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Electric-field-profile measurement along a probing laser path based on electric-field-induced
second-harmonic generation
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Electric field measurement based on electric-field-induced second-harmonic generation (E-FISHG) of gas
molecules is a promising method that enables noninvasive field measurement in gases. Although the probing
laser beam is focused on the target area by a lens, the signal detected by the E-FISHG method is affected by the
electric field along the probing laser path. The influencing path spans many tens of times the Rayleigh length
of the front and rear of the focused spot. The E-FISHG signal has been frequently calibrated under uniform
electric fields. However, this can yield a significantly incorrect calibrated value if the difference between the
electric-field profiles in the measurement and calibration is not considered. In this paper, we propose a method to
calibrate and furthermore restore the electric-field profile along a probing optical path by measuring a series of
E-FISHG signals by changing the focusing spot position. The electric-field profile along the probing laser path
is successfully restored from the measured E-FISHG signal sequence, which is verified by an experiment.
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I. INTRODUCTION

There are strong demands for the direct. measurement of
electric-field profiles without causing field distortion to en-
able the reliable design of electrical and electronic devices,
diagnosis of electrical apparatus, and physical understanding
of discharge phenomena.

Recently, electric-field measurement using electric-field-
induced second-harmonic generation (E-FISHG) has been
proposed [1] and studied [2–4] as a noncontact and nonin-
vasive measurement. There are several noncontact methods
for measuring electric field in a gas, e.g., using the Stark
effect [5], Kerr effect [6–8], and coherent anti-Stokes Raman
scattering (CARS) [9]. However, the Stark effect measure-
ment method is only applicable to low-pressure gases and is
highly species dependent. The sensitivity of the electric-field
measurement in a gas using the Kerr effect is low. CARS is
unsuitable for atomic species. In comparison, the E-FISHG
method is applicable to any gas or gas mixtures, including
atomic gases, and has high time and spatial resolution.

The E-FISHG method can measure one-dimensional pro-
files of an electric field that is perpendicular to the laser
propagation direction using a laser focused into a sheet by a
cylindrical lens [10]. This method can also obtain an electric-
field vector by rotating the polarization of the fundamental
wave [11]. Furthermore, electric field has been measured in
plasma such as surface dielectric barrier discharges [12,13],
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fast ionization wave development [14], and DC corona dis-
charges [15].

The E-FISHG signal, which corresponds to the second-
harmonic (SH) pulse energy detected by a photodetector in
the experiment, has been frequently calibrated using Laplace
fields, such as the uniform field formed between plate elec-
trodes [12,14], nonuniform field formed between cylindrical
electrodes [10], and, in the case of discharge measurement,
the nonuniform field formed by electrodes immediately before
discharge [2,3,16,17]. It should be noted that these calibration
processes are based on the assumption that the sensing area
is limited to the focal region where the optical beam is suffi-
ciently focused; therefore, an electric field applied in this area
affects the results. However, in most cases, the above assump-
tion is erroneous; even if the probing laser beam is focused on
the measured target area by a lens, a non-negligible amount of
second harmonics is generated along the probing laser path.
The influencing path spans many tens of times the Rayleigh
length of the front and rear of the focused spot. For example,
as shown in Appendix A, when a probing laser passes between
planar electrodes, the detected E-FISHG signal changes as a
function of the length of the electrodes, 2L. This suggests that
if the difference between the electric-field profiles during mea-
surement and calibration is not fully considered, the yielded
calibrated value is highly incorrect.

In this paper, we propose a calibration method based on
multipoint measurement. Specifically an electric-field profile
is inversely calculated from a series of E-FISHG signals,
which is obtained by changing the focal point along the
optical path.
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FIG. 1. Electric-field applied E (ext) measurement system. Focal
point of laser beam is moved along laser path by moving pair of
lenses. Multipoint E-FISHG signals E 2ω are acquired.

II. ELECTRIC-FIELD RESTORATION ALGORITHM

We measure the profile of the x component, E (ext)
x , of the

applied electric field, E (ext) = (E (ext)
x , E (ext)

y , E (ext)
z ), applied in

a gas along the z axis. As shown in Fig. 1, a probing laser
of frequency ω polarized in the x direction propagates in the
z direction under the applied electric field E (ext). The probing
laser has a Gaussian beam profile and is focused at z = zFn by
a pair of lenses. The x-direction component of the SH electric
field is received by a detector through a polarizer. We move
the focal point along the z axis by moving the pair of lenses
and obtain multipoint measurement signals. The signal S2ω is
proportional to the square of the amplitude of the SH electric
field E2ω. When the focal point is at z = zFn , the amplitude of
the SH electric field, E2ω(zFn ), passing through the polarizer
[18] is given by

E2ω(zFn ) =
∫ ∞

−∞
CH (z)E (ext)

x (z − zFn )dz,

where C = 3iμ0Nχ (3)
xxxxω

2(Eω )2

4k2ω
,

H (z) = exp(i�kz)

(1 + i2z/b)
;

(1)

N is the molecular density, χ (3)
xxxx is the xxxx element of the

third-order nonlinear susceptibility tensor, ω is the frequency
of the probe beam, Eω is the electric-field amplitude of the
probe beam, and k2ω is the wave vector of the SH. �k is the
wave vector mismatch and can be calculated. b is the confocal
parameter and can be acquired from an experiment. �k and
b are discussed subsequently in Sec. IV. It is assumed that
the SH is a TEM00 mode with the same b as the probing
beam. Equation (1) implies that this measurement system is
insensitive to E (ext)

y and E (ext)
z . It should be noted that the

applied field E (ext) has a nonzero E (ext)
y component, whose

properties can be obtained by detecting the y component of
the SH electric field, which originates in the χyyxx element of
the third-order nonlinear susceptibility tensor.

As is common in numerical electric-field computations
based on the charge simulation method [19,20], an arbitrary
electric-field profile along the z direction, which is uniform
in the y direction, can be represented by a superimposition
of the electric fields generated by a finite number of substitute
(virtual) line charges, as shown in Fig. 2. Positive and negative
pairs of line charges are placed parallel to the y axis and
symmetrically with the z axis. The electric field at position

FIG. 2. Substitute line charges. Line charges with γm are sepa-
rated by distance d and are located at z = zCm .

zFn produced by a pair of line charges at zCm is

Emn(zCm , zFn ) = γmAmn(zCm , zFn ),

where Amn(zCm , zFn ) = 2

πε0d
{

1 + 4(zFn −zCm )2

d2

} ; (2)

γm is the amount of the line charge. An arbitrary applied
electric field E (ext)

x on the laser path can be represented by
a superposition of the electric fields formed by pairs of line
charges, if the charge of each pair is determined appropriately.
This is expressed as follows:

E (ext)
x = [A]γ,

where [A] =
⎛
⎝

a11 · · · a1m
...

. . .
...

an1 · · · anm

⎞
⎠, ai j = Aji(zCj , zFi ),

γ =
⎛
⎝

γ1
...

γm

⎞
⎠, (3)

and zF1 , . . . , zFn are the coordinates of the measurement point,
i.e., focal point of the probing laser. Here, zC1, . . . , zCm are the
coordinates of a pair of line charges.

SHGs are superimposable in the range of complex num-
bers. Therefore, the SHG induced by an arbitrary electric field
applied along the laser path can be represented by the super-
position of the SHGs produced by the electric field created by
each pair of line charges that form an electric-field distribution
equivalent to the applied one.

The E2ω
mn (zCm , zFn ), which is the SHG at zFn induced by the

electric field created from a pair of line charges at z = zCm , is
given by

E2ω
mn (zCm , zFn ) = γmBmn(zCm , zFn ),

where Bmn(zCm , zFn ) = 2C

πε0d

×
∫ ∞

−∞

exp(i�kz)

(1 + i2z/b)

1

{1 + 4[z − (zFn − zCm )]2/d2}dz. (4)

The amplitude of the SH electric field, E2ω(zFn ), generated by
the applied electric-field distribution is expressed as a super-
position of the amplitude of the SH electric fields generated
by the substitute line charges as follows:

E2ω(zFn ) =
m∑

j=1

E2ω
jn

(
zCj , zFn

)
. (5)
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FIG. 3. (a) Electric field and (b) E-FISHG signal dependent of
distance g for cylindrical-to-cylindrical electrodes. Peak value of
electric field remains unchanged. Electrode geometry is as shown
in Appendix B, Fig. 9. E-FISHG signal with log scale is plotted in
inset in (b).

Since Eq. (5) holds for any zFn , it is rewritten in the matrix
form as

[D]γ = E2ω,

where [D] = C

⎛
⎝

b11 · · · b1m
...

. . .
...

bn1 · · · bnm

⎞
⎠, bi j = Bji(zCj , zFi ), (6)

E2ω =
⎛
⎝

E2ω(zF1 )
...

E2ω(zFn )

⎞
⎠.

If we solve Eq. (6) and obtain γ , we can derive E (ext)
x using

Eq. (3). To solve Eq. (6), we need E2ω in a complex form.
However, in the experiment, we can only acquire the absolute
value, |E2ω|. Therefore, we find γ , which satisfies

{Re([B])γ}2 + {Im([B])γ}2 = |E2ω|2 (7)

using an iterative method. The initial value of γ, γ ini, for
solving Eq. (7) is obtained by the method described in
Appendix B.

III. NUMERICAL SIMULATION

To understand the extent to which the SHG distribution dif-
fers from the electric-field distribution, numerical calculations

Laser 

10 mm
30 mm

Sphere electrode

10 mm

10 or 20 mm

V

30 or 40 mm

10 mm

Cylindrical electrode

FIG. 4. Optical and electrode geometries of cylindrical and
sphere electrodes.

are conducted. Figure 3 shows the relationship between the
applied electric field and the E-FISHG signal for cylindrical-
to-cylindrical electrodes. The electrode geometry is shown
in Appendix B, Fig. 9. The wavelength, wave vector mis-
match �k, and confocal parameter b are 800 nm, −121 m−1,
and 8 mm, respectively. These parameters are in accordance
with the experiment, which will be discussed subsequently
in Sec. IV. As shown in Fig. 3, a long distance g implies a
high electric field along the z axis. However, a short distance
implies a high E-FISHG signal. From the calculated results
in Fig. 3, it is emphasized that the electric field at the focal
point cannot be determined only by the E-FISHG signal at the
focal point. If one measures the SHG only at the focal point,
one cannot evaluate the signal precisely because the signal
accumulates along the probing laser path.

IV. EXPERIMENT

In this section, we discuss the restoration the electric field
from experimental data of the distribution of the E-FISHG
signals using sphere-to-sphere and cylindrical-to-cylindrical
electodes, as shown in Fig. 4.

A. Experimental setup

Figure 5 shows the experimental setup. A Ti:sapphire laser
(Thals Laser, Alpha 10/US-20TW) with an 800-nm-center

Femtosecond laser

High-voltage
power supply

Aperture

MirrorMirror

Mirror
λ/2 plate

Long-wave
pass filter

LensLens

Dichroic mirror

Dichroic mirror

 Beam trap

Prism

Photodiode

Bandpass filter
Short-wave pass filter

Photomultiplier tube

Dichroic mirror
Lens

Electrode

FIG. 5. Experimental setup.
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Cylindrical electrode

FIG. 6. E-FISHG signal profile used for calibration. Dots denote
measurement data. Dashed line represents Lorentzian fitting. Inset
shows optical and electrode geometries. Applied voltage is −15 kV.

wavelength, pulse width of 32 fs, laser energy of 0.03 mJ,
and repetition rate of 10 Hz was used. The energy and beam
pointing stability of the laser beam are about 5% and within
10 μrad rms over 500 shots, respectively. Laser pulses with
an initial diameter of approximately 50 mm passed through
an aperture of φ 16 mm. The laser beam passed through a
half-wave plate and a long-wave pass filter before focusing.
The direction of the laser beam polarization was adjusted to be
parallel to that of the applied electric field using the half-wave
plate.

After focusing, the laser beam was collimated using a
planoconvex lens with a focal length of 1 m, and the in-
tensity of the fundamental wavelength was decreased using
dichroic mirrors (R: 400 nm, T: 800 nm). The laser beam
was passed through a prism to separate the fundamental and
SH wavelengths, following which its E-FISHG signals were
measured by using a photomultiplier tube (PMT) (Hamamatsu
Photonics, H7422P-40). Moreover, prior to focusing the laser
beam on the photocathode (5 mm) of the PMT, it was passed
through a short-wave pass filter (370–450 nm) and a bandpass
filter (center wavelength: 400 nm; bandwidth: ∼40 nm).

We changed the focal point relatively by moving the
electrodes along the laser path. The cylindrical or spherical
electrodes each with radii of 10 mm were moved 200 mm in
increments of 2 or 4 mm parallel to the z direction. A negative
DC voltage generator (Pulse Electronic Engineering, HDV-
100K 3STD) was used to apply the voltage to the electrodes.
PMT signals for 128 laser pulses were accumulated at each
point. The experiment was conducted under atmospheric air.

B. Calibration

We used cylindrical electrodes separated by 10 mm in the
x direction for calibration. Figure 6 shows the distribution of
the E-FISHG signals. The E-FISHG signal when no voltage
is applied is substracted as the background. The variation of
the E-FISHG signal calculated from the difference between
the signal and fitting in Fig. 6 is about 5%. The energy stabil-
ity of the laser beam may affect the variation. The confocal

TABLE I. Types of electrode geometries and applied voltages.

Electrode Gap distance (mm) Applied voltage (kV)

A cylindrical 10 −10
B cylindrical 20 −35
C sphere 10 −15

parameter b′ derived by fitting the E-FISHG signal profile
with a Lorentzian function was 24 mm. The b′ is three times
b = 8 mm, which was obtained using a Gaussian beam. This
difference may be attributed to the following. The beam pro-
file is not a Gaussian but has a top-hat shape. It is reported
that for a highly multitransverse mode beam, b′ is larger than
b by a factor of 8–18 [21]. In addition, the beam profile has a
sharp edge, which is due to the aperture. Therefore, the focal
spot may become enlarged. We calibrated the absolute values
of the E-FISHG signals using b′ and Eq. (B1).

C. Experimental result

We measured three distributions of the E-FISHG signals
generated by cylindrical and sphere electrodes, as shown
in Fig. 4. Table I lists the electrode geometry types and
applied voltages. Figure 7(a) shows the E-FISHG signals,
and Fig. 7(b) displays the electric-field profile restored using
the E-FISHG signals and the electric-field profile simu-
lated by performing electrostatic calculations using COMSOL

Multiphysics [22]. For the sphere electrodes, number of
the measurement point, n, and spacing �zF are 51 and
4 mm, respectively. Concurrently, for the cylindrical elec-
trodes, number n and spacing �zF are 101 and 2 mm,
respectively. Although the probing beam had a top-hat shape,
we assumed that the beam had a Gaussian profile in the
restoration. The electric field calculated using the E-FISHG
signals is coincident with that simulated from the electrostatic
calculation, as shown in Fig. 7. The arrangement of the line
charges is as follows: number m is 9–13, and pairs of line
charges are placed symmetrically around on the origin of z
axis, as shown in Fig. 10 (see Appendix C). The difference
between the peak values of the restored electric field and that
computed from electrostatic field calculation is less than 2%,
as shown in Fig. 7(b). This difference may be attributed to
the error in the measured E-FISHG signals, which are shown
in Fig. 7(a). This demonstrates the successful restoration of
a relatively simple electric-field profile containing a single
peak. Application to complex electric-field profiles, such as
those with multiple peaks, and the stability of the inversion
algorithm will be improved in our future tasks.

V. CONCLUSION

To achieve quantitative electric-field measurements using
the E-FISHG method, it is necessary to consider the signals
accumulated along the probing laser path. We proposed a
method that can calibrate and restore an electric-field profile
from a sequence of E-FISHG signals, which are measured by
changing the focal point with respect to applied the electric
field. We obtained the confocal parameter of the probing light
and the coefficient between the SHG and probing light intensi-
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FIG. 7. (a) E-FISHG signals. (b) Comparison of restored and
simulated profiles; Solid line corresponds to electric-field profile
restored using E-FISHG signals; Dashed line corresponds to electric-
field profile simulated from electrostatic calculations. A: black
(lower) lines, B: red (upper) lines, C: blue (middle) lines.

ties from the E-FISHG signals using cylindrical-to-cylindrical
electrodes. Furthermore, we acquired the one-dimensional
profile of the electric field from the distribution of the
SHGs generated using cylindrical-to-cylindrical and sphere-
to-sphere electrodes, which was verified by an experiment. It
should be noted that the SHG distribution only at the focal
point, along the area corresponding to the Rayleigh length, is
insufficient to determine even at averaged intensity of the elec-
tric field because of the non-negligible influence of the SHG
generation outside the focal point area. Using the proposed
restoration method, we successfully restored the electric-
field profiles generated between cylindrical-to-cylindrical and
sphere-to-sphere electrodes within 2% deviation from the
numerically computed ones. Our proposed method can be
applied to arbitrary gas pressure and laser pulse energy. Ap-
plication of the restoration algorithm to SHG distributions in
more complex geometries is a future study.

APPENDIX A: ELECTRODE LENGTH DEPENDENCE
OF E-FISHG SIGNAL

Chng et al. [23] reported the effects of various combina-
tions of the external electric field, wave vector mismatch, and

Laser
-L L

V

R a

R b R c

FIG. 8. E-FISHG signal dependence on electrode length 2L.
Wavelength of laser beam is 1064 nm. Focal length is 300 mm.
Rayleigh length is 3.39 mm. Coherence length is 6.28 cm. Inset
shows optical and electrode geometries [23].

Rayleigh length on E-FISHG signals. When a Gaussian beam
is irradiated between two parallel plate electrodes of length
2L, the E-FISHG signal is given by

P(2ω) ∝ 1

zR

∣∣∣∣∣
∫ L

−L

exp(i�kz)[
1 + i

(
z

zR

)]dz

∣∣∣∣∣
2

, (A1)

where zR is the Rayleigh length and �k is the wave vector
mismatch. Figure 8 shows the E-FISHG signal dependence
of electrode length 2L. As shown in Fig. 8, the E-FISHG
signal becomes maximum at 2L = Ra, subsequently decreases
to 0 at 2L = Rb, and finally reaches a local maximum again
at 2L = Rc. This suggests that the E-FISHG signal is de-
pendent on the electrode length. Therefore, the E-FISHG
signal is strongly affected by the full length and shape of the
electric field.

APPENDIX B: METHOD TO DETERMINE
INITIAL VALUE γ ini

When the Gaussian beam is focused at a point z′ away
from the center of the cylindrical-to-cylindrical electrodes, as
shown in Fig. 9, the amplitude of the SH electric field, E2ω

r (z′),

0

Laser

Cylindrical electrode

FIG. 9. Optical and electrode geometries [18].
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generated by the two cylindrical electrodes is

E2ω
r (z′) =C

2V

d cosh−1 (g2/2r)

×
∫ ∞

−∞

exp(i�kz)

(1 + i2z/b)
{
[1 + 4(z − z′)2/d2]

}dz,

(B1)

where V is the applied voltage. The cylindrical electrodes
have radii r and their axes are separated by a distance g. d
is the value related to the method of image charges described
below. The electric-field distribution formed by the above-
mentioned infinitely long cylindrical-to-cylindrical electrodes
is equivalent to that generated by two infinitely long line
charges with interval d , where d =

√
g2 − 4r2 holds. From

Eq. (B1), the E-FISHG signal P(z′) is derived as follows:

P(z′) ∝ 1

1 + 2z′
(b+d )2

. (B2)

Equation (B2) indicates that P(z′) is a Lorentzian function,
and the full width at half maximum (FWHM) of P(z′) is equal
to b + d .

In this study, an electric-field distribution produced by
cylindrical-to-cylindrical electrodes, which generates a sim-
ilar E-FISHG signal distribution, is used as the initial
electric-field distribution for solving Eq. (7). The procedure
of obtaining the initial value, γ ini, is as follows. We fit the
measured E-FISHG signal profile, |E2ω|2, which presents a
one-peak shape, with a Lorentzian function, and find d ′ from
the width of the FWHM, b + d ′. The electric-field distribution
generated by a pair of infinitely long line charges with interval
d ′ is used as the initial value of the electric-field distribution,
and the SHG phase φ̂(= arg E2ω ) under this field profile is

FIG. 10. Distribution of line charges. Electrode geometries are
listed in Table I.

used as the initial value of φ. Moreover, let the substitute
charge group in the charge simulation method, which repro-
duces this initial electric-field distribution, be considered as
the initial value of γ , γ ini. If the electric-field profile calculated
from the initial value using Eq. (3) oscillates between positive
and negative, the fitting of Eq. (7) may converge to another
solution. In this study, we limited the polarity of the electric
field, which is superimposed by the electric field created by
the line charges, to be the same over all elements.

APPENDIX C: ARRANGEMENT OF SUBSTITUTE
LINE CHARGES

Figure 10 shows the line charges used for the electrode
geometries, as listed in Table I.
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