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Generation of fractional and multiple imaginary rotational alignment echoes
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We present a theoretical investigation to understand the connection between the formation of different rota-
tional alignment echoes and the underlying excitation pathways induced by temporally delayed laser pulses. The
fractional and multiple imaginary alignment echoes are predicted and demonstrated in the linear polar molecule
carbonyl sulfide. We also use a two-dimensional spectrum obtained from higher-order alignment echo signals
to identify the underlying quantum coherence. This work deepens our understanding of the alignment echo
phenomenon. It provides a way to gain insight into the relationship between the echo signal and the underlying
pathway with potential applications in rotational echo spectroscopy.
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I. INTRODUCTION

The phenomenon of echo, which causes the signal to return
to its origin, has many manifestations in the quantum world
[1–4]. The corresponding echo spectroscopy has been widely
utilized in many different areas, such as nuclear magnetic res-
onance [5], high harmonic generation [6], and the electronic
and vibrational two-dimensional spectrum [7,8]. Nowadays,
control over rotational states and rotational molecular dynam-
ics that leads to field-free molecular alignment and orientation
are well developed by using resonant terahertz pulses [9–19]
or using nonresonant ultrashort optical pulses [20–24]. In-
terestingly, the molecular alignment echo (AE) was recently
introduced [25] and used to study the relaxation process in
dense environments [26–29]. Related studies of other sys-
tems and applications have also been reported [30–32]. The
observation of AE [33] originated from the study of the nona-
diabatic field-free alignment [34–37]. The molecular axis is
periodically and preferentially distributed in a specific direc-
tion in the spatial space after interacting with the ultrashort
pump pulse [38]. A typical AE experiment involves two time-
delayed ultrashort pulses, in which the second pulse is applied
at a time delay t = τ to the first one and AE occurs at twice the
delay, i.e., t = 2τ , where τ can be shorter than the rotational
revival time. The amplitude of the AE signal is sensitive to
nonunitary decoherence processes, providing an alternative
approach to extract rapid dephasing processes of rotational
states in ultrafast timescales. Different kinds of rotational
echoes, for example, fractional AE, multiple AE, rotated AE,
and imaginary AE (IAE), have also been observed [39–42]
and the AE formation is usually explained in the filamented
phase space with respect to the angular velocity and polar
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angle [25]. Since many rotational states are involved that lead
to complex quantum interferences between excitation path-
ways, the understanding of AE becomes difficult. Recently,
the rotational density matrix was used to describe the AE and
fractional AE [43,44]. However, it remains challenging to gain
insight into the underlying excitation mechanism especially
for the counterintuitive IAE phenomenon.

This work will show a combined theoretical and numerical
analysis to visualize quantum coherence for the generation
of rotational AE and IAE induced by two time-delayed
pump pulses. Different kinds of rotational AEs are con-
nected with the rotational excitation processes described by
the double-sided Feynman diagram. We predict the existence
of the fractional and multiple IAEs and demonstrate these
interesting AE phenomena in the linear polar molecule car-
bonyl sulfide (OCS) by numerically solving the Liouville–von
Neumann equation. A two-dimensional (2D) spectrum is cal-
culated to reveal the involved interaction processes. This work
provides an alternative way to identify the different echo sig-
nals, which will result in potential applications in rotational
spectroscopy.

The remainder of this paper is organized as follows. We
perform the theoretical analysis for observing AEs and IAEs
in Sec. II and present the results of the numerical simulations
and discussion in Sec. III. A brief summary is given in Sec. IV.

II. THEORETICAL ANALYSIS

To start our analysis, Fig. 1 illustrates the general concept
of observing field-free alignment and different AEs. We con-
sider a standard AE model of molecules in its ground vibronic
state with a rotational constant of B, in which the AE is
induced by two pulses P1 and P2 polarized in the same di-
rection and with a time delay τ . To describe the generation of
standard alignment revival signal and then different AEs, the
density matrix operator ρ̂(t ) is used, which can be expanded
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FIG. 1. Schematic of a double-sided Feynman diagram explaining different kinds of alignment signals and the pictorial representations.
The first line shows the alignment revival, the second line the normal alignment echo, and the third line the imaginary alignment echo. The
arising times of different AEs and IAEs depend on the coherences induced by P1 and P2. (a) Normal alignment. (b) Primary AE. (c) Half
fractional AE. (d) Double AE. (e) Double IAE. (f) Half IAE. (g) Primary IAE.

in rotational eigenstates |JM〉 of a rigid rotor in a field-free
space. Since M is conserved under the linearly polarized pump
pulse, we omit it for convenience in the following description;
therefore, the ρ̂ can be described as

ρ̂(t ) =
∑

J,J ′
ρJ,J ′ |J〉〈J ′|, (1)

where ρJ,J ′ represents the density matrix element of ρ̂. The
diagonal elements with J = J ′ give the probability of occu-
pying a rotational state |J〉 and the off-diagonal ones describe
the coherence between the corresponding states |J〉 and |J ′〉.
The rotational eigenstate |J〉 is governed by the field-free
Hamiltonian Ĥ0 satisfying Ĥ0|J〉 = EJ |J〉 with eigenenergies
EJ = BJ (J + 1).

Figure 1 shows different excitation pathways in Liouville
space using double-sided Feynman diagrams starting from an
initial population ρJ,J = |J〉〈J| and the pictorial representa-
tions of alignment signal, AE, and IAE. The vertical lines on
the left and right sides of each diagram represent the ket and
bra vector with time evolution upward. The arrows pointing
towards (outward) the lines represent the photon absorption
(emission) that induces the transition into a higher (lower)
state. Raman excitation that happens during the interaction
between the femtosecond laser pulse and the rotational states
corresponds to a �J = ±2 transition. This one-step transition
is the building block for multiple excitations, through which
higher J states can be excited. The simplest Raman excitation
process by a single pulse P1 is shown in Fig. 1(a). After the
interaction, the initial state |J〉 is excited to the higher state
|J + 2〉, which generates a two-quantum coherence |J + 2〉〈J|
between states |J + 2〉 and |J〉,

ρ
(1)
J+2,J (t ) = c(1)

J+2c(1)∗
J e−iωJ+2,J t , (2)

with c(1)
J the complex coefficient of the eigenstate J after the

interaction with P1 and a beat frequency of ωJ+2,J = (EJ+2 −

EJ )/h̄ = (4J + 6)B/h̄. A transient alignment is obtained dur-
ing the interaction with P1. Each state will then freely evolve,
inducing a phase of ωJ+2,Jt for the coherence |J + 2〉〈J|. This
time-dependent phase determines the revival feature of the
nonadiabatic alignment and the echo signals. After a certain
period of time Trev , coherences |J + 2〉〈J| with different J
will become in phase and the transient alignment is revived
[45,46]. The expectation value of cos2 θ (t ), where θ is the
angle between the molecular axis and the laser pulse’s polar-
ization, is usually used to quantify this field-free alignment
behavior

〈cos2 θ〉(t ) = Tr[cos2 θρ̂ (1)(t )]

=
∑

J

ρ
(1)
J+2,J (t )〈J + 2| cos2 θ |J〉 + c.c.

=
∑

J

c(1)
J+2c(1)∗

J e−iωJ+2,J t 〈J + 2| cos2 θ |J〉 + c.c.

(3)

The coherence between �J = ±2 contributes to the signal.
The diagram beside Fig. 1(a) shows a pictorial representation
of the alignment revival. The interaction with P1 induces a
transient alignment of different rotors, after which these rotors
start to freely evolve with different frequencies. After a period
of Trev , these rotors become in phase again and aligned. When
the second pulse P2 comes with a delay τ , the excitation pro-
cess becomes more complicated. For the coherence |J + 2〉〈J|
induced by P1 as shown in Fig. 1(b), P2 can lead it to a reverse
direction with an opposite beat frequency via two steps of
excitation. The superscript of P1 (P2) in the diagram represents
the number of excitations induced by P1 (P2), which is omitted
when there is only one step of excitation. The contribution of
this process to the density matrix can be described as

ρ
(2)
J,J+2(t ) = c(2)

J c(2)∗
J+2c(1)

J+2c(1)∗
J e−iωJ+2,J τ e−iωJ,J+2t . (4)
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Here c(2)
J represents the complex coefficient of state J after the

interaction with P2. The phase accumulated before the second
pulse will then be eliminated after the same time τ , leading
the coherence back to the origin where a transient alignment
occurs. This corresponds to the primary AE signal

〈cos2 θ〉(t ) =
∑

J

c(2)
J c(2)∗

J+2c(1)
J+2c(1)∗

J e−iωJ+2,J τ e−iωJ,J+2t

×〈J + 2| cos2 θ |J〉 + c.c. (5)

Pictorially, it can be understood using the picture to the right
of Fig. 1(d). After the interaction with P2, the rotation direc-
tion of each rotor is reversed with the speed unchanged. All
the rotors will thus rotate back and become aligned after the
same time of τ .

The diagrams shown in Figs. 1(c) and 1(d) also are re-
lated to a similar process but with higher excitation orders.
As shown in Fig. 1(c), P2 induces a coherence between |J〉
and 〈J + 4| via three steps of excitation. The beat frequency
ωJ,J+4 ∼ −8J evolves two times quicker than the |J + 2〉〈J|
induced by P1. Thus, the time it takes to cancel out the accu-
mulated phase ωJ1,J ′

1
τ during τ is halved, which corresponds

to the half AE. In contrast, when the frequencies induced
by P1 is larger than that of P1, the rotating back time for
the rotors will become longer, leading to the multiple AEs.
Figure 1(d) shows the corresponding excitation process for
generating double AE.

Since the time-dependent phase factor determines the aris-
ing time of different AE signals, we mainly consider the
exponential part. The elimination of the phase accumulated
during τ after P2 can be generally described as

0 = ωJ1,J ′
1
τ + ωJ2,J ′

2
t, (6)

where ωJ1,J ′
1

and ωJ2,J ′
2

denote the beat frequencies induced
after P1 and P2. From the above equation we know that when
t = (−ωJ1,J ′

1
/ωJ2,J ′

2
)τ , the phase becomes zero and the align-

ment echo signal occurs. For different kinds of frequency
relation, the signals will occur at different times, correspond-
ing to different kinds of AE signals. We set N = ωJ1,J ′

1
/ωJ2,J ′

2

hereafter. For primary AE in Fig. 1(b), N = −1, the signal
is τ after P2. The fractional and multiple AEs relate to the
situations of |N | < 1 and |N | > 1.

The IAE, which happens “before” the arrival of the pump
pulses, was first observed by Lin et al. using photon ionization
detection [40]. They observed such a signal τ earlier than the
revival signal of P1. We can also use the present method to
explain the generation of this phenomenon. The third line in
Fig. 1 shows the IAE excitation processes. It corresponds to
that the new coherence induced by P2 has inherited the phase
but does not change the propagation direction, i.e., N > 0.
For example, when the first pulse generates the coherence
between |J + 4〉〈J| as shown in Fig. 1(e), a phase of ωJ+4,Jτ

will be accumulated until the arrival of P2. After interacting
with P2, the coherence is transferred into |J + 2〉〈J|, which has
the initial phase of ωJ+4,Jτ . As a result, the time it takes for
those coherences to become in phase and leading to a transient
alignment signal will decrease. The alignment signal relating

to this process can be described as

〈cos2 θ〉(t ) =
∑

J

c(2)
J+2c(2)∗

J c(1)
J+4c(1)∗

J e−iωJ+4,J τ e−iωJ+2,J t

×〈J + 2| cos2 θ |J〉 + c.c. (7)

The moments at which these signals occur are also closely
related to the phase part of the above equation. To understand
this mechanism more clearly, a simple equation similar to
Eq. (6) is used to consider this relation. We choose P2 as
the reference. Without P1, the combination of different co-
herences induced by P2 will form a signal at Trev when the
coherences become in phase. When the coherence inherits
the phase induced by P1 represented by ωJ1,J ′

1
τ , the time for

those coherences to become in phase will change to T ′
rev . The

relation between T ′
rev and τ can be written as

ωJ2,J ′
2
Trev = ωJ1,J ′

1
τ + ωJ2,J ′

2
T ′

rev. (8)

This implies that the signal will occur at T ′
rev = Trev − Nτ

after P2. The Trev in the above equation can also be changed
into the half revival or quarter revival period, since there are
also certain phase relations at those times, and will lead to an
alignment signal. For Fig. 1(e), the beat frequency is halved
after interacting with P2; therefore, N = 2 and the signal will
be 2τ earlier than the revival signal of P2 and τ earlier than
that of P1, corresponding to the IAE observed in Ref. [40].
On the other hand, when the beat frequency of the coherence
induced by P2 is larger than that of P1 as shown in Fig. 1(f),
the fractional IAE will arise. In this situation, N = 1/2, T ′

rev =
Trev − τ/2, and it will arise between the revival signals of P2

and P1. A pictorial representation of IAE is shown to the right
of Fig. 1(g). If angular frequencies of the rotors induced by P1

become different after the interaction with P2, the time it takes
for these rotors to become aligned again is changed, which is
determined by the relation between ωJ1,J ′

1
and ωJ2,J ′

2
.

It is worth mentioning the situation of N = 1, which corre-
sponds to that the coherence does not change after interacting
with P2 as shown in Fig. 1(g). This phenomenon corresponds
to the nonrephasing signal in the terahertz rotational spectrum
[46] and is different from the situation where the coherence
induced by P1 is not influenced by P2 at all. The signals
generated from these two different processes will co-occur
at the revival of P1. These two processes compete with each
other. By subtracting the signal induced by P1 alone, these two
kinds of signals can be separated. Thus, in the current picture,
the primary IAE corresponds to the case of N = 1 and the
fractional and multiple IAEs correspond to the cases N < 1
and N > 1, respectively, just like normal AE (“normal” is
used sometimes to distinguish from IAE). The IAE observed
in Ref. [40] corresponds to the case of N = 2, i.e., double IAE.

Based on the above analysis, we can further gain insight
into the connection between different kinds of AEs and the
underlying excitation pathways. First, since different AEs are
closely related to the different excitation process order, frac-
tional and multiple AEs need an intense pump pulse. The
intensity ratio between two pump pulses will also affect the
intensities of different AEs. Second, there are also fractional
and multiple IAEs; the time at which these signals occur
concerning the pump delay τ can be determined with Eq. (8).
Third, the amplitude of fractional and multiple IAEs should
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FIG. 2. Shown on the left are the revival signals 〈cos2 θ (t )〉 of
OCS induced by different intensity combinations of two pump pulses
with τ varying from 1 to 10.6 ps. On the right is the alignment signal
at τ = 7 ps extracted from the left. Different kinds of alignment
signals are depicted. (a) E1 = 4 × 109 V/m and E2 = 2 × 109 V/m.
(b) E1 = 4 × 109 V/m and E2 = 4 × 109 V/m. (c) E1 = 8 × 109

V/m and E2 = 4 × 109 V/m.

be stronger than the corresponding normal AE with the same
|N | since it requires no direction inverse and fewer steps of
excitation.

III. RESULTS AND DISCUSSION

To demonstrate the above analysis, we use OCS as a sam-
ple, which has a relatively long revival period of 80 ps without
a quarter revival signal and therefore is suitable for observing
different AE signals. The time-dependent density matrix oper-
ator is obtained by numerically propagating the Liouville–von
Neumann equation with the total Hamiltonian of the system
Ĥ (t ) = Ĥ0 − V̂ (t ) with V̂ (t ) = 1

2�α cos2 θε2(t ), where �α

denotes the polarizability anisotropy and ε(t ) is the total elec-
tric field of the laser pulses [38]. In our simulations, we take
two Gaussian profile transform-limited pulses with a duration
of 90 fs and the strengths of electric fields E1 and E2 for
the pulses P1 and P2. The degree of molecular alignment
〈cos2 θ〉(t ) and higher-order rotational signal 〈cos4 θ〉(t ) are
calculated by considering a weighted average of the alignment
signals emanating from all of the different initial states. In our
simulations, the initial thermal temperature is set at 50 K by
including the Boltzmann distribution of 30 initial J states. The
results of a continuous change of τ are calculated, from which
the relation between the arising time of the AE signal and τ

can be clearly revealed. The centrifugal distortion and dephas-
ing are not taken into account in the simulation. To examine
the effect of the pump field intensities on the primary AEs,
Fig. 2 shows the results of three different combinations of
E1 and E2. We calculate the revival signal 〈cos2 θ〉(t ) of OCS
with τ ranging from 1 to 10.6 ps. The false colormaps on the
left present the overall revival signal for τ and the evolution
time after P2. We set the arriving time of P2 as zero. Since the
AE signals also periodically arise and have fractional revival,
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(b) 6 × 109 V/m. The signals corresponding to half AE, half IAE,
and triple IAE are labeled.

a free evolution time of 60 ps, which is about 3/4 of the OCS
revival time, is long enough to see all the signals. The revival
signal of τ = 7 ps extracted from each false colormap is
shown on the right. Figure 2(a) shows the revival signals with
E1 = 4 × 109 V/m and E2 = 2 × 109 V/m. As can be seen,
the half revival signals induced by P1 and P2 dominate. We can
barely see any other signal. However, when we increase E2 to
the same value as E1, a clear echo signal, which occurs τ after
the second pulse, appears as shown in Fig. 2(b). We further
increase E1 to 8 × 109 V/m while keeping E2 unchanged. The
double AE and IAE emerge as shown in Fig. 2(c). Also, the
primary AE intensity increases compared to Fig. 2(b). From
the different choice of pump intensities, the dependence of
different AEs on the excitation processes can be revealed.
More information about the dependence of the primary AE
on the accurate pump field intensity has been discussed in
Ref. [43].

The generation of fractional AE, which comes from more
excitation steps with P2, requires even higher P2 intensity
than the primary AE. Since higher coherence is induced after
P2, the expectation of higher power 〈cos2n θ〉(t ), with integer
n > 1, will be required to observe such a signal, which can
be obtained by measuring high-order harmonic generation in
the experiment [39,41]. We calculate 〈cos4 θ〉(t ) to observe
the half AE and the predicted half IAE of OCS. The results
of two different E2 of 4 × 109 and 6 × 109 V/m with the
same E1 of 8 × 109 V/m are shown in Figs. 3(a) and 3(b),
respectively. From Fig. 3(a) we can see a weak signal labeled
with 1/2 AE at τ/2 after the zero points with a slope of
2, which corresponds to the half AE. This half AE signal
becomes stronger in Fig. 3(b) with a higher E2, revealing its
intensity dependence. As we discussed above, the half IAE
also exists and its signal is greater than that of the half AE.
We can see that there are signals around Trev/4 and Trev/2 with
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a negative slope of 2 labeled with 1/2 IAE in Figs. 3(a) and
3(b). These signals occur at Trev/4 − τ/2 and Trev/2 − τ/2,
coincident with the relation presented by Eq. (8) with N =
1/2, and correspond to the half IAE. As also can be seen, the
amplitude of the half IAE is larger than that of the half AE.
However, the intensity dependence of the fractional IAE still
needs further discussion. We can also see the weak triple IAE,
which has a negative slope of 1/3 in Fig. 3(b) guided by a
gray dashed line. There is an interesting flip of the signal in
Fig. 3(b) marked using a dashed circle as τ increases from 4
to 6 ps. This indicates that different kinds of signals exist at
this time, which can be the revival signal of P1 or the primary
IAE discussed above. The shapes of these two signals are
not the same. The increase of one of them will reduce the
other. This relation between the two signals, which is related
to the pump field intensities and the delay τ , causes the signal
to flip.

The above results presented a general relation between the
pump intensity and the AE signal and confirmed fractional
and multiple IAEs. However, the underlying processes are
much more complex due to the multilevel involved and the
interference between the adjacent pathways. The intensities
of different kinds of AE signals are also affected by the in-
terference process [43,44]. A 2D rotational Fourier spectrum
obtained from the Fourier transform of the time-dependent
AE signals is used to understand the relationship between
the AE and the underlying rotational excitation processes.
The resonant 2D terahertz spectrum for rotational states has
already been achieved by Lu et al. [46] Figure 4 shows the 2D
Fourier spectra of the signals 〈cos2 θ〉(t, τ ) and 〈cos4 θ〉(t, τ ),
which have been calculated for relatively long periods of t
and τ . The spectra are obtained by a 2D Fourier transform
with respect to each delay after subtracting the revival signal

induced by each pulse alone. The intensities of P1 and P2 are
the same as in Fig. 3(b). Since the echo signals periodically
appear as τ varies, as indicated in Eqs. (5) and (7), the Fourier
transform of the signal with respect to t and τ can reflect the
frequencies ωJ1,J ′

1
and ωJ2,J ′

2
induced by P1 and P2, respec-

tively. Meanwhile, as discussed in Sec. II, different AE signals
come from different relations between ωJ1,J ′

1
and ωJ2,J ′

2
, which

will correspond to different parts in the spectrum. The 2D
spectrum therefore can reveal the coherence induced by each
pulse, providing a way to identify the underlying rotational
excitation pathways.

According to the beat frequency relation presented above,
the normal AE signal comes from a reverse of the P1 and
P2 induced frequencies. Thus it relates to the lower quad-
rant in the spectrum shown in Figs. 4(a) and 4(b), where
IAE relates to the upper quadrant. As shown in Fig. 4(a),
there are two areas for each quadrant. The diagonal peaks,
depicted with dotted lines, relate to the same value of beat
frequency induced by two pump pulses, which correspond to
the processes that generate the primary AE and IAE. These
two processes dominate the spectrum. The areas guided by
the dashed line have |N | ∼ 2 and therefore correspond to
the double AE and IAE. We can also see that the signal
of IAE is larger than that of AE, which proves that the
process relating to the IAE happens more easily than that
relating to the normal AE with the same order. There are
also peaks among different areas, which correspond to the
certain excitation pathway with respect to different J . The
intensity of each peak can reflect the possibility of a cer-
tain transition, which influences the interference between the
corresponding pathways. Figure 4(b) shows the spectrum ob-
tained from the signal 〈cos4 θ〉(t, τ ). As can be seen, besides
the information contained in Fig. 4(a), there are also areas
with |N | ∼ 1/2, corresponding to the half AE and IAE. Thus
the higher-order signal provides more information about the
underlying excitation pathways. This is a step forward in
completely identifying different pathways of the excitation
process. With the 2D spectrum obtained from higher-order
signals, more information about the pathways can be identi-
fied.

Besides identifying the excitation pathways, the intensity
of different peaks in the spectrum reflects the probability
of certain excitation. When different pump intensities are
adopted, the spectrum will show the emergence and disappear-
ance of different excitation pathways. A continuous changing
of the pump intensities may lead to a full visualization of the
rotational excitations.

IV. CONCLUSION

We have examined the generation of alignment echo sig-
nals with different excitation processes and predicted the
existence of multiple and fractional imaginary alignment
echoes. Based on theoretical analysis, we observed all kinds
of alignment echo signals using the nonadiabatic excitation
of carbonyl sulfide with different combinations of pump pulse
intensities. A higher-order two-dimensional spectrum was cal-
culated to identify the involved quantum coherence between
states. This work provides a simple approach to visualize
the connection between rotational excitation processes and
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the corresponding coherence signals. The results can deepen
the understanding of the alignment echo generation and its
relation to quantum revival signals.
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