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Nuclear momentum distributions governed by Rabi flopping in the dissociation of hydrogen
molecular ions in strong laser fields
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We study the Rabi flopping between the 1sσg and 2pσu states during the dissociation of hydrogen molecular
ions in strong laser fields by numerically simulating the time-dependent Schrödinger equation. Starting either
from a certain vibrational state or from coherently superimposed vibrational states weighted with Frank-Condon
factors, the dissociative nuclear momentum distributions present multiple angular nodes and maxima due to
molecular alignment-dependent Rabi flopping. The Rabi frequency and nuclear angular distribution depend on
the laser chirp and laser ellipticity. Rabi flopping also determines the population on the 2pσu state and thus the
dissociation probability. The deep understanding of Rabi flopping in molecular dissociation gives clues to control
ultrafast molecular dynamics.
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I. INTRODUCTION

Exposed to strong laser fields, molecules may absorb
photons and undergo complex reactions. One of the typical
molecular reactions is dissociation [1], in which the electron
absorbs energy and jumps to an excited state, followed by the
nuclei-nuclei repulsion. Finally, one molecule breaks into sev-
eral fragments. Experimentally, by measuring the momenta
of fragments, one may retrieve the dissociation pathways and
extract the mechanisms governing molecular reactions [2–4].
Due to its simplicity, the hydrogen molecular ion has been
studied extensively both theoretically and experimentally. It is
now clear that the laser coupling between the two lowest elec-
tronic states 1sσg and 2pσu mainly governs the dissociation
process [5]. For example, the electron may absorb one photon
and dissociate along the 2pσu state. Such a one-photon transi-
tion mainly happens at the internuclear distance Rc where the
energy difference between the 1sσg and 2pσu states equates
to the photon energy, as shown in Fig. 1 by the red arrow.
If the laser field is stronger, the electron may absorb three
photons simultaneously at a small internuclear distance R3ω,
followed by the emission of one photon at a large internu-
clear distance Rc, as shown in Fig. 1 by the blue arrows.
However, if the laser pulse is very short, the later one-photon
emission may not happen. These typical pathways are termed
one-photon [6,7], three-photon [8,9], and net-two-photon [10]
dissociation. For a complex molecule with more than one elec-
tron, some other dissociation pathways may happen, mediated
by the electron-electron correlation [11,12]. Experimentally,
several dissociation pathways may coexist, and the coexis-
tence of different dissociation pathways may interfere and
induce some interesting scenarios. If the molecule dissociates
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via one-photon and net-two-photon pathways having oppo-
site parities, the interference of these two states leads to the
asymmetric electron localization on two nuclei. The electron
localization can be controlled by many different strategies
[13–29]. In contrast, if two pathways with the same parity,
such as one-photon and three-photon pathways, are initiated
by a circularly polarized laser pulse, the proton angular distri-
butions show some vorticose structures [30,31].

Rabi flopping is a universal scenario in the quantum world.
Though Rabi flopping in atoms has been extensively covered
in the literature [32], Rabi flopping in molecules has seldom
been studied. Since the dissociation of H2

+ is mostly deter-
mined by the laser coupling between the 1sσg and 2pσu states,
one expects to see the Rabi flopping in such a two-level quan-
tum system [33]. The Rabi flopping in molecules is distinct
from that in atoms in several aspects. In atoms, the energy
difference between the two related states remains constant
and thus the Rabi frequency in an atom is constant once a
laser is given. However, in molecular dissociation, the energy
difference between the two electronic states depends on the
internuclear distance and thus the timing of the molecular
stretching. One may expect that the Rabi frequency is varying
during the molecular dissociation. On the other hand, atoms
are isotropic in space and thus no alignment needs to be
considered. In molecular dissociation, the transition dipole
is along the molecular axis and the laser-molecule coupling
depends on the molecular alignment. Angle-resolved Rabi
flopping was recently observed in simulation [33].

Angle-resolved Rabi flopping determines the proton an-
gular distribution in the dissociation of H2

+. Since the
angular distribution of dissociation fragments is used to re-
trieve molecular dynamics in many studies, it is necessary
to investigate how laser parameters modify Rabi flopping in
molecular dissociation. Since chirp exists generally in few-
cycle laser pulses, it is necessary to explore how this inherent
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parameter modifies the molecular dissociation. Another
important parameter is laser ellipticity, which can be accu-
rately tuned experimentally. In this paper, we systematically
simulate how the laser chirp and ellipticity modify the angle-
resolved Rabi flopping in the dissociation of H2

+ in strong
laser fields. The rest of the paper is organized as followed.
In Sec. II we introduce the details of our numerical method.
Section III presents the simulation results. The paper ends
with a summary in Sec. IV.

II. NUMERICAL METHODS

For H2
+, the potential curves of the 1sσg and 2pσu states

are far away from other potential curves, and the photon
coupling between the 1sσg and 2pσu states is much stronger
than others. Therefore, the dissociation of H2

+ in strong laser
fields can be simulated using the two-level numerical model
[34] (atomic units are used unless stated otherwise)

i
∂

∂t

(
χg(R, t )
χu(R, t )

)

=
(

P2
R

2M + Vg(R) D(R) · E(t )

D(R) · E(t ) P2
R

2M + Vu(R)

)(
χg(R, t )
χu(R, t )

)
, (1)

where R encodes the internuclear distance and molecular
alignment, D(R) is the R-dependent dipole between two elec-
tronic states [35], D(R) = 〈φg|r|φu〉, M is the reduced nuclear
mass, and Vg(R) and Vu(R) are the potential surfaces for
H2

+ in 1sσg and 2pσu states, respectively [35]. The potential

surfaces can be obtained by Vg (u)(R) = 1
|R| + 〈φg (u)| − ∇2

r
2 +

V (r, R)|φg (u)〉. Here PR = −i∇R = −i(x̂ ∂
∂Rx

+ ŷ ∂
∂Ry

) is the
nuclear momentum operator and E(t ) is the electric field of
the laser pulse. For simplicity, we confine R in the plane
constructed by the molecular axis and laser polarization. This
approximation is reasonable since no important dynamics
occurs in the direction perpendicular to this plane. Here χg

and χu are the nuclear wave packets of H2
+ associated with

electrons in 1sσg and 2pσu states, respectively. In this model,
the nuclear rotation is already included. The spatial grids are
0 < Rx < 30 a.u. and 0 < Ry < 30 a.u. and the spatial steps
are dRx = dRy = 0.02 a.u. The simulation box is big enough
to hold all dissociative wave packets during the interaction and
thereby no absorbing boundary conditions are used, which has
been verified by test calculations using or omitting absorbing
boundaries. The converged results have been obtained by us-
ing the time step dt = 0.1 a.u. Initially, χu(R, t = 0) = 0 and
χg(R, t = 0) depends on the concrete physical situations. For
example, in the case of photoionization of H2 in laser fields,
the acquired nuclear wave packet of H2

+ is in the coherent
superposition of a series of vibrational states. Usually, the
Frank-Condon approximation is adopted for such a case and
thus χg(R, t = 0) = χH2 , where χH2 is the nuclear ground
state of H2 and has an almost isotropic distribution in space.
In the case of the dissociation of the H2

+ ion beam produced
from a low-energy ion accelerator [2,3,36], the nuclear wave
packet of H2

+ may be incoherent. Thereby, the numerical
simulations may start from different vibrational states of H2

+
separately [23]. In the following simulations, we will start
either from a certain vibrational state or from a coherent

FIG. 1. Potential curves of the 1sσg (black solid curve) and
2pσu (red solid curve) states of H2

+. The red arrow represents the
one-photon transition. The blue arrows indicate the three-photon
absorption followed by one-photon emission. The blue dashed line
represents the R-dependent transition dipole between the 1sσg and
2pσu states.

supposition of several vibrational states. The initial states are
numerically obtained by the imaginary-time propagation al-
gorithm [37]. We propagate Eq. (1) using the Crank-Nicolson
method [38]. After the laser-H2

+ interaction, we keep prop-
agating the wave packet until the dissociative nuclear wave
packet enters the area |R| > 10 and clearly separates from the
bound states. By Fourier transforming the dissociative nuclear
wave packet, we obtain the nuclear wave packet in momentum
representation, from which the momentum distribution and
energy spectrum can be built.

III. RESULTS

We first study the nuclear momentum distribution induced
by a few-cycle laser field

E(t ) = E0 cos(ω0t ) sin2
(πt

τ

)
x̂, 0 < t < τ. (2)

The laser parameters are E0 = 0.0534 a.u. (the correspond-
ing laser intensity is 1014 W/cm2), the frequency ω0 = 0.114
(400 nm), and the pulse duration τ = 8 fs (six optical cy-
cles). For a driving laser pulse with a wavelength of 400 nm,
the resonant one-photon transition happens at the internu-
clear distance Rc = 3.8 a.u. Figures 2(a) and 2(b) show the
nuclear momentum distributions of the dissociation of H2

+
and D2

+, respectively. The angular distributions are shown
in Fig. 2(c). One vibrational state is initially adopted in the
simulations. From left to right, the vibrational states v = 4–
9 are used, respectively. Overall, the momenta in Fig. 2(b)
are

√
2 times those in Fig. 2(a) and the kinetic energies in

each column are almost the same. As explained in [33], the
laser-H2

+ interaction may form the Rabi flopping between
the 1sσg and 2pσu states, and this Rabi frequency depends
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FIG. 2. Nuclear momentum distributions after the dissociation of (a) H2
+ and (b) D2

+. (c) Nuclear angular distributions for the dissociation
of H2

+ (black dashed line) and D2
+ (red solid line) for dissociation starting from the vibrational states (i) v = 4, (ii) v = 5, (iii) v = 6, (iv)

v = 7, (v) v = 8, and (vi) v = 9. The laser parameters are an intensity of 1 × 1014 W/cm2, wavelength of 400 nm, and duration of six optical
cycles (8 fs). All plots here are normalized to their maximum values. The dissociation rates of H2

+ from the vibrational states v = 4–9 are
0.1345, 0.2931, 0.3676, 0.3333, 0.3078, and 0.2828, respectively. The dissociation rates of D2

+ from the vibrational states v = 4–9 are 0.0191,
0.1010, 0.2144, 0.2372, 0.1878, and 0.1644, respectively.

on the molecular orientation direction. Here one may clearly
see that the Rabi flopping depends sensitively on the vi-
brational states. For the low vibrational states, such as the
v = 4 state used in Figs. 2(a i) and 2(b i), the initially
nuclear wave packets are distributed in the area with an in-
ternuclear distance smaller than Rc = 3.8 a.u. and thus the
one-photon resonant transition is too faint to initiate the Rabi
flopping. For high vibrational states such as v = 7–9, there
are enough populations at around Rc = 3.8 a.u. and the reso-
nant photon coupling triggers strong Rabi flopping, producing
multiple minima and maxima in the angular distributions [33].
Figures 2(a ii) and 2(b iv), Figs. 2(a iii) and 2(b v), and
Figs. 2(a iv) and 2(b vi) are similar to each other. This is
due to their similar initial nuclear wave-packet distribution at
around Rc = 3.8 a.u. Besides the angular structures induced
by Rabi flopping, Figs. 2(a vi) and 2(b vi) also show concen-
tric rings (or multiple peaks in the direction θ = 0). This is
due to the initial distribution of vibrational states, which have
several radial nodes and maxima at around the internuclear
distance Rc.

In the photoionization of H2, the created nuclear wave
packets are superimposed vibrational states weighted by the
Frank-Condon factors [39]. Starting from such superimposed
coherent states, the biggest difference from the previous case
is that the molecular bond stretches and then shrinks alter-
natively. In the following, we investigate the Rabi flopping
in such a vibrating molecule. To look at how the nuclear
movement affects the Rabi flopping, we introduce the chirped

laser pulse in the calculations

E(t )=E0 cos[ω(t − t0)] sin2

(
π (t−t0)

τ

)
x̂, t0<t<τ + t0,

(3)

where t0 is free propagation time and ω = ω0 + ξ (t − t0 −
τ/2) is the time-dependent frequency of the chirped laser
pulse. Here ξ is the coefficient describing the rate of fre-
quency change; ξ > 0 and ξ < 0 correspond to positive and
negative chirps, i.e., the laser frequency increases or decreases
with time, respectively. The laser intensity is 5 × 1013 W/cm2

and the other laser parameters are the same as those used in
Fig. 2. The laser pulses with positive and negative chirps are
presented in Fig. 3(e). We first freely propagate the nuclear
wave packet for t0 = 8 fs, and thus the nuclear wave packet
is mainly distributed in the range 3 < R < 8 a.u., assisting
the one-photon transition. Figures 3(b), 3(c), and 3(d) show
the nuclear momentum distributions induced by negatively
chirped, nonchirped, and positively chirped laser pulses, re-
spectively. The observed angle-resolved structures have been
explained by the angle-dependent Rabi flopping between the
1sσg and 2pσu states [33]. Though the laser electric fields in
Fig. 3(e) look similar, the nuclear momentum distributions in
Figs. 3(b) and 3(d) are distinct. It is clear that the nuclear
momentum distribution initiated by the negatively chirped
laser pulse has multiple nodes and maxima at different angles
and has a minimum along the laser polarization. However,
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FIG. 3. (b)–(d) Nuclear momentum distributions and (f)–(h) time-revolved angular distributions, with (b) and (f) ξ = −10−4, (c) and
(g) ξ = 0, and (d) and (h) ξ = 10−4. The laser intensity is 5 × 1013 W/cm2 and the pulse duration is six optical cycles (8 fs). The central
wavelength is 400 nm with ω0 = 0.114 a.u. The laser pulses begin at t0 = 8 fs. (a) Nuclear momentum angular distributions induced by
negatively chirped (black solid line), nonchirped (red dotted line), and positively chirped (blue dashed line) laser pulses. (e) Negatively chirped
(black solid line) and positively chirped (red dotted line) laser electric fields. All plots here are normalized to their maximum values.

the nuclear momentum distribution induced by the positively
chirped laser has fewer nodes. Figure 3(a) shows the nuclear
angular distributions, obtained by radially integrating the mo-
mentum distributions in Figs. 3(b)–(d).

The theory of Rabi flopping is helpful to understand the
striking difference in Figs. 3(b) and 3(d). In the simplified
analytical Rabi model, the Rabi frequency is written as [32]

ωr =
√

[Vu(R) − Vg(R) − ω]2 + [E0D(R) cos θ ]2. (4)

The photon absorption is most efficient at the internuclear
distance where the two-level energy difference is the same
as the photon energy. The central part of the laser pulse has
H2

+ acting mainly in the time interval 10–14 fs. During this
period, the molecular bond is shrinking and the energy dif-
ference Vu(R) − Vg(R) is increasing. However, the frequency
of the negatively chirped laser pulse keeps decreasing. Such
a mismatch makes ωr large, resulting in the fast Rabi flop-
ping. In contrast, the increasing frequency of the positively
chirped pulse matches the increase of the energy difference
Vu(R) − Vg(R) during the whole interaction time. Therefore,
Vu(R) − Vg(R) − ω tends to be zero during the interaction and
a slower Rabi flopping is activated. The time-resolved angular
distributions shown in Figs. 3(f) and 3(h) clearly depict this
difference. For example, in Fig. 3(f), in the direction θ = 0,
two complete Rabi oscillations are accomplished, leading to a
minimum indicated by the black solid curve in Fig. 3(a). How-
ever, in Fig. 3(h), about 1.5 Rabi oscillations are finished at the
end of the laser pulse in the direction θ = 0. After the laser
interaction, the large population on the 2pσu state contributes
to the peak shown by the blue dashed line in Fig. 3(a). The
case without chirps presents the scenario between the negative
and the positive chirp, as shown in Figs. 3(c) and 3(g) and by
the red dash-dotted line in Fig. 3(a).

The number of Rabi oscillations determines the popula-
tion on the 2pσu state and thus the dissociation probability.
Figures 4(a) and 4(b) show the dissociation probabilities as a
function of the free propagation time before the laser is intro-
duced. When the laser intensity is as weak as 1012 W/cm2,
no Rabi flopping is activated. Not surprisingly, both the neg-
atively and the positively chirped pulses result in the same
dissociation probability, as shown in Fig. 4(a). Due to the
nuclear wave-function expansion, the local probability at the
internuclear distance Rc is smaller if the free propagation
time is longer. This explains the homogeneous decrease of the
dissociation probability in Fig. 4(a). When the laser is intense
enough to trigger Rabi flopping, the two chirped pulses result
in different dissociation probabilities, as shown in Fig. 4(b).
As explained above, the Rabi frequency depends on the chirp
of the laser pulse and how the 2pσu-1sσg energy gap changes.
If the free propagation time is small, say, 4 fs, the 2pσu-1sσg

energy gap keeps decreasing when the laser pulse is acting
on H2

+. The variation tendency of the energy gap and the
frequency of the negatively chirped laser pulse match each
other, making the Rabi frequency smaller. However, if the free
propagation time is so long that the internuclear distance gets
smaller when the laser field acts on it, the negatively chirped
laser pulse induces a larger Rabi frequency. Generally, a larger
dissociation probability is formed if a half-integral Rabi oscil-
lation is accomplished at the end of the laser pulse. However,
also note that the Rabi frequencies are different for molecules
aligned at different angles and the dissociation probability
is the integration of all dissociative fragments at different
angles. Hence, it is hard to say the dissociation probability
monotonically depends on the Rabi frequency.

Besides the chirp of laser pulses, the laser ellipticity also
plays an important role in Rabi flopping and the nuclear
momentum distribution. For a linearly polarized laser pulse
along the x axis, the effective laser intensity experienced by

063107-4



NUCLEAR MOMENTUM DISTRIBUTIONS GOVERNED BY … PHYSICAL REVIEW A 104, 063107 (2021)

FIG. 4. Dissociation probabilities as a function of the free propagation time, with laser intensities of (a) 1 × 1012 W/cm2 and (b) 5 ×
1013 W/cm2. The black lines with open circles and red lines with closed circles are calculated results using the negatively and positively
chirped laser pulses, respectively. The other laser parameters are the same as those in Fig. 3.

the molecule aligned at θ is E2
0 cos2 θ . Such an effective laser

intensity is completely changed if an elliptically polarized
laser pulse is used. Hence, one may expect that the nuclear
momentum distribution depends sensitively on the ellipticity.
We take the same initial state as that used in Fig. 3 and freely
propagate the nuclear wave packet for t0 = 8 fs. Then the
following elliptically polarized laser field is introduced:

E(t ) = E0

[
1√

1 + ε2
cos(ω0t )x̂ − ε√

1 + ε2
sin(ω0t )ŷ

]

× sin2

(
π (t − t0)

τ

)
, t0 < t < τ + t0. (5)

Figures 5(a)–5(f) show the proton momentum distributions
when the laser ellipticities are 0, 0.2, 0.4, 0.6, 0.8, and 1,
respectively. Compared to Fig. 5(a), where the linearly polar-
ized laser pulse is used, the maxima and nodes in momentum
distribution change significantly with the change of laser

FIG. 5. Proton momentum distributions when the laser ellipticity
is (a) 0, (b) 0.2, (c) 0.4, (d) 0.6, (e) 0.8, and (f) 1.0. The laser intensity
is 1 × 1014 W/cm2. All other parameters are the same as in Fig. 2.
All plots here are normalized to their maximum values.

ellipticities. With a larger ellipticity, fewer angular nodes are
obtained. It is intuitive that the rotational symmetry for the
nuclear momentum distribution is presented when a circu-
larly polarized laser field is used. When the ellipticity is 0.8,
counterintuitively, the main dissociative fragments propagate
in the ŷ direction, along which the laser electric field is weak,
and very few fragments propagate along the main axis of the
driving laser field. Since an elliptically polarized laser pulse
can be divided into two linearly polarized laser pulses, the
mechanism can be understood similar to the case of a linearly
polarized pulse. When the ellipticity is 0.8, the dissociative
fragments propagating in the ŷ direction experience lower
effective laser intensity and fewer Rabi cycles than those in
the x̂ direction, resulting in more dissociative fragments in
the ŷ direction. One may expect that the nuclear momentum
distribution can be modulated significantly by changing the
ellipticity of laser pulses.

IV. CONCLUSION

In summary, laser pulses initiate angle-dependent Rabi
flopping during molecular dissociation. By accomplishing dif-
ferent numbers of Rabi oscillations between the 1sσg and 2pσu

states, the electron may have large or small populations on
the 2pσu state at different angles, leading to angular nodes
and maxima in the dissociative nuclear momentum distribu-
tions. Positively and negatively chirped laser pulses result in
different dissociation probabilities if they are strong enough to
activate the Rabi flopping. The angle-dependent Rabi flopping
can be sensitively modified by the laser ellipticity. Depending
on the laser intensity and pulse duration, an elliptically po-
larized pulse may induce more dissociative fragments along
its short elliptical axis than along its long elliptical axis.
Looking forward, using the pump-probe scheme, the pump
pulse induced angle-dependent dissociation may be followed
by angle-dependent ionization by the probe pulse.
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