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Quantum entanglement creation for distant quantum memories via time-bin multiplexing
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Quantum networks require parallel quantum entanglement between pairs of distant quantum memories (QMs)
for practical applications. However, usually one pair of QMs is entangled using a single photonic pulse
and multiple pulses are consumed to generate parallel entanglement between pairs of QMs. We propose a
multiplexing method for simultaneously entangling multiple pairs of QMs located in two distant nodes. A single
photon with high-dimensional encoding first entangles with all QMs in one node, leading to hybrid entanglement
between a high-dimensional photon and two-dimensional QMs, and then it interacts with QMs in the other
node and converts the hybrid entanglement to entanglement between multiple pairs of QMs in a heralded
way. This can significantly increase the efficiency of large-scale quantum networks by reducing the exponential
transmission loss via time-bin multiplexing. Furthermore, this protocol presents a specific connection between
high-dimensional and two-dimensional quantum systems.
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I. INTRODUCTION

Quantum entanglement plays an essential part in various
quantum technologies and enables practical applications that
significantly overwhelm their classical counterparts [1–5].
Especially, nonlocal quantum entanglement between two dis-
tant nodes is of central importance in large-scale quantum
communication [6–10] and distributed quantum computa-
tion [11–14]. The propagation of photonic pulses is a
prerequisite for the generation of nonlocal quantum entan-
glement [15,16], however, the transmission loss of optical
fibers or free-space channels always increases exponentially
with the transmission distance [17], which sets a limit on
the efficiency and the range of entanglement generation be-
tween two distant nodes. The quantum repeater [18–21]
provides a polynomial speedup of the generation of an
entangled channel by dividing it into several intermediate
segments and generating entanglement parallelly in each one,
in combination with quantum swapping [22–25] and quantum
purification [26–29].

In general, there are two main approaches to generate en-
tanglement over a channel with an intermediate range [30,31]:
One generates hybrid entanglement between a photonic pulse
and an individual stationary qubit [e.g., quantum memory
(QM)] [32–35] and sends the pulse to interact with another
QM [36–42]; and the other generates one hybrid entan-
gled state at each node and interferes the two pulses at
an intermediate node [43–48]. Obviously, the generation
of entanglement between a pair of remote QMs requires
the effective transmission of a photonic pulse between two
nodes. Recently, quantum multiplexing [42] for generation of
two pairs of QMs was proposed and analyzed in detail by
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exploring the hyperencoding qubits of a single photon in both
the polarization and the time-bin degrees of freedom (DoFs).
Furthermore, this approach could be generalized to entangle
more pairs of QMs by encoding more DoFs of a photon [49].

In contrast to qubits hyperencoded in multiple DoFs of a
photon [49], the qudit with more than two states has been
studied intensively because of its remarkable properties, such
as the higher information-carrying capacity, the increased re-
sistance to noise, the enhancement of the algorithm efficiency,
and the advantage for a fundamental test of nature [50–52].
For single photons, there are various DoFs with high di-
mensions that can be used to encode qudits. The path or
momentum, transverse spatial modes, and time bins inherently
involve many quantum states and have been explored for im-
plementing different quantum techniques [53–58]. Especially,
the time-bin qudit of a photon is perfectly suited for trans-
mission over large distances using either free-space channels
or fibers [59]. A high-dimensional quantum key distribution
(QKD) over tens of kilometers has been demonstrated using
Franson-type interference [60,61] and the noise resistance of
time-bin entanglement distribution has been demonstrated in
an 80-dimension space [62].

Solid-state spin systems (e.g., color centers in diamond)
are convenient structures with excellent optical properties
and are a promising candidate for the realization of quan-
tum repeater networks [63–66]. In 2006, Childress et al.
proposed a fault-tolerant protocol for quantum entanglement
generation in nitrogen-vacancy (NV) color centers in dia-
mond [67]. The entanglement between a pair of electron spins
was generated after the interference of two optical modes
followed by a projective measurement. Subsequently, state-
dependent scattering of single photons by an NV color center
coupled to an optical cavity was used to entangle electron
spins [68–71]. Furthermore, the state-dependent scattering
approach has also been used to construct universal quantum
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gates on electron spins and photons [72–76] and to generate
cluster states for one-way quantum computation [77–79]. Re-
cently, Piparo et al. showed that a memory-assisted QKD with
NV centers outperforms a memoryless one [80,81]. More-
over, a single silicon vacancy (SiV) center integrated inside
a diamond nanophotonic cavity has been demonstrated to be
an efficient interface between single photons and individual
spins, enabling asynchronous photonic Bell-state measure-
ment and photon-mediated interactions between two SiV
centers [82–84]. Furthermore, some interesting protocols with
color centers have been studied for various quantum technolo-
gies [85–87].

In this article, we propose a multiplexing protocol for
generating entanglement between distant QMs. Entanglement
of multiple pairs of QMs can be simultaneously achieved in
a heralded way by using the auxiliary time-bin qudit of a
polarized single photon rather than multiple DoFs or inde-
pendent photons. The outline of our protocol in principle is
identical to that of the original entanglement generation pro-
tocol [36–42]. Specifically, after the interaction between the
high-dimensional encoded single photon with all QMs in one
node, the photon and QMs are evolved into a hybrid entangled
state [88,89], in which a proper measurement on the photon
can predict the state of all QMs. The photon acts as a data bus
connecting two nodes and then converts the hybrid entangled
state into a product state of multiple Bell states of QM pairs.
Therefore, our protocol can generate entanglement between
multiple QM pairs in a heralded way by the transmission and
measurement of a single photon and reduces the influence of
both the transmission loss and the finite single-photon mea-
surement efficiency on entanglement generation. Moreover,
quantum multiplexing photons each carrying multiple qubits
may reduce the resource requirement for distributed quantum
information processing tasks [90], in which transmission loss
is the dominant source of error. These features, combined with
spatial-mode multiplexing [91], enable higher entangling rates
and multiple pairs of entangled QMs, and then can enhance
fully connected multinode quantum networks [92,93]. Mean-
while, our protocol provides a method to study the conversion
and connection between high-dimensional quantum systems
and two-dimensional ones.

The paper is organized as follows: A quantum interface
between a single photon and an individual color center is
introduced briefly in Sec. II. An entanglement generation
protocol for three pairs of QMs is presented in Sec. III. Sub-
sequently, in Sec. IV, a generalized protocol for generating
(n > 3) pairs of QMs is described. In Sec. V, the performance
of entanglement creation is presented. Finally, we conclude
with a brief discussion and summary in Sec. VI.

II. AN EFFECTIVE SINGLE-PHOTON AND INDIVIDUAL
SPIN INTERFACE BASED ON COLOR-CENTER

COUPLING TO AN OPTICAL CAVITY

An interface between single photons and individual spins,
enabling hybrid entanglement between them, is an essen-
tial building block for quantum networks and distributed
quantum computation [30,38]. A deterministic spin-photon
interface can be achieved by a color center that is coupled to a
single-sided cavity, shown in Fig. 1. A negatively charged
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FIG. 1. Quantum memory (QM) for a polarized photon.
(a) Relative-level structure and optical transition of an NV− center;
(b) schematic of a quantum controlled-polarization-flip unit that is
referred to as a QM with single input and output. Here an NV− center
is coupled to a single-sided cavity; CPBS represents a circularly
polarizing beam splitter that reflects photons with polarization |R〉
and transmits those with |L〉.

NV− center in diamond consists of a substitutional nitrogen
atom and an adjacent vacancy. Its ground state is an electronic
spin triplet with a zero-field splitting of 2.88 GHz between
magnetic sublevels for |ms = 0〉 and |ms = ±1〉. When an
external magnetic field is applied along the NV− symmetry
axis, it lifts the degeneracy of |ms = ±1〉 and increases the
separation between the states |g〉 = |ms = 0〉 and |e〉 = |ms =
+1〉, as well as allowing spin-conserving optical transitions;
the NV− center in states |g〉 and |e〉 can be optically excited
through a dipole-allowed transition to excited states |M3〉 and
|M5〉 by the absorption of a right circularly polarized photon
|R〉 with resonant frequencies ω0 and ω1 = ω0 + �, respec-
tively [77]. In practice, a detuning of � = 2.71 GHz can be
achieved for a magnetic field of Bz ∼ 20 mT. Note that all
other dipole-allowed transitions involving four other excited
states (i.e., |M1〉, |M2〉, |M4〉, and |M6〉) can be neglected due
to optical selection rules or excessive detuning [94–96].

When the cavity mode a, interacting with the NV− center,
is near-resonant with the transition |g〉 ↔ |M3〉, the reflection
of the cavity with the NV− center in states |g〉 and |e〉 will be
different for an input photon that is resonant with the cavity:
(a) The cavity reflection compared to that of a bare cavity
will be significantly modified by destructive interference [97],
inhibiting the photon from entering the cavity, if the NV−
center is in state |g〉; (b) however, the cavity reflection will
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remain unaffected if the NV− center is in state |e〉 and its
dipole-allowed transition is largely detuned from the cavity
by �. Therefore, an R-polarized photon with frequency ω im-
pinging on an NV−-center–cavity system can be scattered into
the output port with a state-dependent reflection coefficient
that is determined by the state of the NV− center.

The scattering of an NV−-center–cavity system is similar
to that of a dipole-cavity system, since two dipole-allowed
transitions are spin conserving and decoupled from each other.
Meanwhile, the reflection coefficient of a dipole-cavity system
can be obtained by solving the dynamic equations of the
system (cavity mode a and Pauli spin operator σ− or σz) in
combination with the standard input-output relation [36–38],

da

dt
= −[i(ωc − ω) + κ

2
]a − gσ− − √

κc ain + N,

dσ−
dt

= −[i(ωs − ω) + γ

2
]σ− − gσz a + N ′,

aout = ain + √
κc a, (1)

where ωs (ωc) is the dipole-transition (cavity-mode) fre-
quency, κ = κc + κl is the cavity total loss, κc describes a
directional coupling between the cavity mode and the in-
put and output modes, κl describes the loss rate coupling
to nonguided modes, g represents the coupling between the
dipole and the cavity, and γ is the decay rate of the excited
state. The operators N and N ′ represent noises and are used to
preserve the desired commutation relations, whereas ain (aout)
is the input (output) mode.

In the weak excitation limit, the dipole is predominantly in
the ground state at most times and we can take 〈σz〉 � −1.
The reflection coefficient in the frequency domain can be
described as [38]

rs(ω) = 1 − 2β(i�s + 1)

(i�s + 1)(i�c + 1) + C
, (2)

where C = 4g2/κγ is the cooperativity, β = κc/κ represents
the probability factor that the scattering of a dipole-cavity
system channels an input photon into the desired output mode,
and �s = 2(ωs − ω)/γ and �c = 2(ωc − ω)/κ are effective
detunings of the dipole and cavity mode from the input field
frequency. For an input R-polarized photon with near-resonant
frequency ω � ωc (i.e., �c � 0) and a negligible nonguided
loss of the dipole-cavity system (i.e., β = 1), the reflection co-
efficient rs(ω) can be simplified to rs = 1 − 2/(1 + δC) with
δ = 1/(i�s + 1). We have r0 � 1 when C 	 max(�s, 1) is
satisfied, whereas we have r1 � −1 when �s 	 max(C, 1) or
C � 0 is satisfied.

For an NV−-center–cavity system with ω0 � ωc, an R-
polarized photon with frequency ω � ωc impinging on it, in
principle, can be scattered into the output port with r0 � 1
(r1 � −1) if the NV− center is in state |g〉 (|e〉); the state-
dependent reflection coefficient of an NV−-center–cavity
system is determined by the state of the NV− center. More-
over, new types of color centers in diamond, consisting of two
carbon vacancies between which is a group IV atom [83,98],
have a four-level structure, shown in Fig. 1, and have been
used to enhance quantum communication [84] by coupling to
a double-sided optical cavity.

The state-dependent reflection can be used to construct a
controlled-polarization-flip (CPF) unit using the NV− center
as the control and the photon polarization as the target [80],
shown in Fig. 1(b). The CPF unit consists of a cavity–NV−-
center system and two circularly polarizing beam splitters
(CPBSs) that reflect (transmit) photons in the right (left)
circularly polarized state |R〉 (|L〉). Suppose an arbitrary polar-
ized photon p is in state |Ψp〉 = α1|D〉 + β1|A〉, where |D〉 =
(|L〉 + |R〉)/

√
2 and |A〉 = (|L〉 − |R〉)/

√
2 are linearly polar-

ized and orthogonal; the NV− center embedded in a cavity
is initialized to |Ψs〉 = α2|g〉 + β2|e〉 with |αi|2 + |βi|2 = 1
(i = 1, 2). The photon p input into the CPF unit arrives at
the first CPBS that reflects the |R〉 component of photon p
and transmits the |L〉 one. The |R〉 component is then reflected
by the NV−-center–cavity system, introducing different phase
shifts for the NV− center in states |g〉 and |e〉; however, the |L〉
component is reflected by a mirror. The combined state of the
NV− center and photon p evolves to

|Ψ ′
c〉 = 1√

2
[(α1 − β1)|Rr〉(α2|g〉 − β2|e〉)

+ (α1 + β1)|Lt 〉(α2|g〉 + β2|e〉)], (3)

where the subscript r (t) represents that photon p is in the
reflection (transmission) mode of the first CPBS. The two
photonic components in both spatial modes are recombined
at the second CPBS and are simultaneously directed into the
output port when their optical paths between two CPBSs are
equal. Finally, the combined state of photon p and the NV−
center evolves into the desired output state of the CPF unit as

|Ψc〉 = α2|g〉|Ψp〉 + β2|e〉|Ψ̄p〉, (4)

where |Ψ̄p〉 = α1|A〉 + β1|D〉 has the same form as that of
|Ψp〉, except the polarization-flip |D〉 ↔ |A〉. This unit, re-
ferred to as a QM below, constitutes an elementary building
block for distributed entanglement generation that is enhanced
by the time-bin qudit encoding with inherent quantum multi-
plexing.

III. PROTOCOL FOR ENTANGLING THREE PAIRS OF
QUANTUM MEMORIES WITH A SINGLE PHOTON

So far, we have described an effective CPF unit (i.e., QM)
between the NV−-center electron spin and polarized photons.
In this section, we describe a method entangling three QMs
(QM1, QM3, and QM5) in one node with three QMs (QM2,
QM4, and QM6) in a distant node using a polarized pho-
ton with four time bins. As shown in Fig. 2, the setup is
composed of half-wave plates (Hs), polarizing beam splitters
(PBSs), and optical switchers (OSs) as well as QMs. The
OSi (i = 1, . . . , 6) can direct two spatial modes of photons
with different time bins into one spatial mode, and vice versa;
PBSi (PBS′

i) transmits photons with polarization |D〉 (|A〉)
and reflects those with |A〉 (|D〉); H flips the polarization of
photons passing it and performs the conversion |A〉 ↔ |D〉.
In general, this protocol consists of two main procedures:
(a) In node A, a hybrid entangled state is created between
a high-dimensional single photon and three two-dimensional
QMs. Subsequently, the photon is transmitted to the distant
node B. (b) Upon receiving this photon, node B converts the
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FIG. 2. Schematics of entangling three pairs of quantum mem-
ories. Here QMi (i = 1, . . . , 6) denotes a quantum memory imple-
mented by a CPF unit, shown in Fig. 1(b); OSi (i = 1, . . . , 6) is
an optical switch that directs two spatial modes of a photon with
different time bins into one spatial mode, and vice versa; PBSi (PBS′

i)
represents a polarizing beam splitter that transmits photons with
polarization |D〉 (|A〉) and reflects those with |A〉 (|D〉); a half-wave
plate H flips the polarization of photons passing it and performs the
conversion |A〉 ↔ |D〉; T(k) is a time delay operator that introduces an
optical delay of kt�; PSEi and PSE′

i (i = 1, 2) represent photon-state
engineering blocks.

hybrid entanglement into three two-QM entanglements, which
is heralded by the detection of a single photon.

A. Hybrid entanglement of a high-dimensional single
photon and three QMs

Suppose QMi (i = 1, . . . , 6) is initialized to the superpo-
sition state |Ψi〉 = (|gi〉 + |ei〉)/

√
2 and an input photon P

with D polarization is impinged on QM1. We can obtain
the combined state of the photon and QM1, according to
Eq. (4), as

|Φ1〉 = 1√
2

(T(0)|g1〉|D〉 + T(0)|e1〉|A〉), (5)

where T(k) represents an operator that introduces a time delay
of kt� and satisfies the relation T(i+ j) = T(i)T( j); the time delay
t� equals the time interval between two neighboring time bins.
The photon then passes through a photon-state engineering
(PSE) circuit composed of PBS1 and H, which is followed
by time delay T(2). Its polarization difference is converted
into that of time bins, performing T(0)|A〉 → T(2)|D〉. Subse-
quently, the two time bins of photon P in two spatial modes
are combined into one spatial mode by OS1 and are impinged
into QM3.

The combined state of two QMs and photon P evolves into

|Φ2〉 = 1

2

2∑
i=0

T (i,2)
3 |g1g3〉|D〉, (6)

where T (i,2)
3 (i = 0, 1, 2) flips the state of i QMs and is repre-

sented by

T (0,2)
3 = T(0), T (1,2)

3 = T(2)σ
X
1 + T(0)σ

X
P σ X

3 ,

T (2,2)
3 = T(2)σ

X
P σ X

1 σ X
3 . (7)

Here σ X
P = |D〉〈A| + |A〉〈D| flips the polarization of photon P

and σ X
i = |gi〉〈ei| + |ei〉〈gi| flips the state of QMi. Note that

an implicit identity consisting of σ I
P = |D〉〈D| + |A〉〈A| and

σ I
i = |gi〉〈gi| + |ei〉〈ei| is omitted in T (0,2)

3 and T (1,2)
3 and in

similar operators hereafter when there is no confusion.
Photon P then enters the PSE2 circuit consisting of PBS2

and H, which is followed by time delay T(1). The A-
polarization modes are converted into D-polarization modes
with different time bins, i.e., T(0)|A〉 → T(1)|D〉 or T(2)|A〉 →
T(3)|D〉, which, in combination with T(0)|D〉 and T(2)|D〉, are
directed into the same spatial mode. After the photon is scat-
tered by QM5, the combined state of three QMs and photon P
evolves into a hybrid entangled state,

|Φ3〉 = 1

2
√

2

3∑
i=0

T (i,3)
3 |g1g3g5〉|D〉, (8)

where the operators T (i,3)
3 (i = 0, 1, 2, 3) can be described as

T (0,3)
3 = T(0), T (1,3)

3 = T(2)σ
X
1 + T(1)σ

X
3 + T(0)σ

X
P σ X

5 ,

T (2,3)
3 = T(3)σ

X
1 σ X

3 + T(2)σ
X
P σ X

1 σ X
5 + T(1)σ

X
P σ X

3 σ X
5 ,

T (3,3)
3 = T(3)σ

X
P σ X

1 σ X
3 σ X

5 . (9)

It is easy to check that the total dimension of the polariza-
tion and time bin of photon P is eight and each basis state
is exclusively correlated with one of eight product states of
three QMs. Photon P is transmitted to the distant node B and
interacts with the circuit shown in the right panel in Fig. 2
to entangle three pairs of QMs situated in two nodes. In
principle, each QM pair (QMi,QM j) can be in any one of four
Bell states as follows:

|φ±
i j 〉 = 1√

2
(|gi〉|g j〉 ± |ei〉|e j〉),

|ψ±
i j 〉 = 1√

2
(|ei〉|g j〉 ± |gi〉|e j〉). (10)

B. Heralded entanglement of three pairs of QMs

Upon arriving at the distant node B, the photon is directed
to interact with QM6. The combined state of four QMs and
photon P evolves into

|Φ4〉 = 1

2
√

2

3∑
i=0

T (i,3)
3,1 |g1g3φ

+
5,6〉|D〉, (11)

where QM5 and QM6 can be maximally entangled in state
|φ+

5,6〉 or |ψ+
5,6〉 if photon P is measured in the basis spanned

by two polarization states (|D〉 and |A〉) in combination with
four time bins [i.e., T(0), T(1), T(2), and T(3)], and the operators
T (i,3)

3,1 (i = 0, 1, 2, 3) can be described as

T (0,3)
3,1 = T(0), T (1,3)

3,1 = T(2)σ
X
1 + T(1)σ

X
3 + T(0)σ

X
P σ X

6 ,

T (2,3)
3,1 = T(3)σ

X
1 σ X

3 + T(2)σ
X
P σ X

1 σ X
6 + T(1)σ

X
P σ X

3 σ X
6 ,

T (3,3)
3,1 = T(3)σ

X
P σ X

1 σ X
3 σ X

6 . (12)
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To entangle QM3 and QM4, photon P is sent to OS3 and its
time bins with T(0) and T(2) [T(1) and T(3)] are directed into the
left (right) mode of PSE′

1. The PSE′
1 switches the photon states

T(0)|A〉 and T(2)|A〉 with T(1)|D〉 and T(3)|D〉, respectively. All
time bins of photon P are then combined into one spatial mode
by OS4 and directed to interact with QM4. Therefore, the
combined state of five QMs and photon P, just before photon
P enters OS5, evolves into

|Φ5〉 = 1

2
√

2

3∑
i=0

T (i,3)
3,2 |g1φ

+
3,4φ

+
5,6〉|D〉, (13)

where the operators T (i,3)
3,2 (i = 0, 1, 2, 3) can be described as

T (0,3)
3,2 = T(0), T (1,3)

3,2 = T(2)σ
X
1 + T(1)σ

X
6 + T(0)σ

X
P σ X

4 ,

T (2,3)
3,2 = T(3)σ

X
1 σ X

6 + (
T(2)σ

X
1 + T(1)σ

X
6

)
σ X

P σ X
4 ,

T (3,3)
3,2 = T(3)σ

X
P σ X

1 σ X
4 σ X

6 . (14)

Obviously, two pairs of QMs, i.e., (QM3, QM4) and (QM5,
QM6), can be maximally entangled from state |Φ5〉 after pho-
ton P is properly measured.

Furthermore, QM1 and QM2 can be entangled by photon
P with a similar procedure: The time bins T(0) and T(1) [T(2)

and T(3)] of photon P are directed into the left (right) mode
of PSE′

2, which switches the photon states T(0)|A〉 and T(1)|A〉
with T(2)|D〉 and T(3)|D〉, respectively; the four time bins with
both D polarization and A polarization are combined into
one spatial mode by OS6 and then are scattered by QM2.
Immediately, the combined state of six QMs and photon P
after scattering evolves into

|Φ6〉 = 1

2
√

2

3∑
i=0

T (i,3)
3,3 |φ+

1,2φ
+
3,4φ

+
5,6〉|D〉, (15)

where the operators T (i,3)
3,3 (i = 0, 1, 2, 3) can be described as

T (0,3)
3,3 = T(0), T (1,3)

3,3 = T(2)σ
X
4 + T(1)σ

X
6 + T(0)σ

X
P σ X

2 ,

T (2,3)
3,3 = T(3)σ

X
4 σ X

6 + (
T(2)σ

X
4 + T(1)σ

X
6

)
σ X

P σ X
2 ,

T (3,3)
3,3 = T(3)σ

X
P σ X

2 σ X
4 σ X

6 . (16)

The state |Φ6〉 can be referred to as a hybrid entangled
state with the same form as that of Eq. (8) when each QM
pair is confined in a subspace with two basis states, |φ+

i,i+1〉
and |ψ+

i,i+1〉 (i = 1, 3, 5). The three pairs of QMs can be pro-
jected into a product state of three entangled states (|φ+

i,i+1〉 or
|ψ+

i,i+1〉) when photon P is measured in a basis consisting of
two polarization states (|D〉 and |A〉) in combination with four
time bins [i.e., T(0), T(1), T(2), and T(3)]. For instance, the three
pairs of QMs will be projected into the state |φ+

1,2φ
+
3,4φ

+
5,6〉

(|φ+
1,2ψ

+
3,4ψ

+
5,6〉) when photon P with D polarization is detected

in the T(0) [T(3)] time-bin mode.

IV. PROTOCOL FOR ENTANGLING (n > 3) PAIRS OF
QUANTUM MEMORIES WITH A SINGLE PHOTON

The time-bin multiplexing method for quantum entangle-
ment creation, in principle, can be generalized to entangle
(n > 3) pairs of QMs using a single photon. This generalized
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…
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PSE1
′

PSEn−2
′

PSEn−1
′

FIG. 3. Schematics of entangling n pairs of quantum memories.
Here QMi denotes a quantum memory; OSi is an optical switch
that directs two spatial modes of a photon with different time bins
into one spatial mode, and vice versa; PBSi (PBS′

i) represents a
polarizing beam splitter that transmits photons with polarization |D〉
(|A〉) and reflects those with |A〉 (|D〉); the half-wave plate H flips
the polarization of photons passing it and performs the conversion
|A〉 ↔ |D〉; T(Ti ) represents a time delay operator that introduces an
optical delay of Tit� with Ti = 2(n−1−i); PSEi and PSE′

i represent
photon-state engineering blocks.

protocol also consists of two main procedures. In one node,
a 2n-dimensional photon P with two polarization states and
2(n−1) time bins entangles with n two-dimensional QMs in
a form similar to that described by Eq. (8). In the distant
node, the hybrid entangled state is converted into n two-QM
entanglements by subsequently entangling each pair of QMs
and properly engineering the state of photon P.

A. Hybrid entanglement of a high-dimensional single
photon and n QMs

Schematics of entangling n pairs of QMs with one photon
are shown in Fig. 3. Suppose QMi (i = 1, 2, . . . , 2n) is ini-
tialized in the superposition state |Ψi〉 = (|gi〉 + |ei〉)/

√
2. A

photon P with D polarization is impinged on QM1 and then
is rearranged by PSE1, which converts T(0)|A〉 into T(T1 )|D〉.
The operator T(0) is the identity, introducing no delay. Sub-
sequently, OS1 directs both time bins of photon P into one
spatial mode that is then scattered by QM3.

The aforementioned procedure is similar to that involved
in the scattering by the mth QM and rearrangement of
PSEm in node A, except that OSm directs 2(m−1) time-bin
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components of the D-polarized photon P into one spatial
mode. The combined state of photon P and m QMs before
the photon is impinged into the (m + 1)th QM evolves into

|Φm〉 = 1√
2m

m∑
i=0

T (i,m)
n |g1g3 . . . g2m−1〉|D〉, (17)

where the operators T (i,m)
n (i = 0, 1, . . . , m) can be des-

cribed as

T (i,m)
n =

{
T(0), i = 0;
t i
n + σ X

P σ X
2m−1t i−1

n , i = 1, 2, . . . , m.
(18)

Here the ancillary concatenated operator t k
n (k = 1, 2, . . . , m)

flips the state of QM(2i j − 1) ( j = 1, 2, . . . , k) and introduces
a time delay T(Ti j ) by

t k
n =

m−1∑
i1=1,

i1<i2<...<ik

T(Ti1 )T(Ti2 ) . . . T(Tik )σ
X
2i1−1σ

X
2i2−1 . . . σ X

2ik−1.

The PSEm below the mth QM converts T(dl )|A〉 → T(dl +Tm )|D〉
for dl = 2n−ml and l = 0, 1, . . . , 2m−1 − 1.

After photon P is scattered by the nth QM in node A, the
combined state of n QMs and photon P evolves into

|Φn〉 = 1√
2n

n∑
i=0

T (i,n)
n |g1g3 . . . g2n−1〉|D〉, (19)

where the operators T (i,n)
n (i = 0, 1, . . . , n) are of the form

defined by Eq. (18). Clearly, |Φn〉 is a hybrid entangled state,
in which a 2n-dimensional photon entangles with n QMs; the
state of n QMs can be projected into a deterministic prod-
uct state when the photon is properly measured. However, if
photon P is transmitted to a distant node B, it will interact
with QMs situated there and then entangle n pairs of QMs in
a heralded way.

B. Heralded entanglement of n pairs of QMs

Photon P will be immediately scattered by QM2n after it
arrives at node B. The combined state of (n + 1) QMs and

photon P evolves into

|Φn+1〉 = 1√
2n

n∑
i=0

T (i,n)
n,1 |g1g3 . . . φ2n−1,2n〉|D〉, (20)

where T (i,n)
n,1 can be described as

T (i,n)
n,1 =

{
T(0), i = 0;
t i
n,1 + σ X

P σ X
2nt i−1

n,1 , i = 1, 2, . . . , n.
(21)

Here the operator t k
n,1 can be described as

t k
n,1 =

n−1∑
i1=1,

i1<i2<...<ik

T(Ti1 )T(Ti2 ) . . . T(Tik )σ
X
2i1−1σ

X
2i2−1 . . . σ X

2ik−1.

The OSn directs the time-bin components with
T(0), T(2), T(4), . . . , T(2n−1−2) to the left mode of PSE′

1 and
those with T(1), T(3), T(5), . . . , T(2n−1−1) to the right mode
of PSE′

1. Subsequently, PSE′
1 switches the components of

T(2i)|A〉 with that of T(2i+1)|D〉 for i = 0, 1, . . . , 2n−2 − 1 and
then all time-bin components are combined by OSn and are
directed into one spatial mode that interacts with the next
QM.

This procedure is similar to that involving the mth QM and
PSE′

m. For instance, after photon P has been scattered by the
mth QM (1 < m � n), the combined state of photon P and
(n + m) QMs can be described as

|Φn+m〉 = 1√
2n

n∑
i=0

T (i,n)
n,m |g1g3 . . . g2n−2m−1〉

⊗ |φ2n−2m+1,2n−2m+2 . . . φ2n−1,2n〉|D〉, (22)

where T (i,n)
n,m can be described as

T (i,n)
n,m =

{T(0), i = 0;
t (i,n)
n,m + σ X

P σ X
2h′t (i−1,n)

n,m , i = 1, 2, . . . , n.
(23)

Here the operator t (k,n)
n,m can be described as

t (k,n)
n,m =

h∑
i1=1

h∑
i1<i2<...<ik

T(Ti1 )T(Ti2 ). . . T (Tik ) ⊗ σ X
2i1−1σ

X
2i2−1 . . . σ X

2ik−1 +
h∑

i1=1

n−1∑
ik=h′

h∑
i1<i2<...<ik−1

T(Ti1 )T(Ti2 ) . . . T(Tik )

⊗ σ X
2i1−1σ

X
2i2−1 . . . σ X

2ik−1−1σ
X
2ik+2 +

h∑
i1=1

n−1∑
ik−1=h′

h∑
i1<i2<...<ik−2

n−1∑
ik−1<ik

T(Ti1 )T(Ti2 ) . . .

⊗ T(Tik )σ
X
2i1−1σ

X
2i2−1 . . . σ X

2ik−2−1σ
X
2ik−1+2σ

X
2ik+2 + · · · +

n−1∑
i1=h′

n−1∑
i1<i2<...<ik

T(Ti1 )T(Ti2 ) . . . T(Tik ) ⊗ σ X
2i1+2σ

X
2i2+2 . . . σ X

2ik+2,

and the parameters h and h′ are defined as h = n − m and
h′ = n − m + 1. Obviously, the combined state of 2n QMs
and photon P, after P has been scattered by QM2, evolves into

|Φ2n〉 = 1√
2n

n∑
i=0

T (i,n)
n,n |φ1,2φ3,4 . . . φ2n−1,2n〉|D〉, (24)

where T (i,n)
n,n has the same form as T (i,n)

n,m , shown in Eq. (23).
Therefore, the n pairs of QMs can be projected into a prod-
uct state consisting of n maximally entangled states, after
photon P is properly measured. This heralds the success of
entanglement creation between n pairs of QMs using one
photon.
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V. PERFORMANCE OF THE MULTIPLEXING QUANTUM
ENTANGLEMENT CREATION

Our protocol focuses on entangling n pairs of QMs using
one high-dimensional encoded single photon. The photon is
subsequently scattered by 2n QMs, whereas its states are
rearranged by linear-optical elements between each two scat-
terings to introduce more time bins (i.e., PSEi) or interchange
some D-polarization and A-polarization components with a
preset delay (i.e., PSE′

i). So far, we have assumed that the
interface between the single photon and the QMs is determin-
istic with unity refection |ri| = 1 and state-dependent phase
shift 0 or π . However, the finite cooperativity C and detunings
always introduce a deviation from ideal single-photon scat-
tering and affect the fidelity and efficiency of entanglement
creation. Meanwhile, the finite losses scattered into nonguided
channels lead to a probability factor with β < 1 and degrade
the scattering procedure. For a diamond nanophotonic crystal
cavity, these losses can be efficiently suppressed, leading to
an effective directional coupling with β � 0.98 [99,100]. In
practice, the influence of the finite probability factor β and
cooperativity C as well as finite detunings of the fidelity can
be suppressed by properly tuning them. For instance, the
state-dependent reflection coefficients r0 � −r1 � 0.96 with
a phase difference of π can be achieved at β = 0.98, C = 45,
�c = 0.3, and �E = 150, which lead to a unity fidelity but
a decreased efficiency with η0 = |r0|2 for each single-photon
scattering. Note that the transmission of the other path should
be modified accordingly in Fig. 1(b). Therefore, the efficiency
of entangling n pairs of QMs will be decreased to η2n

0 , due to
2n single-photon scattering procedures.

The dominant source of photon loss is introduced by the
transmission channel linking two nodes. In practice, the chan-
nel loss increases exponentially with the distance l between
two nodes. The efficiency of our protocol can thus be de-
scribed as

ηn = η2n
0 ηd exp(−αl ), (25)

where n is the number of QM pairs, ηd is the single-photon
detector efficiency and can be as large as ηd � 0.96, and
α is the attenuation coefficient. Similarly, the efficiency of
previous protocols [36–41] for entangling n pairs of QMs,
which consume one photon to entangle one pair of QMs, can
be described as

ηs
n = η2n

0 ηn
d exp(−nαl ). (26)

The efficiencies of our protocol for generating n = 3 and
n = 10 pairs of QMs are shown in Fig. 4 as a function of
the distance l between two nodes. The corresponding effi-
ciencies of previous protocols with the same parameters are
also shown in Fig. 4. The channel is assumed to be an op-
tical fiber of attenuation 0.2 dB/km (α � 1/22 km−1). The
efficiency of the single-photon detector is assumed to be
ηd = 0.96. For QMs situated in the same node with a neg-
ligible distance l � 0, we can entangle n = 3 (n = 10) pairs
of QMs with efficiencies η3 = 0.588 and η10 = 0.183, which
are larger than the corresponding efficiencies η′

3 = 0.543 and
η′

10 = 0.130 achieved by entangling n pairs of QMs with
n photons, due to the finite efficiency of single-photon de-
tectors and single-photon scattering. For a medium distance
l = 22 km, we can entangle n = 3 (n = 10) pairs of QMs

0 25 50

0

0.5

3

10

3

10

FIG. 4. Efficiency of entanglement creation for n pairs of QMs
versus distance l . Here η3 and η10 represent the efficiencies of our
protocol using time-bin multiplexing for n = 3 and n = 10, whereas
η′

3 and η′
10 represent the corresponding efficiencies of previous pro-

tocols described by Eq. (26). The efficiency of the single-photon
detector is assumed to be ηd = 0.96; the channel attenuation coef-
ficient is α � 1/22 (i.e., 0.2 dB/km).

with efficiencies η3 = 0.217 and η10 = 0.069, which exceed
the efficiencies η′

3 = 0.027 and η′
10 = 5.92 × 10−6 by one

and four orders of magnitude, respectively. Furthermore, this
efficiency enhancement can be increased further for larger n
and l .

VI. DISCUSSION AND SUMMARY

This protocol generalizes previous entanglement creation
with quantum multiplexing using a time-bin qubit [42] to
a high-dimensional time-bin qudit. Two distant nodes, in
principle, can entangle multiple (n � 3) pairs of QMs us-
ing a single photon encoded in two polarization modes and
2(n−1) time bins. Therefore, it is necessary to determin-
istically distinguish these time bins and properly measure
them with single-photon detectors [79]. In practice, these
processes can be completed by fast optical switching that
directs each time bin into a desired spatial mode. Such
switching devices can be fabricated with schemes based
on subnanosecond phase control in Mach-Zehnder interfer-
ometers, which have been demonstrated using electro-optic
modulation for a variety of material platforms [101,102]. Al-
though our proposal is detailed with the NV−-center–cavity
system, it could also be implemented with other spin-photon
interfaces [63–65].

In summary, we have proposed a multiplexing protocol
for generating quantum entanglement between distant QMs.
We can simultaneously entangle multiple pairs of QMs by
using a single photon with a time-bin qudit due to its inherent
quantum multiplexing. The main idea of our entanglement
creation proposal is similar to the original one, which gen-
erates hybrid quantum entanglement between a photon qubit
and a stationary qubit (i.e., QM) and causes the photon to
interact with another QM to entangle two QMs, but our pro-
posal first entangles a photon qudit and multiple QMs and then
converts the hybrid entanglement into parallel entanglements
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between QM pairs by subsequently interacting the photon qu-
dit with some other QMs. This leads to a significant efficiency
enhancement of distant entanglement creation and can find
its application in long-distance quantum communication and
quantum networks.
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Photon-mediated interactions between quantum emitters in a
diamond nanocavity, Science 362, 662 (2018).

[83] C. T. Nguyen, D. D. Sukachev, M. K. Bhaskar, B. Machielse,
D. S. Levonian, E. N. Knall, P. Stroganov, R. Riedinger,
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