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Spatiotemporal optical vortex solitons: Dark solitons with transverse and
tilted phase line singularities
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Vortex solitons (dark solitons) are described in self-defocusing Kerr media whose phase line singularity is
not parallel to the propagation direction, but is perpendicular or tilted almost arbitrary angles, depending on
the medium linear dispersion. These solitons broaden the so-called spatiotemporal optical vortices recently
observed in experiments to the nonlinear realm, opening alternative perspectives in practical applications of
optical vortices.
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Introduction. Since a few decades, the expression spa-
tiotemporal optical vortex in the context of solitons refers to
three-dimensional solitons carrying a vortex whose phase line
singularity is parallel to the propagation direction [1,2], usu-
ally the z axis in optics. The gradient of the phase, 2mπ , where
the integer m is the topological charge, circulates in a closed
line about the z axis in the two transverse spatial coordinates.
Very recently, a new type of vortex whose phase line singular-
ity is not parallel but transversal to the propagation direction,
as in a moving tornado, has been called a spatiotemporal opti-
cal vortex (STOV) because the gradient of the phase circulates
in a transversal direction and time. These STOVs have first
been observed to accompany the self-guided pulse after the
arrest of collapse [3]. Afterwards, they have been generated by
linear means employing a 4 f pulse shaper and a spiral phase
mask or a π -step mask in the Fourier plane, and measured
in the far field [4], and from the near to the far field [5].
More recently, linear STOVs with arbitrarily oriented phase
line singularity have been generated using a combination of
polarizers and a photonic crystal slab structure [6]. Linearly
or nonlinearly generated, these wave objects behave substan-
tially as linear waves. They have recently been employed in
second-harmonic generation experiments demonstrating the
conservation of transversal orbital angular momentum [7]. On
a more theoretical side, spatiotemporal linear vortices with
orbital angular momentum forming an arbitrary angle with
respect to the momentum direction have also been described
[8], and the orbital angular momentum of Bessel-type STOVs
has consistently been evaluated in a full-vector description [9].

Here, we describe STOV solitons in the new sense, intrin-
sically nonlinear waves that are supported by self-defocusing
Kerr media, with or without linear dispersion. These STOV
solitons add a new, continuous degree of freedom to the stan-
dard, monochromatic optical vortex solitons (OVSs) [10,11],
or dark solitons, namely, the orientation of the phase line
singularity, which can be tilted almost arbitrary angles with
respect to the z axis. This degree of freedom may broaden
the perspectives of applications of vortices such as encod-
ing information, particle trapping, and waveguiding or wave

mixing. These STOV solitons are intrinsically polychromatic,
present a 2mπ circulation of the phase gradient along a closed
curve about the singularity in a spatiotemporal plane, and
can exist in media with anomalous, vanishing, and normal
dispersions, as the previously reported STOVs [5,12]. With
anomalous dispersion, STOV solitons with arbitrary orienta-
tion of the phase line singularity do exist, while normal and
vanishing dispersions impose some restrictions. As discussed
below, STOV solitons are as stable as monochromatic vortex
solitons, and are expected to be formed spontaneously from
linear STOVs propagating in the self-defocusing medium.
Typical media that can support these STOV solitons are the
same as those supporting OVSs, i.e., self-defocusing media
such as atomic rubidium vapor at near-infrared wavelengths
[13], or dyed liquids such as methanol at visible wavelengths
[14].

STOV solitons are described here in a paraxial regime
of beam propagation of quasimonochromatic pulses. Un-
der these conditions, the propagation of the wave envelope
ψ (t ′, x, y, z) of the electric field E = ψeik0ze−iω0t of carrier
frequency ω0 and propagation constant k0 is ruled by the
nonlinear Schrödinger equation (NLSE)

∂zψ = i

2k0
�x,yψ − ik′′

0

2
∂2

t ′ψ + ik0n2

n0
|ψ |2ψ, (1)

where �x,y is the two-dimensional Laplacian in the indicated
variables, n0 = n(ω0) is the refraction index at ω0, t ′ = t −
k′

0z is the local time, k(ω) = n(ω)ω/c is the propagation con-
stant, c the speed of light in vacuum, k(n)

0 = dnk(ω)/dωn|ω0 ,
and n2 < 0 is the negative nonlinear refractive index.

Standard OVS. We recall that monochromatic vortex
solitons, or dark solitons [10,11], consist on a phase line
singularity along the z direction, surrounded by a cylindrically
symmetric darkness on the uniformly luminous background
of the nonlinear plane wave ψ = √

I0eiδz of intensity I0 =
n|δ|/k0|n2| and with δ < 0. It is then convenient to introduce
normalized coordinates ζ = |δ|z, (ξ, η) = √

k0|δ| (x, y), and
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FIG. 1. Standard OVSs. (a) Radial amplitude profiles of OVSs. For m = 1, (b) amplitude isosurfaces 0.1, 0.25, 0.5, 0.75, 0.95 × √
I0

(from darker to lighter) in spacetime (t ′, x, y), and (c) amplitude and (d) phase profiles at a transversal plane. In this and the rest of the figures,
we have taken typical values ω0 = 2.355 rad/fs (λ = 0.8 μm), δ = −0.01 μm−1, and for the material medium k0 = 11.414 μm−1 [n0 =
1.453, yielding a phase velocity v f = ω0/(k0 + δ) = 0.206 μm/fs], k′

0 = 4.894 fs/μm (group velocity vg = 1/k′
0 = 0.204 μm/fs), and k′′

0 =
−2.893 fs2/μm.

envelope u = ψ/
√

I0, to rewrite (1) as

∂ζ u = i

2
�ξ,ηu − ik′′

0

2|δ|∂
2
t ′u − i|u|2u, (2)

and since the second derivative in time vanishes for u =
u(ξ, η, ζ ) independent of time,

∂ζ u = i

2
�ξ,ηu − i|u|2u. (3)

With the trial solution u = b(ρ)eimϕe−iζ , where ρ =√
ξ 2 + η2 and ϕ = tan−1(η/ξ ) are polar coordinates in the

transversal plane, and m = ±1,±2, . . . , the radial profile
b(ρ) must satisfy

d2b

dρ2
+ 1

ρ

db

dρ
− m2

ρ2
b + 2b − 2b3 = 0, (4)

with boundary conditions b = Cρ|m| for ρ → 0 and b →
1 for ρ → ∞. Solutions to the above boundary prob-
lem exist for discrete values C1 � 0.824 754 for |m| = 1,
C2 � 0.306 198 for m = 2, etc. If high accuracy is not re-
quired, the radial profiles fit accurately to the expressions
b(ρ) � [tanh(C1/|m|

|m| ρ)]|m|. For further comparison, Fig. 1
shows the normalized radial profile, the amplitude structure
in the (t ′, x, y) space in the form of a cylinder oriented along
the t ′ axis, and transversal amplitude and phase profiles. It
is also convenient to recall the helical structure of the phase
fronts mϕ + (k0 + δ)z − ω0t = const in space (x, y, z), as de-
picted in Fig. 2 for m = 1. Phase fronts with any phase
between 0 and 2π intersect at the line singularity along the
z axis.

STOV solitons with transversal phase line singularity. A
direct extension of the above vortex soliton is a STOV soli-
ton with a line phase singularity oriented along a transversal
direction, e.g., the y direction, in a medium with anomalous
dispersion, k′′

0 < 0. Instead of a monochromatic uniform field
in t ′, we now assume a uniform field in y, i.e., u = u(t ′, ξ , ζ ).
Introducing the normalized time

τ =
√

|δ|/|k′′
0 | t ′, (5)

the NLSE in (2) can be written in the same form as (3) but
with (ξ, η) replaced with (τ, ξ ):

∂ζ u = i

2
�τ,ξ u − i|u|2u. (6)

Introducing polar coordinates

ρ =
√

τ 2 + ξ 2, ϕ = tan−1(ξ/τ ), (7)

in the spatiotemporal plane (τ, ξ ), the radial profile b(ρ) of a
STOV soliton of the form u = b(ρ)eimϕe−iζ satisfies the same
equation as in (4) with the same boundary conditions. These
STOV solitons are then mathematically identical to OVSs but
in the plane (τ, ξ ). A detector with (t ′, x, y) resolution in
a given transversal plane would record the darkness of the
elliptic cylinder shape about the phase line singularity x = 0,
t ′ = 0, i.e., the y axis, as shown in Fig. 3(a), i.e., a strip of
darkness that appears and disappears as time runs. On any
particular y = const section the amplitude has the elliptical
shape, as in Fig. 3(b), of half duration of

√|k′′
0 |/|δ|, and of

x radius 1/
√

k0|δ| [taking the radius of b(ρ) in Fig. 1(a) as
unity for simplicity], and carrying the phase singularity at the
center, as in Fig. 3(c).

Despite this seemingly close analogy, the three-
dimensional behavior of STOV solitons differs radically
from that of usual vortex solitons. The difference arises
from the fact that it is only the envelope u that has been
reoriented, but the carrier oscillations eik0ze−iω0t continue to
propagate along the z direction. Seen in real space (x, y, z)
at different laboratory times t , the intensity of the STOV
soliton is an elliptic cylinder of darkness whose axis is
parallel to the y axis, of x radius 1/

√
k0|δ| and z radius√

|k′′
0 |/|δ|k′2

0 , that moves rigidly at the group velocity

FIG. 2. Standard OVSs. Helical wave fronts mϕ + (k0 + δ)z −
ω0t = const for m = 1 at t = 0 with const = 0 and π .
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FIG. 3. Transversal STOV solitons. For m = 1, (a) amplitude isosurfaces 0.1, 0.25, 0.5, 0.75, 0.95 × √
I0 in spacetime (t ′, x, y), and (b) and

(c) amplitude and phase profiles in sections y = const. Numerical values used are given in the caption to Fig. 1.

vg = 1/k′
0 along the z direction. The accompanying wave

fronts mϕ + δz + k0z − ω0t = const have nothing to do with
the helical wave fronts of standard OVSs. Several wave fronts
at fixed time and with different values of the constant phase
are plotted in Fig. 4(a) with different colors. Phase fronts
with all values of the phase between 0 and 2π intersect and
terminate at the line singularity along the y axis. Other phase
fronts farther from the singularity, shown in gray, tend to
match the plane-wave fronts of the nonlinear plane wave.
When time runs these phase fronts accompany the dark
elliptical cylinder at vg, but not rigidly. As an effect of the
different phase and group velocities, vp = ω0/(k0 + δ) and
vg = 1/k′

0, the phase fronts rotate about the moving singular
line, as appreciated in Fig. 4(b), repeating themselves at
a time period �t = (2π/k0)/|vp − vg|, or an axial period
�z = vg�t = (2π/k0)vg/|vp − vg|.

STOV solitons with tilted phase line singularity. Search-
ing for STOV solitons with neither pure longitudinal nor
transversal phase line singularity in media with arbitrary
dispersion, we try solutions to the NLSE (2) of the form
u = u(t ′ + αη, ξ, ζ ). The value α = 0 corresponds to the
above η-independent STOV solitons, and α → ∞ to the t ′-
independent, standard OVSs. With general α, the ansatz u =
u(t ′ + αη, ξ, ζ ) in the NLSE (2) leads to

∂ζ u = i

2

[(
α2 − k′′

0

|δ|
)

∂2
t ′u + ∂2

ξ u

]
− i|u|2u. (8)

For arbitrary real α in media with anomalous dispersion, for
|α| > 0 in media with negligible dispersion, and for |α| >√

k′′
0/|δ| in media with normal dispersion, we introduce the

dimensionless time

γ = (t ′ + αη)/
√

α2 − k′′
0/|δ|, (9)

with which the NLSE in (8) simplifies to

∂ζ u = i

2
�γ,ξ u − i|u|2u. (10)

This is again the NLSE (3) with (ξ, η) replaced with (γ , ξ ),
which admits STOV soliton solutions of the form u =
b(ρ)eimϕe−iζ , where now

ρ =
√

γ 2 + ξ 2, ϕ = tan−1(ξ/γ ) (11)

are polar coordinates in the (γ , ξ ) plane, with the same
spatiotemporal radial profile defined in (4) and depicted in
Fig. 1(a).

FIG. 4. Transversal STOV solitons. (a) Wave fronts mϕ + (k0 +
δ)z − ω0t = const in real space (x, y, z) at t = 0 with a few indicated
values of the constant phase, and m = 1. At the y axis, wave fronts
with all phases between 0 and 2π intersect. (b) The same as in
(a) but at half a period of wave-front rotation, t = �t/2 = 129.5
fs, corresponding to a propagation distance z = �z/2 = 26.46 μm.
Numerical values used are given in the caption to Fig. 1.
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FIG. 5. Tilted STOV solitons. For m = 1 and α = 5 fs (a tilt β = 71◦ with respect to the z axis), (a) amplitude isosurfaces
0.1, 0.25, 0.5, 0.75, 0.90 × √

I0 (from darker to lighter) in spacetime (t ′, x, y). and (b) and (c) amplitude and phase transversal profiles shifted
from (x, y) = (0, 0) at the time t ′ = 10 fs. (d) and (e) Amplitude and phase profiles at section y = 15 μm shifted from (t ′, x) = (0, 0). The rest
of the numerical values used are given in the caption to Fig. 1.

Coming back to real variables, a (t ′, x, y) detector at a
transversal plane would record an elliptic cylinder of darkness
surrounding the phase line singularity x = 0, t ′ + α

√
k0|δ|y =

0, as in Fig. 5(a). In a transversal plane (x, y) this structure
gives an elliptic darkness of x radius 1/

√
k0|δ| and y ra-

dius
√

(α2 − k′′
0/|δ|)/α2k0|δ| and a phase gradient circulation

about the phase singularity that moves along the negative or
positive y direction (for positive or negative α) at the velocity
−1/α

√
k0|δ|, as in Figs. 5(b) and 5(c). In the spatiotemporal

plane (t ′, x), the elliptic darkness of duration
√

α2 − k′′
0/|δ|,

and the phase gradient circulation about the singularity is
located at different local times at different y sections, as in
Figs. 5(d) and 5(e).

It is also instructive to write STOV solitons explicitly as
functions of (x, y, z) at different times t . The amplitude is b(ρ)
with

ρ =
√

k0|δ|x2 + [z − (t + α
√

k0|δ|y)vg]2

v2
g (α2 − k′′

0/|δ|) , (12)

from where the singular line, ρ = 0, is x = 0, y = (z −
vgt )/vgα

√
k0|δ|. It is then apparent that the amplitude of

a STOV soliton has the shape of an elliptical cylinder of
darkness tilted an angle given by tan β = 1/(vgα

√
k0|δ|) with

respect to the z axis, and that travels undistorted at the group
velocity vg = 1/k′

0 along the z direction. The x and y sec-
tions have the radii given above, and the radius of z sections
is vg

√
α2 − k′′

0/|δ|. In media with anomalous dispersion the
angle β is arbitrary in [−π/2, π/2]. In media with normal
dispersion the tilt is limited by |β| < tan−1(k′

0/
√

k0k′′
0 ), ap-

proaching |β| < π/2 if dispersion is negligible.
Discussion and conclusions. The existence of these soli-

tary vortices raises different questions, some of which can
be answered from previous knowledge about OVSs. Being
the dynamics of the STOV soliton envelope u governed by
mathematically identical equations [the NLSEs (6) and (10)]

to that for standard OVSs [the NLSE (3)], all properties that
do not involve the carrier oscillations would remain the same.
For example, STOV solitons would be stable for |m| = 1, and
metastable for |m| > 1 [15]. Of course, STOV solitons are to
be embedded in a finite-energy broad beam and long pulse
in any experimental realization, in the same way as OVSs
are nested in a broad beam [2,13,14,16], and the dynamics of
the STOV is expected to be determined by the spatiotemporal
gradients of the intensity and phase, as standard OVSs by the
spatial gradients [13,14,16].

The interaction between parallel STOV solitons should
also be the same as that of OVSs [14], e.g., two parallel
STOV solitons of the same charge rotate around each other
and two STOV solitons of opposite charge tend to annihilate.
The question that naturally arises is the interaction between
nonparallel STOV solitons. In this respect we note that a
STOV soliton with negative charge m < 0 tilted an angle β is
the same as a STOV soliton with positive charge m > 0 tilted
β + π . Thus rotation or annihilation between parallel STOV
solitons can be viewed as different interactions for parallel
and antiparallel orientations, which suggests, more generally,
that the STOV interactions strongly depend on their mutual
orientation.

Finally, in the same way as a standard vortex evolves
towards a OVS when introduced in a self-defocusing nonlin-
ear medium [17], the linear STOVs recently generated [4,5]
would transform into a STOV soliton in the same medium.
The generation of these STOV solitons with their new degree
of freedom of the orientation of the phase line singularity
would open alternative perspectives in the numerous applica-
tions of optical vortices.
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