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The discrimination of quantum processes, including quantum states, channels, and superchannels, is a funda-
mental topic in quantum information theory. It is often of interest to analyze the optimal performance that can
be achieved when discrimination strategies are restricted to a given subset of all strategies allowed by quantum
mechanics. In this paper, we present a general formulation of the task of finding the maximum success probability
for discriminating quantum processes as a convex optimization problem whose Lagrange dual problem exhibits
zero duality gap. The proposed formulation can be applied to any restricted strategy. We also derive necessary and
sufficient conditions for an optimal restricted strategy to be optimal within the set of all strategies. We provide a
simple example in which the dual problem given by our formulation can be much easier to solve than the original
problem. We also show that the optimal performance of each restricted process discrimination problem can be
written in terms of a certain robustness measure. This finding has the potential to provide a deeper insight into
the discrimination performance of various restricted strategies.
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I. INTRODUCTION

Quantum processes are fundamental building blocks of
quantum information theory. The tasks of discriminating
between quantum processes are of crucial importance in
quantum communication, quantum metrology, quantum cryp-
tography, and so on. In many situations, it is reasonable
to assume that the available discrimination strategies (also
known as quantum testers) are restricted to a certain subset
of all possible testers in quantum mechanics. For exam-
ple, in practical situations, we are usually concerned only
with discrimination strategies that are readily implementable
with current technology. Another example is a setting where
discrimination is performed by two or more parties whose
communication is limited. In such settings, one may naturally
ask how the performance of an optimal restricted tester can be
evaluated. To answer this question, different individual prob-
lems of distinguishing quantum states [1-5], measurements
[6-9], and channels [10-19] were investigated.

It is known that if all quantum testers are allowed, then
the problem of finding the maximum success probability of
guessing which process was applied can be formalized as
a semidefinite programming problem, and its Lagrange dual
problem has zero duality gap [20]. Many discrimination prob-
lems of quantum states, measurements, and channels have
been addressed through the analysis of their dual problems
[7,16,19-31]. However, in a general case where the allowed
testers are restricted, the problem cannot be formalized as a
semidefinite programming problem.

In this paper, we provide a general method to analyze
quantum process discrimination problems in which discrim-
ination testers are restricted to given types of testers. We show
that the task of finding the maximum success probability for
discriminating any quantum processes can be formulated as
a convex optimization problem even if the allowed testers are

2469-9926/2021/104(6)/062609(14)

062609-1

restricted to any subset of all testers and that its Lagrange dual
problem has zero duality gap. It should be mentioned that, to
our knowledge, a convex programming formulation applica-
ble to any restricted strategy has not yet been reported even
in quantum state discrimination problems. In some scenarios,
the dual problem can be much easier to solve analytically or
numerically than the original problem, as we will demonstrate
through a simple example. Our approach can deal with pro-
cess discrimination problems in both cases with and without
the restriction of testers within a common framework, which
makes it easy to compare their optimal values. Note that we
use the quantum mechanical notation for convenience, but
since our method essentially relies only on convex analysis,
our techniques are applicable to a general operational prob-
abilistic theory (including a theory that does not obey the
no-restriction hypothesis [32]).

The robustness of a resource, which is a topic closely
related to discrimination problems, was recently extensively
investigated. It is known that the robustness of a process can
be seen as a measure of its advantage over all resource-free
processes in some discrimination task [33—-40]. Conversely,
we show that the optimal performance of any restricted pro-
cess discrimination problem is characterized by a certain
robustness measure.

II. PRELIMINARIES
A. Notation

Let Ny be the dimension of a system V. 0 stands for a zero
matrix. Let C and R be, respectively, the sets of all complex
and nonnegative real numbers. Also, let Hery, Posy, Deny,
Den"j, and Measy be, respectively, the sets of all Hermitian
matrices, positive semidefinite matrices, states (i.e., density
matrices), pure states, and measurements of a system V. Let
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Iy and 1y be, respectively, the identity matrix on V and the
identity map on Hery,. We call a quantum operation, which
corresponds to a completely positive map, a single-step pro-
cess. Let Pos(V, W) and Chn(V, W) denote, respectively, the
sets of all single-step processes and channels (i.e., completely
positive trace-preserving maps) from a system V to a system
W. In this paper, a one-dimensional system is identified with
C. Also, Pos(C, V) and Pos(C, C) are identified with Posy
and R, respectively. H; > H, with Hermitian matrices H,;
and H, denotes that H; — H, is positive semidefinite. Given a
set X' in a real Hilbert space, we denote its interior by int(X),
its closure by X, its convex hull by cod’, its (convex) conical
hull by coniX, and its dual cone by X*. coX and coniX
are, respectively, denoted by coX’ and coniX. x7 denotes the
transpose of a matrix x. Uniy denotes the set of all unitary
matrices on a system V. For a unitary matrix U € Uniy,
let Ady be the unitary channel defined as Ady (o) = UpUT
(pePosy).LetV =Wr @Vr ®--- @ W, ®V,, where T is
some positive integer.

B. Processes, combs, and testers

In this paper, we often use diagrammatic representations
to provide an intuitive understanding. A single-step process
f € Pos(V, W) is depicted by

The system C is represented by “no wire.” For example, p €
Posy and é € Pos(V, C) are diagrammatically represented as

Single-step processes can be linked sequentially or in par-
allel The sequential concatenation of fl € Pos(V;, V,) and
f2 € POS(VQ, V3) is a single-step process in Pos(Vi, V3), de-
noted as /> o fi. Also, the parallel concatenation of g, €
Pos(Vy, W) and g, € Pos(V,, W) is a single-step process in

Pos(V, ® V,, Wi ® W,), denoted as g1 ® &,. In diagrammatic
terms, they are depicted as

1 WI

TR I
V2V3 i
e

We refer to a concatenation of one or more single-step
processes as a quantum process. A process represented by
a concatenation of 7 channels is referred to as a quan-
tum comb with 7 time steps [41]. States, channels, and
superchannels, which are processes that transform quantum
channels to quantum channels, are special cases of quantum
combs. The concatenation of two single-step processes f €
Pos(Vi, W/ ® W) and f> € Pos(W, ® Va, Ws), denoted by
the process F := ﬁ ® fg (where ® denotes the concatenation),
is often depicted as

For a process & expressed in the form

wi e Wiy
AD A AD )

4 Wi Va ", Vr Wr

with A® € Pos(W/_, ® V,, W/ @ W,), Wy := C, and Wy :=
C, its Choi-Jamiotkowski representation, which we denote by
the same letter without the hat symbol, is defined as

= (€ ® 1y)(Ip) Iy |) € Posy,

where |Ip) =) |n)|n) € V®V. A process & s
uniquely specified by its Choi-Jamiotkowski repre-
sentation £. Comby, v, . w, v, denotes the set of all
T € POSw, v,0.-ow,oy; such that there exists {t® e
Posy,gv.e--aw,av, }IT:_I1 satisfying

Try, tV =k @t D, VI<t<T,

where 7@ :=1 and Each element of
Combw, v,...w,v, corresponds to a comb expressed in
the form of Eq. (1) with A® € Chn(W/_, ® V,, W/ @ W,),
Wy .= C, and Wy := C. For simplicity, we often refer to
elements of Comby, v, . w.v as combs. Note that the
Choi-Jamiotkowski representation, p, of a state p is equal to
o itself.

Combc w, v;....w.v.c is denoted by Comby, v v,
which is the set of all T € Posy, gv,@.-ow,ev such that there
exist (M e Den\/1 and {‘C(t) € POSV;@W—]@W—]@'“‘@WI@VI }tT:2
satisfying

M =1,

t=1Iy ® @D
Tyt =1y, @7, v2<r<T. )

Let Cg := Pos)/ and Sg := Comby, . w, v, Each element
of Sg corresponds to a comb expressed in the form

oo Wi Vr ﬁ{ ||
@ o) or | 3)
I I ] ||' ’

v Vi Vi

where &1, ..., 67 are channels (in particular, 6, is a state) and
“4” denotes the trace. An ensemble of processes {®,,}}_, is
referred to as a tester if Z ®,, is expressed in the form
of Eq. (3). For each tester element CDm, ®,, denotes the Choi-
Jamiotkowski representation of the process ®! (where  is the
adjoint operator), i.e.,

= (&), ® y)(Iy) (Iy]) € Posy.

{<I>m} _, isatesterif {®,}¥_ € Cg and Z , @, € S hold
and vice versa. We also refer to {®,}"_, as a tester. Let
(®r, &) = Tr(Pi&y); then, we have

(O’, 'L') = 1, V1 € CombWT,VT,m,W],V] ,0 € SG. (4)

In our paper, processes corresponding to elements of Sg and
tester elements are diagrammatically depicted in blue.
III. QUANTUM PROCESS DISCRIMINATION

We first review quantum process discrimination problems
where all possible testers are allowed. We here address the
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FIG. 1. General protocol for the discrimination of quantum
combs {£, = AD®---®ADM_ (plotted in black) with T time
steps, where W/, ..., Wj_, are ancillary systems. Any physically al-
lowed discrimination strategy can be represented by a tester (plotted
in blue), which consists of a state &, channels 65, ..., 67, and a

measurement {TT;}2L .

problem of discriminating M combs, & Ly ooy éM, where each
&, is the concatenation of 7 channels A1V, ..., A7) with
ancillary systems (see Fig. 1). &, is expressed by &, =
AD®...®AD. In the particular case where, for each m,
f:'m has no ancillary system and f\f,}), e, f\fnT) are the same
channel, denoted by A,,, the problem reduces to the problem
of discriminating M channels [\1, e, [\M with T uses. For
simplicity, we restrict ourselves to the case where each En
is a quantum comb with 7 = 2 time steps unless otherwise
mentioned, but our approach can be readily extended to the
case where each &, is a more general quantum process. As
shown in Fig. 1, to discriminate between given combs, we first
prepare a bipartite system V; ® V| in an initial state ;. One
part V; is sent through the channel [\fnl), followed by a channel
6,. After that, we send the system V, through the channel A
and perform a measurement {Iﬁlk}l,f’= , on the system W, ® V.
Such a collection of {67, 62, {lclk}y:l }, which is expressed as
{Cf>k = [, ®6,®6, }fc”:l, can be thought of as a tester. Any
discrimination strategy, including an entanglement-assisted
strategy and an adaptive strategy, can be represented by a
tester '. Let Pg be the set of all such testers ® = {®}iL |,
which can be written as (see [41] for details)

M
Po = i{cbm}’,f=1 €Co:y ®neSap. (5)

m=1
Note that V :=W, @ Vo, @ W; ® V; and
Sg = {IW2 R1:17) € POSV2®W1®V1,
T € DenV, STy, =1y, @ ‘[1}

hold. The probability that a tester ¢ gives the outcome k
for the comb &, is given by (g, &,). The task of finding
the maximum success probability for discriminating the given
quantum combs {&,}_, with prior probabilities {p,,}"_, can
be formulated as an optimization problem, namely [20],

M
maximize P(®) = Z PPy Em)s Pg)

m=1

subject to D e Pg.

!For the problem of discriminating quantum channels with multiple
uses, several discrimination strategies that make use of indefinite
causal order (e.g., [42-46]) are physically allowed; however, this
paper does not deal with such strategies.

FIG. 2. Schematic diagram of the closed convex hull of P, which
is the intersection of a closed convex cone C and a convex set S’ :=

(@: Y @,eS8).

IV. RESTRICTED DISCRIMINATION

We now consider the situation that the allowed testers are
restricted to a nonempty subset P of Pg; in this case, the
problem is formulated as

P(®), P)
o e P.

maximize
subject to

Let us interpret each tester as a vector in the real vector space
Herz“f. This means that one can work with linear combina-
tions of testers @1, @@, . .; a tester that applies @ :=
{®WM | with probability g; is represented as Y, ¢;®® =
O q[¢>,(€i)}24:1. One can easily see that the optimal value
of Problem (P) remains the same if the feasible set P is
replaced by COP. Indeed, an optimal solution, denoted by
®* € COP, to Problem (P) with P relaxed to COP can be
represented as a probabilistic mixture of oM @ ... P,
ie, @ =Y, 1;®® for some probability distribution {v;};.
Since P(®*) < P[®] holds for some i, @@ € P must be an
optimal solution to the relaxed problem. Thus, Problem (P),
whose objective function is convex by construction, is trans-
formed into a convex optimization problem by relaxing P to
COP. However, this relaxed problem is often very difficult to
solve directly.

We find that, for any feasible set P, each tester ® € P can
be interpreted as an element in some convex cone such that
the sum Z%:l ®d,, is in some convex set. Specifically, we can
choose a closed convex cone C and a closed convex set S such
that (see Fig. 2)

M
ﬁP:{@eC:thmeS}, C<SCs SCSS. (6)

m=1

Such C and S always exist *. Equation (5) can be regarded
as a special case of this equation with P = Pg, C = Cg, and
S = Sg (note that COPg = Pg holds). Let

M
De = {X € Hery : Z (O X — pmm) = OVO € C)}§

m=1

then, we can easily verify that

Ds(x) = maxyes (9, X) = Y opy (P} x) = P(P*)

2Since P is bounded, COP = coP holds.
3A trivial choice is C:={t®:t e€R,,® €CoOP} and S :=
¥ ®,:®ecoP).
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holds for any x € D¢. The first and second inequalities fol-
low from >"¥_ ®* € S and ®* € C, respectively. Thus, the
optimal value of the following problem

Ds(x), (D)
x € D¢

minimize
subject to

is not less than that of Problem (P). We refer to a feasible
solution, yx, to Problem (D) as proportional to some quantum
comb if y is expressed in the form y = A}, with A € R, and
% € Comby, v, _.w,.v,. We can see that Problem (D), which
is the so-called Lagrange dual problem of Problem (P), has
zero duality gap, as shown in the following theorem (proved
in Appendix A):

Theorem 1. Let us arbitrarily choose a closed convex cone
C and a closed convex set S satisfying Eq. (6); then, the
optimal values of Problems (P) and (D) are the same.

V. GLOBAL OPTIMALITY
A. Necessary and sufficient conditions for global optimality

Using Theorem 1, we can easily derive necessary and
sufficient conditions for an optimal restricted strategy to be
optimal within the set of all strategies. Given a feasible set
P, we now ask the question whether the optimal values of
Problems (P) and (Pg) coincide. We can derive necessary
and sufficient conditions for global optimality by considering
Problem (D) with P = Pg (i.e., C = Cg and S = Sg), which
is written as

minimize
subject to

Ds; (x),

x € De,. (Dg)

Since Theorem 1 guarantees that Problems (D) and (Dg), re-
spectively, have the same optimal values as Problems (P) and
(Pg), the task is to obtain necessary and sufficient conditions
for the optimal values of Problems (D) and (Dg) to coincide.
To this end, we have the following statement:

Proposition 1. Let us arbitrarily choose a closed convex
cone C and a closed convex set S satisfying Eq. (6). Then,
the following statements are all equivalent.

(1) The optimal values of Problems (P) and (Pg) are the
same.

(2) Any optimal solution to Problem (Dg) is optimal for
Problem (D).

(3) There exists an optimal solution x* to Problem (D)
such that x* is in D¢, and is proportional to some quantum
comb.

(4) There exists an optimal solution x* to Problem (D)
such that x* € D¢, and Ds(x*) = Ds,(x*) hold.

Proof. Let D* and Dy be, respectively, the optimal values
of Problems (D) and (Dg) [or, equivalently, the optimal values
of Problems (P) and (Pg)]. We show (1) = (2), (2) = (3),
(3) = (4),and 4) = (1).

(1) = (2) : Let us arbitrarily choose an optimal solution
x* to Problem (Dg). Since D¢, € D¢ holds from C C Cg,
x* € D¢ holds. Also, from S C Sg, we have D* < Ds(x*) <
Ds;(x*). Since D* = D§; = Ds;(x*) holds, we have D* =
Ds(x™). Thus, x* is optimal for Problem (D).

(2) = (3) : It is known that there exists an optimal solu-
tion, x* € D¢, to Problem (Dg) such that x* is proportional

nl s |w
Aptigih
FIG. 3. Channel discrimination problems with a single use in
which a state input to the channel is restricted to be separable. We

can assume that the input state is a pure state of the system Vi, i.e., a
. A P A
tester consists of ¢ € Del’lv1 and {l'I,,,}fL, € Measy, .

to some quantum comb [20,47]. From Statement (2), x* is
optimal for Problem (D).

(3) = (4) : x* can be expressed as x* = gT withq € R
and a quantum comb 7. Since (¢, x*) = q{¢, T') = g holds
for any ¢ € Sg, we have Ds(x*) = Ds,(x*).

(4)= (1) : We have D* =Ds(x*) = Ds;(x*) = Dg.
Since D* < Dg; holds, D* = Dg must hold.

B. Another example of necessary and sufficient
optimality conditions

In some individual cases, necessary and sufficient condi-
tions for global optimality can also be derived from Theorem
1. To give an example, let us consider the problem of dis-
criminating quantum channels {c‘:'m}l‘m”=1 € Chn(V;, W;) with a
single use (i.e., T = 1) in which a state input to the channel is
restricted to be separable (see Fig. 3). Since we can assume,
without loss of generality, that the input state is a pure state of
the system Vj, the optimal value P* of Problem (P) is written
as

M
P*:= max max me(nmvém(¢)>'
1

P
¢€De”vl [TeMeasy, f—

Since the dual of the discrimination problem in which an input
state is fixed to ¢ is formulated as Problem (D) with C = Cg
and S = {Iyy, ® ¢}, Theorem 1 gives

M
m Hma g,\m = i I Ta )
nefﬁg;(SWIm;p ( @) = min (v, ®¢7.x)

V¢ € Deny,
and thus

P*= max min (Iy, ® ¢, x).

¢'eDen;, Xx€Pcq
Also, the optimal value of Problem (Dg) is expressed by

min max (Iy, ® p', x) = min max (Iy, ®¢", x)
x€Dcg peDeny, x€Dcg ¢eDen5]

= min max (Iy, ® ¢, x).
x€Dcg ¢eDenfy

Thus, globally optimal discrimination is achieved without en-
tanglement if and only if the following max-min inequality
holds as an equality:

max  min (ly, ® ¢', x) < min
¢'eDeny, X€Pcg

max_ (ly, ® ¢', x).

x€Dcg ¢ eDenf,
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FIG. 4. Tester with maximally entangled pure states (in the case
of T' = 2), which consists of maximally entangled pure states WV, and
a measurement {I1,,}. We can assume, without loss of generality, that
each W, is a generalized Bell state |y, )) {1y, | /Ny, .

C. Sufficient condition for a nonadaptive tester to be
globally optimal

Given a process discrimination problem that has a certain
symmetry, we present a sufficient condition for a nonadaptive
tester to be globally optimal. We here limit our discussion to a
specific type of symmetries (see [47] for a more general case).
Note that several related results in particular cases have been
reported [16,20,48].

Let G be a group with the identity element e. Let @ =
{mg}eeg be a group action of G on {1,..., M}, ie., a set
of maps on {1, ..., M} satisfying wg,(m) = wy[w,(m)] and
w.(m)=mforany g,h € G,and m € {1, ..., M}. Given any
natural number T, we consider a set

U= U= AdU;T’®U;”®---®Ug‘)®U;”}geg’
where, for each r € {1,...,T}, G2 g Uéf’) € Uniy,, and
Gogr Ug(’) € Uniy, are projective unitary representations
of G. We will refer to an ensemble of M combs {5,,1}’,‘,{:1 C
Combw, v,...w v, as (G, U, @)-covariant if

Z/{g(gm) = gwg(m)s Vg € g

.....

)

holds.

We will call a tester each of whose output systems is one
part of a bipartite system in a maximally entangled pure state
(see Fig. 4) a tester with maximally entangled pure states.
Such a tester is obviously nonadaptive. Let P be the set of
testers with maximally entangled pure states; then, it follows
that Eq. (6) holds with

T
C :=Ca, s:z{w/f]wy}

t=1

®)

Note that COP = P holds in this case. We obtain the following
proposition.

3
Pseq = {ZBLP@AJ}

7 m=1
where

M

m=1

FIG. 5. Discrimination scheme for {EA',,[ = A,,l®Am}31:l with a
sequential tester. Consider the task to be performed by two par-
ties, Alice and Bob. Alice prepares a quantum state pp € DenV1®V{’
feeds the system V) into Ay, and performs a measurement (¥ iYiea
on W, ® V|, where J is a set, which may contain any number
of elements. According to its outcome, j, Bob prepares a state

,?)éj ) e DenV2®V2r, feeds the system V; into f\,,,, and performs a mea-

surement (Y _, on W, ®Vy. {A; = ¥;®@pa}jcs and (BY =
NV @p 3, (Vj € J) are testers.

Proposition 2. Assume that, for each te{l,...,T},
there exists a group G that has a projective unitary
representation G 3 g > Uéf’ ) e Uniy, and an irre-
ducible projective unitary representation G® > g
Ug(’) eUniy,. Let G:=GD xGT-Dx...xgW Y=
actiononGon {l,..., M}. If {cE'm}ffl’=1 is (G, U, w)-covariant,
then there exists a globally optimal tester with maximally
entangled pure states.

See [47] for some examples and for more general results.

VI. EXAMPLE

In several problems, Theorem 1 provides an efficient way
to find the optimal value of Problem (P). Note that the diffi-
culty of solving Problem (D) depends on the choice of C and
S. In this section, we illustrate the usefulness of Theorem 1 in
the following simple example.

Let us consider the problem of discriminating three qubit
channels A], f\z, [\3 with T = 2 uses, in which case V;, Wi,
V,, and W, are all qubit systems and ém = Ap®A,, (.e.,
En = Am ® Ay holds. Assume that the prior probabilities
are equal and that each A,, is the unitary channel repre-
sented by [\m(,o) =U"pU™, where U := diag(l, w) and
w = exp(2m+/—1/3). Then, we have

1 0 0 o™
0 0 0 0
Am=19 0 0 o
o 0 0 1

We consider the case where a tester is restricted to a sequential
one. The set of all sequential testers in Pg, denoted by P, is
(see Fig. 5 and Appendix B1)

:{A;) € Test, {B)} e Tests ¢,

m

Testy = {{B,,,}Z=1 C Pos, : ZBm = [(1) (1)] ®p,p € Denz},
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Test = U;;:l Testy,, and Pos, and Den, are, respectively,
the sets of all positive semidefinite and density matrices of
order n. Problem (P) with P = Py can be written as the
following nonconvex programming problem:

maximize ZZ B(/) A A~, Ap),
m=1 j
subjectto  {A;} € Test, {B)’} e Tests. 9)

This problem is very hard to solve due to two main reasons:

(i) both {A;} and {BY},, (¥,) need to be optimized and (ii)

how many elements an optimal tester {A;} has is unknown.
Here, we pay attention to the fact that Eq. (6) with

:Aj € Posy, (B} € Tests ¢,

3
b
J

m=1

§:=38; (10)

holds (see Appendix B2). In this situation, Problem (D) is
expressed as

minimize Ds,(x)

subject to Z <Z B(]) ®Aj, 3 Am ® Am> = 0

m=1

[VA; € Pos,, {BY} € Test;] (11)

with x € Hery. After some algebra, this problem is reduced
to (see Appendix B3)

minimize A
3 —m

. A0 1 1 o
Sub.]eCt to |:O )\:I 2 g Z <Bma Am)l:wm 1 i| (12)

m=1

(V{B,,} € Tests)

with A € R, This problem is much easier to solve than Prob-
lem (9). Also, Theorem 1 guarantees that the optimal value of
Problem (12), which is numerically found to be around 0.933,
is equal to the maximum success probability. Note that in
the case where any physically allowed discrimination strategy
can be used, we can easily see that the three channels can be
perfectly distinguished with two uses (see Appendix B4).

We restrict our discussion here to the discrimination prob-
lem for symmetric unitary qubit channels, but our method can
be applied to more general combs. Other examples of different
restricted strategies are shown in Appendix C.

J

VII. RELATIONSHIP WITH ROBUSTNESSES

In resource theory, robustness has been used as a measure
of the resourcefulness of a quantum comb, such as a state,
measurement, or channel. For a given closed set F, called a
free set, and a closed convex cone K of Hery, the robustness
of a comb £ € Pos;; against K can be defined as [49,50]

/
E+ae e F.& ¢ IC}. (13)
14+ A

R,fz (&) can be intuitively interpreted as the minimal amount,
A, of mixing with a process, £ € K, necessary in order for
the mixed and renormalized process, (£ + AE")/(1 + A), to
be in F. As already mentioned in the Introduction, it has
been shown that the robustness of £ is characterized as a
measure of the advantage of £ over all the processes in F in
some discrimination problem [33-40] (see also Appendix E).
Note that this problem is somewhat different from a process
discrimination problem that this paper deals with. Conversely,
we show that the optimal value of Problem (P) is characterized
by a robustness measure.

For the problem of discriminating quantum combs {S’Am}ﬁ‘n”:1
with prior probabilities {p,}__,, let us suppose that a party,
Alice, chooses a state |m)(m| with the probability p,,, where
{|m)} is the standard basis of a classical system Wy, and sends
the corresponding comb &, to another party, Bob. The Choi-
Jamiolkowski representation of the comb shared by Alice and
Bob is expressed as

M
= melm) (m| ® &, € Posy, gy
m=1
Bob tries to infer which state Alice has. When he uses
a tester {®,},, the success probability is written as
Zf::l (|m)(m| @ ®,,, £¥) = P(P). Using Theorem 1, we
can see that the optimal value of Problem (P) is characterized
by a robustness measure.
Corollary 1. Let

RE(E) = inf{k eR,:

M
K= {YeHerWA@,‘; D (lm)(ml @ P, Y) >

m=1

oOvVd € C)},
F = {lw, ® x": x" eHery, Ds(x")=1/M};
then, the optimal value of Problem (P) is equal to [l +
RE(E™)I/M.
Proof. From Eq. (13), we have
IHRE(E™) _ . o {ﬂ E 48
M M I+A

=1Iy, ® x', x' € Hery,

1
Dg(x)zﬁ,éelC}.

Letting x := (1 + A)x’ and using some algebra, the right-
hand side becomes

inf {Ds(x): x € Heryp, Iy, ® x — & € K}

M
= inf | Ds(x) : x € Herg. > Im)(m| ® (x — pun) € /C}

=inf {Ds(x): x € D¢} =

m=1

where D* is the optimal value of Problem (D). Thus, Theorem 1 completes the proof.
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If £ belongs to the free set F, then p; =--- = py =
1/M and & = --- = &y must hold, which implies that F
can intuitively be thought of as a set that includes all £
corresponding to trivial process discrimination problems. This
robustness measure indicates how far £ is from F. This
interpretation has the potential to provide a deeper insight into
optimal discrimination of quantum processes with restricted
testers.

VIII. CONCLUSION

We presented a general approach for solving quantum pro-
cess discrimination problems with restricted testers based on
convex programming. Our analysis indicates that a dual prob-
lem exhibiting zero duality gap is obtained regardless of the
set of all restricted testers. Necessary and sufficient conditions
for an optimal restricted tester to be globally optimal are also
derived. We showed that the optimal value of each process
discrimination problem can be written in terms of a robustness
measure. In comparison to previous theoretical works, our
approach would allow a unified analysis for a large class of
process discrimination problems in which the allowed testers
are restricted. A meaningful direction for subsequent work
would be to apply our approach to practical fields, such as
quantum communication and quantum metrology.
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APPENDIX A: PROOF OF THEOREM 1

We consider the following Lagrangian associated with
Problem (P):

M

M
L@, ¢, x) =) _ (P, En) + <go =) D, x>
m=1

m=1

M
= (@ X) = Y _ (P, X — &),

m=1

(AL)

where ® €C, ¢ €S, x € Hery, and &, := p,E,. From
Eq. (A1), we have

. - Zﬁ;jzl (q)ma gm)a Y= anlzl CD’"’
u;fL(@, @, x) = {—oo, otherwise,

_ (QD, X)’ X € DC’
sgpL(d% ¢ x) = {oo, otherwise.

Thus, the left- and right-hand sides of the max-min inequality

Sup lnfL(q)’ @, X) < inf)( Supcp 17 L(CD, @, X)
[oN7) X ’

equal the optimal values of Problems (P) and (D), respectively.
To show the strong duality, it suffices to show that there ex-
ists ®* € COP such that P(®*) > D*, where D* is the optimal

value of Problem (D). Let us consider the following set:
Z = {({ym +&n— xho=1- Ds(x) —d) : (x.y.d) € Z}
C Hery x R,
where y := {y,,}¥_, and
2y ={(x,y,d) e Hery; xC* xR :d < D*}.

It is easily seen that Z is a nonempty convex set. Ar-
bitrarily choose (x,y,d) € Zy such that y,, + En—x=0
(Vm); then, Ds(x) > D* holds from {x — &,}m € C*, which
yields Ds(x) —d > D* —d > 0. Thus, we have ({0}, 0) ¢
Z. From separating hyperplane theorem [51], there exists
(W, M ) # ({0}, 0) such that

m=1"
M
(\I"ma Ym + gm - X) +a[DS(X) - d] 2 Ov

m=1

Y(x,yd) e 2. (A2)

Substituting y,, = ¢y, (c € Ry, {y,}m € C*) into Eq. (A2)
and taking the limit ¢ — oo yields {¥,,},, € C. Taking the
limit d — —oo gives a > 0. To show o > 0, assume by con-
tradiction o = 0. Substituting x = cly (c € R;) and taking
the limit ¢ — oo yields Z%:l Tr¥,, < 0.From {¥,,},, € C C
POSQ,! , ¥,, =0 (Vm) holds. This contradicts ({W,,},,, o) #
({0},0), and thus o« > 0 holds. Let @} =W, /a; then,
Eq. (A2) yields

M
D (@ ym+En— x) + Ds(x) —d >0,

m=1

Y(x,y.d) e 2. (A3)

By substituting x =cx’ (ce€R4, x’ €Hery) into
Eq. (A3) and taking the limit ¢ — oo, we have
Ds(x) =Y M_ (%, x) (¥x' e€Hery). This implies
M @t eS8, ie, ® ecoP. Indeed, assume by
contradiction Z/\m/1=1 ®r & S; then, since S is a closed
convex set, from separating hyperplane theorem, there exists
x' € Hery such that (¢, x') < (X V_ &%, x) (Vo €S),
which contradicts Ds(x’) > Zﬁf:l (@, x'). Substituting
ym = 0 and x = 0 into Eq. (A3) and taking the limit d — D*
yields P(®*) = Y M_ (@* &,) > D*. [ ]

Theorem 1 can be generalized to the following corollary.

Corollary 2. Given P, let us arbitrarily choose a subset C
of Cg and a bounded subset S of Sg such that

M
CoP = cbeconiC:ZcbmeES )

m=1

Then, the problem

minimize  sup (¢, x)
peS
subjectto  x € D¢

has the same optimal value as Problem (P).
Proof. From Theorem 1, the following problem

minimize Dggs(X)
subjectto  x € Dy
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has the same optimal value as Problem (P). Also, it is easily

seen that Degs (X) = Dyogz(X) = sup,es (¢, x) and Dy =
De hold.

APPENDIX B: SUPPLEMENT OF THE EXAMPLE
OF SEQUENTIAL STRATEGIES

1. Formulation of Pk,

We show that the set of all sequential testers in Pg is
expressed as

3
Preqi= {ZBf,{) ®Aj} :{A;) € Test, {BY} € Tests

J m=1

From Fig. 5, ® € Pyq holds if and only if ®, is expressed in

the form
4 W, v, W,
Z @» £ 4@ @ H @ ' (B l )

where pa € DenV]®VI', {(I\Jj}j € MeaSW1®VI', f)](gj) S DenV2®V2/
(Vj), and {I1}¥_ € Measy,gy; (¥j). It follows that
{A; = V;®pa}jes and {32’) = ﬁ,ﬁ”@i)]g’)}i:l are testers and
Eq. (B1) can be rewritten as

Vi W, v, 2
J AAj B Igi)

This gives that ® € Pyq holds if and only if @ is expressed in
the form ® = {}", By’ ® A;}3,_, with

(B2)

{Aj}jeq C PosSwgy,, > AjeComby, ,  (B3)

jeg
and
3
{Bﬁ,{)}?n:l C Posw,ev,. ZBS,{) e Comby,, ,.
m=1
vVjeJ. (B4)

From Egq. (2), Egs. (B3) and (B4) are, respectively, equivalent
to {A;} € Test and big{B'!'big},, € Tests.

2. Derivation of Eq. (6) with Eq. (10)
Let P’ be the right-hand side of Eq.(6), i.e.,

M
P = {CDEC:ZCD,,,GS}. (B5)

m=1

Since we can easily obtain COP = P and P C P’ (i.e., ® € C
and Z’W"{:l ®,, € S hold for any ® € P), it suffices to show
P CP.

Let us consider P’ with Eq. (10). Arbitrarily choose @’ €
P’.From &' € C, CiD;( is expressed in the form of Eq. (B2) with

Aj € Posy, gy, and big{B}]big},, € Testy, y, (V). Arbitrarily

choose 6 € Chn(V,, W>); then, from

we have

>

(B6)

@

(B7)

with some p, € Deny,. Equations (B6) and (B7) yield that
{AJ-} is a tester. Since {AJ-} and {I§£,{)}m are testers, dA>;< is
expressed in the form of Eq. (B1), i.e., P’ C P.

3. Derivation of Problem (12)

There exists an optimal solution x to Problem (11)
expressed in the form y =iy with A€ R, and j €
Combw, v, w, v, (see [47]). Note that from Eq. (4), Ds(}) =1
holds for any ¥ € Comby, v, w,.v,. Since ¥ is a comb, we can
see that

3
X = ZTrW2®V2 [[BY’ ® L]%] € Comby, v, (B8)

m=1

is independent of the measurement (B3 _,. Conversely, for
any X € Comby, y,, there exists ¥ € Comby, v, w,.v, satisfy-
ing Eq. (B8). Thus, Problem (11) is rewritable as

minimize A

3
> (Buy An)Aw  (¥{By) € Tests)

m=1

subjectto  AX >

1

3
(B9)

with A € R} and X € Comby, v,. Due to the symmetry of

1 0 0 o™

0 0 0 0
Am=109 0 0 o |
o 0 0 1

we can assume without loss of generality that
0 0 O

1
_ 10
X._O
0

(=N eNe)

0 o0
0 o0
0 1

holds. This reduces Problem (B9) to Problem (12).
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4. Perfect distinguishability

We here show that {&, = A, (X)Am}f”:1 can be per-
fectly distinguished if any physically allowed discrimination
strategy can be performed. Assume that the prior proba-
bilities are equal; then, the maximum success probability

1 00 o™ 0 0 0
0O 00 0 0 0 0

O 00 0 0 0 O

@ 0 0 1 0 0 0

0O 00 0 0 0 0

O 00 0 0 0 O

0O 00 0 0 0 0

0O 00 0 0 0 0
=10 00 0 0 0 o0
O 00 0 0 0 O

O 00 0 0 0 0

O 00 0 0 0 0

@ 0 0 1 0 0 0

O 00 0 0 0 O

O 00 0 0 0 0

w” 0 0 o 0 0 0

S O O O O O O O o o o o o oo

(=)

is equal to the optimal value of the following problem
[20]:
minimize A
subjectto A} = &,/3

with » € R, and ¥ € Comby, v, w,v,. Note that £, is given
by

(B10)

0 0 0 0 w™ 0 0 o"
0 0 0 O 0O o0 0 O
0 0 0 O 0O 0 0 0O
0 0 0 O 1 0 0 o™
0 0 0 O 0O o0 0 0
0 0 0 O 0O o0 0 O
0 0 0 O 0O 0 0 o0
0 0 0 O 0O o0 0 o0
0 0 0 O 0O o0 0 0
0 0 0 O 0O 0 0 O
0 0 0 O 0O 0 0 o0
0 0 0 O 0O o0 0 o0
0 0 0 O 1 0 0 o™
0 0 0 O 0O 0 0 O
0 0 0 O 0O 0 0 o0
0 0 0 0 o 0 O 1

Due to the symmetry of &,,, we can assume, without loss of generality, that A ¥ is expressed in the form

A0 0 0 0 0 O
0 00 0 00 O
000 0 00 0
0 00 A 0 0 O
0 00 0 00 O
0 00 000 O
000 0 0 0 0
000 000 O
Ax =
0 00 0 00 O
0 00 0 O0O0 O
000 0 00 0
000 0 0 0 O
0 00 y 000
000 0 00 O
000 000 0
0 00 0 00 O

with y € C. Note that since &, = Adynrgneum—ren(En)
(Vm,n € {1,2,3}) holds, there exists an optimal
solution (A, %) to Problem (B10) satisfying }x =
Adyrgneuien(X) (Vk € {1,2,3}), as will be shown in
Lemma 1. After some simple algebra, we can see that

S O O O O O O o o o o o o o oo

0 0 O

S O O O O O O o o o o o o o oo
O O O O O O OO0 o0 o o o o o o o0
SO O O O O OO O o0 o o o o o o oo
S O O O O O O o o o o o o o o
S O O > O O O O O o o ow o o
SO O O O O O O O o0 o o0 o o o o0
SO O O O O O O OO o o o o o o oo
> O O O O O O o o o o o o o o

[
A¥ = &E,/3 is equivalent to

BAP— 4L +3yA—2y 0,1 >y > :

wla
|
[\%]
b
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FIG. 6. Examples of two types of restricted testers. (a) A non-
adaptive tester, in which first a state p € Denvl®vz®v]/ is prepared,
then the parts V; and V, are transmitted through a given process &,
and finally a measurement {ﬁk}ﬁil € Meast®Wl®Vl’ is performed.
(b) A tester performed by two parties, Alice and Bob. In this tester,
Alice first prepares a state p; € Denvl@,v{ with a probability ¢g; and
sends its one part V; to a given process é’,,,. She also sends the classi-
cal information i to Bob, who performs a channel 6; € Chn(Wy, V;)
depending on i. Alice finally performs a measurement {ﬁ;’”}gg €
Meas%@vlr. Only one-way classical communication from Alice to
Bob is allowed.

We obtain the minimal A satisfying these inequalities, which
is the optimal value of Problem (B10), to be 1. Thus, {&,, =
A ® Ay} _, are perfectly distinguishable.

We here give another proof. Let us consider an ensemble
of three states { ,bm}fn:l expressed as

lie., P = (Au®62®A,,)(61)] with 6 € Deny,gy, and 6, €
Chn(W, @ V{, V, ® W;). We choose

i 62 = AdU/s

—_—0 O =

| cococo
Loge

1
0
V2
0 V2

then, it is easily seen that {p,,}} _, are orthogonal. Therefore,
{En)3_, are perfectly distinguishable.

APPENDIX C: APPLICATIONS OF THEOREM 1

In addition to the example given in the main paper, we
will provide two other examples demonstrating the utility of
Theorem 1. In this section, we consider the case 7 = 2.

1. First example

The first example is the restriction to nonadaptive testers
[see Fig. 6(a)]. Let

C = CG,

S = {xw.v,(UImew, ® p') : p' € Deny,gy, }, (C1)
where Xwy € Chn(W @ V,V @ W) is the channel that

swaps two systems W and V, which is depicted by
w

.

Vv
We will show that P’ of Eq. (B5) is equal to COP [i.e.,
Eq. (6) holds] in the next paragraph. Substituting Eq. (C1)
into Problem (D) yields the following dual problem

minimize max  {(Xw,.v,(Tmew, ® 0, x)
p'eDeny, gy,
subjectto  x € D¢, = {x € Posy : x = pn&En(Ym)}.

(C2)
Note that although this problem is also formulated as the task
of discriminating {xy, w, (Exn) € COMbw,ew, vov, Im With a
single use, the expression of Problem (C2) is useful for veri-
fying the global optimality of nonadaptive testers.
We here show P’ = COP. It is easily seen COP = P and
P C P (e, P eCand Zi‘f:l ®,, € S hold for any ® € P).
Thus, it suffices to show P’ C P. From Fig. 6(a), ® € P holds
if and only if ®; is expressed in the form
LA A ,
p X 11, (C3)

4 s

where p € DenVl®V2®Vlf and {Hm}%:l € MeaSW2®Wl®V{. Ar-
bitrarily choose @ € P’. One can easily verify S C Sg, i.e.,
P’ € Pg. Thus, ®) is expressed in the form
v, w, v, W,
o o A ’
0] vy ) vy IT; ,
L

where 61 € Deny,gyr, 62 € Chn(W; @V, V, ® V'), and
(I M e Measy,gyy. V" and V)" are some ancillary sys-
tems. Also, from "M
such that

4 W, v, L“I 4
A ~ _ Ay
(e o] e - (e OC
[ — |

Thus, CTD;C is expressed in the form of Eq. (C3), where p is a
purification of p’. Therefore, P’ € P holds.

d! € S, there exists p' € Deny, gy,

.

W1|||'

2. Second example

The second example is described in Fig. 6(b). We want to
find C and S such that Problem (D) is easy to solve; however,
it is hard to find such C and S satisfying Eq. (6). Instead, we
consider relaxing this equation to COP < P’. We here choose

M
C = i{XVZQ@WI»Wz (Z (of] ®A£rll)>} .
i m=1

o; € Combvz’wl s Al(,,ll) € POSW2®V| }
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and S := Sg. This allows Problem (D) to be rewritten in this

situation as
minimize  Ds,(x)

TrV2®W1 [G(X - ngm)] 2 0
~VMlI<m<M,oe Combvz’wl)

subject to

with x € Hery. We relatively easily obtain the optimal value,
denoted by D*, of this problem. The optimal value of Prob-
lem (P) is upper bounded by D* since D* coincides with the
optimal value of Problem (P) where the feasible set is relaxed
from P to P'.

APPENDIX D: PROOF OF PROPOSITION 2

Before giving the proof, we first prove the following two
lemmas.
Lemma 1. Assume that {Sm}%=1 is (G, U, @ )-covariant. If

C =Cag,

Ufp)eS, VYgeG,peS (D)
holds, then there exists an optimal solution, x* € Posy, to
Problem (D) such that
U(x™) = x", VYgeg. (D2)
Proof Let x be an optimal solution to Problem (D). From
C = Cg, we can easily see x € Posy. Also, let

ZL[ (x) € Posy,

1914 |

where |G| is the order of G. Since U, o Uy = Uy holds for
any g, ¢ € G, one can easily see Eq. (D2). We have that from
Eq. (7)and x = &,,

|g| Zu (X gwg(m))
8€g

Vm e {l,...,M},

X*_ m

i.e., x* € D¢, where g is the inverse of g. Moreover, we have
1

Ds(x* )—maX(w X = G

|maxZ (9, Ug(X))

|g|Zmax 9. Us (X))

= @ g;lggg Us(@), x)

1
<G Y Ds(x) =Ds(x),

geg

where the last inequality follows from Uz (¢) € S foreach ¢ €
S and g € G, which follows from the second line of Eq. (D1).
Therefore, x* is optimal for Problem (D).

The proof of this lemma also shows that if there exists an
optimal solution that is proportional to some quantum comb,
then there also exists an optimal solution, x*, that is propor-
tional to some quantum comb and that satisfies Eq. (D2).

Lemma 2. Assume that, for each ¢t € {1, ..., T}, there ex-
ists a group G that has two projective unitary representations
GV s g Ug(’) € Uniy, and G© 5 g > 17;’) € Uniy,. Ifg—~
U;’) is irreducible for each r € {1, ...
Posy satisfying

,T}, then any x* €

* *
(lw, vy @--aW i@V ® Adyogpn © Iy, v @-ewmev ) (X)) = X",

is proportional to some quantum comb.

Proof. Tt suffices to show that, for each t € {1,...,T},
Try, x* is expressed in the form Try, x* = Iy, ® x; with x €
Posy,, where X; is the tensor product of all W, ® V,, with ¢’ €
{1,...,t—1,t+1,...,T}. Indeed, in this case, one can eas-
ily verify that x* is proportional to some quantum comb. Let
usfixt € {1,...,T}. Also, let xJ := Trx [(Ily, ® s) Trw, x*] €
Posy,, where s € Posy, is arbitrarily chosen; then, we have

x' = Trwev x* (D4)

Equation (D3) gives Adyo(x7) = x; [Vge G®]. From
Schur’s lemma, x; must be proportional to Iy,. Thus, from
Eq. (D4), xr = (s, x)Iv,/Ny, holds. We have that for any
s’ € Posy,

Ty = (s, x').

(s ®s, Try, x*) = (s', xJ) = (s, x)(s', Iy, /Ny,)
=(®s,Iy, @ x'/Ny,).

Since Eq. (D5) holds for any s and s, we have Try, x* = Iy, ®
X, with x = X//NW € POSXI.

(D5)

vie{l,...,T},ge G® (D3)

Now, we are ready to prove Proposition 2. Let C and S
be defined as Eq. (8); then, it is easily seen that Eq. (D1)
holds. Let ¢; be the identity element of G¢). From Lemma
1, there exists an optimal solution x* € Pos; to Problem
(D) satisfying Eq. (D2). Thus, Ue,,...e, 1 0.0 1,mey(X) = X
holds foranyt € {I,...,T}and g € G9 je., Eq. (D3) holds,
which implies from Lemma 2 that x* is proportional to some
quantum comb. Therefore, Proposition 1 concludes the proof.

APPENDIX E: RELATIONSHIP BETWEEN
ROBUSTNESSES AND PROCESS DISCRIMINATION
PROBLEMS

Let us consider the robustness of £ € Hery defined by

. E+2E
Rﬁ(&'):: 1nf{k eR,: T x

eF, £/eIC}, & e Hery,
(ED)
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where KC (C Hery) is a proper convex cone [or, equivalently,
K is a closed convex cone that is pointed (i.e., X N =K = {0})
and has nonempty interior] and F (C Hery) is a compact set.
Assume thatthe set {AZ : A € R, 0 < A < 1, Z € F}iscon-
vex. In order for this value to be well defined, we assume that
F Nint(LC) is not empty. The so-called global (or generalized)
robustness of a state p € Deny with respect to F € Deny,
defined as [52]

p+Arp
142

Rr(p) = min{keR+: e]-‘,,o/eDenV},

p € Deny

is equal to Rg';SV (p). In other words, R : Deny — R is the
same function as R,fOSV : Hery — R, but is only defined on
Deny. As an example of Rz, if F is the set of all bipartite
separable states, then Rx(p) can be understood as a measure
of entanglement. The robustness Rx(p) is known to represent
the maximum advantage that p provides in a certain sub-
channel discrimination problem (e.g., [37,38]). Similarly, as
will be seen in Proposition 3, R% (€) has a close relationship
with the maximum advantage that £ provides in a certain
discrimination problem.

By letting Z == (€ + AE")/(1 + 1), we can rewrite Ry-(E)
of Eq. (E1) as

RE(E)=minfA e R, : (1+MZ—-E ek, Ze F).
Let

N ={EecHery:6Z-E¢KNs <1,Ze F)};
then, it follows that

RE(E)=min{AeR:(1+M)Z—-EeK,ZeF}, VEeN.

(E2)

We first prove the following two lemmas.
Lemma 3. If £ € N holds, then

1+ RE(E) = max{{p. €) : ¢ € K*, (9. Z) < L(VZ € F)}
(E3)

holds.
Proof. Let F :=coniF. n: F — R, denotes the gauge
function of F, which is defined as

n¥):=minfA eR, : Y =AZ,Ze F}, YeF. (E4
Note that n is a convex function. Equation (E2) gives
1+RE(E) =min{n(Y): Y —E €K, Y € F).
Let us consider the following Lagrangian
LY, p) =n)—(p.Y = &) = (g, E) +n¥) — (@, Y)
with Y € F and ¢ € K*. We can easily verify
n), Y-£&ek,

00, otherwise,

(@, &),

—0Q,

sup L(Y, ¢) = {
pek*

. _ (0. Y') <YY" € F),
,}IEI;L(Y’ )= { otherwise.
Thus, the max-min inequality

inf sup L(Y, @) > sup inf LY, ¢)
YeF pek* pek*YeF

yields

14+ R(E) > max{(p, E):p € K*, (9, Y) < n(¥ (VY € F)}.
(ES)

We now prove the equality of Eq. (ES). To this end, it suffices
to show that there exists ¢ € int(XC*) such that (¢, Y) < n(¥)
(VY € F); indeed, in this case, the equality of Eq. (ES) fol-
lows from Slater’s condition. Arbitrarily choose ¢’ € int(xC*)
and let y = supy z g l{¢’,Y)/n(¥)] [note that n(Y) > 0
holds for any Y € F\{0}]. Since F Nint(K) is not empty,
there exists ¥ € F Nint(K) such that (¢’,Y) > 0, which
yields ¥ > 0. Let ¢ := y ~'¢’ € int(K*); then, we can easily
verify (@, Y) < n(Y) (VY € F).
It remains to show

(0.Z) K 1VZ e F) & (9, Y) < n¥ (VY € F).

We first prove “=". Arbitrarily choose ¥ € F; then, from
Eq. (E4), there exists Z € F such that ¥ = n(Y)Z. Thus,
(0,Y) =n¥)p,Z) <n) holds. We next prove “«<”.
Arbitrarily choose Z € F. Since the case (¢, Z) < 0 is ob-
vious, we may assume (¢, Z) > 0. Let Z' := Z/n(Z); then,
from n(Z) <1, Z’ € F, and n(Z') = 1, we have (p,Z) <
0.2y <n(Z) = 1.
Lemma 4. If £ € N holds, then we have

,E
max —(<p ) =1 —i—R%(E),
peX\(0) maxzer (@, Z)

where X is any set such that the cone generated by A" is ¥,

ie, {Ap: L eR,, p e X} =K~
Proof. Let

¢* = argmax (¢,€&), TI'(p):=max(p,Z);
pek*.I(p)<! Zex

then, from Eq. (E3), we have (¢*, &) =1+ Rf(E). Since
F Nint(LC) is not empty, I'(¢) > 0 holds for any ¢ € * \
{0}. Tt follows that I'(¢*) = 1 must hold [otherwise, @ =
o* /T (¢*) satisfies (@, E) > (¢*, E), ¢ € £*, and T'(p) = 1,
which contradicts the definition of ¢*]. For any ¢ € X \ {0},
¢ = ¢/T(¢p) satisfies (¢, E)/T(p) = (¢/, E) and I'(¢’) = 1.
Thus, we have

((pvg) i F

max = max L,EY= (", E) =14+ R+ (E).

pex\(0) T'(g) (pfre(;\;)\{?}, (0, &) =g ) i ( )
)=

We should note that, in practical situations, many phys-
ically interesting processes belong to N. As an example,
if F is a subset of all combs in Hery and int(*)N
Comby, .y, v, is not empty, then any comb in Hery
belongs to A. [Indeed, arbitrarily choose ¢ € int(K*) N
Combjtjvr,vr ..... w,.v, and a comb & € Hery; then, from ¢ €
Comby, v wov. (#.2)=($.E)=1 (VZ e F) holds.
Thus, for any § < 1, (¢,8Z — E) =5 — 1 < 0 holds, which
yields 8Z — € ¢ K. Therefore, we have £ € N.] For instance,
if F € Deny and Trx > 0 (Vx € K\ {0}) hold, then any p €
Deny is in V. As another example, if R,JCT (€) > 0 holds, then
& € N always holds. [Indeed, by contraposition, assume £ ¢
N; then, there exists § < 1 and Z € F such that §Z — £ € K.
Let A* == R? (&). It is easily seen from R',é- (&) > 0 that there
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exists Z* € F such that (1 +A*)Z* — & € K. Let p:= (1 —
8) /(W +1=3) and Z' = p(1 + 1*)Z* 4+ (1 — p)éZ; then,
we have 0 < p<1,Z € F, and Z' — £ € K. This implies
RE(E)=0.]

We obtain the following proposition.

Proposition 3. Let us consider £ e . Let V' be an
arbitrary system. We consider a set of pairs £ :=
(AT} (@) ))}, where {J,, : Hery — Hery }Y_ is a
collection of linear maps and @y, ..., &y € Hery,. Assume
that the cone generated by

M
K= 1> T (T} (Pu)) € £

m=1

is K* where J! is the adjoint of J,, which is
defined as (j”I(CD/), ENY = (P, Tu(&)) (VE € Hery, @' €
Hery,). Then, we have

" ,
i Tt @ T _ e

A i@uet’ maxzer Yomi (P, Tn(2))

(E6)
where

M
L= (T APah) € L) T (@) #04.

m=1

Proof. The left-hand side of Eq. (E6) is rewritten by

(@, &)
max ——————.
peX\(0} maxzer (¢, Z)

Thus, an application of Lemma 4 completes the proof.

The operational meaning of Eq. (E6) is as follows. Suppose
that {7} is a collection of (unnormalized) processes such
that Z%zl Jo is a comb from Posy to Posy, and that {®;}; is
a tester, where the pair ({jm}m, {®}r) is restricted to belong
to £. We consider the situation that a party, Alice, applies
a process jm to a comb £ € Posy NN, and then another
party, Bob, applies a tester {®;}; to jm(c‘f ). The probability
of Bob correctly guessing which of the processes j] e jM
Alice applies is expressed by Z%:l (@ Tn(E)) [note that
Sl M (@, Ju(E)) = 1 holds]. Equation (E6) implies
that the advantage of £ over all Z € F in such a discrimination
problem can be exactly quantified by the robustness R% (&).In
this situation, * € Posj;, i.e., K 2 Posy, holds.

We give two examples of the application of Proposition 3.
The first example is the case KL = Posy;. Let us consider the
case where 3" 7., can be any comb from Posy to Posy,
and {®;}; can be any tester. We can easily see that Eq. (E6)
with I = Posy holds. Note that, for example, Theorem 2
of [37] and Theorems 1 and 2 of [38] can be understood as
special cases of Proposition 3 with C = Posy. The second
example is the case K # Posy. For instance, for a given
channel £ from a system V to a system W, assume that
jm is the process that applies € to a state om € Deny with
probability p, [i.6., Ju(E) = pum Try [y ® p})E] holds] and
{®i )k is a measurement of W. Then, we have (®y, J,,(-)) =
PP ® p;, —). It is easily seen that Eq. (E6) with K* =
Sepyy y (or, equivalently, K = Sepy, ;) holds, where Sepy, ,,
is the set of all bipartite separable elements in POSy gy . Note
that, for a linear map W from V to W, ¥ ¢ Sepyyy holds if

and only if W is a positive map.
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