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Photon antibunching as a probe of trajectory information of individual
neutral atoms traversing an optical cavity
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We present an alternative route to track the motion of a single atom traversing a high-finesse optical cavity by
means of the coherence statistics of photon antibunching. Here the single atom strongly couples to the high-order
transverse Laguerre-Gaussian (LG) mode (e.g., LG01) of optical cavity, instead of the high-order transverse
Hermite-Gaussian (HG) mode, which is beneficial to the single-atom trajectory measurement utilizing such a
photon antibunching effect. With this aim, we characterize the position-dependent quantum correlations of the
transmitted light in such a cavity quantum electrodynamics (QED) system subject to various kinds of the LG
modes, finding that the photon antibunching effect is closely related to the position of the atom in the transverse
plane and therefore the degree of the antibunching carries the information about the position of the atom
within the cavity. The numerical results of the second-order correlation function agree well with the analytical
calculations. Thanks to the tilted transverse LG01 mode of the cavity, which is inclined to the vertical direction
by an angle of ∼15◦, the LG-mode cavity QED architecture helps us to eliminate the degenerate trajectory of the
single atom falling through the cavity and to obtain a unique atomic trajectory. In a 10-μs-long time interval as
an example, our in-depth analysis displays that the atomic position with the spatial resolution of ∼4.0 μm in the
vertical direction (axis x) can be achieved. The present study is useful for well understanding and researching
both the robust generation of single-photon source and the precision measurement of single-atom trajectory.
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I. INTRODUCTION

Manipulation and measurement of individual atoms are
significant for investigating the atom-photon interaction [1,2],
atom-photon entanglement [3–5], quantum computing [6,7],
and single-photon source preparation [8,9], just to mention
a few. The deterministic control and measurement of single
atoms are also essential preconditions for quantum logic op-
erations [10] and quantum-information processing [11]. Up to
now, two main avenues to gain information from a single atom
have been favored in most experiments: one is to detect di-
rectly the atomic fluorescence signal which corresponds to the
characteristic steps of individual atoms entering and leaving
the trap [12–14]; the other is to observe the changes of light
transmission through the cavity mirrors with strong atom-
photon coupling [15–18]. Direct detection of single atoms
through the collection of resonance fluorescence requires
high-quality optical devices [12–14] and also the scattering
section of single atoms is rather small, which make it difficult
to sense the atom individually in free space. Alternatively, in
order to perform the single-atom detection, one can monitor
the transmission of a resonant cavity probe laser after drop-
ping atoms from a magneto-optical trap (MOT) formed over
the gap between the cavity mirrors [15–17]. However, the
experiments based on the changes in the cavity transmission
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require strong atom-cavity coupling [19]. Cavity quantum
electrodynamics (QED) provides an ideal platform for near
deterministic control of the atom-photon enhanced interaction
on the single-photon and single-atom level [20–22].

In a cavity QED regime of strong coupling, both the atom
and the cavity have a damping rate smaller than the char-
acteristic coupling coefficient of the combined atom-cavity
system. In this scenario, even if only one photon or one
atom enters into or escapes from the cavity mode, the state
of the whole atom-cavity system can be completely modified
[23,24]. In recent years, there has been considerable progress
in integrating laser-cooled and trapped atoms with optical
cavity QED systems in the strong-coupling regime [25–28].
The experiments performed with the laser-cooled atoms have
demonstrated that individual atoms with a time resolution of a
few microseconds can be observed [15,29,30], which is hard
to imagine even for the most sensitive optical microscope.
Beyond the realization of trapping, the high signal-to-noise
ratio for continuous, real-time position measurement is itself
one of the most significant characteristics of these strongly
coupled cavity QED systems [31,32]. Such real-time detection
capability enables the strongly coupled cavity QED systems to
detect the position information of single atoms (see [33–35],
and references therein).

We note that the forementioned works [33–35] about the
single-atom detection focus mainly on the variations of the
classical regimes in the transmission and reflection of the
output field instead of quantum noises. However, the measure-
ment of the single transit of the atom is relatively vulnerable to
quantum noise in the experiment [33]. As shown in Ref. [33],
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utilizing photon antibunching can improve the signal-to-noise
ratio of the transit signals, yet whether the coherence statistics
of photon antibunching can reveal the information about the
motion of a single atom in a given system remains mostly
unexplored. Recently, great progress has been made in cavity
QED consisting of an optical microcavity strongly coupled to
a single atom, which can yield large optical nonlinearity even
at the single-photon level [36–38] and induce an anharmonic
Jaynes-Cummings (JC) ladder (i.e., the splitting between the
dressed state energy levels is not constant) [39–42]. Corre-
spondingly, this gives rise to a strong quantum correlation
phenomenon, i.e., the so-called photon antibunching effect
[43,44]. The photon antibunching effect with the strongly cou-
pled interaction between the single atom and the cavity mode
can produce a single-photon source [45–47], which plays an
important role in quantum optics and quantum information
technologies [48–51]. The coherent interaction of the atom
and the cavity can significantly influence the coherent sta-
tistical properties of the output field in a high-finesse optical
cavity. This influence is particularly large if the condition of
strong coupling between the atom and the cavity is fulfilled.
In this case, the coherence statistics of photon antibunching
is a highly sensitive probe for the presence of an atom, so
that efficient observation of a single moving atom becomes
practical.

On the other hand, it is well known that the transverse
amplitude distribution of the cavity modes is usually de-
scribed by the Hermite-Gaussian (HGmn) modes associated
with TEMmnq modes or the Laguerre-Gaussian (LGpl ) modes
associated with TEMplq modes (q is a constant, and {m, n}
and {p, l} represent the orders of the HG and LG modes,
respectively) [52,53]. The HG and LG modes are completely
orthogonal solutions of Helmholtz equations in the Cartesian
and cylindrical coordinates, which possess a rectangular ma-
trix of intensity minima and maxima or a pattern of circular
rings in the transverse plane [53]. However, for most of these
experiments mentioned above, the atom is coupled to the HG
modes. It is worth emphasizing that the coupling coefficient
of the interaction between the cavity mode and the atom
decreases with the increase of the order of the HG modes,
which significantly reduces the contrast of the transit signals
and degrades the detection of the atomic motion trajectory
[33,35]. Applying the LG modes can help to improve these
problems; especially in recent years, the LG modes can be
used to track the motion of a single atom [54] and also find
its significance in MOT [55]. On the one hand, since the field
distribution of the LG modes is circular rings, when the atomic
motion trajectory is near the circular edge, the small offset
of the atomic position can cause a significant change of the
coherence statistics of photon antibunching, which helps us
to determine the atomic trajectory effectively. What is more,
unlike the HG modes [33,35], the increase of the radial order p
of the LG modes has little impact on the coupling coefficient
between the cavity and the atom, which is beneficial to the
mode selection of the LG modes and the maintenance of
strong antibunching, and thus which can keep high contrast
of the transit signals.

Inspired by this exciting development, here we put forward
an alternative route to obtain two-dimensional (2D) position

information of a single atom traversing the high-finesse op-
tical cavity and utilizing the coherence statistics of photon
antibunching in the LG-mode cavity QED system. Physically,
the measurement scheme of the atomic trajectory information
is based on the fact that the position of the atom within the
cavity can lead to a significant influence on the coherence
statistics of photon antibunching in the output field when a
weak continuous-wave light is applied to coherently drive
the LG cavity mode. That is to say, the value of the photon
antibunching carries the information about the position of
the atom. More specifically, by means of the two approaches
[(i) the master equation approach and (ii) the Schrödinger
equation approach], we present the detailed analytical and
numerical results of the second-order intensity correlation
function g(2), where the analytical results are in excellent
agreement with the numerical simulations. With these meth-
ods at hand, using experimentally realistic parameters, we
explore the position-dependent characteristics of antibunched
photons from the three different LG modes in the cavity QED
system, involving the LG00, LG01, and LG02 modes. In the
atomic trajectory measurement scheme, we select the tilted
LG01 mode to eliminate the degenerate trajectory of the single
atom falling through the cavity and further obtain a unique
atomic trajectory. By properly varying both the orders p and
l of the LG modes in the coupled atom-cavity system, it is
shown that strong antibunching in the LG modes can be well
maintained, which is very favorable for the single-atom tra-
jectory measurement. Based on the rotating frame coordinate
transformation and the unique characteristics of this coupled
system, the coherence statistics of photon antibunching can
be used to characterize the trajectory of atom effectively. In a
10-μs-long time interval as an example, our in-depth analysis
displays that an atomic position with the spatial resolution of
∼4.0 μm in the vertical direction (axis x) can be achieved with
the experimentally achievable parameters. We also briefly dis-
cuss the feasibility of realizing this scheme experimentally in
the LG-mode cavity QED device. Finally, we expect that our
proposal may serve as a stepping stone to future theoretical
and experimental investigations on the efficient generation
of single-photon source and the precision measurement of
single-atom trajectory.

The subsequent sections are organized as follows. In
Sec. II, we describe the physical system of interest, pictorially
represented in Fig. 1, and present the system Hamiltonian,
where our physical model is taken into account under realistic
experimental conditions in order to illustrate the effect of
atomic motion on the photon antibunching. In Sec. III, we
describe the physical quantities of our interest, namely, the
second-order correlation function. Typically we yield insights
into the numerical solution of the second-order correlation
function via the master equation approach (Sec. III A) and
the analytical solution via the Schrödinger equation approach
(Sec. III B). In Sec. IV, we demonstrate the experimental
feasibility of our proposed scheme and the choice of typ-
ical system parameters. All parameters discussed here are
readily achievable experimentally. In Sec. V, we compare
the analytical solution with the numerical solution and fur-
ther analyze in detail the attainable results related to the
position-dependent photon antibunching. Also, the effective
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FIG. 1. Schematics of the LG-mode cavity QED system un-
der study for probing the atomic trajectory information. The small
golden filled circles represent the atoms (not to scale). The atoms
fall down freely from MOT and a small fraction of these fall one
by one through the mode of a high-finesse optical cavity. The cavity
mode is a cylindrically symmetric LG01 mode in the transverse (x, y)
plane and has a standing-wave structure in the axial (z) direction.
The top-right inset denotes a tilted LG01 mode of the cavity from the
front view (viewing along axial direction), where a rotating frame
coordinate transformation is introduced. The cavity is coherently
driven by an external laser field with the strength η and the central
frequency ωd via the left-hand mirror. The output field through the
right-hand cavity mirror can be probed by measuring the normalized
second-order intensity correlation function g(2). Here κL and κR are
the damping rate of the left- and right-hand cavity mirrors, and κi is
the inner cavity damping rate. The cavity is chosen to be symmetric,
i.e., κL = κR. The total cavity damping rate is given by the sum
κ = κL + κR + κi. Again κ � κi holds, so κi can be ignored and we
set κi = 0 in the following discussion without loss of generality. The
effective coupling coefficient ge(x, y) is larger than cavity damping
rate κ and atom damping rate γ , thus the interaction between the
atom and the cavity mode can reach the strong-coupling regime.
Other symbols are defined in the main text.

measurement of the atomic trajectory based on the photon
antibunching is discussed in Sec. VI. Finally, the paper is
summarized in Sec. VII.

II. PHYSICAL SYSTEM AND THEORETICAL
FRAMEWORK

As depicted schematically in Fig. 1, we consider the
LG-mode cavity QED system based on the JC-type model
[56–58], consisting of an optical Fabry-Pérot cavity [19,59]
and a single two-level atom (denoted by a ground state |g〉
and an excited state |e〉). The atoms can be collected in a
MOT [60,61] directly above the center of the cavity, then
fall freely under gravity and can be transversely placed in
the center plane of a single higher-order transverse LG mode
(such as LG01 mode; see inset of Fig. 1) with the resonance
frequency ωc.

At the position (�r, z) along the cavity axis z, the electric
field operator is proportional to â cos (kz) f (�r)�εx [62], where
â is the annihilation operator of the cavity mode, k = ωc/c

(c is the speed of light), f (�r) is the transverse LG spatial mode
profile, and �εx denotes linear polarization in the x direction.
Due to the existence of the radiation-pressure force exerted
on the atom, the motion of the atom along the cavity axis z
has an influence on the spectrum of quantum correlation g(2).
However, considering that the cavity mode center is far away
from the MOT in real experiments [15,34,35], the velocity
of the atom in the cavity mode in the horizontal axial direc-
tion (axis z) is very small compared with that in the vertical
direction (axis x), and the motion along the cavity axis z,
which is likely pushed by the radiation-pressure force owing
to an external weak laser field with frequency ωd , is small
[34,63]. In the present scheme, we consider the weak driving
(weak excitation) case, where the intracavity field intensity is
significantly small. Again, the radiation pressure force due to
the cavity field is approximately proportional to the intracavity
field intensity under this weak driving condition [64]. We thus
can ignore the z-axis effect [i.e., z ≈ 0 and cos (kz) ≈ 1; the
atom passes through the antinode in a very narrow range in the
axial direction and the radiation-pressure force exerted on the
atom can be reasonably ignored] and assume that the atomic
trajectory in the cavity mode is a vertical straight line. Also,
the velocity of the atom entering and leaving the cavity mode
under gravity changes little due to the fact that the distance
between the MOT and the cavity mode is much larger than the
size of the cavity mode, so the motion of the atom in the cavity
mode can be assumed as uniform motion. If there is no trap
in the cavity mode and the appropriate distance between the
MOT and the cavity mode is selected, the single atom falling
freely from the MOT into the cavity mode can be assumed as
uniform motion and the atomic trajectory can be assumed as
a vertical straight line, which is physically appropriate [34].
Finally through the right-hand cavity mirror we can probe the
statistical characteristics of the output field by measuring the
normalized second-order intensity correlation function g(2),
and further determine the 2D position information of the atom.

To be specific, for a two-level atom coupled to a Fabry-
Pérot cavity mode as shown in Fig. 1, the total Hamiltonian
Ĥtot of the LG-mode cavity QED system within the electric-
dipole and rotating-wave approximations reads (assuming
h̄ = 1 here and hereafter)

Ĥtot = ωcâ†â + ωaσ̂
†σ̂ + ge(x, y)(â†σ̂ + âσ̂ †)

+η(e−iωd t â† + eiωd t â), (1)

where â† and â are the creation and annihilation operators for
photons inside the cavity obeying the bosonic commutation
relations [â, â†] = 1, [â†, â†] = 0, and [â, â] = 0. σ̂ † = |e〉〈g|
and σ̂ = |g〉〈e| are the Pauli raising and lowering flip operators
of the two-level atom, satisfying the fermionic anticommu-
tation relations {σ̂ †, σ̂ } = 1; |e〉 and |g〉 are the excited state
and ground state of the two-level atom, respectively. The
zero-point energy is set to the ground state |g〉. Ignoring
the zero-point energy for the free cavity-field Hamiltonian is
permitted because it only gives a relative shift and does not
affect the system dynamics. ωc is the resonance frequency
of the cavity mode and ωa is the transition frequency of the
two-level atom. Lastly, ωd and η are the central frequency and
the strength of the external driving laser to motivate the cavity
mode â, respectively. The strength of the external driving

053710-3



WU, SHEN, LI, AND WU PHYSICAL REVIEW A 104, 053710 (2021)

laser is given by η = √
PdκL/(h̄ωd ), with Pd the pump power

[65,66] and κL the cavity damping rate through the left-hand
cavity mirror. The effective coupling coefficient ge(x, y) for
the Fabry-Pérot cavity supporting the standing-wave mode
with the LG transverse profile is determined by the actual
position of the atom in the cavity mode:

ge(x, y) = g0LGp,l (r, φ)/LG0,0(0, 0). (2)

Here, the maximum coupling strength g0 between the cavity
and the atom is proportional to

√
ωc/(2h̄ε0V )�εx · �μeg, with

ε0 being the permittivity of vacuum, V the mode volume of
the cavity, and �μeg the electric-dipole moment of the corre-
sponding transition, respectively. Owing to the high speed of
the atom itself and the fact that the absorption and emission
of photons have little influence on their own speed, it can
be considered that the driving laser has no influence on the
motion of the atom, that is, the motion of the atom in the
z direction is not taken into account. For convenience, we
set the origin of coordinates at the center of the Fabry-Pérot
cavity. In this circumstance, the antinode of the cavity mode
is located at z ≈ 0. We also set the electric-dipole moment �μeg

to be parallel to the linear polarized direction �εx of the electric
field. As a consequence, the maximum coupling strength is
g0 = μeg

√
ωc/(2h̄ε0V ). Again, the expression for the spatial

distribution of the LGpl mode can be given by the following
relation [67,68]:

LGp,l (r, φ) =
√

2p!

π (|l| + p)!

1

w0

(√
2r

w0

)|l|
L|l|

p

(
2r2

w2
0

)

× exp

(
− r2

w2
0

)
cos (lφ), (3)

where, thanks to the cylindrical symmetry of the field, we
have introduced the cylindrical coordinates (r, φ, z), with r =√

x2 + y2 and φ = arctan( y
x ). L|l|

p ( 2r2

w2
0

) is the generalized La-
guerre polynomial with radial order p and azimuthal order l .
w0 is the waist of the LG mode, which can be determined by
the radius of curvature of mirrors and the cavity length.

For the sake of eliminating the explicit temporal depen-
dence in the original Hamiltonian of Eq. (1), we would like
to change the Hamiltonian into a rotating reference frame
with respect to the driving field frequency ωd by applying the
unitary operator

Û (t ) = e−iωd t (â†â+σ̂ †σ̂ ). (4)

Finally, in terms of the formula Ĥrot = Û †(t )ĤtotÛ (t ) −
iÛ †(t )∂Û (t )/∂t , we can derive a time-independent effective
Hamiltonian of the atom-cavity system after some algebra,
with the form

Ĥrot = �câ†â + �aσ̂
†σ̂ + ge(x, y)(â†σ̂ + âσ̂ †)

+η(â† + â), (5)

where the notation �c = ωc − ωd is the detuning of the res-
onance frequency ωc of the cavity mode â from the driving
field frequency ωd (named as the cavity mode detuning).
�a = ωa − ωd is the detuning of the transition frequency ωa

of the two-level atom from the driving field frequency ωd

(named as the two-level atom detuning).

III. CALCULATIONS OF THE SECOND-ORDER
CORRELATION FUNCTION

A. Numerical solutions via the full master equation approach

In order to describe the complete dynamics of the atom-
cavity evolution in this system with the joint atom-cavity
density matrix operator ρ̂, we use the Lindblad master equa-
tion [69]

∂ρ̂

∂t
= −i[Ĥrot, ρ̂] + L̂[ρ̂], (6)

with Ĥrot being the effective Hamiltonian (5) under the ωd -
rotating frame of the LG-mode cavity QED system in the case
of no dissipation, the notation [•, •] being the commutation
relation, and L̂[ρ̂] denoting the whole Liouvillian superoper-
ator [70], given by

L̂[ρ̂] = κ

2
(2âρ̂â† − â†âρ̂ − ρ̂â†â)

+γ

2
(2σ̂ ρ̂σ̂ † − σ̂ †σ̂ ρ̂ − ρ̂σ̂ †σ̂ ), (7)

with the first term on the right-hand side of Eq. (7) corre-
sponding to the damping of the cavity and the second term
on the right-hand side of Eq. (7) representing the damping of
the two-level atom, respectively. Here, κ is the total damping
rate of the cavity (i.e., κ = κL + κR) and γ is the damping rate
of the two-level atom.

By means of the connection between the Lindblad master
equation and the input-output theory [69,71], we can define
the operator Ŝout describing the transmitted field through the
right-hand cavity mirror and yield the continuity relation
Ŝout = √

κRâ, with κR the cavity damping rate through the
right-hand cavity mirror. In general, for a rotating-frame time-
independent Hamiltonian Ĥrot, the dynamics of the system
evolves at large times toward a steady state that satisfies the
equation

∂ρ̂

∂t
= 0. (8)

We therefore can obtain the steady-state solution ρ̂ss of the
density matrix ρ̂ for the atom-cavity system by numeri-
cally solving the equation ∂ρ̂/∂t = −i[Ĥrot, ρ̂ss] + L̂[ρ̂ss] =
0, with the constraint Tr(ρ̂ss) = 1. Here, we are particularly
interested in the statistical properties of the transmitted field,
which can be measured by the normalized delayed second-
order intensity correlation function [72]

g(2)(τ ) = 〈Ŝout
†(t )Ŝout

†(t + τ )Ŝout (t + τ )Ŝout (t )〉
〈Ŝout

†(t )Ŝout (t )〉2

= 〈â†(t )â†(t + τ )â(t + τ )â(t )〉
〈â†(t )â(t )〉2 , (9)

with τ the delay time between different detectors. We focus on
the normalized equal-time (or zero-time-delay) second-order
intensity correlation function [72], with the form

g(2)(0) = 〈â†â†ââ〉
〈â†â〉2 = Tr(ρ̂ssâ†â†ââ)

[Tr(ρ̂ssâ†â)]2
. (10)

The second-order intensity correlation function from the
output of the optical cavity can be specifically utilized to
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characterize the photon bunching and antibunching [59]. More
concretely, the value of g(2)(0) > 1 [or g(2)(τ ) < g(2)(0)]
represents the photon bunching corresponding to super-
Poissonian photon statistics, which is a classical light and the
photons are in a positive temporal correlation. On the contrary,
the value of g(2)(0) < 1 [or g(2)(τ ) > g(2)(0)] denotes the
photon antibunching corresponding to sub-Poissonian photon
statistics, which is a nonclassical light and the photons are in a
negative temporal correlation (tending to arrive one-by-one).
Also, g(2)(0) < 1 is an important witness for the single-photon
blockade effect where strong interaction between the atom and
the cavity mode prevents the excitation of multiple photons
at the same time [73]. In addition, the smallness of g(2)(0)
represents the strong antibunching effect and thus can be used
to characterize the quality of single-photon source [an ideal
single-photon source requires g(2)(0) = 0] [74]. In particular,
the value of g(2)(0) = 1 is referred to as the coherent-state
photon corresponding to Poissonian photon statistics, which
is a quasiclassical effect.

It is stressed that in general the quantum master equation
cannot be solved analytically, and the numerical solutions are
required. Here the second-order intensity correlation function
g(2) in the LG-mode cavity QED system can be obtained
by solving numerically Eq. (6) using a truncated Fock basis
[75]. Concretely, we can truncate the largest photon number
of the cavity mode in the Fock space as low as 10 for the
numerical simulations in our system, which is sufficient to
guarantee the precision of the numerical results for a weak
drive. The details of the numerical results will be discussed in
Sec. V below. Nevertheless, it should be pointed out that the
analytical solutions of the second-order correlation function
can help us to better explore the relationship between the
correlation function g(2)(0) and the position of the atom. In
view of this, we will discuss how to analytically calculate the
second-order correlation functions g(2)(0) in the next section
(cf. Sec. III B).

B. Analytical solutions via the Schrödinger equation approach

Now for the sake of better exploring the relationship be-
tween the second-order correlation function and the position
of the atom, in this section, our main aim is to discuss how
to analytically calculate the second-order correlation function
g(2)(0) of the transmitted field. In the limit of the weak driving
field, high photon excitation states have very low population
and therefore we can assume the total excitation number of
the atom-cavity system no more than two. Following the ap-
proach of the pure-state factorization approximation presented
in Refs. [76,77], we can expand the wave function of the
atom-cavity system to the two-photon excitation state with the
ansatz

|�〉 = C0,g|0, g〉 + C0,e|0, e〉 + C1,g|1, g〉
+C1,e|1, e〉 + C2,g|2, g〉, (11)

where the coefficients Cn,g and Cn,e denote the probability
amplitudes of the system in the states |n, g〉 and |n, e〉, for
which the corresponding probabilities are given by |Cn,g|2
and |Cn,e|2, respectively. The state |n, g〉 (|n, e〉) represents n
photons (n = 0, 1, 2) of the cavity mode at the ground state |g〉
(the excited state |e〉) of the two-level atom. Under the weak

driving condition, we have the relation C0,g � {C0,e,C1,g} �
{C1,e,C2,g}.

Since we consider the weak driving limit, the atom-cavity
system is rarely in the excited states and consequently the
contributions of the 2âρ̂â† and 2σ̂ ρ̂σ̂ † terms appearing in the
master equation can be safely neglected. This is equivalent to
acquiring the effective non-Hermitian Hamiltonian

Ĥeff = Ĥrot − iκ â†â/2 − iγ σ̂ †σ̂ /2. (12)

Next, for the purpose of achieving the values of these
coefficients {Cn,g,Cn,e} to approximately calculate the second-
order correlation function we are focusing on, we start from
the Schrödinger equation

i
∂|�〉
∂t

= Ĥeff|�〉. (13)

By substituting the wave function [Eq. (11)] and the
effective non-Hermitian Hamiltonian [Eq. (12)] into the
Schrödinger equation [Eq. (13)], we can arrive at the evolution
equations for the probability amplitudes of the wave function

i
∂C0,g

∂t
= ηC1,g, (14)

i
∂C0,e

∂t
= (�a − iγ /2)C0,e + ge(x, y)C1,g + ηC1,e, (15)

i
∂C1,g

∂t
= (�c − iκ/2)C1,g + ge(x, y)C0,e

+ ηC0,g +
√

2ηC2,g, (16)

i
∂C1,e

∂t
= (�c + �a − iκ/2 − iγ /2)C1,e + ηC0,e

+
√

2ge(x, y)C2,g, (17)

i
∂C2,g

∂t
= 2(�c − iκ/2)C2,g +

√
2ge(x, y)C1,e +

√
2ηC1,g.

(18)

For the case of the one-photon state, the steady-state solu-
tions of the probability amplitudes {C0,e,C1,g} can be obtained
by setting ∂C0,e/∂t = 0 and ∂C1,g/∂t = 0 as

(�a − iγ /2)C0,e + ge(x, y)C1,g = 0, (19)

(�c − iκ/2)C1,g + ge(x, y)C0,e + ηC0,g = 0, (20)

where, due to the weak driving limit, the probability of finding
two photons in the cavity is so small that they can be ignored
relative to the probability of finding one. In this case, we can
assume C0,g → 1, ηC1,e = 0, and ηC2,g = 0 like Ref. [78].

Using the same method, the probability amplitudes
{C1,e,C2,g} of the two-photon state can be expressed as

(�c + �a − iκ/2 − iγ /2)C1,e +
√

2ge(x, y)C2,g

+ηC0,e = 0, (21)

2(�c − iκ/2)C2,g +
√

2ge(x, y)C1,e +
√

2ηC1,g = 0. (22)

Equations (19)–(22) directly illustrate the energy levels and
the links between the steady states |n, g〉 and |n, e〉.

By recurrently solving Eqs. (19)–(22), we can achieve
the concrete expressions for the coefficients Cn,g. Then
the normalized equal-time second-order intensity correlation
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function [72] based on these coefficients Cn,g can be approxi-
mated by

g(2)(0) = 〈�|â†â†ââ|�〉s

(〈�|â†â|�〉s)2
� 2|C2,g|2

|C1,g|4 , (23)

where |�〉s is the steady-state wave function of the sys-
tem. For the sake of simplicity, we define the two ef-
fective detunings �′

c = �c − iκ/2 and �′
a = �a − iγ /2 by

including the damping rates. After straightforward calcu-

lations, we can obtain the coefficients C1,g and C2,g as
follows:

C1,g = η�′
a

[
g2

e(x, y) − �′
c�

′
a

]−1
, (24)

C2,g = η2
[
(�′

c + �′
a)�′

a + g2
e(x, y)

](√
2
[
�′

c�
′
a

−g2
e(x, y)

][
(�′

c + �′
a)�′

c − g2
e(x, y)

])−1
. (25)

By plugging Eqs. (24) and (25) into Eq. (23), we can fur-
ther derive the analytical solution of the correlation function
g(2)(0) as

g(2)(0) �2|C2,g|2
|C1,g|4 = ([

g2
e(x, y) − �′

c�
′
a

][
(�′

c + �′
a)�′

a + g2
e(x, y)

])2(
�′

a
4[(�′

c + �′
a)�′

c − g2
e(x, y)

]2)−1
. (26)

From the analytical expression (26) of the second-order correlation function g(2)(0), we can see that for the case of strong
coupling [i.e., ge(x, y) � (κ, γ )], if (�c,�a) ∼ ge(x, y) and g2

e(x, y) → �c�a, then we have the result [g2
e(x, y) − �′

c�
′
a] → 0,

giving rise to g(2)(0)  1. Notice that this behavior appears only when the detunings of both the cavity mode (�c) and the two-
level atom (�a) have the same sign [79], which provides the way for us to select the appropriate system parameters. Obviously,
the second-order correlation function g(2)(0) is a function of the effective coupling coefficient ge(x, y), which is closely related
to the specific position of the atom within the cavity. This provides a basis for the measurement of the atomic trajectory by the
coherent statistics of photon antibunching.

In accordance with the previous experimental reports in Refs. [34,35], we take into account the case that the cavity damping
rate κ is equal to the two-level atom damping rate γ , i.e., κ = γ . Again, we focus on the scenario that the detunings of the cavity
mode and the two-level atom have the same sign in the strong-coupling regime, which can lead to strong antibunching. For the
sake of simplicity and further illustrating the relationship between the antibunching and the atomic position, we consider that the
cavity mode and the two-level atom are on-resonance, that is, ωc = ωa (equivalently �c = �a). In these circumstances, based
on Eq. (26) we can further simplify the correlation function g(2)(0) as

g(2)(0) �
([

g2
e(x, y) − �2

c + κ2/4
]2 + κ2�2

c

)([
g2

e(x, y) + 2�2
c − κ2/2

]2 + 4κ2�2
c

)
(
�2

c + κ2/4
)2([

g2
e(x, y) − 2�2

c + κ2/2
]2 + 4κ2�2

c

) . (27)

It follows from Eq. (27) that, when the effective coupling ge(x, y) and the cavity mode detuning �c are equal in the
strong-coupling regime, the value of the second-order correlation function is given by g(2)(0) ≈ 9κ2/g2

e(x, y) and thus the strong
antibunching can occur. The underlying physical mechanism of the strong antibunching is caused by the anharmonic energy-level
spacing between different excitation states induced by the nonlinearity of the coupled atom-cavity system. Combining Eq. (2)
with Eq. (3), the optimal condition ge(x, y) = �c can be further expressed as

�c = g0

√
p!

(|l| + p)!

(√
2r

w0

)|l|
L|l|

p

(
2r2

w2
0

)
exp

(
− r2

w2
0

)
cos (lφ). (28)

The above optimal condition composed of the cavity mode detuning, the maximum coupling strength, and the atomic position
in the LG-mode cavity further reveals that the antibunching effect is closely related to the atomic position. The antibunching
effect at the other atomic positions, where the optimal condition is not satisfied, becomes weakened. It should be pointed out
that with the change of the atomic position, the physical characteristics from strong antibunching to weak antibunching enable
us to detect the atomic trajectory.

The closed-form expression of the second-order correlation function g(2)(0) given in Eq. (27) depends on the coupling
coefficient ge(x, y) = g0LGp,l (r, φ)/LG0,0(0, 0) associated with the actual trajectory r =

√
x2 + y2 [16,32,63]. When the single

atom falls freely under gravity from the MOT and transits the cavity mode, the position r of the single atom is time dependent, i.e.,
r(t ), and therefore the effective coupling can be expressed as a time-dependent term that is parametrized by ge(t ). In accordance
with the experimental reports in Refs. [19,33–35], the off-axis distance y is an experimental constant which is determined by the
falling position of the single atom (see Fig. 1) and considering that the distance between the MOT and the cavity mode is much
larger than the size of the cavity mode, the velocity v of the single atom entering and leaving the cavity mode under gravity
changes little and thus the velocity v of the single atom transiting the cavity mode can be assumed to be uniform (i.e., x = vt ,
and the atomic velocity can be uniquely determined based on Ref. [34]). From Eqs. (2) and (3), the time-dependent ge(t ) can be
written as

ge(t ) = g0

√
p!

(|l| + p)!

(√
2[(vt )2 + y2]

w0

)|l|
L|l|

p

(
2[(vt )2 + y2]

w2
0

)
exp

[
− (vt )2 + y2

w2
0

]
cos

[
l arctan

(
y

vt

)]
. (29)
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Under the θ -rotating frame coordinate transformation x′ = x cos θ − y sin θ , y′ = x sin θ + y cos θ (θ is the angle between the
x axis and the nodal line of the LG01 mode as shown in the inset of Fig. 1), the ge(t ) is then given by

ge(t ) = g0

√
p!

(|l| + p)!

(√
2[(vt cos θ − y sin θ )2 + (vt sin θ + y cos θ )2]

w0

)|l|
cos

[
l arctan

(
vt sin θ + y cos θ

vt cos θ − y sin θ

)]

×L|l|
p

(
2[(vt cos θ − y sin θ )2 + (vt sin θ + y cos θ )2]

w2
0

)
exp

[
− (vt cos θ − y sin θ )2 + (vt sin θ + y cos θ )2

w2
0

]
. (30)

The atomic decay time is very small compared with the
atomic transit time [33–35,80], which means that the system
can reach the steady state in a relatively small time compared
with the timescale of atomic motion. With the single atom
transiting different positions of the cavity mode, the physi-
cal characteristic changing from a strong antibunching to a
weak one caused by the position-dependent effective coupling
makes it possible to detect the atomic trajectory by analyz-
ing the position-dependent second-order correlation function.
Therefore, we hope that the stronger the antibunching in the
optimal atomic position, the greater the second-order correla-
tion function g(2)(0) spectra change with the atomic position
in the transit process, which makes the transit signals detected
in our measurement scheme more intuitive, which will be
discussed in great detail below.

IV. EXPERIMENTAL FEASIBILITY AND TYPICAL
PARAMETERS FOR THE MODEL

Before proceeding, we briefly address the experimental
feasibility of our scheme in Fig. 1 by means of a two-
sided optical Fabry-Pérot cavity, a single alkali-metal atom,
a vapor-cell MOT, and a separate external cavity diode laser
(ECDL). In accordance with the experimental reports in
Refs. [19,32–35,63], with approximately 104 atoms falling
freely under gravity from the MOT initially, only one atom can
transit the cavity mode of length L and Gaussian waist w0 at a
time due to the fact that the geometry of the mirror substrates
can cut off most of the atomic flux, therefore the LG-mode
cavity QED system can be based on the JC-type model. For
example, we can employ a single 133Cs atom (nuclear spin I =
7/2, D2 line, and wavelength 852 nm) on the 6S-6P transition
as a possible candidate [15,19] for the LG-mode cavity QED
system. The designated two-level atomic states and the damp-
ing rate can be chosen as follows: |g〉 = |6S1/2, F = 4, mF =
4〉, |e〉 = |6P3/2, F = 5, mF = 5〉, and γ = 2π × 2.6 MHz,
where F denotes the hyperfine state and mF the Zeeman sub-
state. The atom in the states |g〉 = |6S1/2, F = 4, mF = 4〉 and
|e〉 = |6P3/2, F = 5, mF = 5〉 can be coupled to the linearly
polarized LG01 mode of the cavity. An external driving laser
field coming from an ECDL can pump the linearly polarized
cavity mode, and the frequency detuning between the external
driving laser field and the |g〉 = |6S1/2, F = 4, mF = 4〉 ↔
|e〉 = |6P3/2, F = 5, mF = 5〉 transition can be precisely con-
trolled independently.

Following the method detailed in Refs. [35,81], the op-
tical Fabry-Pérot cavity can be formed by two tapered
superpolished spherical mirrors with a radius of curvature
of 100 mm, an end diameter of 1 mm, and the ultrahigh

reflectivity around 852 nm, which can be placed inside
a no-magnet stainless-steel ultrahigh-vacuum chamber. The
Fabry-Pérot cavity can be actively stabilized by using the
lock laser at 828 nm, which is another longitudinal mode
of the cavity via the transfer cavity technique [19]; in this
way the cavity can be actively tuned into resonance with
the atomic transition (|g〉 = |6S1/2, F = 4, mF = 4〉 ↔ |e〉 =
|6P3/2, F = 5, mF = 5〉). The locked cavity with the reso-
nance frequency ωc = 2πc/λ (c is the speed of light and
λ is 852 nm) supports the intracavity LG01 mode with the
waist w0 = 23.8 μm. The free spectral range [82–84] of the
Fabry-Pérot cavity is ωFSR = ωcλ/(2L) = πc/L, where L =
86μm is the cavity length. The cavity with the linewidth (the
total damping rate of the cavity mode) is κ = 2π × 2.6 MHz
and the finesse (roughly the number of intracavity photon
round trips during the cavity decay time) is F = ωFSR/κ =
πc/(κL) = 6.7 × 105, thereby suggesting potentially large
gains in sensitivity for sensing the atomic motion within the
cavity [85].

By employing the horizon-oriented high-finesse Fabry-
Pérot cavity and the 133Cs MOT [19] just 5 mm above the
cavity mode, we can realize the strong coupling of the in-
dividual atoms with the LG modes. The distance is much
larger than the size of the cavity mode, thus the velocity of
the single atom entering and leaving the cavity mode under
gravity changes little and the velocity of the single atom
can be assumed to be uniform during the transit time in the
cavity mode. The atomic transit velocity we chose is a V-
shaped distribution of the velocity of the atoms which is based
on the experimental measurement [34]. The atomic transit
time w0/v = 59.50 μs (take v = 0.40 m/s as an example)
is two orders of magnitude larger than the atomic decay time
2(κ/2 + γ /2)−1 = 0.12 μs [80] when adopting the parameter
values of κ = 2π × 2.6 MHz and γ = 2π × 2.6 MHz, thus
the system can reach the steady state in a relatively small
time compared with the timescale of atomic motion. The
time-dependent effective coupling [Eqs. (29) and (30)] can be
reasonably assumed to be stable on the timescale of the atomic
decay like the experimental reports in Refs. [19,33–35]. Also,
the position-dependent effective coupling for a standing-wave
cavity mode can be reasonably set at antinode which is located
at z ≈ 0 and thus the z-axis effect can be ignored to determine
the 2D position information of the atom [63]. When a system
with multiple distinguishable atoms is involved, a series of
meaningful works [77,80] use three-dimensional (3D) Monte
Carlo simulation of an atomic beam to describe the rich
physics brought by the random distribution of atomic velocity
and position, the infinite hierarchy of equations alongside the
effective number of atoms, and so on.
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FIG. 2. The three-dimensional (3D) plots [panels (a)–(f)] and the two-dimensional (2D) plots [panels (g)–(i)] for the normalized equal-time
second-order intensity correlation function g(2)(0) versus the positions x and y of the atom in the transverse plane when varying the LG modes
(p, l ) of the cavity. The top panels (a)–(c) display the 3D plots of the analytical results for the three different LG modes: (a) LG00 mode;
(b) LG01 mode; and (c) LG02 mode. The middle panels (d)–(f) display the 3D plots of the numerical simulations corresponding to the top
panels (a)–(c), respectively. The bottom panels (g)–(i) display the 2D plots of the numerical simulations corresponding to the middle panels
(d)–(f), respectively. In order to avoid redundancy, the 2D plots of the analytical results are not shown here. These second-order correlation
functions g(2)(0) are calculated numerically using the master equation (6) and also analytically using the closed-form formula (27) based on
the Schrödinger equation in the steady state. The points marked in panels (a)–(f) are the values of the antibunching dips of the analytical and
numerical results. The system parameters, according to the experimental data [34,35], are chosen as g0/2π = 14.3 MHz, κ/2π = 2.6 MHz,
γ /2π = 2.6 MHz, w0 = 23.8 μm, �c/2π = 14.56 MHz, �a/2π = 14.56 MHz, η/2π = 0.026 MHz, and θ = 0, respectively.

In order to better study the antibunched characteristics
of the LG modes under the strong coupling, we select the
typical coupling coefficient g0 = 2π × 23.4 MHz (and 2π ×
14.3 MHz) within a reasonable range of experimental param-
eters [34,35,86,87]. Evidently, the coupling coefficient g0 is
larger than the cavity damping rate κ and the atom damping
rate γ (i.e., g0 > κ, γ ), so the system can reach the strong-
coupling regime of cavity QED, and under the condition of
the strong-coupling regime, the atomic decay time can be very
small compared to the atomic transit time. The atoms can
be collected in a vapor-cell MOT directly above the center
of the cavity and cooled to temperatures of ∼10 μK [32].
When the trapping laser beams and magnetic field in MOT
are switched off, the atoms fall freely under gravity and can be
transversely placed in the center plane of a single higher-order
transverse LG01 mode. Finally, the second-order correlation
function g(2) of the transmitted field through the right-hand
cavity mirror can be measured in the same method as is done
experimentally, i.e., using one ordinary 50 : 50 beam splitter
and two single-photon avalanche diodes [59,73,88].

V. RESULTS AND DISCUSSIONS ABOUT
POSITION-DEPENDENT PHOTON ANTIBUNCHING

First of all, we focus on the position-dependent photon an-
tibunching features by introducing different LG modes of the
cavity. To do so, the 3D plots and 2D plots for the normalized
equal-time second-order intensity correlation function g(2)(0)
in the transverse xy plane of theLG00, LG01, and LG02 modes
are shown in Fig. 2. As can be seen, the LG00 mode exhibits
only one distinct antibunching dip in the transverse plane
and the minimum value of g(2)(0) reaches g(2)(0) � 0.243
[Figs. 2(a), 2(d), and 2(g)]. The LG01 mode exhibits the two
antibunching dips and the minimum value of g(2)(0) reaches
g(2)(0) � 0.868 [Figs. 2(b), 2(e), and 2(h)]. The LG02 mode
exhibits the four antibunching dips and the minimum value of
g(2)(0) reaches g(2)(0) � 0.935 [Figs. 2(c), 2(f), and 2(i)]. Un-
der the same applicable system parameters, with the increase
of the azimuthal order l , both the number of the antibunching
dips and the minimum value of g(2)(0) keep increasing, which
means that the antibunching effect of the system is weakened
gradually. This phenomenon is mainly due to the fact that
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the effective coupling between the atom and the cavity mode
becomes weaker with the increase of the azimuthal order l
of the LG modes, which weakens the anharmonicity of the
JC ladder for the system and thus the antibunching effect.
From the distribution of the antibunching dips, we can see that
the distribution changes regularly with the azimuthal order l .
When l = 0 in Figs. 2(a), 2(d), and 2(g), the antibunching
dip of the system is a single dip, lying at the central position
in the transverse xy plane. When l �= 0 in Figs. 2(b), 2(e),
and 2(h) as well as Figs. 2(c), 2(f), and 2(i), the number
of symmetric antibunching dips of the system is equal to
2l . This is because the structure of multiple lobes [89,90]
associated with the azimuthal order l of the higher-order LG
modes determines the effective coupling coefficient ge(x, y),
and thereby affects the spatial distribution of the photon
antibunching.

What is more, the numerical simulation results for the
normalized equal-time second-order intensity correlation
function g(2)(0) given by the master equation (6) are compared
with the analytical results given by the closed-form formula
(27) based on the Schrödinger equation in the steady state as
displayed in Figs. 2(a)–(f). It is revealed from Figs. 2(a)–(f)
that the values of the antibunching dips for the numerical
simulations are in good agreement with those for the ana-
lytical calculations. In other words, under the condition of
the weak driving field, the analytical solutions obtained by
the Schrödinger equation approach in the steady state can be
perfectly reproduced by the full numerical solutions achieved
by the master equation approach.

In addition to these unique characteristics of the antibunch-
ing described above, Fig. 2 also reflects the dependence of
photon antibunching on the atomic position. Under the differ-
ent LG modes and atomic positions (x, y), the antibunching
effect produced by the effective coupling is quite different.
This dependence of the antibunching effect on the atomic
position suggests that measuring the coherence statistics of
photon antibunching can yield ample information on the
atomic motion. However, there exists a limitation caused by
the common symmetries of all modes [54]. For instance, a
180◦ rotation around the cavity axis forms a symmetry op-
eration as shown in Fig. 2(h). Hence, using the coherence
statistics of photon antibunching to track the motion of a
single atom always yield two equivalent atomic paths. More
than one atomic path due to the spatial symmetry of the cavity
mode can emerge, which is called the trajectory degeneracy
[34]. Considering that the high-order LG modes (l > 1) have
more complex spatial symmetry structures [90], we employ
the LG01 mode which is relatively easy to break the spatial
symmetry of the atomic trajectory by the rotating frame co-
ordinate transformation in the present work, as elaborated in
detail in Sec. VI.

The antibunching effect of the LG01 mode can be improved
by increasing the coupling strength g0 within a reasonable
experimental range [19]. As shown in Fig. 3, the simu-
lation result referring to the LG01 mode reaches a value
as low as g(2)(0) � 0.242 with the coupling strength in-
creased to g0/2π = 23.4 MHz, compared with the minimum
value g(2)(0) � 0.868 when the coupling strength is g0/2π =
14.3 MHz. In looking at the results in Fig. 3, we see that the ef-
fective coupling coefficient corresponding to the antibunching
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FIG. 3. The 3D plot for the normalized equal-time second-order
intensity correlation function g(2)(0) in the transverse xy plane for
the LG01 mode. Other system parameters are chosen as g0/2π =
23.4 MHz, κ/2π = 2.6 MHz, γ /2π = 2.6 MHz, w0 = 23.8 μm,
�c/2π = 14.56 MHz, �a/2π = 14.56 MHz, η/2π = 0.026 MHz,
and θ = 0, respectively.

dip at the position (x, y) = (16.33, 0) μm of the LG01 mode
can be calculated as ge × (16.33, 0)/2π = 14.18 MHz. In this
case, (�c,�a) ∼ ge × (16.33, 0) holds and the cavity mode
detuning has the same sign as the atom detuning, thus the
value of the g(2)(0) can be greatly reduced, as can be verified
in Eq. (26). The corresponding physical mechanism is that
the strong coupling between the atom and the cavity mode
enhances the anharmonicity of the JC ladder for the system
and thus the photon antibunching effect becomes stronger.

The degree of the photon antibunching by considering dif-
ferent LG modes can be characterized by the minimum value
of the second-order correlation function, g(2)(0)min, and the
impacts of the different orders on the antibunching effect can
be better understood by fixing either the radial order p or
the azimuthal order l . In Fig. 4, the normalized equal-time
second-order intensity correlation function g(2)(0)min versus
the radial orders p (upper black abscissa axis) and the az-
imuthal orders l (lower red abscissa axis) are displayed. The
first red-triangle dotted (upper) line corresponds to p = 0,
g0/2π = 14.3 MHz, and the second red-triangle dotted
(lower) line corresponds to p = 0, g0/2π = 23.4 MHz; they
all correspond to the lower red abscissa axis and change
with the azimuthal order l . From the first red-triangle dot-
ted (upper) line, we can see that when the radial order p is
fixed, g(2)(0)min keeps getting larger and tends to unity as the
azimuthal order l gets higher. This is because the multiple
lobes distribution of light intensity of the high-order LG
modes weakens the effective coupling between the atom and
the cavity mode. As can be easily seen from the comparison of
the two red-triangle dotted lines in Fig. 4, the g(2)(0)min can be
significantly reduced by increasing the coupling strength g0.
The first black-circle dashed (upper) line corresponds to l =
1, g0/2π = 14.3 MHz, and the second black-circle dashed
(lower) line corresponds to l = 1, g0/2π = 23.4 MHz; they
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FIG. 4. The minimum of the normalized equal-time second-
order intensity correlation function g(2)(0)min as a function of
the orders p (upper black abscissa axis) and l (lower red ab-
scissa axis). The red-triangle dotted lines correspond to the lower
red abscissa axis and the black-circle dashed lines correspond to
the upper black abscissa axis, respectively. The first red-triangle
dotted (upper) line corresponds to p = 0, g0/2π = 14.3 MHz,
and the second red-triangle dotted (lower) line corresponds to
p = 0, g0/2π = 23.4 MHz. The first black-circle dashed (upper)
line corresponds to l = 1, g0/2π = 14.3 MHz, and the second
black-circle dashed (lower) line corresponds to l = 1, g0/2π =
23.4 MHz. Other system parameters are chosen as κ/2π = 2.6 MHz,
γ /2π = 2.6 MHz, w0 = 23.8 μm, �c/2π = 14.56 MHz, �a/2π =
14.56 MHz, η/2π = 0.026 MHz, and θ = 0, respectively.

all correspond to the upper black abscissa axis and change
with the radial order p. From the two black-circle dashed
lines of Fig. 4, we can find that when the azimuthal order
l is fixed, as the radial order p increases, g(2)(0)min remains
unchanged. This is an advantage of using the LG modes as the
transverse modes: The increase of the radial order p of the LG
modes has little effect on the effective coupling coefficient,
and therefore has little effect on the antibunching effect of the
system. It is also revealed that the application of the LG modes
can keep the system in the strong-coupling regime in a wide
range of mode order. Differently from utilizing the HG modes
in the previous schemes [33,35] where the effective coupling
of the system and the contrast of the transit signals decrease
as the mode order increases, our present method is beneficial
to the mode selection of the LG modes and the maintenance
of strong antibunching which can keep high contrast of the
transit signals.

Although a low g(2)(0) ensures no simultaneous multi-
photon emission, it does not reveal the time gap between
the two consecutive emissions. In order to reveal the time
gap between the two consecutive emissions, here we simu-
late the normalized delayed second-order intensity correlation
function g(2)(τ ) at the position (x, y) = (14, 0) μm (blue-
dotted line) and (x, y) = (16.33, 0) μm (red-solid line) of the
transverse plane for the LG01 mode under the weak driv-
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FIG. 5. The normalized delayed second-order intensity correla-
tion function g(2)(τ ) at the position (x, y) = (14, 0) μm (blue-dotted
line) and (x, y) = (16.33, 0) μm (red-solid line) of the transverse
plane for the LG01 mode under the weak driving field. The delay time
τ corresponding to the second oscillation maximum of g(2)(τ ) at the
position (x, y) = (14, 0) μm (blue-dashed vertical line) and (x, y) =
(16.33, 0)μm (red-dash-dotted vertical line) are shown in the inset.
Other system parameters are chosen as g0/2π = 23.4 MHz, κ/2π =
2.6 MHz, γ /2π = 2.6 MHz, w0 = 23.8 μm, �c/2π = 14.56 MHz,
�a/2π = 14.56 MHz, η/2π = 0.026 MHz, and θ = 0, respectively.

ing field, as shown in Fig. 5. The g(2)(τ ) characterizes the
conditional probability of detecting one photon followed by
another within the delay time τ . For the perfect antibunched
light, the intensity correlations vanish for the short delay
times. In practice, a criterion for antibunching is commonly
used: the slope of g(2)(τ ) is positive [i.e., g(2)(τ ) > g(2)(0)],
which indicates the probability for noncoincidence (τ �= 0)
is bigger than coincidence (τ = 0) [91]. When the delay
time τ tends to zero (i.e., τ → 0), the normalized delayed
second-order correlation function g(2)(τ ) is consistent with
the normalized equal-time second-order intensity correla-
tion function g(2)(0). Compared with g(2)(τ )|τ→0 = g(2)(0) �
0.261 at (x, y) = (14, 0) μm (blue-dotted line), g(2)(τ )|τ→0 =
g(2)(0) � 0.242 at (x, y) = (16.33, 0) μm (red-solid line) has
a small decline, that is, the antibunching effect is some-
what enhanced (cf. Figs. 3 and 5). When the delay time
τ tends to infinite (i.e., τ → ∞), the normalized delayed
second-order correlation function g(2)(τ ) can yield the limit
g(2)(τ )|τ→∞ = 1, which means that the system keeps the
coherent state. If a system with multiple distinguishable atoms
is involved, this limit can yield a value greater than unity
due to the fluctuations in the effective atomic number and
atomic position [77,80]. A rising slope and a strong sub-
Poissonian antibunching with g(2)(0) � 0.242 indicate that
the emission of a single photon occurs due to the strong
blockade of multiple excitations. In Fig. 5, we can observe
a rapid and small oscillation known as the vacuum Rabi
oscillation that stems from the coherent energy exchange be-
tween the atom and the cavity mode [73,92]. The frequency
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of the vacuum Rabi oscillation is approximately twice the
effective coupling coefficient ge(x, y). The inset in Fig. 5
shows the delay time corresponding to the second oscilla-
tion maximum of g(2)(τ ) at the position (x, y) = (14, 0) μm
(blue-dashed vertical line) and (x, y) = (16.33, 0) μm (red-
dash-dotted vertical line). When the position changes from
(x, y) = (14, 0) μm to (x, y) = (16.33, 0) μm, the inherent
physics reflected by the tiny gap between the blue-dashed ver-
tical line and the red-dash-dotted vertical line is accompanied
by the change of the position-dependent effective coupling.
From the inset we can estimate the effective coupling coef-
ficient at (x, y) = (14, 0) μm (blue-dashed vertical line) to
be 13.78 MHz (corresponding to the second oscillation max-
imum at 36.28 ns) and the effective coupling coefficient at
(x, y) = (16.33, 0) μm (red-dash-dotted vertical line) to be
14.17 MHz (corresponding to the second oscillation maxi-
mum at 35.28 ns), which are in good agreement with the
effective coupling coefficient obtained by the numerical cal-
culation. The g(2)(τ ) in the short delay time period is small,
which corresponds to a low probability of consecutive emis-
sions.

VI. ATOMIC TRAJECTORY MEASUREMENT THROUGH
POSITION-DEPENDENT PHOTON ANTIBUNCHING

As mentioned above, the normalized equal-time second-
order intensity correlation function g(2)(0) is sensitively
dependent on the position of the atom within the cavity. To this
end we can use the second-order intensity correlation function
of the transmitted field to determine the atomic trajectory.
However, an identical spatial distribution of the antibunching
dips corresponds to more than one atomic path due to the
spatial symmetry of the cavity mode, which is called the
trajectory degeneracy. To be more specific, for the LG01 mode,
if the path of the cavity axis (axis z) is not considered, the left-
and right-hand passing of the atom from the off-axis (axis y)
can lead to the duplicate degeneracy of the atomic trajectory.
In order to eliminate the trajectory degeneracy, we can take
the tilted LG01 mode to break this symmetry by setting the
angle θ = 15◦ between the x axis and the nodal line of the
LG01 mode (see the inset of Fig. 1; the angle can be obtained
by the experiment [34]).

In this work, the trajectory of the single atom can be
considered as a vertical straight line. Since the second-order
correlation function g(2)(0) is sensitively dependent on the
atomic position with the rotating coordinate transformation,
we can simulate the second-order correlation function for the
different trajectories of the single atom. Figure 6 shows typical
correlation g(2)(0) spectra of the tilted LG01 mode. It can be
easily seen from the figure that the two antibunching dips
appear when the atom passes through the tilted LG01 mode
owing to the intensity distribution of two pieces separated
by a nodal line. The two antibunching dips become more
asymmetric as the atomic trajectory goes further from the
center of the mode [y = ±5 μm in Figs. 6(b) and 6(d) as
well as y = ±10 μm in Figs. 6(a) and 6(e)], while the two
antibunching dips are symmetric with y = 0 [see Fig. 6(c)].
When the atomic trajectory goes further from the center of
the mode in the negative direction of the off-axis distance
y [see Figs. 6(a) and 6(b)], the right antibunching dip is al-
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FIG. 6. The normalized equal-time second-order intensity cor-
relation function g(2)(0) for the tilted LG01 mode as a function of
the atomic position in the axis x for various off-axis distances y:
(a) y = −10 μm; (b) y = −5 μm; (c) y = 0; (d) y = 5 μm; and
(e) y = 10 μm. Other system parameters are chosen as g0/2π =
23.4 MHz, κ/2π = 2.6 MHz, γ /2π = 2.6 MHz, w0 = 23.8 μm,
�c/2π = 14.56 MHz, �a/2π = 14.56 MHz, η/2π = 0.026 MHz,
and θ = 15◦, respectively.

most unchanged and the left antibunching dip gradually fades.
As the left antibunching dip fades to near unity, the right
antibunching dip begins to fade. Similarly, when the atomic
trajectory goes further from the center of the mode in the
positive direction of the off-axis distance y [see Figs. 6(d) and
6(e)], the left antibunching dip is almost unchanged and the
right antibunching dip gradually fades. As the right antibunch-
ing dip fades to near unity, the left antibunching dip begins
to fade. The tilted LG01 mode breaks the symmetric atomic
trajectory degeneracy and makes it possible for us to distin-
guish different trajectories of the atoms. It is clear that the
antibunching effect of the tilted LG01 mode is dependent on
the parameter y, thus the trajectory of the single atom passing
through the tilted LG01 mode can be determined uniquely.

Further below, we take the appropriate experimental pa-
rameters [34,35] to present the theoretical results of different
atomic trajectories. The theoretical results of the normalized
equal-time second-order intensity correlation function g(2)(0)
(red-solid lines) versus the time with a single atom passing
through the tilted LG01 mode are shown in Fig. 7. It is obvious
from Fig. 7 that the two different antibunching dips can be
observed, depending on the position of the atom. The two
antibunching dips are symmetric when the atomic trajectory is
located at y = 0 μm and the atomic velocity can be assumed
as 0.38 m/s [see Figs. 7(b) and 7(e)]. When the atomic trajec-
tory is not located at y = 0, i.e., for y < 0 or y > 0, the two
antibunching dips are asymmetric, as shown in Figs. 7(a) and
7(c). For y < 0 in Fig. 7(a), the right antibunching dip is wider
and deeper, and for y > 0 in Fig. 7(c), the reverse applies.
Thus the atomic trajectory degeneracy can be eliminated.
Figures 7(a) and 7(c) show the correlation g(2)(0) spectra with
parameters y = −7.3 μm, v = 0.40 m/s and y = 7.8 μm,
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FIG. 7. The normalized equal-time second-order intensity corre-
lation function g(2)(0) (red-solid lines) for the tilted LG01 mode as
a function of the time for various off-axis distances y and atomic
velocities v: (a) y = −7.3 μm and v = 0.40 m/s; (b) y = 0 μm
and v = 0.38 m/s; and (c) y = 7.8 μm and v = 0.41 m/s. The
right-hand panels (d), (e), and (f) show the unique atomic trajectory
corresponding to the left-hand panels (a), (b), and (c), respectively.
The effective coupling ge(t ) (blue-dotted lines) obtained by the
formula (30) as a function of the time, corresponding to the three
different cases of panels (a), (b), and (c), are shown in the in-
sets, where the insets and panels (a), (b), and (c) share the same
time abscissa axis. Other system parameters are chosen as g0/2π =
23.4 MHz, κ/2π = 2.6 MHz, γ /2π = 2.6 MHz, w0 = 23.8 μm,
�c/2π = 14.56 MHz, �a/2π = 14.56 MHz, η/2π = 0.026 MHz,
and θ = 15◦, respectively.

v = 0.41 m/s corresponding to a left-hand transit and a
right-hand transit, respectively. The insets show the effective
coupling ge(t ) (blue-dotted lines) obtained by the formula (30)
as a function of the time corresponding to the three different
cases of Figs. 7(a), 7(b), and 7(c). The changes of the effective
coupling ge(t ) (blue dotted lines) correspond to the changes of
the second-order correlation function g(2)(0) (red-solid lines).
When the effective coupling is large, the antibunching is
strong. So the antibunching is enhanced with the increase
of the effective coupling, and vice versa. The measurement
by using photon antibunching to determine the 2D position
information of the atom is based on this correspondence. The
break of the spatial symmetry of the tilted LG01 mode and the
depth of the two antibunching dips allow this measurement to
have good resolution for the vertical direction (axis x). Taking
the theoretical simulation in a 10-μs-long time interval as an
example, the spatial resolution in the vertical direction (axis
x) can reach ∼4.0 μm. We can observe diverse correlation
g(2)(0) spectra from Figs. 7(a) and 7(c). If y < 0, the atom
passes through the upper part of the tilted LG01 mode first
and then passes through the lower part [see Fig. 7(d)], and the
same is true for y > 0 [see Fig. 7(f)]. The atomic trajectory
can be uniquely determined by this tilted higher-order LG
mode in the high-finesse cavity.

VII. CONCLUSIONS

In summary, we have investigated the trajectory of sin-
gle atoms coupled to a tilted LG01 mode in a high-finesse

optical cavity by using the coherence statistics of photon
antibunching. Our atomic trajectory measurement scheme is
based on the fact that the coherence statistics of photon
antibunching carries the information about the position of
the atom due to the dependence of its second-order corre-
lation function on the position-dependent coupling strength
of the atom interacting with the high-order transverse LG
mode of optical cavity. Consequently, the trajectory mea-
surement of the atom is conditioned on the detection of
the antibunching transmitted photon. We compare the an-
alytical solutions of the second-order correlation function
obtained from the closed-form formulas with the numerical
solutions that can be obtained from the master equation,
finding that they are in good agreement. The antibunching
effect of the LG01 mode has the unique symmetrical spatial
distribution in the transverse xy plane and the robustness
against the variation of radial order, which are beneficial to
the mode selection of the LG modes and the single-atom
trajectory measurement.

On the other hand, the trajectory degeneracy of a single
atom which is hard to avoid for the usual fundamental mode
can be eliminated completely due to the break of the geometry
of the LG01 mode in the cavity. The theoretical results show
that a high-finesse optical cavity can be used as a real-time
single-atom detector with high spatial resolution. In a 10-μs-
long time interval as an example, the spatial resolution of
∼4.0 μm in the vertical direction (axis x) can be achieved
when an atom freely falls and is strongly coupled to the tilted
LG01 mode. Since the cavity QED system has the capac-
ity to give the real-time information on the measurement of
the atomic position, this method seems to be an attractive
technology for the experiments, e.g., the realization of an
atomic kaleidoscope [54]. By combining the dynamic detec-
tion mechanism and the nature of the radiative interaction
between the atom and the cavity mode [63,93], our proposed
scheme may be used to develop an inversion algorithm based
on the coherence statistics of photon antibunching, which can
be extended to sense the kinetic energy of a single atom and
the atomic center-of-mass motion in real time [32]. Better
time and spatial resolution can be achieved when a smaller
cavity with a larger atom-cavity coupling coefficient is uti-
lized for measuring the 3D motion of single atoms in an
optical cavity [94]. In addition to being of fundamental in-
terest, this work may lay a foundation for the development
of the time-resolved microscopy based on the strong-coupling
atom-cavity microscope [63], which is broadly applicable to
the monitoring of chemical and biological processes at the
single-molecule scale.
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