y 4 ) | = — (87)
V2 cosh 2r

Hence the steering product defined by Eq. (25) for the three
output modes becomes

S3 = S1‘23 = AulAvl = (88)

cosh 2r

where here for Eq. (25) we identify hy = hy = —gx,s/ﬁ
and g, = g3 = gp.s/ V2. There is steering of system 1 for all
values of r, as we see by examining the steering condition
Eq. (26). We will also see that Criterion 1 for genuine tripartite
steering is satisfied for » > 0.76.
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Continuing, it is possible to select the reflectivities of the
string of beam splitters so that x}, = \/—IN(vafl x;) and p), =
\/LN(Z?’*I pi)- In this case, on substituting in Eq. (77), we
obtain

1
A lx]— —— (o +x3+...x i|:2e_2’,
[1 m(z 3 ~N)
1
A pr+——(pa+p3+... }zze‘”. 89
[pl m(pz D3 PN) (39)
The criterion
1
Sy = AuA _ 90
N u U<N—1 90)

defined for ¥ and v with gy =hy =1and g;=gand h; = h
for i > 1, is sufficient to confirm genuine N-partite entangle-
ment, as shown in [10,49]. This criterion is clearly satisfied
for large r.

To analyze genuine N-partite steering, we use Eq. (81) to
obtain

1
cosh2r’

A2|:x1 — \/%(XQ-F)Q + ...XN):| =

8p.s 1
A? — e = . 91
[Pl + m(ﬁz +p3+ PN):| cosh2r (G2}

Hence the steering product as defined by Eq. (25) for the N
output modes becomes

92)

.....

- cosh 2r

where here for Eq. (25) we identify for i > 1 that h; =
—8xs/vN —1 and g; = g, /+/N — 1. There is steering of
system 1 for all values of r, as we see by examining the
steering condition Eq. (26). We also see that Criterion 1 as
extended for genuine N-partite steering below is satisfied for
large r. We consider the state created by selecting for the beam
splitters, Ry_1 = 1/2, Ry_» = %, Ry_, = r%] forr <N —1,
as explained in [10,49], with R; = 1/2. The state produced
shows genuine N-partite steering.

Criterion 1 can be generalized to N parties, to give the
following criterion.

Criterion 1b. Selecting u; = x; + h(x, +x3 +...xy) and
v = p1 + g(p2 + p3 + ... py), we see that the corresponding
gains for Criterion 1 are gy =hy =1 and gi=gand h; =h
(i>1). Since 0 < g, —h < 1, one simultaneously confirms
two-way steering along all bipartitions if with this choice of u
and v, one can confirm

Sy = Auj Avy
< min{l, [(N — 1)ghl; |ghl, |1 + (N — 2)ghl;
X |2gh|, |1+ (N — 3)ghl; [3ghl, |1 + (N — 4)ghl; ...;
X |14 ghl, |(N — 2)ghl; |1 + 2ghl|, |(N — 3)ghl; ...}

< min{|gh|, [1 — (N — 2)|ghl[}. 93)
Where the gains are g = J% and h = — j’%, S0
that w; =x — & (+x3+...xy) and v =p +

VN—1

1 TIT

o
o
T

o
o
:

SN (N - 1) /|g.77,sgp.s|
~

o
no
:

FIG. 4. Genuine N-partite steering for the CV EPR state: The
value of Sy divided by the bound |g, g,|/(N — 1) as provided in
Criterion 1b, for the CV EPR state. The analytical expression for Sy
and the optimal gains g, and g, , are given by Eq. (84). When the
value is less than 1, there is genuine N-partite steering according to
Criterion 1b, given by Eq. (94).

\/f\’/T =(p2 + p3 + ... pn), this reduces to

8x,58p,s
N—-1’

N-2
N-—-1

Sy = AujAvy < min{ gx,sgpqs} . (94)
This inequality therefore gives a criterion for genuine N-
partite steering. With the optimal choice of gains, the
inequality becomes Sy < %
greater.

For the choice of gains g, ; and g, s given by Egs. (79) and
(80) that optimize for steering of system 1, the value of Sy is
plotted in Fig. 2. The criterion Sy < 1 is clearly satisfied for
all r > 0, and as r — oo, Sy — 0, implying maximal EPR
steering of system 1. Using the expressions in Eq. (89) and
the inequality Eq. (94), the corresponding condition on r for
genuine N-partite steering according to Criterion 1b with this
choice of gains is given by

since the second term is

1 tanh? 2r

N -1

which is satisfied for » > 0.76 for N = 3. The normalized
value given by Sy divided by the bound |g, g, s|/(N — 1)
is plotted in Fig. 4. The minimum squeezing parameter re-
quired to show genuine steering according to Eq. (95) satisfies

cosh2r > YDV VoI W. We note that it is likely genuine
N-partite steering can be detected for smaller r values if the
gains are chosen to optimize the inequality, rather than to
optimize for the steering of system 1.

Ny = AuAvy = , (95

,,,,

<
cosh2r

B. CV split-squeezed state

Genuine N-partite entanglement and steering can also be
generated from a network with just one single squeezed-state
vacuum input (Fig. 5). This is possible because the two out-
puts of a beam splitter with a single squeezed-vacuum input
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FIG. 5. Generation of the tripartite-entangled CV split-squeezed
state. The configuration uses a single squeezed-vacuum input aii“)
and two beam splitters (BS) with reflectivities Ry = 1/2 and R, =
1/2. The x; and p; are the two orthogonal quadrature-phase ampli-

tudes of the spatially separated optical modes i (i = 1, 2, 3).

as

are EPR correlated [36]. A high degree of squeezing r is
required for the input, however, in order to generate a feasible
amount of multipartite entanglement.

We calculate the steering correlations explicitly. We first
consider the bipartite steering created where one squeezed
input is placed through a beam splitter BS1 with inputs ag'")
and a,™. This produces EPR entangled fields with boson

operators a; and a at the two outputs. Using the procedure

from Sec. IV A, if )" is a vacuum then A2x{™ = 1, implying
AY(VTix) — VRixy) = AWM = 1. (96)
If a?“) is squeezed in p, so that A2 p(li") = ¢~ % we have
A*(VRipi +Tipy) = e . 97)
Choosing R; = % these fields satisfy
A(x; — xb) =2,
AX(pr+ph) =27 98)

where x; and p; are the quadratures associated with each mode
a;. Entanglement is detected when A(x; — x))A(p1 + p}) <
2 [104] so that the fields are entangled for all » > 0.

We next examine the EPR steering between the two modes.
For arbitrary R;, we obtain

A*(x1 — g sxh) = &2 (Tie” + R)) + Rie” + T,

—2VRTiges(e” — 1) (99)
which is minimum for
VRIT(e¥ — 1
g, = YRulieT = 1) (100)

(T1e*" + Ry)
Similarly,

A (pr+ gpsph) = & (Tie ™ +R) + Rie™ + T
—2VR Tigps(1 — ™) (101)

1 _—
o~ ~
R ~
. ~ et
09+ ~ o weeer
','.' ~ ""‘nu
0.8} So e 1
0.... “-‘\,‘
-------- ~
07+t ~ . ]
=~ ~

o 061 ~ <

—R =1/2
05t ]

- =R =1/3
04  |... R =2/3 1
03+ -
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FIG. 6. Genuine N-partite steering for the CV SS state: The plots
shows the optimal steering parameter Sy defined in Egs. (105) and
(111) as a function of the squeezing parameter r and for differ-
ent reflectivities R;. Steering of system 1 is obtained when Sy =
Sij,...ny < 1. Itis evident that genuine N-partite steering is obtained
for sufficiently large r, implying mutual steering between all subsys-
tems, as given by Criterion 1b. The blue solid line is the result given
by Eq. (111).

which is minimum for

_ VR - e

s = 102
8 (R + Tye™?) (102)

This gives

le

L — 103
(1 — R)e¥ + R, (103)

A2(-xl - gx,sxlz) =

which implies that for r = 0, A (x) — 8x,sx5) = 1. Similarly,

872r

TR +(I—Rpe

AX(p1 + 8psp)) (104)
which is 1 for » =0 and for large r becomes zero. This
is true for all values of reflectivity R;. Hence, the optimal
steering product S, = A(x; — gy x5)A(p1 — gp.sP5) defined
by Eq. (25) for the two output modes is given by

1
1+4R (1 — Ry)sinh? r
Aslong as R; # 0, S, — 0 for large r.
We plot the bipartite steering product S, in Figs. 6 and 7,

versus r. One may prove by differentiation for each fixed r that
the optimal choice to minimize S, is R; = 1/2, which gives

S5 = (Sip) =

(105)

1— 6721‘
8x,s = 8ps = m (106)
and
2
2 A
AT(X) = grsXy) = Tre
26—2r
2 AN
A(p1 + 8psPy) = Tren: (107)
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FIG. 7. Optimal gains: The gains g, , required for the steering in
Fig. 6 as given in Eq. (79), as a function of the squeezing parameter
r, for different reflectivities R,. The plots for g, , are obtained on
replacing R; with T;.

This leads to S, = COS%, indicating steering of system 1 for
all r, as given by the steering condition Eq. (26). We note
that although S, vanishes for significantly large r, the value
of S, remains close to 1 for the experimental achievable set of
squeezing parameters, r < 2. This is particularly true where
the reflectivity deviates from the ideal value of R; = 1/2.

To produce tripartite entangled fields, the field a) is then
split using a beam splitter labeled BS2, with a vacuum input
ai™, to give two new outputs a; = (v/Rad) + /Thai™)
and a3 = (VThd, — JR_zag'")), where R+ T/ =1, as
above. This gives d) = /Ryay + +/Thas. Taking R, = %, we
see that

VR,
2T
JTi
\/TTI(P2+P3)

A2|:xl - (x2 +X3):| =1/T,

A2|:p1 + } =e /R, (108)

The product is e=>" /R, T; which for a given r minimizes for
R, =T, ie., for R| = % The output fields a;, a,, and a3
satisfy the condition Eq. (86) for genuine tripartite entangle-
ment, with equal gains for the second and third modes.

Continuing, it is possible to select the reflectivities of the
string of beam splitters so that we obtain

1
A2|:x1 - ﬁ()@ +x3 + ...xN)i| =2,

1
A? [p, + ﬁ(pz +p3+. ..pN)] =2¢72 . (109)

This is done by selecting for the beam splitters, Ry_; =
1/2, Ry—r = %, Ry_, = r%] for r < N — 1, as explained in
[10,49], with Ry = 1/2. The outputs satisfy the condition for
genuine N-partite entanglement given by Eq. (90).

ai \
\

Squeezed Rl
vacuum state

‘WM o

aéin)
€T a(m)
2 -—
-—
Squeezed Squeezed
p

vacuum state vacuum state

FIG. 8. Generation of the tripartite-entangled CV GHZ state. The
standard configuration uses three squeezed-vacuum inputs and two
beam splitters (BS) with reflectivities Ry = 1/3 and R, = 1/2. The
x; and p; are the two orthogonal quadrature-phase amplitudes of the
spatially separated optical modes i (i = 1, 2, 3).

Similarly, for the same string of beam splitters, we obtain

8x.s 2
A% — ==+ x3+... =—— |
|:x1 N1 l(xz X3 xzv):| d 1 e
—2r
gp,s 2e
A pr+ 22— (pr+ps+... =
[m m(pz P3 PN):| 1)

(110)

The value of the steering product defined by Eq. (25) for the
N output modes becomes

..... (111)
There is steering of system 1 for all values of r, as we see
by examining the steering condition Eq. (26). A criterion to
reveal genuine N-partite steering is given by Criterion 1b, as
above. The product Sy is plotted for the choice of gains given
by Egs. (100) and (102) in Fig. 6. These gains are optimized
to detect the steering of system 1, i.e., to minimize the value
of Sy rather than to optimize violation of the inequality of
Criterion 1b. We see that genuine N-partite steering is possible
for sufficiently large r, despite that only one squeezed-vacuum
state has been used to generate the output fields. In order to
achieve the condition given by Criterion 1b, we require

2e" 1gx.58p.s]

AulAv =
uAv (l+e‘2’)< >

This leads to the inequality cosh? » — (N — 1)coshr — 1 < 0.
For N = 3, this reduces to r > 1.53.

C. CV GHZ states

The CV GHZ state is generated by combining N squeezed-
vacuum states at the inputs of the N — 1 beam splitters
[10,105]. The first mode is squeezed in the direction p or-
thogonal to the direction of squeezing x of the remaining
modes. The variances are given as A’X = e, where X is
the squeezed quadrature (Fig. 8).
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The final output variances are such that [10]

AX(x; — xj) =2e7% (112)

for any i # j and

A(p1+pr+p3+...py)=Ne ™ (113)

which is the special case given by Eq. (35) of [10] with g™¥) =

1. Steering of system i is detected on selecting u = x; — x;
and v = p; + p» + p3 + ... py and observing AuAv < 1, as
we see by examining the steering condition Eq. (26). Clearly,
this is obtained for the expressions of u and v, for large r.
For smaller r, a different choice of gain is optimal, to allow
steering for all r.

We now give a more detailed analysis. For just two modes,
the correlations are identical to those given in Sec. IV A, for
the CV EPR state. Explicitly, from Egs. (75) and (76), we
get A%(x; — %xé) = %e’zr and A%(p; + ﬁp'z) =3¢~ 2" for
Ry = 1/3 and T} = 2/3. Following the same procedure, using
Eq. (85), the moments in the tripartite case are

A’[x) — Lo +x3)] = 277,

AX(p1+ pa+p3) =3 7. (114)

More generally, we allow different gains, and consider
A?[x; + h(x; + x3)] and A%[p; + g(p2 + p3)]. Generaliz-
ing to the N-partite CV GHZ state, there will be N — 1
beam splitters with reflectivities Ry = 1/N, R, = 1/(N —

1),...,Ry_1 = 1/2. The variances are
N | A
A? |:x1 +h<2xj>] = SN =1+ 112 A% (™
j=2
N -1 2 A2
+ (h— 12 A%,

N
1 )
A2|:P1 +g<Zp;>] = Sl —D+ 112A% 0

N -1
+g( 1)2A2p(ln) (115)
N
where A2 (m) Azp(m) _ le and AZ (m) Azp(m) e~
as prov1ded in Eq. (AS) of [49]. The opt1mal gains g and A, on
differentiation, are

2 .(in) 2 .(in)
A%x] — Ax,

A% (N —
A2 (in) _

2 ..(in)”’
1)A%x;
2 (in)
A 2

g=— (116)

(1n) + (N 1)A2p(1in) .
For large r, the optimal values become g — 1 and 7 —
—1/(N — 1). These optimal gains for different N are plotted
in Figs. 9 and 10 versus r.

The expressions in Eqgs. (115) and (116) give

N
A? h = ,
[x1 + A + ... +xn)] e T (N = D>
A [p1+g(pr+ ...+ py)l = N (117)
pPrT8p2T ... TPN)I= A N—De "

0
‘\\
\\“ ~\.
01+ \“.0 N e e e e e e -
\ . -
\ llllllllllllllllllllllllllllllllllllllllllllllllllllll
- s N |
02 N
.
Q T T e —
-0.3F 1
—_—N =3
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-0.5 : :
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FIG. 9. Optimal gains: The optimal gains /4 that minimize AuAv
in Eq. (115) for CV GHZ states. The analytical expressions for these
gains are given by Eq. (116).

Immediately, we see that the criterion Sy = AuAv < ﬁ as

given by Eq. (90) and proved in [10,49] for N-partite entan-
glement is satisfied for large r.
To examine the steering, we find that

Sy = S~
B N
VN2 +4(N — 1)sinh22r

(118)

The analytical expression for Sy is plotted in Fig. 11. We
see using the condition Sy < 1 of Eq. (26) that steering of
system 1 is possible for all values of r. As N becomes large,
Sy — ~/N/(2sinh 2r), indicating genuine N-partite steering
for sufficiently large r, by Criterion 1b. The following condi-

25 3

FIG. 10. Optimal gains: The optimal gains g that minimize
AuAv in (115) for CV GHZ states. The analytical expressions for
these gains are given by Eq. (116).

012202-15



TEH, GESSNER, REID, AND FADEL

PHYSICAL REVIEW A 105, 012202 (2022)

1
D
5
2N
“\
08/ AN |
:“ \ —_—N=3
AN - =N=5
06 \'\"\ ..... N = i
- \%S —==N =10
wn o
0.4 1 N ]
\"
N
N
0.2 R |
S
“b*
&,
O I I I I
0 0.5 1 1.5 2 25 3
r

FIG. 11. Genuine N-partite steering for the CV GHZ state: The
value of Sy as a function of the squeezing parameter r, for CV
GHZ states. The analytical expression for Sy is given by Eq. (118).
Steering of system 1 is obtained when Sy = Sy;,.v < 1. It is
evident that genuine N-partite steering is obtained for sufficiently
large r, implying mutual steering between all subsystems, as given
by Criterion 1b.

tion is sufficient to reveal genuine N-partite steering:

Sy = AuyAv; < min{|gh|, |1 — (N — 2)|ghl|}. (119)

In the limit of large r, this reduces to Sy < ﬁ, which is
clearly satisfied for large r.

More generally, using the analytical expression for Sy
and the optimal gains g and h given by Egs. (118) and
(116), we plot the value of Sy divided by the bound pro-
vided in Criterion 1b, given by Eq. (119). As shown in
Fig. 12, we see that genuine N-partite steering is possible
for large N. The minimum squeezing parameter required to
show this steering satisfies the inequality sinh? 2r > (N>(N —
1)+ N>/(N — 1)2 + 4)1/2)/8 in agreement with the results
in Fig. 12. Here, the CV GHZ state does not for a fixed r
give a smaller value Sy than that obtained with the CV EPR
state, which has only two squeezed inputs. However, Sy is an
asymmetric parameter measuring steering of one mode only.
The advantage is that, unlike the CV EPR state, the GHZ state
has symmetry with respect to all modes.

On the other hand, the work of van Loock and Furusawa
[10] reveals that asymmetric squeezing strengths can give
stronger quantum correlations for the CV GHZ state. The
different squeezing strengths are related by the expression [see
Eq. (34)in [10]]

1
+2r .
'= (N —1)sinh2 1+ +1
¢ (& = 1)sinh 2r (\/ (N — 1) sinh? 21, )
(120)

where r; is the input squeeze parameter for mode 1 and
rj =1, for j # 1. We confirm this leads to a steering value
S; improved over the CV EPR case, for the same average
squeezing value, and relative to the squeezing parameter r,
of the second and third modes. For general N, following as

FIG. 12. Genuine N-partite steering for the CV GHZ state: The
value of Sy divided by the bound |gh| as provided in Criterion 1b,
for CV GHZ states. The analytical expression for Sy and the optimal
gains g and & are given by Eqgs. (118) and (116), respectively. When
the value is less than 1, there is genuine N-partite steering according

to Criterion 1b given by Eq. (119).

above, we use

N
2 -
A[xp +h(eo + ... +xy)] = T VR ST
A2p1 +gpa -+ p)l = ~ (121)
prgpat el = S o
where the g and 4 are given by Eq. (116). This leads to
N
Sn (122)

/(N —1)2sinh?2r, + 1 + (N — 1)cosh2r,

For large N, the limit becomes Sy — e~22 which is im-
proved on the CV EPR and CV SS states. The CV GHZ states
require a single very strong squeezing at the first input r, but
for less squeezing in the N — 1 inputs, a much higher steering
as measured by Sy is possible.

In Fig. 13, Sy is plotted for the CV GHZ state with two
squeezing strengths, for N = 3, 10, and 100. Also, plotted are
S; for CV EPR and CV SS states.

V. GENUINE TRIPARTITE STEERABLE STATES

We now consider in more detail the steering for the three
types of states considered in the last section, where N = 3.
Examples for N =4 are given in the Supplemental Mate-
rial [103]. It is useful to first summarize criteria that detect
steering across particular bipartitions. Here, we consider
u = hx; + hoxy + h3x3 and v = g1p1 + g2p2 + g3p3. Using
Lemma 1, we detect steering of mode k by Im if (k #£ | # m)
Skiim < 1 where

A(hexy + hixy + hyxp) Ak pr + g1P1 + &nPm)
|gkhl '

Skjim =
(123)
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FIG. 13. Genuine N-partite steering for the CV GHZ state with
asymmetric squeezing strengths. The steering product S; is also
shown for CV EPR and CV SS states. The value of Sy is plotted
for the CV GHZ state with two squeezing strengths, for N = 3, 10,
and 100. The two squeezing strengths for the GHZ state are related
by Eq. (120). In that case, r as plotted corresponds to r, = r3. The
values of Sy = Syj2,...v} given by the green crosses are very close to
e~ %", as predicted by the large N limit of 22, Steering of system 1
is obtained when Sy < 1. Genuine N-partite steering which implies
mutual steering of all subsystems is obtained for large r.

Thus we consider minimizing A(xk + lel + mem)A(pk +
¢1p1 + €mpm) Where g; = gi/gr and h; = h;/hy. This example
is relevant for the application of secret sharing where the
collaborators [ and m cannot be trusted. In order to detect
the steering across the bipartitions, one can select different
optimal choices of g; and h; for each bipartition, k — Im.
Similarly, from Lemma 1, we detect steering of the combined
systems [ and m, if Sy, < 1 where

S A(l’lka + h[X[ + hmxm)A(gkpk + 81P1 + gmpm)
Imlk = .

|glhl + gmhm|
(124)

We note the generalization of the definition here of the steer-
ing product given in Eq. (25) where there is the steering of two
systems. We also note that in this case, as the variance product
Skiim goes to zero, so too Will Sy k.

A. CV GHZ and cluster states
1. Genuine tripartite steering using a single inequality

The inequality of Criterion 1 is useful to detect the gen-
uine tripartite steering of the CV GHZ state. For a single
choice of g; and h; defining u = hyx; + hyx, + hsxz and v =
g1p1 + gp2 + g3p3, we wish to violate Eq. (36). Defining
S: = AuAv, we test each of the six inequalities S3 < B pro-
vided by considering the right side of the inequality, where

B e {Igihil, |g2h2 + g3h3l, |g2h],

x |gihy + g3h3l, |gahsl, g1l + g2hol} . (125)

TABLE I. Values of the gains /& and g that minimize the variance
product in criterion Eq. (126).

CV GHZ
r h g
0 0 0
0.25 -0.27 0.36
0.50 —0.40 0.68
0.75 —0.46 0.86
1.00 -0.49 0.95
1.50 —0.50 0.99
2.00 -0.50 1.00

If each inequality S3 < B is satisfied, we indicate steering
across one of the bipartitions in a certain direction. Genuine
tripartite steering is confirmed if all six possibilities are veri-
fied simultaneously, using a single set of gains, e.g., from the
single inequality Eq. (36).

We select gy =h; =1, =g3 =g and hp = h; = h and
optimize for g and /& by minimizing S; with respect to these
gains. Criterion 1 given by Eq. (36) is then reduced to the
violation of

S3 = min{Bip3, Bo3j1, Bajiz, Bisp, B3jiz, Biojzh,  (126)

where in this particular case B3 = 1, Bys;1 = 2|ghl, Byjiz =
Bsji2 = |ghl, and Biajs = Bisp = |1 + ghl. By differentiating
S; with respect to g and &, we select the optimal gains given
by the analytical expressions Eq. (116). The numerical values
of optimal gains as a function of the squeezing parameter r
are tabulated in Table I. The value of Sz as a function of the
squeezing parameter r is given by Eq. (118). We calculate that
genuine tripartite steering is detectable using Criterion 1 when
r is sufficiently large (r > 0.8). The choice of gains used here
may not be the optimal to observe genuine tripartite steering
for a fixed r, but nonetheless ensures steering of system 1 (or
system 1 combined with 2 or 3) for all r values.

In Fig. 14, we plot S3 for a CV GHZ state with two squeez-
ing strengths, as given by Eq. (122). We also plot the different
bounds on the right side of the inequality Eq. (126). The
values of g and 4 are given by Table II. We take r, =r; = r
and obtain a minimum r, = r3 of 0.633 to observe steering

TABLE II. Values of the gains % and g, as given by the analytical
expressions in Eq. (116), that minimize the variance product S;.
Here, the squeezing strength r, = r and r; is related to r, by the
relation Eq. (120). For large r, the gains are identical to those in the
case where there is only one squeezing strength.

CV GHZ
rn=r h g
0 0 0
0.25 —0.34 0.51
0.50 —0.45 0.80
0.75 —0.48 0.97
1.00 —0.49 0.99
1.50 —0.50 1.00
2.00 —0.50 1.00
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FIG. 14. The value of S3 = Sj, = AuAv as a function of the
squeezing parameter r, for the CV GHZ state, for g = h; = 1, and
g» = g3 = gand hy, = h3 = h. The results here correspond to the case
where two squeezing strengths are used, with r, = r and r; is related
to r, by the relation Eq. (120). The gains g and 4 as a function of r
are given by the analytical expressions in Eq. (116). The blue solid
line corresponds to the value of S;, while other lines correspond
to different bounds on the right side of the inequality Eq. (126).
The gains are optimized to minimize S3, and hence to optimize the
observation of the steering of system 1.

in all bipartitions. This corresponds to r; = 0.95 using the
relation Eq. (120).

2. Full tripartite steering inseparability

Next, we minimize the quantities S, and S,k as defined
in Eqgs. (123) and (124), for each bipartition. For the steering
of mode 1 by 2 and 3, we minimize the quantity Sjp3 by
optimizing the gains /,, /13, &,, and g3. On the other hand, for
the steering of modes 23 by 1, we minimize the quantity S»3,
with an independent choice of gains. For the steering of mode
2 by 1 and 3, we minimize S,;3 by optimizing the gains hi,
h3, &1, and 3. The quantity S 132 is independently minimized
for the steering of modes 1 and 3, by 2. We proceed similarly,
for S3|12 and 512‘3.

The gains are optimized independently in each case. All the
optimal gains are numerically computed using the fininsearch
function in MATLAB. The maximum number of iterations that
calls the fininsearch function is chosen to be 10°. The toler-
ance of this MATLAB function is chosen to be 10~%, where no
further iteration is taken if the quantity to be minimized is
smaller than 1076 from one iteration to the next. The gains are
given in Tables III and IV.

Figure 15 shows the results for the steering across the
bipartitions for the CV GHZ state with a single squeezing
strength r. For all r, two-way steering can be detected across
each bipartition, using the relevant inequalities with the gains
given in Tables III and IV. For large r, the inferences improve
with the correct choice of gains, and all the relevant variances
become zero. This gives a method to confirm full tripartite

TABLE III. The optimal gains for the CV GHZ state. The opti-
mal gains for S5, are identical to the gains for S5/;3 with 43 = h, and
8 =28

Gains for Syp3 Gains for Sy 13

r hy & hs & hy 8 hs &

0.25 -027 036 -0.27 036 -027 036 -0.27 0.36
050 —-040 0.68 —-0.40 068 —-040 0.68 —-0.40 0.68
075 —-046 086 —-046 086 —-046 0.86 —0.46 0.86
1.00 —-049 095 —-049 095 -049 095 -—-0.49 0095
1.50 -0.50 0.99 —-0.50 099 -0.50 0.99 -—-0.50 0.99
200 -050 1.00 —-0.50 1.00 —-0.50 1.00 —-0.50 1.00

two-way steering inseparability. The results for asymmetric
squeezing strengths r; and 7, are also given.

3. Behavior in the highly squeezed limit

Most interesting is the limit of large r where the correla-
tions become ideal, implying zero variances, so that Sy, — 0
and Sj,x — 0. For the standard CV GHZ state [105] and
for the CV GHZ state with asymmetric squeezing strengths
[10], the optimal gain coefficients (refer to Tables III-VI) are
such that the steering criterion, for the steering of system k,
becomes

A[xk - (’”Lz"’”)}Am tpitpad<l  (12)
for each k =1,2,3 (recalling k # [ # m, where k,l,m €
{1, 2, 3}). For the standard CV GHZ state, we may also use
Alxy — x]JAlpr + pi + pml < 1, or Alx — xu]Alpr + pr +
pm] < 1 [105]. For large r, the steering of system /m by k is
optimized by the same choice of gains. Noting that in this limit
|gihi + gmhm| = 1, we see that in fact the same inequality
Eq. (127) detects steering of /m by k, and therefore detects
two-way steering across the bipartition k — [/m.

4. Genuine tripartite steering in a tripartite cluster state

We also compare with the results presented by Wang ef al.
[106]. Here, the authors fixed R; = 2/3 and varied R, to
optimize the Gaussian steering parameter GA~2 [37]. In par-
ticular, their analysis for Ry = 2/3 and R, = 1/2 corresponds
to that for a tripartite unweighted cluster state. This is of
interest here, as this corresponds to where no two modes can

TABLEIV. The optimal gains for the CV GHZ state. The optimal
gains for Sjy3 are identical to the gains for Sy3, with k3 = hy and

8 =&.

Gains for Sy3) Gains for Si3,

r hy & hs & hy 81 hs &

025 -137 187 -—-137 187 -—-137 187 —-1.37 1.87
050 -0.73 123 -0.73 123 -0.73 123 -0.73 1.23
075 —-058 1.08 —-0.58 108 —-0.58 1.08 —-0.58 1.08
1.00 -053 103 -0.53 1.03 -053 1.03 -0.53 1.03
1.50 -0.50 1.00 —-0.50 1.00 -0.50 1.00 —-0.50 1.00
200 -050 1.00 —-0.50 1.00 —-0.50 1.00 —-0.50 1.00
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FIG. 15. The steering across each bipartition as a function of
squeezing parameter r, for the CV tripartite GHZ state. Here k # [ #
m. There is symmetry between all three systems and the plots hold
for each k = 1, 2, and 3. The values of S = AuAv for Sy, and S,
are determined by the choice of gains in Tables III and IV. Here,
Skiim and Sy, coincide. The gains for the case with two squeezing
strengths are tabulated in Tables V and VI.

steer one another, but where steering requires all three modes,
in line with the notion of genuine tripartite steering. They
confirm full tripartite steering inseparability (as we define it)
for this state, based on the assumption of a Gaussian state,
using the Gaussian parameter G*~ 5. Here, we give a method
sufficient to confirm tripartite steering inseparability and gen-
uine tripartite steering, without the assumption of Gaussian
states. A summary of the correlations for this state is given in
the Supplemental Material [103].

Before considering genuine tripartite steering for the clus-
ter state, we investigate the steering across all possible
bipartitions separately. For the bipartition 1 — 23, in our ap-
proach, we consider

Y g ’
uy = hy X1 = hy p2 + By 5,

vy =gp1+ &0+ 81aps (128)

TABLE V. The optimal gains for the CV GHZ state with two
squeezing strengths. Here, r = r, while r; is related to r, by
Eq. (120). The optimal gains for S3);, are identical to the gains for
Sz|13 with il3 = ]712 and g3 = gz.

Gains for S23 Gains for Sy13

r hy & hs & h 81 hs &

025 -0.34 0.51 -0.34 051 -034 051 —-0.34 0.51
050 —-045 0.80 —-045 080 —-045 0.80 —-0.45 0.80
075 —-048 093 —-048 093 —-048 093 —-0.48 0093
1.00 —-049 097 -049 097 -049 097 -049 0.97
1.50 —-049 097 -049 097 -049 097 -049 097
200 -050 1.00 —-0.50 1.00 -0.50 1.00 —-0.50 1.00

TABLE VI. The optimal gains for the CV GHZ state with
two squeezing strengths. Here, r = r, while r; is related to r, by
Eq. (120). The optimal gains for S),3 are identical to the gains for
S13|2 with ﬁ3 = ilz and §3 = gz.

Gains for Sy3); Gains for Sj3pp

r hy & hs & hy &1 hs &

025 —-098 148 —-098 148 —-098 1.48 —-098 148
050 —-062 1.12 —-0.62 1.12 -062 1.12 —-0.62 1.12
075 —-054 1.04 —-054 104 -054 1.04 —-054 1.04
1.00 -0.51 1.01 -0.51 1.01 -0.51 1.01 -0.51 1.01
1.50 —-0.50 1.00 —-0.50 1.00 —-0.50 1.00 —-0.50 1.00
200 -050 1.00 -0.50 1.00 -0.50 1.00 -0.50 1.00

As above, we analyze the steering for different bipartitions
by considering the quantity S}, = Au}Av|. Full details are
given in the Supplemental Material [103]. We obtain two-
way steering along this bipartition if S, < Bijp3 and S, <
823‘1 where the bounds are Bl|23 = |g/1’1]’l/1.1| and 823‘1 =
|8} 7] 5 + &) 57 5]. These conditions become Sjp3 < 1 and
Sz3’|1 < 1, on déﬁning the steering parameters as Sjpz =
Sip/Bips and Sy = S1p/Basyi.

It has been shown in the work of Wang er al. [106] that
a choice of &} | = ¢, , = —/(I =R))/J/RiRy = =1, h 5 =
VO =R)//R, = 1,81, =—hj,=1,and g ; = Owill
lead to Sj, — O for a large squeezing parameter r. Here,
we have taken R, = 1/2 and R; = 2/3. These gains imply
that min{|g} /| 1, & 2] 5 + & 38 51} is 1. The analytical
expression for S/, is S|, = /6¢~%" . For large r, we see that
the steering inequalities S}, < Bipsz and S}, < By3); are both
satisfied for this choice of gains. Both bounds 523 and By
are 1 for this choice of gains.

Similarly, there is two-way steering along the bipartition
2—13if SéP < 82“3 and SéP < 813‘2. Here, SéP = AM’ZAUQ,
where

uy = My \x1 — Iy, pa + h) 33,
Uy = g5 1Pt + &h X2 + &53D5 - (129)

With the choice of h/Z,l = g’zy2 =—J(1 —R))/VRIR, =
—1, 3 =—VA—R)/VRy=—1, gy, =—hy, =1, and
g3=0,8p= V6e=2" — 0 for a large squeezing parameter
r. These gains imply that min{|g) ,1) » 1, |85 115 | + &5 375 51}
is 1. We note that S}, and S5, have the same analytical
expression. The steering conditions for this bipartition be-
come Sz|13 < 1 and S]3|2 < 1, on deﬁning S2‘13 = SéP/Bz|13
and 513‘2 = Sép/813|2 where 82‘13 = |g’2'2h/2!2| and B]3|2 =
85,1151 + &.3M5 3. Both bounds are 1 for this choice of
gains.

Finally, in order to demonstrate steering 12 — 3 and 3 —
12, the inequalities S5, < B3z and S5, < Biyz are used,
where S5, = AujAvj with

Uy = Iy (X1 — 1 5po + My 53,
/ / / / (130)
V3 = §31P1 T 83,02 + 833P3,
and B3|z = |g537; 3| and Bios = g5 115 | + &5,H5.,]. When

the gains Ay, = —/(1 —R)/VRiRy =1, g, =h;;=
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FIG. 16. Steering parameter Sy, as a function of the squeezing
parameter r, for the bipartitions of the cluster state considered by
Wang et al. [106]. Here, R, = 1/2 and R, = 2/3. Steering occurs
when Sy, < 1. Here, all three lines coincide, as expected from
symmetry. There is two-way steering across all possible bipartitions
for r > 0.44. This occurs when Sy;,, is below 1.

—V (T —=R)/Ry = —1,—hy, =g5;=1,and g5, =0 can
be used, the analytical expression for S, is S5, = NI
Also, we find min{|g; 375 51, |85, h5 1 + &5,M5,1} = 1. The
steering inequalities can be expressed as S3;;2 < 1 and Syp3 <
1 where we define S3|12 = SéP/B3‘12 and S12|3 = Sép/612|3~
Both bounds are 1 for this choice of gains.

The steering results for the cluster state are plotted in
Fig. 16, for a varying squeezing parameter ». This allows the
determination of the squeezing parameter r required to detect
two-way steering across each bipartition. In fact, we see that
there is two-way steering across all possible bipartitions for
r > 0.44. This confirms that full tripartite steering insepara-
bility can be detected for large r, using the inequalities with
the given choice of gains. We note that we have not optimized
the gains, and therefore this may not be the optimal criterion.

Having demonstrated steering across each bipartition, and
hence full tripartite steering inseparability, we are also able
to demonstrate genuine tripartite steering for this cluster state
using Criterion 3. On examining the gains /; ;jand g ; selected
for the u; and v; used in the definitions of Sy, above, we see
that Sy, are identical to Sy, defined according to Eqs. (44)
and (45), provided we choose hj, =1, hj3 =1, g1 = —1,
813=0, =1 M3=1 g1=-1,83=0 h;=1
h3o =1, g31 =0, and g3, = —1 in the definitions of Sy;,.
For those gains, all the relevant bounds on the right side of the
inequality of Criterion 3 are 1. The inequality of Criterion 3
reduces to

Si+S8+85>1 (131)
where S} = Sy are given by Egs. (44) and (45). The analyt-
ical expressions for S7, S5, and S} are solved above, as S| =
S,=8= V6e~?", respectively. Using these expressions, we
investigate genuine tripartite steering based on Eq. (131), as

FIG. 17. Genuine tripartite steering as a function of the squeez-
ing parameter r, using the criterion given by violation of the
inequality Eq. (131), for the cluster state studied by Wang ez al. [106].
The values of S| + S} + S} are given by the blue solid line. The black
dotted line corresponds to the bound for the steering inequality. There
is genuine tripartite steering for » > 1.

a function of squeezing parameter. The result is plotted in
Fig. 17 and genuine tripartite steering is possible for r > 1.

B. CV EPR state
1. Genuine tripartite steering with a single inequality

To investigate genuine tripartite steering for the CV EPR
state, Criterion 1 given by Eq. (126) can be used. We first se-
lectgy =h; =1,g, = g = g and h; = h, = h and optimize
for g and h by minimizing S with respect to these gains. This
optimization has been carried out in Sec. IV A. The optimal
values are g = gx,s/\/i and h = gp,s/\/i where g, ; and g,
are given by Eqs. (79) and (80). The value of S as a function
of the squeezing parameter r is plotted in Figs. 2 and 18,
relative to the bounds of Eq. (125). We see that for this choice
of gains, there is steering of system 1 for all r values.

Genuine tripartite steering is detectable with Criterion 1,
for sufficiently large r > 0.76. The experiment of Walk et al.
[31] reports a maximum squeezing of —6.5 dB, corresponding
to a squeeze parameter of » = 0.75. This suggests that detec-
tion of genuine tripartite steering may be feasible using this
approach in the near future.

2. Full tripartite steering inseparability

Next, we examine full tripartite steering inseparability.
We numerically compute gains that minimize Sy;,, and Sy«
[Egs. (123) and (124), respectively] for each bipartition. The
values of these gains are given in Tables VII and VIIL. In
particular, the gains for S|»3 are as above. As for the CV GHZ
state, there is two-way steering for all the bipartitions, and
hence full tripartite steering inseparability, for all values of r.
This is evident in Fig. 19. We note that in the limit of large
r, the correlations become ideal, implying zero variances, so
that Sk\lm — 0 and Slm\k — 0.
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FIG. 18. The value of S; = AuAv as a function of the squeezing
parameter r, for the CV EPR state given by Fig. 1. The gains as a
function of r are given by the analytical expressions in Eqgs. (79) and
(80), which here are optimized to enhance observation of steering
of system 1. The blue solid line corresponds to the value of S;. The
remaining lines correspond to different bounds on the right side of
the inequality Eq. (126). When S is smaller than all bounds, there is
genuine tripartite steering. This is obtained for r > 0.76.

3. Behavior in the highly squeezed limit

In the limit of large » where the correlations become ideal
and the variances small, the steering of system /m by k is
optimized by the same choice of gains as the steering of k
by Im. The optimal gain coefficients are such that the best
steering criterion for the steering of system k =1 is, in the
limit of large r,

Al:xk . (-xlj/_ixm)ilA[pk + (pl;/i_ipm):l < 1’ (]32)

as expected from the analysis of Sec. IV. Using that |g;h; +
gmhm| = 1, we see that the same inequality Eq. (132) confirms
steering of Im by k, and therefore detects two-way steering
across the bipartition k — Im.

TABLE VII. The optimal gains for the CV EPR state. The opti-
mal gains for S3)1, are identical to the gains for 85,3 with h3 = h; and

8 =&

Si23 Son3

r hy & hs 8 hy 81 hs &

025 -033 033 -033 033 -035 035 0.06 0.06
050 —-0.54 054 -054 054 —-0.65 065 021 021
075 —-0.64 064 —-064 064 —-090 090 040 040
1.00 —-0.68 0.68 —-0.68 068 —1.08 1.08 0.58 0.58
1.50 -0.70 0.70 -0.70 0.70 —1.28 1.28 0.82 0.82
200 -0.71 0.71 =071 0.71 —-136 136 0.93 093

TABLE VIII. The optimal gains for the CV EPR state. The op-
timal gains for ;3 are identical to the gains for Siy3 with hy = h;
and g3 = gz‘

S S13

r hy & hs 8 hy 81 hs &

025 —1.53 153 —-153 153 —-298 298 0.52 0.52
050 —-093 093 —-093 093 -—-1.71 1.71 0.56 0.56
075 -0.78 0.78 —-0.78 0.78 —1.40 140 0.63 0.63
1.00 -0.73 0.73 -0.73 0.73 -—-131 131 0.70 0.70
1.50 -0.71 0.71 -0.71 0.71 —-132 132 0.85 0.85
200 -0.71 0.71 -0.71 0.71 -—137 137 093 093

4. Experimental observation

The observation of steering of a mode k using the criterion
Eq. (132) has been reported in the experimental system of
Armstrong et al. [38], using the setup of Fig. 1 for EPR
states. They reported steering of each mode in a tripartite
system using the violation of Sy, > 1, where gx = I =1
for the steered mode. This corresponds to a realization of full
tripartite steering inseparability, according to the definition
given in Sec. II C. They found agreement with the theoretical
predictions, with Sypp3 = 0.78 and S|13 = S3)12 = 0.87 (refer
to Table I in the supplementary information of [38]). From the

08 _51‘23 7
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FIG. 19. The steering for each bipartition as a function of squeez-
ing parameter r, for the CV EPR state given by Fig. 1. Here,
S = AuAv with the choice of gains g and % given in Tables VII
and VIII, for the various quantities S = Sy, or Sk, indicated. A
value of S less than 1 implies steering. We see that there is two-way
steering across each bipartition. There is symmetry with respect to
subsystems 2 and 3 (refer to Fig. 1) and hence the plots for ;i3
and S5, are identical to those of S3);> and S),3. For comparison, we
also plot (brown dotted line) the value of S,,, which is identical
for all values of k (and [ # m # k), for the CV GHZ state with two
squeezing parameters.
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FIG. 20. The value of S; = AuAv as a function of the squeezing
parameter r, for the CV split-squeezed state. The gains as a function
of r are given by the analytical expressions in Egs. (100) and (102),
which are optimized for the observation of steering of system 1 (refer
to Fig. 5). The blue solid line corresponds to the value of S;. The
remaining lines correspond to different bounds on the right side of
the inequality Eq. (126). When S; is smaller than all the bounds,
there is genuine tripartite steering. This is obtained for r > 1.53.

gains provided in the same table of their paper, we obtain

A(hpxa + h3x3 +x1)A(g2p2 + g3p3 + P1)
|g2h2 + g3hs|

=0.95,
(133)

Sz =

which indicates two-way steering for the bipartition 1 — 23.
However, we estimate Si3, = Siz3 = 1.73 > 1, which does
not satisfy the requirement for full tripartite two-way steering
inseparability. The estimated maximum squeeze parameter for
the experiment was r ~ 0.47 based on a noise suppression
of —4.1 dB. The experiment was also constructed for up to
eight modes, with the steering of each mode of the eight mode
system observed.

C. CV split squeezed state

The CV SS state arises from a single squeezed input, as in
Fig. 5. Full tripartite inseparability can be detected using crite-
ria for entanglement, as explained in [70,71]. Here, however,
we optimize the correlations further, by selecting a different
choice of beam splitter reflectivity, as in Fig. 5.

1. Genuine tripartite steering using a single inequality

From Fig. 20, we see that genuine tripartite steering is
detectable using Criterion 1 for r > 1.56. This is expected
from the results of Sec. IV. Here, we use Criterion 1 as given
by the inequality Eq. (126), where we select g, = h; =1,
g1 = g = g, and h; = hy = h and optimize for g and A. The
optimal gains are derived in Sec. IV. With only one squeezed
input, the amount of steering for a given r is reduced, but
nonetheless perfect steering is possible for large r.

0.8r i
_Sk\lm
06t - 'Slm\k |
"
0.4r 1
0.2 J
0 1 1 1 1 1 1 1 1 1

02 04 06 08 1 12 14 16 1.8

FIG. 21. The steering for each bipartition as a function of squeez-
ing parameter r, for the CV tripartite SS state. Here, S = Sk, OF Spji
as indicated. Here, the lines coincide. We numerically compute S,
and Sy, as defined in Eqgs. (123) and (124), with the choice of gains
provided in Tables IX and X. Here k £/ % m and k = 1, 2, or 3.
S < 1 implies steering. Steering is observed in both directions across
each bipartition.

2. Full tripartite steering inseparability

Full tripartite steering inseparability can be detected, for all
r. This is seen from Fig. 21. We numerically obtain the gains
that minimize S, and Sy, as given in Eqs. (123) and (124),
respectively, for each bipartition. When Sgn, Simix < 1, there
is steering for the corresponding bipartition. We see from the
figure that there is two-way steering across all bipartitions.
Hence, it is possible to detect full tripartite two-way steering
inseparability.

D. Experimental genuine tripartite steering using the van
Loock-Furusawa-type inequalities

We are able to apply the criteria derived in this paper to
confirm from experimental data the realization of genuine
tripartite steering for cluster states. The criteria that we use
are based on the van Loock—Furusawa variances, which have
been measured experimentally.

TABLE IX. The optimal gains for the CV SS state. The optimal
gains for S3;» are identical to the gains for Sy;3 with A3 = h, and

8 =&.

Sij23 Sz

r hy & hs & hy 81 hs &

025 -0.15 0.18 -0.15 0.18 -0.15 0.18 —-0.15 0.18
050 -0.27 036 -027 036 -0.27 036 -—-0.27 0.36
075 —-0.35 054 -035 054 -035 054 -—-035 054
1.00 —-040 0.68 —-0.40 068 —-040 0.68 —-0.40 0.68
1.50 —-0.46 086 —-046 086 —-046 086 —-0.46 0.86
200 —-0.49 095 —-049 095 —-049 095 —-0.49 0095
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TABLE X. The optimal gains for the CV SS state. The optimal
gains for Sz, are identical to the gains for Sjy3 with h3 = hy and
8 =8

S Si32

r hy & hs 83 hy 81 hs &

025 -2.81 331 -2.81 331 -281 331 -2.81 3.31
050 -1.37 187 -—137 187 —-1.37 187 —-137 1.87
075 —-093 143 —-093 143 —-093 143 —-093 143
1.00 -0.73 123 -0.73 123 -0.73 123 -0.73 1.23
1.50 —-0.58 1.08 —-0.58 1.08 —-0.58 1.08 —-0.58 1.08
200 —-053 1.03 —-0.53 103 -053 1.03 —-0.53 1.03

First, we note from the form of the inequality of Criterion 1
and from the symmetry of the CV GHZ state that in the limit
of large r, the CV GHZ state will give a zero value for the
van Loock—Furusawa quantities B; and S;. These quantities
were defined by the van Loock—Furusawa-type Criteria 4 and
5in Sec. III C. This is also seen directly, from the predictions
Egs. (112) and (113) for the GHZ variances. The CV EPR
state will also give, in the limit of large r, a zero for the
product S;, as has been shown in [10,49] where similar in-
equalities were used to detect genuine tripartite entanglement
and steering. Hence, the van Loock—Furusawa-type steering
inequalities of Criteria 4 and 5 can also be used to detect
full tripartite steering inseparability and genuine tripartite
steering.

This is useful for interpreting the level of steering gen-
erated in previous CV experiments, which measure the van
Loock—Furusawa inequalities. Previous experiments report
full multipartite inseparability [60]. In the experiment of Arm-
strong et al. [60], the measured variances in the tripartite case
are By and By of Eq. (51). They reported By = By = 0.14 < 2
(note a different scaling of quadrature amplitudes) for the
CV EPR state. This implies an experimental confirmation
of full tripartite two-way steering inseparability according to
Criterion 4b.

In order to demonstrate genuine tripartite steering, Crite-
rion 5b can be used. However, By was not directly measured
in the experiment [60]. Here, the inequality of Criterion 6¢
involving just By and By is useful. Armstrong et al. [60]
measured the van Loock—Furusawa entanglement inequalities
for a CV cluster state. In the following, we apply van Loock—
Furusawa-type inequalities of Sec. IIIC to show genuine
tripartite steering for the cluster state. The variances measured
in the experiment are Bj = A%(p; — x2) + A%(py — x| — X3)
and Bj; = A*(p3 — x2) + A% (p2 — x1 — x3).

Following the proofs given for Criteria 5 and 6c¢, and the
result Eq. (27), we see that the violation of the inequality

B, + Bj; > 2P, + 2P, +2P; > 2 (134)
implies genuine tripartite steering. Following the proof for
Criterion 7, we see that the same violation also implies gen-
uine tripartite steering by the stricter Definition 3. In the
experiment, Armstrong et al. [60] obtained A%(p; —x;) +
A*(pr —x; —x3) = 0.12 and A%(p3 —x2) + A*(py —x1 —
x3) = 0.18, which violates the above inequality and hence

demonstrates experimentally genuine tripartite steering, by
Definitions 1 and 3.

We note that the CV GHZ will satisfy Criterion 7 of Sec.
IID for large r. This follows from the predictions Egs. (112)
and (113) for the variances. This gives an avenue to gener-
ate and detect the strict form of genuine tripartite steering
(Definition 3) for these states, which applies to networks of
only one trusted site. The extension to N systems would seem
straightforward.

VI. MONOGAMY RELATIONS

In this section, we summarize how the bipartite entan-
glement and steering are distributed among the subsystems
of the tripartite steerable states. It is known that for three
qubit systems, the bipartite entanglement between any two
of them is limited by monogamy relations [107]. This re-
sult can be extended to N-qubit systems [108] and to
nonlocality and steering [44,109-115]. The monogamy for
higher-dimensional systems is more complex, and has been
investigated for CV systems [44,116,117].

We first examine the distribution of bipartite steering
among the three systems created in CV GHZ, CV EPR, and
CV SS states. For steering, it is known that [44]

SaaSac = 1 (135)

where S;j; is defined in Sec. IIF for an arbitrary observable
of the steering parties. In this paper, the observables taken
for the steering parties are linear combinations of quadrature
phase amplitudes, in which case we write S = S. The steering
parameter is then Sy; = A — hyx) A(pr + gupi) where
the gains hy; and g;; are optimized to minimize the value
of Sy;. Regardless of the choice of gains, however, steering
is obtained when Sy; < 1 [25,36]. For the choice of optimal
gains, Si; < 1 becomes a necessary and sufficient condition
to demonstrate steering for Gaussian states and measurements
[23]. The specific monogamy inequality

St Sm = max {1, S} (136)

where Sy, is defined with the optimal linear gains hy
and gi(;m) that minimize the value of Syy;,, follows from the
definitions and Eq. (135) (without the assumption of Gaussian
states [38,44,118]). The relation has been verified experimen-
tally for the CV EPR state [38,119]. Where there is collective
steering such that Sjjp3 < 1, the monogamy relation gives
SipS1z = 1.

We see from the monogamy relation Eq. (136) that where
there is symmetry with respect to fields / and m, so that
Skit = Skjm. then Sy; > 1 and S, = 1. Thus for the CV GHZ
state, which has three symmetrical modes, there can be no bi-
partite steering as witnessed by Sy; < 1, for any system mode
k=1,2,3 (Fig. 22). This implies there is no such steering
of k by just one of the other single subsystems [/ or m. There
is however maximal steering of any mode k if one considers
collectively both of the other modes, since Skj;, — O for large
r. The steering witness Si;,, refers to the error in the estimate
of x and p of system k by systems / and m, and hence this
property is of value for CV secret sharing.

For the CV EPR system, there is symmetry between the
modes 2 and 3, as depicted in Fig. 1. Therefore, Sip = Si;3 =
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Sk:|lm

FIG. 22. Steering and entanglement monogamy for the CV GHZ
state depicted in Fig. 8. Here, all modes are symmetric, e.g., Sijp3 =
Soi13 = 8312 and Sy, = ;3. Steering of system k by both steering
parties [ and m is optimal for large r, as Sgu, — 0, given by the
dash-dotted brown line. However, no bipartite steering as measur-
able by the criterion S;; < 1 is possible for any mode i. Similarly,
there is no DGCZ bipartite entanglement measurable for large r, as
B;; > 1 in this limit. We observe that the steering monogamy relation
Eq. (136) is saturated for all k, with S Sk, = 1 (black dotted line).
The entanglement monogamy inequalities Egs. (139) and (140) are
satisfied.

1, as evident in Fig. 23. We see however that Sjj3 — 0 for
large r, implying that mode 1 steered collectively by 2 and 3
is useful for secret sharing.

The CV split-squeezed state also has symmetry between
the modes 2 and 3, as depicted in Fig. 5. Again, we obtain

Sk|lm

FIG. 23. Steering and entanglement monogamy for the CV EPR
state depicted in Fig. 1. Modes 2 and 3 are symmetric, e.g., Sip =
Sip3. Steering of system 1 by both 2 and 3 is optimal for large r, but
no bipartite steering measured by S;» < 1 is possible. The steering
monogamy relation Eq. (136) is saturated for k = 1, with S;pS1;3 =
1. A similar result is obtained for k = 3.
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FIG. 24. Steering and entanglement monogamy for the CV SS
state depicted in Fig. 5. Notation is as for Fig. 22. Although bipar-
tite steering according to Sj); is not possible, we observe bipartite
entanglement By, = B3 ~ 0.63 for large r. The steering monogamy
relation Eq. (136) is saturated for k = 1, with S;,5;3 = 1. A similar
result is obtained for k = 3.

Sij23 — O for large r, and see that S;p = Si3 = 1. We show
this relation in Fig. 24.

Further monogamy relations have been derived for Gaus-
sian systems [113—115], using the Gaussian steering quantifier
GB~A [37] that quantifies the steerability of mode A by B.
For two-mode Gaussian steering, the measure of Gaussian
steering G5~ may be mapped from S, since Sy p < lisa
necessary and sufficient condition for steering [23]. Explicitly,
the steerability of mode A by B by the steering parameter Sy
and the Gaussian steering quantifier G5~ are related by the
expression
_pgB—~A

SAlB =e (137)
We note that S4 3 = 0 corresponds to maximum steering. In
the present paper, we restrict study to the condition Sy p < 1
which confirms steering without the assumption of Gaussian
states, giving an advantage for applications relating to secure
quantum communication. However, the Gaussian monogamy
relations derived in [37] and verified experimentally [43] will
hold for the CV systems we examine in this paper, which are
examples of Gaussian states.

We now turn to examine the distribution of bipartite
entanglement among the tripartite steerable systems. Rosales-
Zarate et al. derived four monogamy inequalities for entangle-
ment [118]. A monogamy relation exists for the bipartite CV
variance

Bij = H{IAX; = X))P + [AP + P)F} (138)
of Duan, Giedke, Cirac, and Zoller (DGCZ) [120]. The cri-
terion B;; < 1 is sufficient to confirm entanglement between
states i and j [120]. We note By, is given by By of Eq. (51) with
g3 =0, and B3 is By in Eq. (51) with g = 0 (apart from
a renormalization factor). For any tripartite state of systems
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labeled 1, 2, and 3, the monogamy inequalities

By +Bi3 > 1 (139)

and

By + Biz = max{1, Sy} (140)

will always hold [118].

As pointed out by Rosales-Zarate et al. [118], the
monogamy relation Eq. (139) implies that where there is
symmetry between modes 2 and 3 (so that By = Bj3), it
follows that Bj; > 0.5 and Bj3 > 0.5. Maximum bipartite
entanglement (B = 0, Bj3 = 0) is not possible. Since the
CV GHZ is fully symmetric for all three modes, this limit
applies to all DGCZ bipartite entanglement for the CV GHZ
state, as observed in Fig. 22. In fact, for large r there is no
DGCZ bipartite entanglement for the CV GHZ state. The
constraint Bj,, Byz > 0.5 also applies to the two symmetric
modes of the CV EPR and CV SS states (Figs. 23 and 24).
The optimal limit B, = B3 = 0.5 is not obtained for any
of the three CV states, because of the enhanced fluctua-
tions arising from the antisqueezed quadrature of the highly
squeezed inputs. The CV SS state however has fewer squeezed
inputs, and Fig. 24 shows that for this case, Bjy = Bj3 ~
0.625 for large r. The monogamy relations Eqs. (139) and
(140) plotted in Fig. 23 agree with the results presented by
Rosales-Zarate et al. (Fig. 3 with the parameter ny = 0.5
corresponds to the CV EPR state). Rosales-Zarate et al.
showed how the value Bj, = B3 = 0.5 can be obtained for
the CV EPR state, if mode 1 is attenuated to reduce the in-
creased vacuum fluctuations entering from the squeezed input.
The full calculations are given in the Supplemental Material
[103].

A more general version of the inequality Eq. (139) can be
given in terms of the entanglement parameter

S = AQ — hux) A(pr + gup)/(A + hgu) . (141)

Here, g;; and h;; are gain factors, selected to minimize Sy,.
The condition S;; < 1 (for any g;;, h;;) confirms entanglement
between modes i and j without the assumption of Gaussian
states, as proved by Giovannetti, Mancini, Vitali, and Tombesi
[104]. The monogamy relation

max{1, S,f”m}
(I + Mg + hin&im)

holds for all states. The proof of the inequality Eq. (142)
extends the work of [118] and is given in the Supple-
mental Material [103]. This inequality is equivalent to the
steering inequality, Eq. (136). The criterion §;; < 1 with
optimal gains was shown equivalent to the Simon-Peres con-
dition for entanglement, provided there is symmetry between
X and P such that the correlation matrix elements satisfy
(X1, X2) = —(P1, P,) in which case h;; = g;; [121]. For two-
mode Gaussian systems i and j, the Simon-Peres condition is
necessary and sufficient to confirm entanglement [122,123].
The monogamy relation for this special case was derived in
[118]. By considering the variance expressions for observ-
ables X = a1%; — anky and P = Bi1P1 + Bapa, which involve
an extra parameter, Marian and Marian generalized the results

Sk1Skm =

(142)
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FIG. 25. Bipartite entanglement and entanglement monogamy
for the CV GHZ state depicted in Fig. 8. The system is symmetric
with respect to all modes. Entanglement between i and j is confirmed
when §;; < 1. Bipartite entanglement is observed between all pairs
of parties. The values of §;,S3 are given by the upper black dashed
line. Saturation of the generalized monogamy entanglement inequal-
ity Eq. (142) is observed for all k.

to show the how EPR variance criteria reduce to the Simon-
Peres condition for the two-mode Gaussian states [123].

In Figs. 25-27, we see bipartite entanglement Sy; < 1 to
be possible for all three states (the CV GHZ, CV EPR, and
CV SS states). This extends the results of [118]. The bipartite
entanglement in these figures is numerically computed where
Sk 1s minimized with the optimal gains /; and g, using the
fminsearch function in MATLAB. We found that Sy; = Sj; with
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FIG. 26. Bipartite entanglement and entanglement monogamy
for the CV EPR state depicted in Fig. 1. Entanglement between i
and j is observed when S;; < 1. The values of §,,,5)3 are given
by the upper black dashed line, and correspond to saturation of the
generalized monogamy entanglement inequality Eq. (142) for k = 1.
Here, there is bipartite entanglement detectable between systems 1
and 2, and between systems 1 and 3.
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FIG. 27. Bipartite entanglement and entanglement monogamy
for the CV SS state depicted in Fig. 5. Entanglement between i and j
is observed when S;; < 1. Here, bipartite entanglement is detectable
between all pairs of systems. The values of §;S;3 are given by
the upper black dashed line, and correspond to saturation of the
generalized monogamy entanglement inequality Eq. (142) fork = 1.

the gains satisfying the relation hy; = 1/hy and gx = 1/gui,
as proved in He et al. [33]. The relation Eq. (142) confirms it is
possible to obtain S;; < 1, even in the presence of symmetric
modes. However, the optimal EPR-correlated bipartite states
have h;; = g;; =1, in which case for symmetrical fields
where S; = S;, we will find S;; > 0.5. In fact, we observe
the approximate relation S;; 2 0.5 for each of the three types
of CV states.

For the states in this paper, Sj23 is equal to or smaller
than 1, and the generalized monogamy inequality be-
comes S12813 = 1/[(1 4 hi12812)(1 + hi3213)]. A saturation of
the generalized entanglement monogamy inequality is then
observed when S;2813 = 1, this being equivalent to the sat-
uration of the steering monogamy relation Eq. (136). The
authors of [118] observed that while there is no saturation of
the monogamy relations Eq. (139) for the CV EPR and CV
GHZ states, saturation of the generalized monogamy relation
Eq. (142) can be observed for CV EPR states. However, that
result was limited by the restriction h;; = g;;. Here, we extend
this result, by examining the CV GHZ and CV SS state, as
given in Figs. 25 and 27. These figures clearly show saturation
of the generalized monogamy relation Eq. (27) to be possible
for each of these states, for all r.

VII. CONCLUSION

In this paper we have examined the concept of multipartite
steering for multimode CV systems, deriving inequalities that
if violated signify the presence of genuine N-partite steer-
ing. In contrast with much previous work, the inequalities
are derived without the assumption of Gaussian states. This
gives an advantage for protocols which rely on the rigorous
confirmation of multipartite entanglement or steering (e.g.,
quantum key distribution).

Our classification of N-partite steering carefully distin-
guishes between full tripartite steering inseparability and
genuine tripartite steering. In fact, because of the asymmetry
of the steering correlation with respect to parties which may
have different levels of trust, a multitude of definitions is
possible. Here, we use a conceptual definition based on the
requirement to have steering both ways along each of the
different bipartitions of the N systems. However, alternative
definitions are likely to be useful, especially where the N
systems are nodes of a network with fixed levels of trust. In
this paper, we also consider one such alternative definition
(Definition 3) of genuine multipartite steering, motivated by
the example of networks with only one trusted subsystem. We
derive inequalities to detect this strict type of steering.

In Sec. IV, strategies are identified to generate genuine
multipartite steering based on the coherent beam splitter mix-
ing of one, two, and N squeezed beams with vacuum modes.
We examine the CV GHZ, CV EPR, and CV split-squeezed
states that use N, two, and one squeezed beams as inputs
for a network of N subsystems, respectively. It is shown that
the genuine N-partite steering for each of these states can be
detected by the inequalities derived in this paper, provided the
squeezing of the inputs is sufficiently large. Specific examples
for N =3 are given in Sec. V, and the genuine N-partite
steering of a tripartite CV cluster state is also analyzed. We
also show that these systems predict the strict form of genuine
multipartite steering given by Definition 3, and that this type
of steering can be detected by a van Loock—Furusawa-type
inequality.

Using the inequalities derived in this paper, we confirm
that full tripartite steering inseparability has been experimen-
tally generated for three optical modes. Armstrong et al. [60]
produced CV EPR states and tested the van Loock—Furusawa
type inequalities, measuring By and By as given by Eq. (51) of
our paper. Using Criterion 4b, the experimental values show
violation of both By > 2 and By > 2, implying full tripartite
two-way steering inseparability. In a second experiment, Arm-
strong et al. [38] measured the steering along each bipartition
of the three modes A, B, and C by violating the steering
inequalities SA\BC 2 1, SB\AC 2 1, and SC\AB 2 1 [EqS. (17)
and (123)]. This confirms full tripartite steering inseparabil-
ity, by our definition. The experimental results of [60] also
indicate that genuine tripartite steering has been generated
for a CV cluster state. This is based on the data reported
for the van Loock—Furusawa inequalities. In Sec. VD, we
show that Criteria 6¢ and 7 (with an adjusted phase choice)
certify both forms of genuine tripartite steering for this data,
by Definitions 1 and 3. Deng et al. [43] generated four-mode
cluster states and examined full steering inseparability with
the focus on monogamy relations between these modes, but
within the Gaussian-state assumption.

For tripartite states, the distributions of bipartite steering
and of bipartite entanglement among the three subsystems
will be constrained. In Sec. VI, we present results for the
monogamy of steering and for the monogamy of entangle-
ment, as certified with respect to a particular witness. We
study the monogamy properties for the tripartite CV GHZ,
CV EPR, and CV SS states. We find that a limited amount
of bipartite entanglement may exist between the nodes of the
tripartite network, for each of the three types of states, but
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that bipartite steering as measured by the CV EPR steering
criterion cannot. The monogamy relations we derive do not
require the assumption of Gaussian systems and may therefore
be useful for CV secret sharing protocols.
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