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The rise of programmable quantum devices has motivated the exploration of circuit models which could
realize novel physics. A promising candidate is a class of hybrid circuits, where entangling unitary dynamics
compete with disentangling measurements. Novel phase transitions between different entanglement regimes
have been identified in their dynamical states, with universal properties hinting at unexplored critical phenomena.
Trapped-ion hardware is a leading contender for the experimental realization of such physics, which requires not
only traditional two-qubit entangling gates, but also a constant rate of local measurements accurately addressed
throughout the circuit. Recent progress in engineering high-precision optical addressing of individual ions
makes preparing a constant rate of measurements throughout a unitary circuit feasible. Using tensor network
simulations, we show that the resulting class of hybrid circuits, prepared with native gates, exhibits a volume-law
to area-law transition in the entanglement entropy. This displays universal hallmarks of a measurement-induced
phase transition. Our simulations are able to characterize the critical exponents using circuit sizes with tens of
qubits and thousands of gates. We argue that this transition should be robust against additional sources of exper-
imental noise expected in modern trapped-ion hardware and will rather be limited by statistical requirements on
postselection. Our work highlights the powerful role that tensor network simulations can play in advancing the

theoretical and experimental frontiers of critical phenomena.

DOLI: 10.1103/PhysRevA.104.062405

I. INTRODUCTION

The study of quantum criticality is experiencing a sudden
transformation originating in the idea of measurement-
induced phase transitions (MPTs) [1-3]. These exist in
many-body qubit wave functions, where entangling unitary
dynamics compete with nonunitary measurements that act to
disentangle the state. Such phase transitions can be driven
by a finite rate of measurement throughout the circuit, or
by the choice of measurement bases [4,5] or the strength of
weak measurements [6-9]. Numerical studies of a variety of
random quantum circuits have demonstrated that such phase
transitions share broad features of conventional conformal
field theories (CFTs) [2,4,10-14], with some quantities de-
pending on details of the circuit, e.g., the interaction range
between the qubits [15,16]. The observation of conventional
CFT features, such as a critical scaling in the entanglement
entropy characterized by universal exponents, was surpris-
ing and distinguishes the observed phase transition from a
classical crossover. While special cases have been related to
well-known statistical or spin models [7,14,17,18], percola-
tion theories [19,20], or minimal-cut pictures [21], a general
comprehensive theoretical framework is still absent and no
rigorous connection to CFT has yet been made. This leaves
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open the prospect that MPTs may be offering a glimpse at a
deeper, as yet undiscovered set of critical points, and possibly
a new class of universal phenomena. Further observations of
MPTs in higher-dimensional systems [22] or as purification
phase transitions [23] and their relation to quantum error
correction [24,25] demonstrate the broad consequences such
critical points can have in many fields of physics.

MPTs are known to exist in models, and significant debates
exist as to whether they can be realized in real experimen-
tal systems. The most immediate candidate for engineering
MPTs is a highly controlled qubit system capable of pro-
gramming a hybrid quantum circuit [1-3]. These circuits are
composed of two ingredients: entangling unitary dynamics,
and disentangling nonunitary measurements. In most current
experimental quantum devices, significant effort is being ex-
pended to produce high-quality two-qubit gates suitable for
producing entanglement. At sufficiently large circuit depths,
these can induce a volume-law entanglement scaling in the
underlying quantum state. Commonly studied circuits to gen-
erate volume-law wave functions are built out of two-qubit
unitaries drawn from the Clifford group or the random Haar
measure [26-29].

The second ingredient typically used to induce MPTs in
hybrid circuits are repeated local measurements applied at a
constant rate p throughout the circuit. These measurements
act to disentangle the wave function and for large p will reduce
the entanglement to an area law scaling. It is the intermediate
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regime of small but finite p where conditions are ripe for
MPTs to exist.

The experimental realization of a quantum system harbor-
ing an MPT requires accurate programmable manipulation
of individual qubits. Experimental platforms based on laser-
cooled trapped ions achieve such a high degree of control,
where highly pure quantum states of tens of ions are routinely
prepared [30,31]. In a trapped-ion computer, the entangling
dynamics of a random quantum circuit can be achieved
with a combination of native two-qubit entangling Mglmer-
Sgrensen (MS) gates and random single-qubit rotations.
In addition, recent experiments employing programmable
and high-precision single-ion optical addressing technologies
[32,33] demonstrate the feasibility of a constant rate of mea-
surements throughout the circuit.

In this article, we propose a class of hybrid circuit which
is natural to implement using this set of native trapped-ion
gates. We focus on non-Clifford circuits and study the behav-
ior of the entanglement scaling using state-of-the-art tensor
network algorithms, capable of simulating tens of qubits acted
on by thousands of gates. We find a class of circuit that
exhibits a phase transition in entanglement under a number of
plausible experimental conditions. We investigate the critical
point, which displays universal hallmarks of an MPT, and
calculate the critical measurement density and the universal
scaling exponent of the correlation length. We argue that
this transition should be robust against sources of experi-
mental noise expected in modern trapped-ion hardware, such
as incoherent gate errors, state preparation and measurement
(SPAM) errors, and optical cross-talk between the target and
neighboring ions. We further demonstrate that bringing the
qubit into an outcome-independent state after each measure-
ment does not influence the MPT. This enables an efficient
experimental protocol and mitigates potential leakage of ions
into atomic states outside the qubit Hilbert space during pro-
jective measurements [34]. Beyond this robustness, near-term
experiments will likely be limited by statistical requirements
on postselection [7,12,21]. Due to the inherent random be-
havior of measurement outcomes, replicating the exact state
after every run of the circuit becomes the main experimental
challenge, especially for large system sizes and higher mea-
surement rates. We conclude with a discussion of some recent
proposals which may be able to bypass this bottleneck, such
as detecting the MPT in a local order parameter via coupling
a reference qubit to the system [5,7,12,35] or considering
unitary evolutions in space-time duals [36].

II. HYBRID CIRCUIT DESIGN

We consider N trapped atomic ions, each with two internal
energy levels behaving as an effective qubit system. In cur-
rent experimental hardware, these two qubit states have been
shown to be long-lived and highly coherent [37], with accurate
initialization through optical pumping and qubit readout via
fluorescence imaging. The qubits are manipulated coherently
[30] using external laser fields, capable of applying phase-
sensitive single- and two-qubit quantum gates mediated by
collective vibrational (phonon) modes.

We focus on modeling the dynamics generated by a hybrid
circuit consisting of a mixture of entangling gates and disen-

FIG. 1. One time cycle realization of a quantum circuit setup
to probe measurement-induced phase transitions, with vertical lines
indicating the N = 6 evolved qubits. Squares denote single-qubit
unitary rotation gates R(6, ¢), rectangles correspond to two-qubit
Mglmer-Sgrensen gates M(®), and circles show single-qubit pro-
jective measurements in the Z-basis, which are injected uniformly
in space and time at a rate p. The time cycle consists of an even
(upper, U.) and an odd (lower, U,) unitary layer, indicated in gray,
each followed by a measurement layer. In the even unitary layer the
outer two qubits are not affected by the Mglmer-Sgrensen gates due
to open boundary conditions.

tangling measurements, acting on a pure initial state |Wy) =
|0Y®N . To begin we examine randomized quantum gates that
are native to the hardware, for their ability to induce strong
entanglement in the wave function. In trapped-ion hardware,
the native entangling gate—the MS gate—is equivalent to
a rotation around the XX-axis by an angle ®, with unitary
propagator acting on qubits j and k [38]:

cos(®) 0 0 —isin(®
_ 0 cos(®@)  —isin(®) 0
M (@)= —isin(®)  cos(®) 0
—isin(®) 0 0 cos(®)
(1)

There are multiple ways of introducing randomness in the
circuit, such as the angles of each MS gate, the rotation axes,
or the gate connectivity, for example. Here we study quantum
circuits constructed in a brick-layer fashion (as illustrated
in Fig. 1), with each layer consisting of a set of MS gates
between neighboring qubits (alternating the bonds between
layers), supplemented by a layer of random single-qubit rota-
tions. Those circuits have a straight-forward implementation
in trapped-ion experiments. For the MS gates, we fix the an-
gle to ® = /4 uniformly throughout the circuit, generating
maximal entanglement between the pairs at each application.
Note that we restrict connectivity to nearest neighbors only,
despite the capability of trapped-ion hardware to execute long-
range gates. As will become clear in the next section, this
choice allows us to leverage powerful tensor-network algo-
rithms for simulating the circuit dynamics.

The native random single-qubit gates for trapped-ion hard-
ware are rotations around arbitrary axes in the X-Y-plane,
with propagator acting on qubit j [38]:

[ cos(8/2) —ie”sin(0/2)
R;(©,¢) = |:—iei‘psin(9/2) cos(6/2) ] &
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As demonstrated in [39] for superconducting qubits, this
random ensemble of rotations can be configured to rapidly
generate entanglement when combined with deterministic en-
tangling gates. Inspired by this work, we fix the angle 6 in
the single-qubit rotations to 6 = 7 /2 and randomly choose
one of three angles ¢ € {0, 7 /4, 7 /2}. These gates describe
7 /2-rotations around the X-axis (¢ = 0), around the Y -axis
(¢ = /2), and around the axis between X and Y (¢ = 7w /4).
We note that, though the MS gate and the rotations around
the X - and Y-axis are Clifford gates, the single-qubit rotation
with (0 = /2, ¢ = 7 /4) defines a gate beyond the Clifford
group. This choice makes it so that our circuit can not be
simulated efficiently (i.e., in polynomial time) with a clas-
sical computer. However, the local configuration of gates is
amenable to tensor network simulations, which will form the
core of our numerical strategy below.

The combined application of single- and two-qubit gates
with fixed angle choices can be summarized in a unitary
operator:

Ui(gi, 9iv1) = Ri(m /2, )R 1 (0 /2, @iy 1)M; 111 (7 /4). (3)

We thus build the brick-layer construction in the quantum
circuit by alternately applying operators U° and U, with

U° =[] Uer gir1). )
i odd
Ue =[] Uitgi. i) 5)

i even

and refer to odd and even unitary layers, respectively. The
random angles ¢;, ¢,y are chosen independently for each
unitary operator U;(@;, @iy1).

By repeated application of U° and U¢, we create a cir-
cuit with D layers of gates, each evolving a pure quantum
state |\W) as

W) — UX|W), k € {e, o). (6)

We further define a time cycle as the combined application
of odd and even unitary layers, so that a periodic behavior
is induced in time and the circuit consists of 7 = D/2 time
cycles [11], where one such cycle is depicted in Fig. 1 for a
system with N = 6 qubits.

For large times ¢, the pure quantum state evolving under the
dynamics in Eq. (6) reaches a constant entanglement entropy,
which shows a volume-law behavior as we will demonstrate
numerically in the next section. In order to induce a phase
transition into area-law entanglement at long times, we inject
measurements uniformly through the circuit (i.e., after each
single MS layer) at a fixed rate p (see Fig. 1). Specifically,
at any space-time location, we perform a local projective
measurement Pf = (1; & ¢{)/2 into the computational basis
with a probability p, associated to the o Pauli matrix. On av-
erage, pN D measurements are performed in the circuit, where
each measurement projects the wave function according to the
measurement outcome o;° = %1:

P|Y)

W) —>
1B 19l

(7

Independent of the results, these projections disentangle qubit
i from the rest of the system, and stand in contrast to the
entangling unitary gates.

III. TENSOR NETWORK IMPLEMENTATION

The hybrid circuit that we propose in the last section is
not amenable to any asymptotically efficient classical sim-
ulation scheme [i.e., scaling poly(N) in time]. This is in
contrast to Clifford circuits, for which efficient simulation
is ensured through the Gottesman-Knill theorem [40—42], or
quantum automaton circuits, which are tractable despite their
high entanglement [43,44]. In order to simulate the long-time
dynamics of our model circuit, we employ tensor-network
methods for approximate time evolution. Despite not being
poly(NV) scalable in general for the physics we explore, we
will demonstrate below that these techniques allow us to reach
circuit sizes sufficiently large to resolve the universal proper-
ties of the MPT critical point. Because of the design choice
of circuit topology, we leverage efficient and well-refined
algorithms based on matrix product states (MPSs) [45-47],
a class of parametric wave functions that has revolutionized
large-scale simulations on strongly correlated quantum matter
in one (and quasi-one) dimension [48—51].

An MPS is a classical representation of a many-body wave
function | V), obtained by decomposing |V} into a set of local
tensors A7':

W) =Y [[A7Io1.....on). (8)
o

Each rank-3 tensor (rank-2 at boundaries) has a physical in-
dex o; and two auxiliary indices with dimension D;. The
total number of parameters scales as O(ND?), where D =
max{D;} is the bond dimension of the MPS. In the limiting
case of D =1 one recovers mean-field theory, while larger
bond dimensions allow the MPS to capture increasingly large
amounts of quantum correlations. This, however, comes at a
cost that may become exponential in the number of qubits.

We evolve the initial product state using a procedure analo-
gous to the time-evolving block decimation algorithm [52,53].
We examine the MPS wave function after 7' time cycles for
different measurement rates p. At each application of a gate,
the contraction is approximated by only keeping a reduced
number of states (i.e., the bond dimension) following singular
value decomposition, or by discarding all singular values be-
low a fixed accuracy threshold . Because of the orthogonality
property of MPSs, this approximation remains controlled, in
that the local truncation error is equal to the global error in
approximating the wave function [50,54]. For p > 0, indepen-
dent measurements are realized by sampling the measurement
outcome from the local one-body reduced density matrix, and
projecting the MPS accordingly.

The numerical experiments shown in the following sec-
tions are performed using state-of-the-art Julia implemen-
tations of tensor network algorithms for quantum circuit
simulations. We specifically use PastaQ.jl [55], a toolkit of
tensor-network algorithms for simulation and benchmarking
of quantum hardware, based on the ITensors.jl package for ef-
ficient tensor manipulation [56]. We tested our tensor network
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FIG. 2. (a) The maximum bond dimension D observed in the
long-time states of 500 random circuits as a function of error rate p
for tensor network simulations with a truncation cutoff of & = 10719,
Different system sizes N are considered, where for N = 28 no data
exist for p < 0.09 due to exceeding computation times for large bond
dimensions. (b) Illustration of the entanglement phase diagram. A
measurement-induced phase transition separates the two phases at
the critical measurement rate p.; see Sec. [V.

simulations for small circuit sizes against exact time evolution
using the Yao.jl package [57].

Before we turn to numerical calculations of physical prop-
erties in the next section, we first examine the simulation
complexity associated with the tensor network method. A nat-
ural measure of complexity is the bond dimension discussed
above, which determines the total number of parameters in
an MPS wave function. Physically, the bond dimension in-
dicates the amount of entanglement in the quantum state.
For the separable state |W,) at time r = 0, the bond dimen-
sion required is D = 1. During the random circuit dynamics,
the bond dimension of the simulation grows to capture the
spreading of correlations at long distances associated with in-
creasing entanglement. Because MPS wave functions possess
exponentially decaying correlations, D may in fact grow very
rapidly in time, hindering simulation in the low-p regime.

We examine the computational cost required to reach quan-
tum states deep in the volume-law phase (i.e., low p). In
Fig. 2 we show the maximum bond dimension reached in the
long-time states of 500 random circuits for different rates p
and increasing system size N, obtained with a fixed truncation
cutoff of & = 107!, For large measurement rates we find
convergence to a constant value of D, which does not depend
on the system size. This matches our expectations for an
area-law entangling phase for large p. In contrast, for small
measurement rates we observe increasing bond dimensions
with increasing N. This is consistent with volume-law entan-
glement, and becomes more pronounced as p decreases. From
these first observations, we can make a preliminary conclu-
sion that a critical measurement rate p. may exist between
p~0.17 and p =~ 0.2, below which the dependence on the
system size starts to form, as indicated in Fig. 2(b).

IV. SIMULATION RESULTS

In order to characterize the putative phase transition, we
focus on the entanglement entropy, the most relevant physical
indicator of an MPT. We focus on generalized o-Rényi entan-
glement entropies

SQ(A) =

n (Tr[pf]). ©)

evaluated on subsystem A after a bipartition of the state |\¥)
into subsystems A and A, with reduced density matrix

pa = Trg|W)(¥]. (10)

l—«a

In Eq. (9) the limit « = 1 recovers the familiar von-Neumann
entanglement entropy. The second Rényi entropy, o = 2,
is most amenable to experimental measurement protocols
[58,59]. In the tensor network simulations, the full family of
Rényi entropies is accessible from a Schmidt decomposition
of the MPS at any given bond.

A. Entanglement scaling

In this section we detail our numerical results for the en-
tanglement entropy of our hybrid circuit shown in Fig. 1,
where we choose even numbers of qubits N and open
boundary conditions in accordance with numerical and ex-
perimental constraints. Thus, the first and last qubits in the
one-dimensional chain are not affected by MS gates in ev-
ery second layer of unitaries (see Fig. 1). There are three
sources of randomness that play a role in the dynamics: the
choice of single-qubit rotations, the location of projective
measurements, and the measurement outcomes [11]. We carry
out independent simulations and average over these three
realizations of disorder. Specifically, we study entanglement
entropies of half-chain bipartitions, so that the two subsystems
contain equal numbers of qubits, |A| = Ny = Ny = N/2. For
convenience we write S, (N, p,t), which refers to the half-
chain entanglement entropy for a system of N qubits after ¢
time cycles in a circuit with measurement rate p.

We start with considering the evolution of the half-chain
entanglement entropy under time cycles of the circuit for
different system sizes N and measurement rates p. Figure 3
shows S| (N, p, t) and S»(N, p, t) as functions of time cycles
t, evaluated after each even unitary layer. We consider two
measurement rates p = 0.1 and p = 0.2 for different system
sizes N, averaging over 500 circuit runs. All simulations show
a clear convergence to a fixed entanglement entropy for ¢t 2> N
time cycles, confirming a circuit depth of 7 = 2N to study the
constant long-time entanglement behavior.

While for p = 0.2 the entanglement entropy saturates at
similar values for all system sizes, a strong growth with in-
creasing N is observed for p = 0.1. This dependence on the
subsystem size indicates volume-law entanglement for small
measurement rates, while its absence for larger measurement
rates is a sign for convergence to area-law entanglement at
late times. Figure 3 hence suggests a phase transition between
volume-law and area-law entanglement at a critical measure-
ment rate 0.1 < p. < 0.2.

As already observed in Fig. 2, the simulations in the
volume-law phase require large bond dimensions and hence
excessive computation times. This limits our numerical
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FIG. 3. The evolution of the first and second half-chain entan-
glement Rényi entropies under the quantum circuit are plotted as
functions of time cycles ¢ for different system sizes N and mea-
surement rates p = 0.1 (left) and p = 0.2 (right). Convergence to a
constant value for large ¢ indicates a saturated long-time entangle-
ment entropy. The dependence on N for p = 0.1 for both measures
indicates a volume-law entanglement, while the right column shows
area-law entanglement since the entropies converge to similar values
independent of the system size. All data points result from aver-
aging 500 circuit runs, except for sizes N = 30 and N = 36 with
measurement rate p = 0.1, where only 85 and 19 circuit runs are
averaged, respectively, as the large entanglement entropy leads to
excessive computation times. Shaded areas show the standard mean
error, which is barely visible when averaging 500 runs. Entanglement
entropies for subsystems with an odd number Ny = N/2 of spins are
smaller than those for subsystems with even N, due to open boundary
conditions [60,61].

studies with p = 0.1 in Fig. 3 to smaller system sizes, so that
for N = 30 and N = 36 only 85 and 19 circuit runs are av-
eraged, respectively, explaining stronger fluctuations. Further,
simulations are not feasible for N > 36.

As an upper bound to the second-order Rényi entropy [3],
the von Neumann entropy takes larger values, while both
entanglement measures show similar dependencies on system
size and measurement rate. This confirms that both entan-
glement measures can be used to detect the entanglement
phase transition, which is also expected to happen at similar
measurement rates [2,10,11,14]. This further motivates an ex-
perimental realization of the quantum circuit to study MPTs.

B. Critical behavior

In order to study the transition between the volume-law and
the area-law phase in more detail and determine the critical
measurement rate, we consider the scaling behavior of the von
Neumann entanglement entropy. The constant entanglement
entropy after 7 = 2N time cycles is expected to show the
finite-size scaling form [2,10,11,13]

Si(N, p, T) =a(p)In(N) + F[(p — po)N'/"1, (11)
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FIG. 4. The scaling behavior of the half-chain von Neumann
entanglement entropy [Eq. (13)] for different system sizes N €
{6, 8, ...,36}, for circuits with projective measurements P=. The
critical measurement density p. and scaling exponent v are ad-
justed to produce the best collapse, resulting in p. = 0.17 £ 0.02
and v = 1.4 £0.2. All data points result from averaging the en-
tanglement entropy after 7 = 2N time cycles of 500 circuit runs,
and error bars are smaller than data points. Inset: The scaling be-
havior for additional applications of 2, = |0)(0| + |0)(1| after each
measurement, with N € {6, 8, ...,36}. An optimal collapse gives
pe = 0.17£0.02, v = 1.4 £ 0.2 in this case; see Sec. V A.

with a factor a(p.), scaling function F, and critical exponent
v. At criticality, we furthermore expect [2,10,11]

SiI(N, pe, T) =a(pe)In(N) + b, 12)

with a constant offset b, and hence F(0) = const. We can
determine the critical measurement rate p. and the critical
exponent v by eliminating the logarithmic term of the scaling
form,

Si(N, p, T) — Si(N, pe, T) = F[(p — poN'"],  (13)

and comparing the expected behavior with numerical
calculations.

We perform tensor network simulations for different mea-
surement rates p and system sizes N and average the
entanglement entropy after 7 = 2N time cycles over 500
circuit runs with randomly chosen single-qubit rotations and
measurement placements. Due to the large entanglement en-
tropies in the volume-law phase, we consider smaller system
sizes for small measurement rates.

Figure 4 shows the resulting collapse of the entanglement
entropies to the scaling form in Eq. (13), where we find p. =
0.174+0.02 and v = 1.4 £ 0.2 by optimizing the collapse.
The clearly observable universal scaling behavior at criticality
confirms the expectation of an entanglement phase transition.
The determined critical exponent agrees with observations for
different circuits in related works [4,5,10-12,20,23]. Apart
from the scaling collapse, we analyze the scaling form at
criticality in Eq. (12). We estimate the critical measurement
rate p. by fitting the scaling form to the numerical data at
different measurement rates p and considering the fit quality,
which is maximized at p.. The resulting data are shown in
the inset of Fig. 5, where we quantify the fit quality via the
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FIG. 5. Scaling function of the entanglement entropy close to
the critical measurement rate p.. (N, 0.17,¢) is plotted as func-
tion of In(z) for fixed system sizes N = 34 (triangles) and N = 36
(circles), and as a function of In(x), x = 2N/, for system sizes
N € {6,8,...,36} after + =80 time cycles, distinguishing even
(circles) and odd (triangles) system sizes due to open boundary
conditions [60,61]. All data points are averaged over 500 circuit
runs, and error bars are smaller than the data points. Black lines
show functions g(N) = «(0.17)In(x) + b fitted to the data points,
giving fit parameters «(0.17) = 0.26 +0.01, b = 0.33 +0.03 for
even and «(0.17) = 0.28 £ 0.01, 5 = 0.1 & 0.03 for odd subsystem
sizes. Shaded regions show fit uncertainties. Inset: Mean-squared
error, Eq. (14), of fitted scaling forms according to Eq. (12) vs mea-
surement rate p for odd and even subsystem sizes. A clear minimum
around p = 0.15 to p = 0.17 indicates the critical measurement rate.
Same data as in Fig. 4.

mean-squart ed error,

R(p) = ([SIN, p, T) — fo(N)*), (14)

with fitted function f,(N) = a(p.)In[N] + b. The average is
taken over the data for different system sizes N, and we dis-
tinguish even and odd subsystem sizes, since odd subsystem
sizes show smaller entanglement entropies due to the open
boundary conditions [60,61]. A clear minimum is observed
around p =0.15 to p =0.17, which agrees well with the
previously observed critical measurement rate and confirms
the MPT in this regime.

The main plot in Fig. 5 shows that a similar logarithmic
scaling form is observed in the dynamical behavior of the
entanglement entropy in the critical regime for fixed system
sizes. We plot S;(NV, 0.17,¢) as a function of In(¢) for fixed
system sizes N = 34, N = 36 to represent odd and even sub-
system sizes. Additionally, we plot the entanglement entropy
as a function of In(2N/m) for different subsystem sizes Nx =
N/2 aftert = 80 time cycles, where we include an offset in the
scaling form which is expected from conformal field theories
(CFTs) [13,43,61].

We observe that both scaling forms, in time and in sys-
tem size, behave similarly when independently considering
odd and even subsystem sizes. We further fit functions
8(N) = a(p)In2N/7) + b and g(r) = a;(pe)ln(t) + b; to
the corresponding data, where we take the uncertainty
of p. =0.17+£0.02 into account and consider measure-
ment rates in this regime. We observe similar coefficients
a(p.) =0.3+0.15 and «;(p.) = 0.3 £0.15 for both even
and odd subsystem sizes. The ratio of the coefficients, z =
o (pe)/a(p.) = 1.04 £ 0.04 describes a dynamical critical
exponent whose value indicates space-time conformal invari-
ance [10,12,13,43,61]. Thus, our simulations demonstrate the
emergence of a CFT at the studied MPT.

V. FURTHER EXPERIMENTAL CONSIDERATIONS

In the above, we have provided numerical evidence for an
MPT in a model of a hybrid circuit using native trapped-ion
gates. Despite the experimental feasibility of the MS and
single-qubit gate set [30], as well as recent demonstrations of
high-precision optical addressing that enables measurements
to be performed throughout the circuit [33], several consid-
erations remain before such an MPT might be observed in
real trapped-ion hardware. In this section, we address what
we believe are the major experimental challenges that remain,
with a particular focus on a possible implementation in realis-
tic trapped-ion experiments.

A. Measurement corrections from states outside
the Hilbert space

Projective measurements of trapped-ion qubit states often
populate states that are outside of the qubit Hilbert space.
Such processes do not necessarily reduce the fidelity of state
measurements, as the leakage onto unwanted states occurs
only for one of the two qubit states. For example, during the
spin-dependent fluorescent measurement in '’'Yb™ ions, the
state |FF = 1, mp = 0), representing the qubit state |1), leaks
to |F = 1, mp = %1) states, while the state |FF = 0, mp = 0),
representing the qubit state |0), is preserved [34]. Reinitializ-
ing the ion in the projected qubit state may be experimentally
demanding, requiring real-time decision logic or transferring
population via other metastable atomic states [62].

A potential experimental implementation can hence be
simplified by applying an additional operator B = |0)(0| +
|0) (1] after each projective measurement operator Pii. Such
an operation is routinely implemented with high fidelity in
trapped-ion experiments, using optical pumping techniques.
Any measured qubit then continues to evolve from the |0)
state, which avoids the outcome-dependent operation of bring-
ing the ion onto the |1) state. In the numerical simulations the
wave function transforms according to

PPE|W)

_— 15
|1 B:PE|W) | (1>

which is implemented via the same probabilistic process as
discussed earlier, followed by the application of 7.

A comparison of numerical simulations using these ad-
ditional operations after measurements with the previously
discussed results (see Sec. IV B) demonstrates that the MPT
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is not strongly influenced by this replacement. The inset
in Fig. 4 shows the resulting scaling collapse according to
Eq. (13), whose optimization gives p. = 0.17 £ 0.02 and v =
1.4 £ 0.2, which agrees with our observations for projective
measurements. This result demonstrates a flexibility in adapt-
ing the measurement procedure to experimental restrictions
and provides an important step towards efficient experimental
realizations of MPTs.

B. Measurement crosstalk and SPAM errors

The realization of constant measurement rates in trapped-
ion hybrid circuits can be possible using recent advances in
single-ion optical addressing [32,33]. However, such an im-
plementation comes with a source of error that directly affects
the critical measurement rate. Due to the micron-scale spatial
separation of the trapped ions, the addressing of a single ion
can leak onto direct neighbors (crosstalk error), resulting in
unwanted measurement of the neighboring qubit. This process
increases the probability with which each ion is measured and
thus effectively increases the measurement rate, shifting the
critical measurement rate p. to smaller values. Specifically, if
a single ion is measured with probability p at a measurement
layer in the circuit, and for each measurement the crosstalk
error causes the additional measurement of an adjacent ion
with probability pq, the effective measurement rate can be
considered as

(14 pa — ppa)p- (16)

Here the last term takes into account that an additional mea-
surement caused by crosstalk errors has no effect if the ion
is already measured. We further assume that left and right
neighbors are addressed with equal probabilities and that the
crosstalk probability is small, so that terms of higher order in
P4, resulting from crosstalk errors on both neighboring ions,
are neglected.

In state-of-the-art trapped-ion addressing schemes, the rel-
ative intensity cross-talk error can be suppressed below a level
of 107* at the neighboring ion [32,33]. The state measurement
time (spin-dependent fluorescence) itself can be limited to
10 s using high resolution imaging systems [63]. Thus, the
probability of an accidental measurement of the neighboring
qubits (pq) can be kept at a few percent level.

For example, if the state detection laser beam is at the
saturation intensity of the 28, 52— 2p, /2 transition on the
target !"'Yb' qubit, the probability of accidental measure-
ment of the neighboring qubit via spontaneous emission
from 10~* level cross-talk can be kept at pg ~ 107* x (27 x
20 MHz/6) x 10 us =~ 0.02 [63,64]. Here 2w x 20 MHz is
the natural linewidth of the 2P1/2 state used in the mea-
surement process. Accidental measurement of neighboring
qubits can also be mitigated by using separate atomic
species (or separate isotopes) [65] as processing qubits
and read-out qubits, where the qubit state is transferred
from a processing qubit to a read-out qubit before measure-
ment.

However, a fundamental limit to the probability of acci-
dental measurements is given by the absorption of photons
emitted from an addressed ion by neighboring ions. The prob-
ability of this effect depends strongly on the spatial distance

d between two ions and scales as ~1/d>. In a typical ex-
periment of '7'Yb" ions, a spatial distancing of d ~ 5 um
can be achieved, so that this error is limited to < 0.5%; see
the Appendix for details. The error can be further reduced
by orders of magnitude using e.g. quantum charge-coupled
devices (QCCDs) [66].

With the estimate in Eq. (16) we expect a shift of p,
which is much smaller than the uncertainty in its value re-
sulting from our computational methods. We confirmed via
numerical studies of circuits including additional measure-
ments with a relatively large leakage rate of pg = 0.1 that
the shift in p. is not detectable within numerical uncertain-
ties, emphasizing the robustness of the model to experimental
errors.

Apart from the crosstalk errors in the single-qubit mea-
surements, further imperfections appear when preparing the
initial state, applying MS and single-qubit gates, or perform-
ing global measurements of the final state. Such SPAM errors
are on the order of a few percent in existing trapped-ion
hardware [30] and can also influence the critical measurement
rate. However, since these errors are of the same order as
measurement crosstalk errors, we expect the effects on the
MPT to be similarly small.

Even though a noticeable shift of the critical measure-
ment rate can result from the combination of multiple
small imperfections, we expect the resulting shift of p. to
be small enough so that the MPT remains at finite mea-
surement rates, p. > 0. Thus, the MPT is robust against
experimental imperfections and motivates an experimental
realization.

C. Estimators and postselection

Beyond the above experimental considerations, an impor-
tant difference between our tensor network simulations and
real-world experiments is the procedure by which the long-
time quantum wave function is characterized. The evaluation
of observables in trapped-ion hardware is based on a statistical
average of measurement outcomes, typically performed on
the final quantum state. Most relevant for characterizing an
MPT, the second Rényi entropy can be extracted from sta-
tistical correlations between local randomized measurement
outcomes [59,67]. It can hence be evaluated from final-state
measurement averages, much like any conventional observ-
able. However, the probabilistic behavior of random circuit
(monitored) measurements causes further limitations. This
comes from the usual requirement of repeated state prepara-
tion and final-state measurements (possibly in multiple bases)
in order to reconstruct any observable. In the case of hybrid
circuits created by monitored measurements spread through-
out the circuit, this necessity of repeated state preparation and
measurement adds an additional requirement on postselection,
which naively results in an exponential scaling overhead. In
order to prepare a specific quantum state multiple times, the
outcomes of all monitored single-qubit measurements need to
be identical in the considered circuit runs. The probabilistic
projections in the circuit for p > 0 thus require the postselec-
tion of the final quantum states of multiple circuit runs based
on the binary measurement outcomes. For a hybrid quantum
circuit of depth 7 acting on N ions, on average ~22"NT
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circuit runs are needed in order to prepare a specific quan-
tum state, causing the exponential overhead in circuit runs
[7,12,21].

While microsecond-scale gate and measurement times of
the trapped-ion hardware will allow experiments with N ~
10 qubits with measurement rates up to p =~ 0.05 within
reasonable run times, the exponential postselection over-
head will pose a challenge for larger systems and higher
measurement rates. The achievable measurement rates are
hence much smaller than the numerically observed crit-
ical measurement rate where the MPT happens in the
studied circuit. Reducing the critical measurement rate p,
based on alternative circuit setups built of native ion gates
might be a promising approach to reveal MPTs in a larger
system.

Accidental measurements appearing in experimental cir-
cuit runs due to crosstalk errors as discussed in Sec. VB
cause further issues in the postselection procedure. Since the
outcomes of these stochastically appearing measurements are
not monitored in the experiment, two similarly prepared fi-
nal states can differ even when postselecting the monitored
measurement outcomes. This strengthens the necessity of
minimizing crosstalk effects in trapped-ion hardware, which
can be achieved, e.g., by incorporating coupling of ions as in
QCCD architectures [66]. We numerically estimate the aver-
age loss of fidelity due to stochastic crosstalk measurements
compared to the ideally prepared state without leakage errors
to be <10% for relevant system sizes and the cross-talk rates
discussed in Sec. V B. Understanding the exact effect of this
fidelity loss on the sample-based evaluation of entanglement
entropies is an interesting topic for future studies.

While this postselection procedure presents a clear bot-
tleneck for experimental realizations of MPTs, recent works
suggest ways to bypass this measurement overhead. Such
proposals use additional ancilla qubits which are initially
maximally entangled with the circuit qubits as a reference
to locally probe the MPT [5,12,35]. A local order param-
eter can be associated with the average entropy of the
reference qubits, which quantifies the amount of informa-
tion shared with the initial state and is hence large in the
volume-law phase and small in the area-law phase, under-
going the same transition as the entanglement entropy. The
introduction of such local order parameters allows for the
detection of the MPT at the critical measurement rate while
reducing the necessary amount of global measurements
and avoiding the exponential postselection overhead. Fur-
thermore, the number of additional qubits can be kept as
small as a single reference qubit, making the approach
feasible for experimental realizations [12,35]. Apart from
improvements of this reference qubit approach based on
cross-entropy estimators to reduce the amount of experi-
mental measurements [7], other proposals to circumvent the
postselection process are based on mappings onto space-
time duals, which describe unitary dynamics and allow for
an efficient measurement of Rényi entanglement entropies
[36]. Such theoretically developed techniques propose ex-
perimentally feasible ways to overcome the postselection
bottleneck by only slightly increasing the number of necessary
qubits and may enable realizations of MPTs in trapped-ion
hardware.

VI. DISCUSSION AND OUTLOOK

In this paper we have introduced a hybrid circuit model
consisting of native trapped-ion gates that is a strong can-
didate for realizing a measurement-induced phase transition
(MPT). In order to induce entanglement growth, the cir-
cuit uses a combination of two-qubit Mglmer-Sgrensen gates
and random single-qubit rotations. To compete with this
entanglement growth, measurements are induced through-
out the circuit at a constant rate p. Such measurements
should be realizable via recent experimental advances
in high-precision, single-ion optical addressing schemes
[32,33].

The native gates studied in this work go beyond the
Clifford group and can hence not be simulated efficiently with
a scalable classical algorithm. In order to study this hybrid
circuit, we therefore employ state-of-the-art tensor network
simulations, evolving a matrix product state wave function
using a time-evolving block decimation algorithm. These sim-
ulations demonstrate two clear entanglement regimes in the
long-time behavior of the circuit, corresponding to volume-
law entanglement for small p and area-law entanglement for
large p. Further, our numerical results provide clear evidence
for an MPT at a critical measurement density p. ~ 0.17.

In the area-law regime, our tensor network simulations are
able to converge typical hybrid circuits with up to 44 qubits
and more than 10 000 unitary gates. Such sizes are sufficiently
large to resolve the critical properties of the MPT in great
detail. Collapsing our data near p. to a critical scaling function
reveals the universal exponent v = 1.4 £ 0.2, which is within
numerical uncertainty of the value of v = 4/3 given by first-
passage percolation in two dimensions [2,4,5,10,11,13,14,20].
In addition, the entanglement entropy shows clear logarithmic
scaling at p., which agrees with previous studies of MPTs that
show broad features of conventional conformal field theories
[2,4,10-14,61]. The coefficients of the logarithmic fits in the
space and time direction directly at p. reveal coefficients
that are the same to within numerical errors, indicating the
apparent emergence of conformal symmetry.

Our numerical results suggest that modern trapped-ion
experiments with a reasonable number of qubits are well-
equipped to realize such MPTs. We have argued that even
in the presence of realistic experimental errors, such as mea-
surement crosstalk errors, the MPT is sufficiently robust to be
induced with native entangling gates. We have further shown
that the qubits can be brought into outcome-independent
states after the projective measurements without affecting the
MPT, which suggests a decision-logic free experimental im-
plementation. However, we also find that without significant
modification of the gate set architecture, experimental studies
may be limited to measurement rates far in the volume-law
phase. This is due to a postselection process required for
evaluating physical observables, including the second Rényi
entropy. A significant body of theoretical work is currently
motivated by finding solutions to overcome this limitation
[5,7,12,21,35,36].

Despite these challenges, our results indicate that trapped-
ion quantum computers are compelling platforms to realize
MPTs and could therefore conceivably be among the first
engineered quantum systems to realize this exciting new
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class of physical phenomena in nature. In addition, we have
emphasized the crucial role that state-of-the-art numerical
simulations will play in advancing the theoretical and ex-
perimental frontiers of MPTs and related physics in the
future.
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APPENDIX: FUNDAMENTAL LIMITATIONS OF
CROSSTALK ERRORS

The probability of crosstalk errors induced by absorption
of photons emitted from an addressed ion can be kept at a
small level. This probability depends strongly on the spatial
distance between two ions and can be estimated via the photon
absorption cross section ¢ of the neighboring ion. For the con-
sidered detection line of the 25, 52— 2p, /2 transition, the cross
section scales as o &~ A%/(2m) with the detection wavelength
A = 369.5 nm for 7' Yb™. This corresponds to a cross section
radius of @ = /o /m ~ 80 nm. Thus, a fraction proportional
to (1 —cos(0))/(8m) ~ 6.4 x 1073 of the photons emitted by
the targeted ion is absorbed, with the angle 6 = arctan(a/d)
subtended by the photon absorption cross section area. For an
optimal scattering rate of 7 x 10° Hz for the target Yb™ ion
and detection times of 10 us, this gives a crosstalk error prob-
ability of pg &~ 5 x 1073, This probability can be increased
when applying the corrective measurement scheme discussed
in Sec. V A, since the additional pumping of an ion emits
further photons.

[1]1 Y. Li, X. Chen, and M. P. A. Fisher, Quantum zeno effect
and the many-body entanglement transition, Phys. Rev. B 98,
205136 (2018).

[2] B. Skinner, J. Ruhman, and A. Nahum, Measurement-Induced
Phase Transitions in the Dynamics of Entanglement, Phys. Rev.
X9,031009 (2019).

[3] A. Chan, R. M. Nandkishore, M. Pretko, and G. Smith, Unitary-
projective entanglement dynamics, Phys. Rev. B 99, 224307
(2019).

[4] S. Sang and T. H. Hsieh, Measurement protected quantum
phases, Phys. Rev. Res. 3, 023200 (2021).

[5] A. Lavasani, Y. Alavirad, and M. Barkeshli, Measurement-
induced topological entanglement transitions in symmetric
random quantum circuits, Nat. Phys. 17, 342 (2021).

[6] M. Szyniszewski, A. Romito, and H. Schomerus, Entanglement
transition from variable-strength weak measurements, Phys.
Rev. B 100, 064204 (2019).

[7] Y. Bao, S. Choi, and E. Altman, Theory of the phase transition
in random unitary circuits with measurements, Phys. Rev. B
101, 104301 (2020).

[8] M. Szyniszewski, A. Romito, and H. Schomerus, Universality
of Entanglement Transitions from Stroboscopic to Continuous
Measurements, Phys. Rev. Lett. 125, 210602 (2020).

[9] E. V. H. Doggen, Y. Gefen, 1. V. Gornyi, A. D. Mirlin, and D.
G. Polyakov, Generalized quantum measurements with matrix
product states: Entanglement phase transition and clusteriza-
tion, arXiv:2104.10451.

[10] A.Zabalo, M. J. Gullans, J. H. Wilson, S. Gopalakrishnan, D. A.
Huse, and J. H. Pixley, Critical properties of the measurement-
induced transition in random quantum circuits, Phys. Rev. B
101, 060301(R) (2020).

[11] Y. Li, X. Chen, and M. P. A. Fisher, Measurement-driven en-
tanglement transition in hybrid quantum circuits, Phys. Rev. B
100, 134306 (2019).

[12] M. J. Gullans and D. A. Huse, Scalable Probes of
Measurement-Induced Criticality, Phys. Rev. Lett. 125, 070606
(2020).

[13] Y. Li, X. Chen, A. W. W. Ludwig, and M. P. A. Fisher, Con-
formal invariance and quantum non-locality in hybrid quantum
circuits, Phys. Rev. B 104, 104305 (2021).

[14] C.-M. Jian, Y.-Z. You, R. Vasseur, and A. W. W. Ludwig,
Measurement-induced criticality in random quantum circuits,
Phys. Rev. B 101, 104302 (2020).

[15] M. Block, Y. Bao, S. Choi, E. Altman, and N. Y. Yao,
The measurement-induced transition in long-range interacting
quantum circuits, arXiv:2104.13372.

[16] T. Minato, K. Sugimoto, T. Kuwahara, and K. Saito, Fate of
measurement-induced phase transition in long-range interac-
tions, arXiv:2104.09118.

[17] R. Fan, S. Vijay, A. Vishwanath, and Y.-Z. You, Self-organized
error correction in random unitary circuits with measurements,
Phys. Rev. B 103, 174309 (2021).

[18] Y. Li, S. Vijay, and M. P. A. Fisher, Entanglement domain walls
in monitored quantum circuits and the directed polymer in a
random environment, arXiv:2105.13352.

[19] S. Sang, Y. Li, T. Zhou, X. Chen, T. H. Hsieh, and M. P. A.
Fisher, Entanglement negativity at measurement-induced criti-
cality, PRX Quantum 2, 030313 (2021).

[20] O. Shtanko, Y. A. Kharkov, L. P. Garcia-Pintos, and A. V.
Gorshkov, Classical models of entanglement in monitored ran-
dom circuits, arXiv:2004.06736.

[21] A. Nahum, S. Roy, B. Skinner, and J. Ruhman, Measure-
ment and entanglement phase transitions in all-to-all quantum
circuits, on quantum trees, and in Landau-Ginsburg theory,
PRX Quantum 2, 010352 (2021).

[22] X. Turkeshi, R. Fazio, and M. Dalmonte, Measurement-induced
criticality in (2 + 1)-dimensional hybrid quantum circuits,
Phys. Rev. B 102, 014315 (2020).

062405-9


https://doi.org/10.1103/PhysRevB.98.205136
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevResearch.3.023200
https://doi.org/10.1038/s41567-020-01112-z
https://doi.org/10.1103/PhysRevB.100.064204
https://doi.org/10.1103/PhysRevB.101.104301
https://doi.org/10.1103/PhysRevLett.125.210602
http://arxiv.org/abs/arXiv:2104.10451
https://doi.org/10.1103/PhysRevB.101.060301
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevLett.125.070606
https://doi.org/10.1103/PhysRevB.104.104305
https://doi.org/10.1103/PhysRevB.101.104302
http://arxiv.org/abs/arXiv:2104.13372
http://arxiv.org/abs/arXiv:2104.09118
https://doi.org/10.1103/PhysRevB.103.174309
http://arxiv.org/abs/arXiv:2105.13352
https://doi.org/10.1103/PRXQuantum.2.030313
http://arxiv.org/abs/arXiv:2004.06736
https://doi.org/10.1103/PRXQuantum.2.010352
https://doi.org/10.1103/PhysRevB.102.014315

CZISCHEK, TORLAIL RAY, ISLAM, AND MELKO

PHYSICAL REVIEW A 104, 062405 (2021)

[23] M. J. Gullans and D. A. Huse, Dynamical Purification Phase
Transition Induced by Quantum Measurements, Phys. Rev. X
10, 041020 (2020).

[24] S. Choi, Y. Bao, X.-L. Qi, and E. Altman, Quantum Error
Correction in Scrambling Dynamics and Measurement-Induced
Phase Transition, Phys. Rev. Lett. 125, 030505 (2020).

[25] Y. Liand M. P. A. Fisher, Statistical mechanics of quantum error
correcting codes, Phys. Rev. B 103, 104306 (2021).

[26] Y. Huang, Extensive entropy from unitary evolution, Preprints
(2021) 2021040254.

[27] A. Nahum, J. Ruhman, S. Vijay, and J. Haah, Quantum Entan-
glement Growth Under Random Unitary Dynamics, Phys. Rev.
X 17,031016 (2017).

[28] A. Nahum, S. Vijay, and J. Haah, Operator Spreading in Ran-
dom Unitary Circuits, Phys. Rev. X 8, 021014 (2018).

[29] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann, and S. L.
Sondhi, Operator Hydrodynamics, OTOCs, and Entanglement
Growth in Systems Without Conservation Laws, Phys. Rev. X
8, 021013 (2018).

[30] C. Monroe, W. C. Campbell, L.-M. Duan, Z.-X. Gong, A. V.
Gorshkov, P. W. Hess, R. Islam, K. Kim, N. M. Linke, G.
Pagano, P. Richerme, C. Senko, and N. Y. Yao, Programmable
quantum simulations of spin systems with trapped ions, Rev.
Mod. Phys. 93, 025001 (2021).

[31] S. Debnath, N. Linke, C. Figgatt, K. A. Landsman, K. Wright,
and C. Monroe, Demonstration of a small programmable quan-
tum computer with atomic qubits, Nature (London) 536, 63
(2016).

[32] S. Crain, E. Mount, S. Baek, and J. Kim, Individual addressing
of trapped 17;Yb" ion qubits using a microelectromechanical
systems-based beam steering system, Appl. Phys. Lett. 105,
181115 (2014).

[33] C.-Y. Shih, S. Motlakunta, N. Kotibhaskar, M. Sajjan, R.
Habliitzel, and R. Islam, Reprogrammable and high-precision
holographic optical addressing of trapped ions for scalable
quantum control, npj Quantum Inf. 7, 57 (2021).

[34] S. Olmschenk, K. C. Younge, D. L. Moehring, D. N.
Matsukevich, P. Maunz, and C. Monroe, Manipulation and
detection of a trapped Yb™ hyperfine qubit, Phys. Rev. A 76,
052314 (2007).

[35] C. Noel, P. Niroula, A. Risinger, L. Egan, D. Biswas, M.
Cetina, A. V. Gorshkiv, M. Gullans, D.A. Huse, and C. Monroe,
Observation of measurement-induced quantum phases in a
trapped-ion quantum computer, arXiv:2106.05881.

[36] M. Ippoliti and V. Khemani, Postselection-free Entanglement
Dynamics via Spacetime Duality, Phys. Rev. Lett. 126, 060501
(2021).

[37] P. Wang, C.-Y. Luan, M. Qiao, M. Um, J. Zhang, Y. Wang,
X. Yuan, M. Gu, J. Zhang, and K. Kim, Single ion qubit with
estimated coherence time exceeding one hour, Nat. Commun.
12, 233 (2021).

[38] 1. Pogorelov, T. Feldker, C. D. Marciniak, L. Postler, G. Jacob,
O. Krieglsteiner, V. Podlesnic, M. Meth, V. Negnevitsky, M.
Stadler, B. Hofer, C. Wichter, K. Lakhmanskiy, R. Blatt, P.
Schindler, and T. Monz, A compact ion-trap quantum comput-
ing demonstrator, PRX Quantum 2, 020343 (2021).

[39] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R.
Barends, R. Biswas, S. Boixo, F. G. S. L. Brandao, D. A.
Buell, B. Burkett, Y. Chen, Z. Chen, B. Chiaro, R. Collins, W.
Courtney, A. Dunsworth, E. Farhi, B. Foxen, A. Fowler et al.,

Quantum supremacy using a programmable superconducting
processor, Nature (London) 574, 505 (2019).

[40] D. Gottesman, Class of quantum error-correcting codes satu-
rating the quantum Hamming bound, Phys. Rev. A 54, 1862
(1996).

[41] D. Gottesman, The Heisenberg representation of quantum com-
puters, arXiv:quant-ph/9807006.

[42] S. Aaronson and D. Gottesman, Improved simulation of stabi-
lizer circuits, Phys. Rev. A 70, 052328 (2004).

[43] J. Iaconis, A. Lucas, and X. Chen, Measurement-induced phase
transitions in quantum automaton circuits, Phys. Rev. B 102,
224311 (2020).

[44] J. Taconis, Quantum state complexity in computation-
ally tractable quantum circuits, PRX Quantum 2, 010329
(2021).

[45] D. Perez-Garcia, F. Verstracte, M. M. Wolf, and J. 1. Cirac,
Matrix product state representations, Quantum Inf. Comput. 7,
401 (2007).

[46] F. Verstraete, V. Murg, and J. I. Cirac, Matrix product states,
projected entangled pair states, and variational renormalization
group methods for quantum spin systems, Adv. Phys. 57, 143
(2008).

[47] R. Orts, A practical introduction to tensor networks: Matrix
product states and projected entangled pair states, Ann. Phys.
349, 117 (2014).

[48] S. R. White, Density Matrix Formulation for Quantum Renor-
malization Groups, Phys. Rev. Lett. 69, 2863 (1992).

[49] S. R. White, Density-matrix algorithms for quantum renormal-
ization groups, Phys. Rev. B 48, 10345 (1993).

[50] U. Schollwock, The density-matrix renormalization group in
the age of matrix product states, Ann. Phys. 326, 96 (2011).

[51] E. M. Stoudenmire and S. R. White, Studying two-dimensional
systems with the density matrix renormalization group, Annu.
Rev. Condens. Matter Phys. 3, 111 (2012).

[52] G. Vidal, Efficient Classical Simulation of Slightly Entangled
Quantum Computations, Phys. Rev. Lett. 91, 147902 (2003).

[53] G. Vidal, Efficient Simulation of One-Dimensional Quantum
Many-Body Systems, Phys. Rev. Lett. 93, 040502 (2004).

[54] 1. Cirac, D. Perez-Garcia, N. Schuch, and F. Verstraete, Matrix
product states and projected entangled pair states: Concepts,
symmetries, and theorems, arXiv:2011.12127.

[55] M. Fishman and G. Torlai, PastaQ: A package for simulation,
tomography and analysis of quantum computers (2020), https:
//github.com/GTorlai/PastaQ.jl/.

[56] M. Fishman, S. R. White, and E. M. Stoudenmire, The
ITensor software library for tensor network calculations,
arXiv:2007.14822.

[57] X.-Z. Luo, J.-G. Liu, P. Zhang, and L. Wang, Yao.jl: Extensible,
efficient framework for quantum algorithm design, Quantum 4,
341 (2020).

[58] R. Islam, R. Ma, P. M. Preiss, M. E. Tai, A. Lukin, M. Rispoli,
and M. Greiner, Measuring entanglement entropy in a quantum
many-body system, Nature (London) 528, 77 (2015).

[59] T. Brydges, A. Elben, P. Jurcevic, B. Vermersch, C. Maier, B. P.
Lanyon, P. Zoller, R. Blatt, and C. E. Roos, Probing Rényi
entanglement entropy via randomized measurements, Science
364, 260 (2019).

[60] N. Laflorencie, E. S. Sgrensen, M.-S. Chang, and 1. Affleck,
Boundary Effects in the Critical Scaling of Entanglement En-
tropy in 1D Systems, Phys. Rev. Lett. 96, 100603 (2006).

062405-10


https://doi.org/10.1103/PhysRevX.10.041020
https://doi.org/10.1103/PhysRevLett.125.030505
https://doi.org/10.1103/PhysRevB.103.104306
https://doi.org/10.20944/preprints202104.0254.v1
https://doi.org/10.1103/PhysRevX.7.031016
https://doi.org/10.1103/PhysRevX.8.021014
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/RevModPhys.93.025001
https://doi.org/10.1038/nature18648
https://doi.org/10.1063/1.4900754
https://doi.org/10.1038/s41534-021-00396-0
https://doi.org/10.1103/PhysRevA.76.052314
http://arxiv.org/abs/arXiv:2106.05881
https://doi.org/10.1103/PhysRevLett.126.060501
https://doi.org/10.1038/s41467-020-20330-w
https://doi.org/10.1103/PRXQuantum.2.020343
https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1103/PhysRevA.54.1862
http://arxiv.org/abs/arXiv:quant-ph/9807006
https://doi.org/10.1103/PhysRevA.70.052328
https://doi.org/10.1103/PhysRevB.102.224311
https://doi.org/10.1103/PRXQuantum.2.010329
https://dl.acm.org/doi/10.5555/2011832.2011833
https://doi.org/10.1080/14789940801912366
https://doi.org/10.1016/j.aop.2014.06.013
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1103/PhysRevB.48.10345
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1146/annurev-conmatphys-020911-125018
https://doi.org/10.1103/PhysRevLett.91.147902
https://doi.org/10.1103/PhysRevLett.93.040502
http://arxiv.org/abs/arXiv:2011.12127
https://github.com/GTorlai/PastaQ.jl/
http://arxiv.org/abs/arXiv:2007.14822
https://doi.org/10.22331/q-2020-10-11-341
https://doi.org/10.1038/nature15750
https://doi.org/10.1126/science.aau4963
https://doi.org/10.1103/PhysRevLett.96.100603

SIMULATING A MEASUREMENT-INDUCED PHASE ...

PHYSICAL REVIEW A 104, 062405 (2021)

[61] P. Calabrese and J. Cardy, Entanglement entropy and conformal
field theory, J. Phys. A: Math. Theor. 42, 504005 (2009).

[62] A. H. Myerson, D. J. Szwer, S. C. Webster, D. T. C. Allcock,
M. J. Curtis, G. Imreh, J. A. Sherman, D. N. Stacey, A. M.
Steane, and D. M. Lucas, High-Fidelity Readout of Trapped-Ion
Qubits, Phys. Rev. Lett. 100, 200502 (2008).

[63] R. Noek, G. Vrijsen, D. Gaultney, E. Mount, T. Kim, P. Maunz,
and J. Kim, High speed, high fidelity detection of an atomic
hyperfine qubit, Opt. Lett. 38, 4735 (2013).

[64] D. J. Berkeland and M. G. Boshier, Destabilization
of dark states and optical spectroscopy in Zeeman-

degenerate atomic systems, Phys. Rev. A 65, 033413
(2002).

[65] 1. V. Inlek, C. Crocker, M. Lichtman, K. Sosnova, and C.
Monroe, Multispecies Trapped-lon Node for Quantum Net-
working, Phys. Rev. Lett. 118, 250502 (2017).

[66] D. Kielpinski, C. Monroe, and D. J. Wineland, Architecture for
a large-scale ion-trap quantum computer, Nature (London) 417,
709 (2002).

[67] S.J. van Enk and C. W. J. Beenakker, Measuring Trp" on Single
Copies of p Using Random Measurements, Phys. Rev. Lett.
108, 110503 (2012).

062405-11


https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1103/PhysRevLett.100.200502
https://doi.org/10.1364/OL.38.004735
https://doi.org/10.1103/PhysRevA.65.033413
https://doi.org/10.1103/PhysRevLett.118.250502
https://doi.org/10.1038/nature00784
https://doi.org/10.1103/PhysRevLett.108.110503

