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Based on a theoretical model where the nuclear spins remain unchanged during a collision, we provide an
analytical and general expression for the nuclear spin state-to-state distribution of an ultracold diatom-diatom
chemical reaction in a magnetic field, for given rotational transitions of the molecules. It simply requires knowl-
edge of the field-dependent eigenfunctions of the molecular reactants and products of the chemical reaction.
The final state-to-state distribution drastically changes with the magnetic field. When the distribution is summed
over all the final products, a simplified expression is found where only the knowledge of the eigenfunctions of
the molecular reactants is required. The present theoretical formalism has been successfully used to explain the
magnetic field behavior of the product-state distribution in chemical reactions of ultracold KRb molecules [Hu

et al., Nat. Chem. 13, 435 (2021)].
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I. INTRODUCTION

The fate of a chemical reaction is a fascinating subject
[1-5]. It is governed by a potential energy surface and it tells
about the influence of the numerous and complicated many-
body electronic interactions when the atoms of the molecules
are close to each other, in the region where chemistry pre-
vails. Ultracold molecules can be used to probe such chemical
reactions with an unprecedented control at the quantum level
[6-10]. All the fragments of an ultracold chemical reaction
can now be observed by ionization spectroscopy and velocity-
map imaging [11-14], from reactants to products, including
intermediate complexes. Molecules possess electronic, vibra-
tional, rotational, and spin degrees of freedom and the way
they end up in a chemical reaction via the rearrangement
of the atoms is complicated. Full-dimensional potential en-
ergy surfaces of heavy tetra-atomic systems have recently
started to become available [15-17]. While the dynamics of
triatomic systems such as ultracold atom-diatom reactions
is numerically tractable using time-independent formalisms
either for heavy systems [18-23] and for light systems [24]
or using time-dependent formalisms for light systems [25],
tetra-atomic systems are more challenging. Time-dependent
collisional codes based on Jacobi coordinates are now perfor-
mant enough to reach the ultracold collision energy regime
for light diatom-diatom systems [26] but are not yet capa-
ble of describing heavy systems. Similarly, time-independent
collisional codes for the dynamics of heavy alkali-metal
diatom-diatom reactions based on hyperspherical coordinates
are still lacking. Therefore, a full quantum treatment of all
degrees of freedom for these heavy alkali-metal systems is for
the moment impractical. However, a much simpler statistical
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model [27,28] can shed light on the rotational state-to-state
distribution of the products. This has been observed in a recent
experiment [29] where the overall agreement indicates the
global statistical nature of the chemical reaction when the
released final kinetic energies of the products are higher than
the ultralow initial kinetic energy.

Besides the rotational structure, other important points to
investigate are the role of the hyperfine structure in ultracold
collisions [30-33] and to what extent the nuclear spin degrees
of freedom are linked to the remaining ones in a chemical
reaction [34]. This is the scope of the present paper. Despite
being generally weak compared to the other type of interac-
tions that occur in a chemical reaction, interactions involving
the nuclear spins are important in ortho-para conversion of
molecules [34-37]. A recent experimental study showed that
they mainly act as spectators in chemical reactions of ultracold
bi-alkali-metal molecules in magnetic fields [38], leading to
selected values of the rotation parities of the molecular prod-
ucts. In that study, the theoretical model used to explain the
experimental data focused on the specific type of molecule
employed in the experiment and on the specific initial quan-
tum state that was prepared. Here we provide a complete
analytic generalization of the theoretical model. The model
is mainly based on the knowledge of the eigenfunctions of the
reactants and the products dressed by the magnetic field.

This paper is organized as follows. In Sec. II we present
the full theory of our model where we define the bare and
dressed states of both reactants and products, as well as the
unsymmetrized and symmetrized states, and provide an ex-
pression to compute the nuclear spin state-to-state probability
distribution in a magnetic field. In Sec. IIIl we apply our
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formalism to °Li*°K + °Li “*K and *'K ¥Rb + *'K 8’Rb ul-
tracold reactions. We present the nuclear spin distribution
from a given initial quantum state of the reactants to the pos-
sible final nuclear spin states of the products as a function of
an applied magnetic field, for rotational transitions where all
molecules are in their ground rotational state. We summarize
in Sec. IV.

II. THEORY
We are interested in the general chemical reaction
ABy +AB, — AA + BB (1)

in a magnetic field. Here AB; and AB, are the two reactants
and AA and BB are the products. In the following, the sub-
scripts 1 and 2 denote the first and second entities, whether it
is an atom or a molecule: A; and A, will denote the first and
second A atoms, B; and B, the first and second B atoms, and
AB; and AB, the first and second reactant molecules. For the
sake of simplicity, we will consider diatomic molecules with
no electronic orbital and spin momentum involved (namely,
'S molecules), so A; = A, =0and S; = S, = 0. Similarly,
we do not include the vibrational quantum numbers v; and v,
in the formalism. The rotational quantum numbers of reactant
AB; (AB,) are denoted by n; and m,, (n, and m,,), while for
AA (BB) they are denoted by n4 and m,,, (np and m,,). Finally,
the nuclear spins of the atoms A, B}, Ay, and B, are denoted
by ia,, ip,, ia,, and ip,, respectively. The numbers m,,, mp,,
my,, and mp, are abbreviations for the nuclear spin projection
quantum numbers m; of each individual nuclear spins onto
the magnetic field axis, taken as the quantization axis. As we
consider here identical reactants, we have iy, = iy, = iy and
ip, = ip, = ip. The nuclear spin projection quantum numbers
of molecules ABy, AB;, AA, and BB are defined, respectively,
by my; = myu, + mp,, my = mu, + mp,, mg = my, + my,, and
mp = mp, + mp,. The total projection quantum number of the
first (second) reactant molecule AB; (AB,) is denoted by M,
(M3), with My = my,, + ma, + mp, (My = my,, + mga, + mp,).
Similarly, the total projection quantum number of the products
AA (BB) is denoted by My (Mp), with My = my,, + ma, + ma,
(Mp = my, + mp, +mg,). Here M|, M,, My, and Mp are
good quantum numbers in a magnetic field. Depending on
the state preparation of the reactants, the molecules can have
the same values M; = M, or different ones M| # M,. If they
are prepared in the same internal state, they are often called
indistinguishable (and necessarily M| = M,). If not, they are
prepared in different internal states and they are called distin-
guishable (M| = M, or M| # M, are both possible). In this
study, we are interested in finding the state-to-state probabili-
ties of the products of the chemical reaction (1). For that, we
propose a model based on three assumptions.

First assumption. Before the collision takes place, the two
reactant molecules are quite far apart. The magnetic field is
then strong enough to polarize them as the molecules feel the
field via the Zeeman interaction. As they approach each other
and start to collide, the molecules will feel the magnetic field
less and less while they will feel the presence of the other
molecule more and more. In the short-range region of the
tetra-atomic complex where the four atoms are close to each
other, the nuclear spins are prone to other interactions with

the other (nuclear and electronic) spins or with the overall
rotation. These interactions can compete with the Zeeman
interaction. Therefore, the nuclear spins do not remain nec-
essarily polarized throughout the entire reaction and could
spin flip in the short-range region. However, including all
those spin interactions in the short-range region is difficult and
complicated due to the few-body tetra-atomic aspect of the
process. To circumvent that, we assume that the nuclear spins
remain spectators and unchanged during the time they spend
in the tetramer complex [34]. Then they do not participate
in the dynamics at short range, as confirmed by a recent
experiment [38] and as can also be seen in studies of ultracold
atom-diatom collisions and reactions [30,33]. The atoms of
the molecular products then simply inherit the nuclear spin
projection quantum numbers of the atoms that are included in
the linear combination of the wave function of the reactants in
a magnetic field. This is as if the nuclear spins were spectators
in the short-range region and then the process is only driven
by the physics at long range, typically the interaction of the
reactants and products with the magnetic field. This is what we
adopt in the present theoretical model. The final state-to-state
distribution is then mainly governed by permutation symme-
try considerations for the two identical reactants, permutation
symmetry considerations for the two identical atoms of the
products, and the interaction of the molecules with the mag-
netic field at long range. If we consider now two molecules
AB; and AB, with an orbital angular momentum between
the reactants denoted by I, my,, the total projection quantum
number of the colliding system is M = M, + M, 4+ m;, and
it is a conserved quantity. Then for the products we have
My + Mp + m;, = M, where the orbital angular momentum
of the products is denoted by /,,, m;,. From the above assump-
tion of the model that the nuclear spins do not change, this
implies that my,, + my, +m;, = m,, + my,, + my,. As it will
be done in Sec. III, simplifications can arise if we consider
reactants in the ground rotational state n; = np, = 0 so that
My, = my,, = 0.

Second assumption. We will consider molecular systems
in which the couplings between different rotational quantum
numbers do not significantly affect the nuclear spin structure.
For example, this is the case for bi-alkali-metal molecules
where the hyperfine couplings involving rotation, namely, the
rotation—nuclear spin interaction, the rotation—-magnetic field
interaction, and the nuclei electric quadrupole moment gradi-
ent of field interaction are weak compared to the rotational
constant B,y of the corresponding molecule [39—41]. Due to
these weak couplings, we do not consider couplings between
different rotational quantum numbers of the molecules, that is,
between different values of ny, n,, n4, or ng. However, within
a given rotational manifold n;, n,, nys, or ng, these hyperfine
terms give rise to couplings between different values of m,,,
My, , My,, or my,,. In the following, it will be implicit that we
focus on a given state-to-state transition of Eq. (1), from initial
quantum numbers ny, my,, 1y, My,, I, and my, to final ones ny,
My, , NR, My, [, and m,.

Third assumption. We finally consider that we can separate
the final state-to-state probabilities into two independent parts,
a rotational one and a nuclear spin one, and that the rotational
part depends on ny, ny, na, and ng but not on m,,,, my,,, my,,,
and m,,,. This assumption is somewhat confirmed by a recent
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experiment [29] which observed that the rotational state-to-
state distribution of the reaction is globally statistical in nature
[27,28], when the products have a release of the final kinetic
energy larger than the initial one, and that the probabilities are
the same for any m,,,, my,, m,,, and m,, quantum numbers.

A. Bare and dressed states of the reactants and the products:
Unsymmetrized states

We note the unsymmetrized bare state (b for bare) of the
reactants AB; and AB,,

|bag,) = |nim,ma,mp,),

2)
|bag,) = |namy,ma,mp,),

and the unsymmetrized bare state of the products AA and BB,
|baa) = ‘nAmnAmA]mAz)v

|bgg) = |ngmy,mg, mpg,). (3)

In a magnetic field, the unsymmetrized bare states become
unsymmetrized dressed states (d for dressed), written for re-
actant AB; as

|dABl) = Z |bAB, ><bABl |dABl)

bag,
= Z Z ‘nlmnlmAlmB] ><l11’71n,’?1A1mBl ‘dABl> 4)
My, ma, g,
and for AB; as
|dABz> = Z |bABz)(bABz |dABz)

bag,
= Z Z |annzmAgmBz)<n2mn2mA2mBz |dABz)- (5)
I’l’l,,2 m,\z,mgz
Similarly for the products, the unsymmetrized dressed states

for AA are given by

|dan) =Y 1ban)(banldaa)

baa

=Z Z |namy,ma, ma, )namy, ma,ma, |das) — (6)

My, My Ay

and for BB by
|dpp) = Z |bpg) {bpsldps)
bpp

=Z Z |ngmy,mp,mp,)(ngmy,mp,mg, |dgg). ~ (7)

My M, My,

In all cases, we keep explicitly the rotational quantum num-
bers in the notation of the kets, which are fixed once for a
given rotational state-to-state transition.

B. Symmetrized states
1. For the reactants

As the two AB molecules are identical, symmetrized states
of the combined reactants AB; + AB, have to be built. The

bare symmetrized states are

1
\/—A—h{|bABl>®

1
7a

+ n|namy,ma,mp,) ®

|bAprABg;7l)= |bABz>+77|bABg>® |bABl)}

|n1m,,lmAlm31) ® |n2mn2mAszz>

’nlmnlmA]m&)}’ 3

where Ay = 2(1 + 8p,, by, ), With = +1 for symmet-
ric states and n = —1 for antisymmetric states. The
counting of these states has to be well ordered [42].
Here bap, = 1,2,...,(2ia +1) x 2ip + 1) x (2n; + 1) and
bap, =1,2,...,Qia+1)x Qip+1)x 2ny+ 1) are in-
dices to count the states, for given numbers n; and 7n, in the
rotational basis. To avoid double counting the symmetrized
states of the reactants, the condition bap, > bap, or bap, <
bap, has to be made. Here we choose arbitrarily bap, > bap,.
Note that when the symmetrized antisymmetric states (n =
—1) are considered, bsp, cannot be equal to bsp,, which im-
plies bap, > bap,. These general arguments hold whenever the
well-ordered states are mentioned hereafter.

In the presence of a magnetic field, the symmetrized bare
states transform into the symmetrized dressed states

|dag, . dag,;n) = {|das,) ® |das,) + n|das,) ® |das, )}

1
Y, Ad
T Z Z bas, |das, (bag, |das,)
hAB] bag,

{|bABl> ® |bABz> + n|bA32> ® |bABI)}

+ig +ip +ig +ip

R PINPIEDIED I}

My My, Mg =—ig Mp =—ig Ma, =—ia Mp, =
<n]mn1mA1mBl |dABl ><n2mn2mA2mBz |dABz)

x 6171/;] +my, +mp, .M, 5%12 +mg, +mp, .M,

1
X —{|n1mn]mAlm31) ® |n2mn2mA2mBZ>

VA

+ n|namy,ma,mp,) ® |nymy, mamp, )}, (9)

where now A; = 2(1 + 5dA51 s, ) and the well ordering of the
states is chosen to be dap, > dap,. It is important to note that
here there is no well ordering of the bsp, and bup, states,
as they span all values that come from the dressing of the
bare states (4) and (5). The Kronecker § terms ensure the
conservation of the total projection quantum number of each
molecule AB;| and AB;, as is the case in a magnetic field.

2. For the products

In contrast with the two identical reactants AB, the products
AA and BB are different molecules. Therefore, there is no
symmetrization of the wave function of the combined prod-
ucts that is required. However, as the A atoms (B atoms) are
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identical, we have to symmetrize the wave function of the
individual molecule AA (BB). The bare symmetrized states are

|baas D nas MB) = |baasna) ® b np), (10)
with
|baas na) = |namn,) x ;HmAlmAZ)‘i‘ na|ma,ma, )}
VAL

1
= \/A_”nAm”AmAlmAz)'i_77A|nAmnAmA2mA]>}
A

= |nAmnAmAlmA2§ 77A>v

1
|bpr; nB) = |n3mn5) X E{}mBlmBZ) + n3|m32m31>}

1
= \/A_{ |ngmu,mp,mg,) + ng|npm,,mg,mp, )}
B

= |n3m,,3m31m32;773>. (11)

Here Ay = 2(1 + am,\l,m,\z ), Ap = 2(1 + 5;1131 mp, ) and na =
41 and np = =1 for symmetric or antisymmetric states of
AA and BB. Again, these states have to be well ordered.
The nuclear spin indices span my,, = —ia, +is and mp, , =
—ip, +ip. We choose my, > my, as well as mp, < mp,. Thisis
arbitrary but convenient for the case when the molecules have
m; = my. In such a case, the conservation of my, + mg, =
my, + mp, implies that if ma, > my,, then mp, < mg,.

In the presence of a magnetic field, the symmetrized bare
states transform into the symmetrized dressed states for each
individual molecule

ldansna) = ) 1bans 1a) (bans naldan; 1a)

bAA

= Z Z Z |nAm"AmA1mAz; nA)

My MAp Mp, 2Ny,
X (nAmnAmAlmAz; nA’dAA; ﬁA),

\dss; ms) = Y 1bss; 1) (bps: sldis; 1)

bpp

= Z Z Z |n3mﬂum31m32; 773>

Mpg Mg, Mp, <M,

x (ngmy,mp,mp,; ng|dgg; ng)- (12)

Then we get the following symmetrized dressed state for the
products:

|daa, dpp;na, nB) = |daa; na) @ |dps; np)

= ZZ|bAA,bBB;77A7 nB)

bAA bRR

(baasnaldaas na)(bps; npldps; np)

+ia +ip

D IEDIED VDS

My My Mp| =—I4 Mp, ZMa, Mg, =—Iip Mp, <Mp,
(nAmn/\ ma,ma,; NA |dAA’ nA)
X (ananBl mg,; nB‘dBB; UB)

X 5mA +mp,m+n;

X Smn 4 Ty +may +myg+-mp, +mg, +my, M

1
x N/ {|”A My, A, mA2>+nA ’nA ny, mAzmA]>}

®

{|n3mn8m31 m32)+ nB |n3mnB mp, Mg, )} .

13)

1
~ Ap

Among the multiple possible combined nuclear spin states
of the molecular products AA and BB, only those which
satisfy the conservation of my + mp = ms, + ma, + mp, +
mp, = m; + my are retained, as imposed by the first Kro-
necker § term. This is a consequence of the first assumption.
Also, only those which satisfy the conservation of the to-
tal M are retained, as imposed by the second Kronecker
8 term. Note that because M = m,, + mga, + mp, + my,, +
my, + mp, + m;, the second Kronecker symbol can be recast
as S, +m,, . my, +my,+m;, —m;,» and this is what we will employ in
the following.

C. State-to-state probabilities

Our model will consider that the state-to-state probability
P_,;, from the combined dressed state of the indistinguish-
able reactants |dap, , dag,;n) denoted by |i) to the combined
dressed state of the products |daa, dgg; na, ng) denoted by |j),
is simply the modulus square of the probability amplitude, the
overlap between those two states

Py = GO = |(daa, dpss na, n|dap,» dasyim)|*. (14)

It reflects the amount of the molecular product wave function
obtained from the molecular reactant wave function, both
dressed by the magnetic field, taking into account the ap-
propriate permutation symmetry considerations characterized
by 14, np, and n. This probability is for a transition from
initial quantum numbers ny, my,, n2, My,, I, and m;, to final
ones ng, My, g, My, p, and mp,. The conservation of the
total angular momentum M, as mentioned above, is implicit
here and leads to the selection rule m,, 4+ m,, +m; = m,, +
My, + my,. From the assumptions made in the model and as
shown in Appendix A, the probability amplitude related to
Eq. (14) can be recast into the product of two parts, namely,
(daa, dp; na. nBl|das, , dag,; n)™ for the nuclear spin degree of
freedom and (ngng|nin,) for the rotational degree of freedom
(or all the other degrees of freedom but the nuclear spin if we
consider, for example, vibration). This implies that Eq. (14)
becomes a product of two probabilities

R*)j — Prot X Pns

i—j°

5)

with a global one related to a given rotational transition
P = |(nsng|n ny)|? and a state-to-state specific one related
to a nuclear spin transition (of a given rotational transition)
Pirij = |(dAA7 dBB; na, 7]B|dA31 s dABz; n>n5|2. The probability
P™" highly depends on the complicated short-range dynamics
of the tetramer complex and the different angular momenta
couplings. It is not treated in our study as mentioned above
but can be represented by the statistical expressions developed
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in Refs. [27-29]. The probability P ; (and the amplitude) is of the reactants, different simplifications occur as derived in

treated in our study and depending on the initial preparation Appendixes A and B. This is what we focus on now.

1. General case of reactants in nonzero rotational states

For the general case where the reactants are in a nonzero rotational state, the probability amplitude for the nuclear spin is
given by the general expression

ns

(daa, dpp; na, nBldas,, dag,; 1)
+ig +ig

= Spangn Z Z Z Z Z Z (dans na|namy, ma,may; na)dss; ng|nsmy,ms, me,; ns)

My My Mp =—ip Ma, ZMa, Mp =—Iip Mp, <Mp,

1 1 1
X Oy +1y i, +itg iy, —
m \/A_B \/A_d Z Z np T Mng sy 1M, -1y, —my,

My My
X {(nimu,ma, mp, |dag, \(nomu,ma,m, |dap, )11+ 1am80)8m, —my, ms, My Sy sy s, My
X (nimmn,ma,ms, |dag, \noma, ma,me, |dag, )[nans + 018m, <ma, tms, M, Om,, +ma, +ms, s
X (1, ma, mp, | dag, \(namp,maymg, |dag, )15 + 1a1Sm, +ma, +ms, O, +ma, +ms, My

das, >[77A + B 77]5’""1 +may +mp, M, (Smnz +ma, +mp, .M } . (16)

X (nlmmmAsz] |dAB| ><n2mnzmA1mBg

Important to note is the fact that the Kronecker § term §,),,, , imposes a selection rule for the symmetry of the AA and BB
molecular products. If n = +1, only the cases ny = ng = +1 or g4 = np = —1 are allowed. If n = —1, only the cases 4 = +1
and ng = —1 orny = —1 and np = +1 are allowed.

2. Specific case of reactants in zero rotational states

Now if the reactants are in a zero rotational state, we have n; = n, = 0 and m,, = m,, = 0, which implies M; = m; and
M, = m,. Equation (16) simplifies to

1 1 1
ns
(daa. dgina, ng|dap, . dag,sn) =8 E E ) —_—
1 2 1ANB N My, My 1y, — 1
My Mg o "VAs VA VA
+ia +ip
X E E E E (daas na|nam, ma, ma,; na)dpg; ng|npma,ms, mp,; ng)
ma| =—ig Mp, ZMa, Mp, =—Iip Mp, <Mp,

X {(mA,mBl |dABl><mA2mBg dABz)[l + 1anBN18my, +mp, ,my Oma, +mp, m>

+ (ma,ms, |dag, )ma, m, |das,) (045 ~+ 118, +ms, m, Sy, s, ms
+ <mA1 mBz ‘dAﬂl )(mAszl |dABz>[nB + NA n]SmAl +m32 ,my (SmAz +m31 ,my
+(

ma,mp, |dAB1)(mA1mBz |dABz>[nA + an]amAermBl ,mlémAlerqumz}' (17)

3. Specific case of reactants in zero rotational states with m; = m,

When the molecules (indistinguishable or not) have the same values m; = mj,, Eq. (17) simplifies to

ns
(dAA,dBB;nA,nB‘dABI,dABZ;n> =8T]AT]5,7}E E Sy Ay i, —m,

My My

+ia +ip

1
X ‘/A_dmz Z Z Z (daas na|namn,ma,ma,; na)dpg: ng|ngmy,mg, mp,: )

Ay =—14 May ZMa, Mg =—Iip Mp, <Mp,

s s oma i, s+ oo i [ Vg s, B -
(13)

The Kronecker 8 terms &y, +my ,m and &, +m,, ,m, impose some restrictions for the quadruple sum of the nuclear spins. If
mys, = my,, this implies automatically mp, = mp,. There is no case with my4, = my, and mp, 7 mp, or the reverse, mp, = mp, and
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my, 7 my,, for the same reasons. Therefore, only the cases my, = my, and mp, = mp, and the cases my, > my, and mp, < mgp,

have to be considered for n = +1 and only m,, > my4, and mp, < mp, for n = —1 (see Appendix B).

a. Indistinguishable case. In addition, if the reactants are indistinguishable dap, = dap, = dap and only the component =
+1 has to be computed. The selection rule necessarily implies n4 = ng = +1 or n4 = ng = —1. Equation (18) further simplifies
to

+ip +ip
(daa, dg;na, NBldas, dag; +1)"™ = 8y, 41 Z Zme,,Aer,,B my, —my, Z Z Z Z
My, Myp =—iy ma, >mA1 mp, = —ip mg, <m,;1
(dans na|namy,mama,; 77A>(dBB; 15 |npmy,,mp,mp,; UB>(mA| mp, |dAB><mA2 mg, |dAB)6mA1 g,y Oy, -+ m - (19)

This is the case treated in Sec. III. In that section we will also define a symmetric state probability
PS™ = [(daa. dpg; +1, +1|dag, dap: +1)™ ], (20)

the probability that corresponds to the case of a nuclear spin symmetric wave function of the AA and BB products 4 = ng = +1,
and an antisymmetric state probability

PA™ = |(daa, dps;

i—j

—1, —1|dag, dap; +1)™ %, 1)

the one that corresponds to the case of a nuclear spin antisymmetric wave function of the AA and BB products ny = ng =
—1. As it will be discussed in Sec. III, the symmetric or antisymmetric state probabilities imply a specific parity of the
rotational quantum numbers of the molecular products, depending on the bosonic or fermionic character of the involved
atoms.

b. Distinguishable case. If the reactants are distinguishable, both components n = %1 have to be computed and Eq. (18)

becomes

(dAA, dpp; Na, ﬂB’dAB, , dABz;

My My

7]A77877 E :E :8mr1A+mnB m/,—m/,,\/— E

+ig +ip

IDEDIEDY

ma =—lg Mp, ZMy, Mp; =—ip Mp, <Ng,

(daas na|namn,ma,ma,; na)dpg: ng|ngmu,me, mp,: ng){(ma,mp, |dap, )(ma,mg, |dag,) + n{ma,msg, |dap, )ma, ms, |dag,)}

D. Sum of the state-to-state probabilities over the final
states of the products

For a given rotational transition, the probability summed
over all the final states of the products |j) simplifies due to
appropriate closure relations as derived in Appendix C and is

given by
SR =P YR, 2
J J

We quote only the expression for the indistinguishable case
here:

+ig +ip

PBRATES ST DD DD DD B

J ma =—ig Mpy ZMa| Mg, =—ig Mp, Mg,

X |<mA1mBl ’dAB)<mA2mBz|dAB)|2
X (SmA] +m31 L,y (SmAz +mB2,m1 . (24)

This is the generalized form of the expression used in Ref. [38]
to compare with experimental data. Similar to Eqs. (20) and
(21), two types of sums can be computed, Z P5™ and

I*)j

Z PA™. From the conservation of the total probability, the

l*)j

sum of them has to be unity: )~ PP + 3", PAM = 1. We

i—j i—j
show here that this summed probablhty only requires the

X CsmAl +m31 ,my smAz +m32 N/ (22)

(

eigenfunctions of the dressed reactants in the magnetic field,
not the ones of the dressed products. Similar simplifications
are found for the other cases, as discussed in Appendix C.

III. APPLICATION TO STATE-TO-STATE
CHEMICAL REACTIONS

To illustrate our model, we present results of nuclear
spin state-to-state distributions in a magnetic field B for re-
actants in the ground rotational states n; = ny = 0 starting
with bi-alkali-metal molecules in indistinguishable states (so
that m,, = m,, =0, n = +1, and m; = m,). We assume the
molecules being prepared in their electronic X '=" and vi-
brational v = 0 ground state. To simplify the calculation of
the interaction of the molecules with the magnetic field, we
also consider products in the ground rotational states ngy = 0
and np = 0 [so that m,, = m,, =0, (a4, ng) = (+1,+1) or
(na, ng) = (—1, —1), and m; = myp]. Due to symmetry rea-
sons, having both type of products in the zero rotational state
implies necessarily both molecular products with all the atoms
involved of either bosonic character or fermionic character.
When the atoms are all fermionic, the only possible reac-
tion with bi-alkali-metal molecules is °Li“°K + °Li*°K —
®Li, 4+ *°K, and the nuclear spin state distribution is sym-
metric (14, ng) = (+1, +1). When the atoms are all bosonic,
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FIG. 1. The quantity |{(mamg|dss)|*> gives the probability of a
component of the wave function of a °Li“*°K molecule in the zero
rotational state as a function of the magnetic field B, for its first
dressed state |djg) = 1 of the m; = m, = —3 manifold. The com-
ponents of the wave function are denoted by (m,, mg). The black,
red, and blue curves correspond to the components (1, —4), (0, —3),
and (—1, —2), respectively.

for example, in the reaction *' K 3Rb + K ¥ Rb — 4K, +
87Rb,, the nuclear spin state distribution is antisymmetric
(na, ng) = (—1, —1). We discuss these two types of distribu-
tion in the following, applying the present model to these two
systems taken as examples.

A. The °Li*K + SLi“*K — °Li, + “’K, chemical reaction

Among the list of the ten bi-alkali-metal possible as re-
actants, only the bosonic SLi*K molecule can illustrate
the example of a distribution with symmetric nuclear spin
states with both products in the ground rotational state. For
symmetry reasons, this is indeed the only heteronuclear bi-
alkali-metal molecule that can be made with two different
fermionic atoms. We consider that they are all prepared in
the lowest state of the m; = my = —3 manifold. At large
magnetic fields, the Zeeman interaction starts to dominate
over the other hyperfine interactions (B > 1 G for this system)
and the nuclear spin projections become good quantum num-
bers. Therefore, the dressed states correspond to a nearly pure
character of my; and myg, the quantum numbers associated
with projections of the nuclear spins of the corresponding
isotopes i;; = 1 and ix = 4 onto the magnetic field axis. This
can be seen in Fig. 1 as a black line, where the probability
of a component of the wave function of a °Li “°K molecule
is plotted as a function of the magnetic field B in its first
dressed state |dsp) = 1 form; = my = —3. Atlower magnetic
fields, |dap) = 1 can gain other characters, as other compo-
nents of the LiK wave function, plotted as the red and blue
lines, are also present due to the fact that other hyperfine
interactions cannot be neglected. As the formalism assumes
that the nuclear spins are spectators during the chemical re-
action, we expect that the chemical reaction favors at large
magnetic fields a simple rearrangement of the original nuclear
spins of the initial reactants (1, —4) + (1, —4) into the prod-
ucts, namely, (1, 1) + (—4, —4) by simply swapping them. In
the following, the abbreviation (my,, mg, ) + (ma,, mg,) will

sometimes be used to express the main characters of the
reactants and (my, , ma,) 4+ (mp,, mp,) of the products.

To obtain the eigenfunctions and eigenenergies of the LiK,
Li,, and K; molecules in a magnetic field, we diagonalize the
corresponding molecular Hamiltonians using the basis sets of
the nuclear spin states (2) and (3). In the following we will
take A = °Li and B = “°K. It is then obvious that the deno-
tations AA and BB used for the theoretical developments in
the previous section stand for the molecules Li, and K, in the
following. As we consider only molecules in zero rotational
states (see the discussion about the second assumption), the
form of the molecular Hamiltonian simplifies and reduces to
[39-41]

H = Hyy + Hz, (25)

with the hyperfine and Zeeman Hamiltonians for the AB
molecule given, respectively, by

- -

Hpy = capia - ip,

Hy; = —gainia - B(1 — 04 o aB)
— gpunip - B(1 — 0ot an), (26)

for the AA molecule given by

>

Hyp = Canla, - inys
Hy = —gapnia, - B(1 — 040t a4)
—gamnia, - B(1 = 0poran), 27
and for the BB molecule by

-

Hy,y = cppip, - ip,,

H; = —gpitnig, - B( — 0porpp)
— gpinip, - B(1 — 0B or ). (28)

‘We took CAB = 48.2 HZ, 8A = 0822, 8 = —0324, OAof AB =
104.1 ppm, and opofap = 1296.8 ppm from Ref. [41]. We
took cpa = 161 Hz, cgp = —42 Hz, 04 ot 44 = 102 ppm, and
oporg = 1313 ppm from Ref. [40]. For two molecules, we
have m; + my = —6, which is conserved during the collision.
The products of the chemical reaction %Li, and *°K, are
formed in their ground electronic state X ' £,T, ground vibra-
tional state v = 0, and ground rotational state ny = ng = 0.

Figure 2 presents the energies of the combined dressed
states of the reactants AB + AB = °Li*°K + °Li*°K in the
zero rotational states as a function of the magnetic field, for
my + my = —6 and n = +1 for the case of indistinguishable
states. There are six dressed states denoted by |i) = 1,...,6,
which correspond to different combinations of the individual
dressed states |dspg) in the m; 4+ my = —6 manifold. Table I
provides the nomenclature for these states. We take |i) = 1 as
an example of initial state that could be prepared in experi-
ments, presented as a red bold line in the figure. The |i) = 1
state corresponds to two molecules in the first dressed state
|dap) = 1. At large magnetic fields, the initial state |i) = 1
has a main character of ms, = 1, mp, = —4, ms, = 1, and
mp, = —4 and at lower fields it can gain other characters, as
discussed above for the individual reactants.

Similarly, Fig. 3 presents the energies of the combined
dressed states of the products AA + BB = 5Li, + *9K, in the
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FIG. 2. Energies of the combined dressed states of the reactants
®Li*K + °Li*°K in the zero rotational states as a function of the
magnetic field B, for m; + m, = —6 and n = +1. There are six pos-
sible |i) states as labeled in the figure. The |i) = 1 state corresponds
to two molecules in the state |dap,) = |dap,) = 1.

zero rotational states as a function of the magnetic field,
for my +mp =my +my = —6, and ny = +1 and ng = +1
(nuclear spin symmetric states). The °Li and *°K nuclei are
composite bosons. The permutation of two identical bosonic
nuclei in the °Li, molecule and in the “°K, molecule should
obey the symmetrization principle and lead to an overall sym-
metric wave function for each molecule. As the rotational
wave functions of the °Li, and “°K, molecules in the zero
rotational state are symmetric under the interchange of the
nuclei, their nuclear spin wave functions have to be symmetric
as well and hence described by values of n4 = +1 and np =
+1. There are 11 dressed states denoted by |j) =1,..., 11,
which correspond to different combinations of the individual
dressed states |daa; +1) and |dpp; +1). Table II provides the
nomenclature for the states. These are all the possible final
product states of the chemical reaction, for the nuclear spin
symmetric states of the molecules.

From the eigenvectors of the combined dressed states
expressed in the nuclear spin state basis set, namely,

TABLE I. Nomenclature for the combined dressed states of the
reactants AB + AB = °Li*°K + °Li“°K in the zero rotational states
for n = +1 and m, + m, = —6, with A =°Li and B = “°K. The
combined dressed states are denoted by [i), corresponding to the
combination of the dressed states |dsp,) and |dyp,). In this study,
the initial state will be |i) = 1, corresponding to the case where
|dap,) = |dag,). The second and third columns display the main
character of |dsp, ) and |dyp,). This is given at a large magnetic field,
typically B > 1 G for this system, as the dressed states tend to be
nearly pure bare states.

i) |dAB] ) |dA32) my, mp, ma, mp,
1 1 1 1 —4 1 —4
2 1 2 1 —4 0 -3
3 1 3 1 —4 —1 -2
4 2 2 0 -3 0 -3
5 2 3 0 -3 -1 -2
6 3 3 -1 -2 —1 -2

| 6. 40,
0-27 L|2+K2 |

o
=

m,+mg=m, +m,=-6, n,=+1, ng=+1

o (S E - B

B (G)

FIG. 3. Energies of the combined dressed states of the products
%Li, + “°K, in the zero rotational states for m, + mp = m; + m, =
—6, and n4 = +1 and np = +1 (nuclear spin symmetric states).

(ma,mp,|dap) and (ma,mp,|dsp) for the reactants and
(ma,ma,;naldaasna) and (mpg mp,;ng|dpp; np) for the prod-
ucts (we omit the numbers n4, m,,, ng, and m,,), one can
plot the nuclear spin state-to-state probability Pls_‘jj expressed
by Egs. (20) and (19) from the initial state |{) = 1 to all
final states |j). This is presented in Figs. 4(a) and 4(b)
as a function of the magnetic field. The behavior of the
probabilities as functions of B really depends on the many
admixtures of the bare states for the dressed states of the
two reactants and the two products. The probabilities PIS_‘)‘; are
also plotted as functions of the final states |j) for different
magnetic fields in Figs. 4(c)—4(f). It can be seen that the
state-to-state distribution drastically changes with B populat-
ing different final states. For PIS_‘)“], the |j) = 11 final state
(green curve) is favored at high field, while at low field it
vanishes and other values of | j) are now more probable. From
Table II, the |j) = 11 state corresponds to a main character
of (1, 1) 4+ (—4, —4), entailing Li, and *°K, molecules with
the same components of their atomic nuclear spins. This state
corresponds exactly to the original one (1, —4) + (1, —4) of
the reactants in the |i) = 1 state, but with just a swap. For
lower magnetic fields [see Fig. 4(b)], the chemical reaction
ends up dominantly in other final product states |j) = 10 (or-
ange curve), |j) = 9 (gray curve), |j) = 5 (brown curve), and
| /) = 2 (red curve) for decreasing B, with a main character in
0,1+ (=3,-4), (0,0)+(=3,-3), (—=1,0)+ (=2, -3),
and (—1, —1) + (0, —4), respectively. Then, depending on the
magnetic field that is applied, different types of states of the
molecular products can be predominantly composed. Those
with different nuclear spins, for example, (0, 1) + (-3, —4)
for |j) = 10 in the range B = [0.35 — 0.4] G, take the form
of an entangled state, namely, {|0, 1) + |1, 0)}/ﬁ for the °Li
nuclei and {| — 3, —4) + | — 4, —3)}/\/5 for the “°K nuclei.
Those with the same nuclear spins, for example, (1, 1) +
(=4, —4) for |j) = 11 at B > 0.5 G, take the form of a sepa-
rable state, namely, |1)|1) for the °Li nuclei and | — 4)| — 4)
for the “°K nuclei.

The total probability ; Pf_‘:i, summed over all the final
combined dressed states of the products |j), is shown as a
thick black line in Fig. 4 and consists of the sum of all individ-
ual curves given by Eq. (20). The thick black line is compared
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TABLE II. Nomenclature for the combined dressed states of the products AA + BB =

spin symmetric states), with A

Li, + K, for n4 = +1 and nz = +1 (nuclear

= %Li and B = “°K. The combined dressed states are denoted by | j), corresponding to the combination of the

dressed states |daa; na) and |dgp; ng). Columns 4,5,6,7 display the main character of |da; n4) and |dpp; ng), while columns 8,9,10,11 display
the second main character, if any. This is given for large magnetic fields, typically B > 1 G for this system.

1) |daa; +1) |dpg; +1) my, ma, mg, mg, My, ma, mg, mg,
1 1 7 —1 —1 —1 -3 0 —4
2 1 8 -1 -1 0 —4 -2 -2
3 1 9 —1 -1 -1 -3 -2 -2
4 2 5 -1 0 -1 —4 -2 -3
5 2 6 —1 0 -2 -3 -1 —4
6 3 3 —1 1 -2 —4 0 0 -3 -3
7 3 4 -1 1 -3 -3 0 0 -2 —4
8 4 3 0 0 -2 —4 -1 1 -3 -3
9 4 4 0 0 -3 -3 —1 1 -2 —4
10 5 2 0 1 -3 —4

11 6 1 1 1 —4 —4

with the simplified expression given by Eq. (24), presented as
open circles for each figure. We can see that the curve and
the circle data are identical, so this confirms that one can use
the simplified formula (24) directly, which requires only the
knowledge of the eigenfunctions of the dressed states of the
reactants. There is no need to compute the dressed states of
the products in a magnetic field as far as the total probability
summed over all |j) is concerned. This is what was done in
[38] for fermionic “°K 8’Rb molecules, as the experimental
data involved a measurement of the total probability, summed
over all possible nuclear spin states of the products. Equation
(24) was used to fit the y axis of the experimental data, which

consisted of counting the product molecules (more precisely,
counting the ionized form of the product molecules). Very
good agreement was found in the trend of the data with the
magnetic field, confirming that the nuclear spin structure in
the magnetic field is treated correctly and that the assumption
of conserved nuclear spins is sufficient. An overall fitting
parameter was used to account for the overall magnitude of
the counting for each observed rotational state of the products,
which is a characteristic of the intrinsic complicated effect
of the rotational structure of the molecules in the chemical
reaction at short range, something that is not taken into ac-
count in the present model. As the long-range physics where

(@ 10 (b) 03 |
=11
R
@ $.0.8 — i=1—>j=2 ® F
i=1 - j=3 8
wn_'— — i=1 > j=4 mn_'— 0.2+
0.6* i=1 —>j=5 L
2 — =1 =6 = j=2
= i=1 —j=7 =
O — i=1 > j=8 O
I 04r i=1 - j=9 3
o) i=1 - j=10 o 01
= — =1 > =11 =
o 02, — sum Q.
’ o simplified formula
0.0 == y | -
0 3 0.0 0.6
(c) 06 (d) 0.6 (e) 0.6
05 ] o0sl o0sl ] sl [@B-06G ]
er 2 2 2
4t 0.4 4t 0.4 2t 0.4 1 204l 1
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J

FIG. 4. (a) Probability P’ for °Li, + *’K, in zero rotational states as a function of the magnetic field B. The total sum is displayed as a
thick black line. The s1mphﬁed formula (open circles) corresponds to Eq. (24). (b) Close-up of (a). (¢)—(f) Probability P,S_‘}j as a function of the

final states |j) =1, ...,

11 with |7) = 1, for different magnetic fields: (¢) B=0G, (d)B=0.2G, (¢) B=0.4G, and (f) B=0.6G.
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FIG. 5. Same as Fig. 1 but for the ¥ K% Rb molecule in the
m; = —1 manifold. The black, red, and blue curves correspond

to the components (—3/2,1/2), (—1/2,—1/2), and (1/2, —3/2),
respectively.

interactions between the magnetic field and nuclear spins
occur is fully taken into account in our model, this overall
fitting parameter depends only on the short-range physics. A
recent experiment [29] suggested that this fitting parameter
can be simply obtained by a state-counting model based on a
statistical theory argument [27,28], when the products have a
release of final kinetic energy larger than the initial one.

B. The “K%Rb + "K3Rb — 4K, + $"Rb, chemical reaction

The previous system is the only one involving a state-to-
state distribution of nuclear spin symmetric states (14, 71p) =
(41, +1) if both products are in their ground rotational states.
To illustrate now a state-to-state distribution of nuclear spin
antisymmetric states (4, ng) = (—1, —1), we take the exam-
ple of bosonic 'K Rb molecules. We consider that they
are all prepared in the lowest state of the m; =m, = —1
manifold.

Figure 5 shows the probability of a component of the
wave function of a 'K 8’Rb molecule plotted as a function
of the magnetic field B in its first dressed state |dag) = 1
for m; = my = —1. As can be seen with the black line, the
dressed state at large magnetic field (B > 5 G for this system)
corresponds to a nearly pure character with mg = —3/2 and
mgp = 1/2, the nuclear spins of the corresponding isotopes
being ix = 3/2 and igp = 3/2. In the following we will take
A =*K and B = ¥Rb. The products of the chemical reaction
41K, and 3"Rb, are formed in their ground electronic state
X'z g+, ground vibrational state v = 0, and ground rotational
state ny = ng = 0. To obtain the eigenfunctions and eigenen-
ergies of the KRb, K,, and Rb, molecules in a magnetic
field, we diagonalize the corresponding molecular Hamilto-
nians in Eq. (25). As hyperfine parameters, we took csp =
896.2 Hz, g4 = 0.143, gp = 1.834, 04 orap = 1321 ppm, and
o otap = 3469 ppm from Ref. [39]. We took css = 32 Hz,
CBp = 25021 HZ, OAof AA = 1313 ppm, and OB of BB = 3489
ppm from Ref. [40].

Figure 6 presents the energies of the combined dressed
states of the reactants AB + AB = ' K 3Rb + *'K ¥Rb in the
zero rotational states as a function of the magnetic field, for

K¥Rb + “'K¥Rb

-1—q

| m1+m2=-2, n=+1

5 10 15 = 20
B (G)

FIG. 6. Same as Fig. 2 but for * K% Rb + *'K #Rb with m; +
mp = 2.

my + my = —2 and n = +1 for the case of indistinguishable
states. There are six dressed states denoted by |i) = 1,...,6.
Table III provides the nomenclature for these states. We take
|i) = 1 as an example of the initial state (red bold line in the
figure). At large magnetic fields, the initial state |i) = 1 has a
main character of my, = —3/2, mp, = 1/2, my, = —3/2, and
mp, = 1/2, as can be seen with the black line in Fig. 5 for
the individual reactants, but at lower fields |i) = 1 gains other
characters (red and blue lines in Fig. 1).

Figure 7 presents the energies of the combined dressed
states of the products AA 4+ BB = 'K, + 8’Rb, in the zero
rotational states as a function of the magnetic field, for m, +
mp=m +my = —2, and n4 = —1 and ng = —1 (nuclear
spin antisymmetric states). The 'K and ®’Rb nuclei are com-
posite fermions. The permutation of two identical fermionic
nuclei in the 'K, molecule and in the ’Rb, molecule should
lead to an overall antisymmetric wave function for each
molecules. As the rotational wave functions of the *'K, and
87Rb, molecules in the zero rotational state are symmetric
under the interchange of the nuclei, their nuclear spin wave
functions have to be antisymmetric and hence described by
values of n4 = —1 and g = —1. There are now five dressed
states denoted by |j) = 1, ..., 5, which correspond to differ-
ent combinations of the individual dressed states |das; —1)
and |dgg; —1). Table IV provides the nomenclature for the
states. These are all the possible final product states of the
chemical reaction, for the nuclear spin antisymmetric states
of the molecules.

TABLE III. Same as Table I but for AB +AB = “'K¥Rb +
4K 8"Rb with m; +m; = —1,and A = *'K and B = *'Rb.

|i) \dABl ) |dABz ) my, mp, ma, mp,
1 1 1 —3/2 1/2 —3/2 1/2
2 1 2 —3/2 12 =12 -1)2
3 1 3 —-3/2 1/2 1/2 —-3/2
4 2 2 —1/2 —-1/2 —-1/2 —-1/2
5 2 3 —1/2 =12 12 =3/2
6 3 3 1/2 —-3/2 1/2 —-3/2
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FIG. 7. Same as Fig. 3 but for 'K, + %Rb, for my + mp =
my +mp, = —2, and n4 = —1 and ng = —1 (nuclear spin antisym-
metric states).

Finally, the probability Pf‘_i‘j expressed by Eq. (21) for the
nuclear spin antisymmetric states is presented in Fig. 8 as a
function of the magnetic field [Figs. 8(a) and 8(b)] and as a
function of the final states |j) for different magnetic fields
[Figs. 8(c)-8(f)]. We find a conclusion similar to that for the
case of the nuclear spin symmetric states, that the behavior
of the probabilities depends on the magnetic field and on
the admixtures of the bare states for the dressed states of
the reactants and products. For all values of B, the |j) =2
(red curve) dominates. From Table IV, this state corresponds
to a main character of (—3/2, —1/2) 4+ (1/2, —1/2). Around
B ~ 0 G, the |j) = 5 (brown curve) with a main character of
(—1/2,1/2) 4+ (—1/2,—-3/2) and the |j) = 3 (green curve)
with a main character of (—3/2, 1/2) + (1/2, —3/2) become
as important as |j) = 2. All of these states take the form of
an entangled state for the nuclei. For example, for |j) = 2 the
wave function is {| — 3/2, —1/2) — | — 1/2, =3/2)}/+/2 for
the *'K nuclei and {|1/2, —1/2) — | — 1/2, 1/2)}/+/2 for the
87Rb nuclei. These entangled states carry now a minus sign
in contrast with the entangled states of the products discussed
above for the case of nuclear spin symmetric states. Therefore,
symmetry considerations also impose the type of entangled
state (plus or minus). At large magnetic fields, because both
molecular states are antisymmetric, there cannot be a char-
acter in the symmetric states (—3/2, —3/2) + (1/2, 1/2), the
character coming from the swap of the original nuclear spins
in the reactants, for the present example. The probabilities

from the reactant state |{) = 1 to all these antisymmetric states
must then vanish. Therefore, identical reactants in indistin-
guishable states at large magnetic fields will always populate
nuclear spin symmetric states of the molecular products, for
the assumptions considered in our study. In the present case,
this will correspond to populating the first excited rotational
state ny = ngp = 1 of the products, not the ground rotational
states. The same arguments explain the selected values of the
rotation parities of the molecular products observed in [38].

IV. CONCLUSION

We have presented in this study a theoretical model to
compute nuclear spin state-to-state distributions of ultracold
chemical reactions, from reactants to products. This distri-
bution can be modified by an applied magnetic field. The
formalism is based on the fact that atomic nuclear spins of
the products of a chemical reaction inherit the ones of the
reactants in the magnetic field. The mechanism is then driven
by long-range physics only and not by short-range interactions
when the atoms are close together. A simple atomic rearrange-
ment in the chemical reaction and symmetry considerations
of identical particles are used to explain the symmetric or
antisymmetric character of the nuclear spin wave functions,
hence the even or odd parity of the rotational wave function
of the molecular products. Depending on the magnetic field
that is applied, among the symmetric nuclear spin wave func-
tions, the molecular products can end up in the form of a
separable state or of an entangled state of the atomic nuclear
spins. Again depending on the magnetic field, for antisym-
metric states, the molecular products can end up only in the
form of an entangled state. Otherwise the probability tends
to zero, which is responsible for the selected values of the
rotational parities that have been observed in a recent exper-
iment [38]. The state-to-state probabilities can be computed
as functions of the magnetic field. It requires the knowledge
of the eigenfunctions of the molecular reactants and products
in the magnetic field. We showed that the final state-to-state
distribution drastically changes with the magnetic field. When
the probability is summed over all the final product states,
we showed that, after an analytic development, the probability
requires only the knowledge of the eigenfunctions of the reac-
tants. This expression of the summed probabilities was used
to explain and understand the magnetic field dependence for
the product distribution of a recent experiment [38], validating
the assumption that nuclear spins remain unchanged during an
ultracold chemical reaction of bi-alkali-metal molecules.

TABLE IV. Same as Table II but for AA + BB = *'K, + %Rb,, and 14 = —1 and nz = —1 (nuclear spin antisymmetric states), with
A = 4K and B = ¥Rb. The main and second main characters are given for large magnetic fields, typically B > 5 G.

[J) |daa; —1) |dpg; —1) my, my, mg, mpg, my, my, mp, mp,
1 1 3 -3/2 —-1/2 3/2 —-3/2 1/2 —1/2
2 1 4 -3/2 -1/2 1/2 —1/2 3/2 —-3/2
3 2 2 -3/2 1/2 1/2 -3/2

4 3 1 -3/2 3/2 —1/2 —-3/2 —1/2 1/2

5 4 1 —1/2 1/2 —1/2 —3/2 —-3/2 3/2
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FIG. 8. Same as Fig. 4 but for P2 for 'K, + *Rby and (¢) B=0G, (d) B=0.4G, (¢) B=1G, and () B=5G.
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APPENDIX A: STATE-TO-STATE PROBABILITIES AND AMPLITUDES

We want to evaluate the probability amplitude (daa, dpg; na, N8ldas,, das,; ) in Eq. (14), using Eqgs. (9) and (13). We have

(daa. dpsina, ns|dap, . das,:n)

+ia +ip
—ZZ Yoo > > (dawimalmaml ml ml s naldis: ng|n'n, miy miy <)
My Mg My, =—la w20ty i, =l i, Sty
+ia +ip +ig +ip
X E E E E E E nlmnlmAlmBl|dABl>(n2mmmA2mBz\dABz>
My My mp, =—ip mp =—ip M, =—iy Mp,=—ig

X Bm,’, 4 1 My iy 0, —my, 8”‘"1 +ma, +mp, M, (Smn2 +ma, +mp, M

1 1
s (e oo, i | oo, 1} © o, i, |+ ', s, |

1
x (E{|n1m,1lmA,mBI) ® |namu,ma,mp,) + n|nam,,ma,mp,) ® |n1mmmA1mBI)}>- (A1)

We rewrite the last line of Eq. (A1) using the first assumption of the model that the nuclear spins remain spectators in the
region of the tetra-atomic complex, so that after the reaction they remain the same in the basis of the bare states. Then we can
replace the kets |nymy,, ma,mp,) ® |nom,,ma,mp,) and |namy,,ma,mp,)  |n1m, ma,mp,) by |nym, ms,ma,) ® |nymy,,mp, mp,) and
|nomy,,ma,ma,) @ |nymy,, mp,mp, ), regardless of the order of the nuclear spins in the kets. Note that the two atoms A and B are
swapped at the same time, as the total wave function is invariant under the permutation of the molecules as a whole. One cannot
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therefore have a swap of atoms A without a swap of atoms B. We now develop the last two lines of Eq. (A1):

1 1

VAx

{|nimu,ma,ma,) ® [nom,,mg, mg,) + n|nomy,ma,ma,) ® InlmnlmBZmB,)}>

X
—

5 -
—_

1
NI

o+ np{na'm, mi | @ (', miy mp, |+ mang{na/m, miy mi, | @ (ng'm, miy, m |)

(<////|®<////|+<////|®(////
na I’l’lnAl’I’lAlI’ﬂA2 ng manB]mBz na\na I’)’lnAl’f’lAZI’ﬂAl ng I’ﬂnBl’l’lB]I’I’lB2

X (|n1mn]mAlmA2) ® |n2mn2m31mg2) + n’ngmnzmAZmAl) ® |n1mnlm32m31))
1 1 1
VAL VAR Ay

+ 8y m. S ) x) , [nAnB(nA’m' ng'm’ ‘n]m nom, >—|—n<nA’m/ ng'm ’nzm nm )]
Ay Ty Ay Ty FINB, T, PRy g, ny np ny ny na np ny ny

ro 7 ro 7 / / / /
{8a, iy, Sy, Sona, iy Syt ({12, ', [y mam, ) + mamgn{na'm, ng'm, |nom,nimy, )]

r ! ro ! !’/ 1!
+ S i, Sonay Sty S, (M50 0y 0"y [y mam, )+ man(na iy ng'm, |nomy,nym, )]

’o1 ,or ’or ’oy
+ (smA] ,mkz smAz.m}” (SmB] ,m%] (SmBz,m}g2 [nA(nA mnA npg mnB |n1mn1 n2mn2) + 77377(7’1,4 mnA npg mng |n2mn2n1mn1 )] } . (AZ)

From the third assumption, we assume that the terms (ns'm,, ng'm,, |nymy, nymy,) and (ns'm, ng'm, |nymy,n;my,,) are indepen-

. . A ng 1 2 : na np 2 1 .
dent of the projection quantum numbers and are equal regardless of the order of the rotational quantum numbers. We then rewrite
these terms as (n4'ng’|nyn,). If we get rid of the dummy prime variables, we get the general expression

(daa. dssina, ns|dap,. dap,in) = (nanglnim){daa. dss; na, ns|dag, . dagyin) (A3)
with

(dan. dssina. np|das, . dag,in)"
+ia +ip

=S 2.0 . D > > (daas nalnam,ma,may; na)dps: ns|nsma,ms,m,; ns)

My, Mg Ma =—Ig May ZMa, Mg, =—Iip Mp, <Mp,
1 1 1 5
X == E E my 1y, sy, +my, +my, —my
NINWVINNIY AT e e T T
m"l m,,z
X {(nimn,ma, mp, |dag, \(nomu,ma,m, |dap, )11+ 14180 8m, +ma, +ms, MOy s, s,
X (1, ma,mp, | das, \(namp,ma,mp, |dag, ) [1an8 + 118m, ~ma, ms, Oy, m, +ms, My

X (nymy,ma, mp,|das, \(namp,maymp, |dap,) (15 ~+ 1AT18m, +my, +ma, M, Om,, +ma, +ma, My

)
X <nlmn1 mAsz] ’dABl ><n2mn2mA1 mBz |dABZ )[nA + nB r]]amnl +i’i’lA?_ +mBl My Sm,,z +WLA] +I7132 M } . (A4)
The Kronecker symbol §,,,, , has been added explicitly from the related selection rules in the square brackets. The expression
has been separated into two parts with a part related to the rotational degree of freedom (nsng|nin,) and for a given transition

from initial rotational quantum numbers n; and n; to final ones n4 and ng, a part related to the nuclear spin degree of freedom
(daa, dpp;na, Npldap,, das,; n)". The corresponding probability is the modulus square of the amplitude

2
P; = |(daa. dpgina, n|dap, . dag,;n)|” = P x PZ (AS)
with
. 5|2
P = |(nanglmm) >, P = |(daa. dpsina. ns|das, . das,in) |- (A6)
APPENDIX B: SIMPLIFICATIONS FOR REACTANTS IN ZERO ROTATIONAL STATES
If we consider reactants in n; = n, = 0, then m,,, = m,, =0, and M| = m; and M, = m,.
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1. Distinguishable case with m; # m,

We consider first reactants with m; % m,. Equation (A4) can be simplified to

ns
<dAA»dBB;77Aa 773|dABl,dABz;77> = 8pna.n E E Sy g 1mi, —m,

My, Mg
+ig +ip
X E E E E <dAA; N |nAmnAmA]mA2; T)A)(dBB; rlB’ananBlmBz; 773)
mp =—ig Mp, Zmy, Mg, =—Iip Mp, <Mp,

1 1 1
X EEE{("MW& |da, (ma,ms, |da, {1+ 1a080)8m, 4ma, o Omy, +ma, s

+ (mAszz |dABl)<mA1mBl |dABz>[77A ng + n](SmAz +mp, ,m SmAl +img, ,m;
+ (ma,ms, |dag, )ma,ms, |das,) (05 + 14018, +ms, ., s, g, s

+ (mAszl |dA31 )(mA1 mBz |dABz)[)7A + an](Sm,qz +m31 ,my (SmAl +m32 ,my } . (B 1)

2. Indistinguishable case with m; = m,

We further develop the expression (B1) when, in addition, the reactants are indistinguishable. In this case dap, = dap, = das,
n = +1,and A; = 4. From the first Kronecker § term, this implies necessarily n4 = ng = +1 or n4 = ng = —1. Also, molecules
have necessarily the same values of projection so that m; = m;. Equation (B1) simplifies to

. . ns __ § : z :
<dAAs dBB, na, nBldABa dAB, +1) = 8r]AnB,+1 am,,A 1y i, —my,

Mny Mg
+ig +ip
X Z Z Z Z <dAA; A |nAmnA mMp, M, ﬂA)(dBB; ng |annB mp,mg,; 773)
ma =—ig Ma, ZMs, Mp; =—ip Mp, <N,
1 1
X A T, {(ma,mp, | dag)ma,mp, |dag)[1 + na 818y, +my, . Omay +mp, ,my

+ (ma,mp, |dag)(ma,ms, |das)na + 1818y, +mpy ,my Omy, +mp, my }. (B2)

Let us consider the case of my, = my4, and mg, = mgp, in the quadruple sum of nuclear spins, with necessarily n4 = +1, np = +1,
and A4, = Ap = 4. After simplifications, this gives the term

(dAA; +1 |nAmnAmA]mA1 ; +1)<dBB; +1 |ananB]mBl ; +1>(mA1mBl |dAB>(mA1mBl |dAB)- (B3)
The case of my, > my, and mp, < mp, in the quadruple sum, with Ay = Ap =2 and ny = ng = +1 orng = ng = —1, gives
(dAA; +1 |nAmnAmA] My, :I:l)(dBB; +1 |n3mn3m31m31 ; :I:l)(mAlmB] |dA3)(mA2m32 |dAB). (B4)

We used the fact that the coefficients (ms, mp, |dap) and (ma,mp, |dap) in Eq. (B2) both necessarily vanish when the A or B atoms
are swapped, because when my, > my, (mp, < mg,), ma, + mp, > mu, + mp, (Ma, + mp, < my, + mp,), so that my, + mp, >
my (my, + mp, < m,). For the same reasons, we cannot have a case my, = my, and mg, < mp,, or my, > my, and mp, = mp, .
Therefore, one can write Eq. (B2) in a compact form

. . ns _
(daa, dp;ina, neldag, dap; +1)" =8y, +1 E E S Ay i, —m,

My Mg
+iag +ip
XY T D (daas nalnami,ma,may; na)(diss ns|nsma, ms,ms, s np)
ma| =—ig Mp, ZMa, Mp =—Iip Mp, Mg,
X <mA1 mp, |dAB)(mA2m32 |dAB>5mA] +mg, ,my 8mAz +mp, ,m; (BS)

3. Distinguishable case with m; = m,

We further develop Eq. (A4) when the reactants are distinguishable. In this case dap, # dap,, Aq = 2, and both n = %1
components have to be computed. From the first Kronecker § term, this implies necessarily n4 = ng = +1 or ny = ng = —1
whenn =+1,and n4 = +1and ng = —1 orny = —1 and ng = +1 when n = —1. We focus on the case where molecules have
the same values of projection so that m; = m,. Let us start with the component n = +1. The case of ms, = my, and mg, = mp,
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in the quadruple sum of nuclear spins, with necessarily n4 = +1, ng = +1, Ay = Ap =4, and n = +1, gives the term

\/§<dAA ;41 ’nAmnA my,my,; +1>(dBB; +1 }ananBl mp,; +1><mA Mg, |dAB, >(mA, mp, ‘dABz)~ (B6)

We prefer the following form for later general notation convenience:

1
—(daas +1|namu,ma,ma,; +1)dpg; +1|npmy,mp mg,; +1)

V2
x {(ma,mp, |dap, \ma,mp, |dag,) + (ma,mp, |dag, \ma,mp, |dag,)}- (B7)
The case of my, > my, and mp, < mp, in the quadruple sum, with Ay = Ap =2 and ny = ng = +1 orng = ng = —1, gives
1
ﬁ<dAA’ +1 ’nAm,,AmAlmA] 5 :tl)(dBB; +1 ‘annEmBImB] 5 :I:I)
x {(ma,mp, |dap, \ma,mp, |dag,) + (ma,mp, |dag, \(ma,mp, |dag, )} (B8)

For the same reasons as above, the coefficients (mg4,mp,|dag,), (ma,mp,|dap,), (ma,mp,|das,), and (ma,mp, |dap,) all vanish.
Similarly, we cannot have a case my4, = my, and mp, < mp,, or my, > my, and mg, = mp,. For n = —1, similar arguments hold,
in addition to the fact that the case of my, = my, and mp, = mp, cannot exist. The case of my, > my, and mp, < mp, in the
quadruple sum, with Ay = Ap =2, n4 = +1,and np = —1,0or 4y = —1 and np = +1, gives

1
—=(daas £1|namy, ma ma,; £1)(dps; F1|ngmy,mp,mg,; F1)

V2

X {<mA1 mB] |dA31 )(mAszz |dABz> - <mA2m32 ’dABl ><mA1 mB] |dABZ>} (B9)

with now a destructive term inside the curly brackets. Gathering these expressions all together, Eq. (A4) can then be written in a
compact form

ns
(dan, dgp;na, ng|das,, dag,sn) =8nmen E § Sty Ay i, —m,

My, My
+ip +ip
1
X 75 > > > > " (daa: na|nama,ma,may; na)dss: ns|nsma,ms, ms,; ns)
ma; =—lp Ma, ZMa, M, =—Ip Mp, Mg,

x {(ma,mg, |dag, \ma,ms, |dag,) + n(ma,msg, |dap, )(ma,mg, |dag,)}

x 3mA1+m31 ,ml‘SInA2+m32,m1 . (B10)

4. Compact form for molecules with the same projection quantum numbers m, = m,

Both Egs. (B5) and (B10) can be written in an even more compact form, whether the molecules, with same projection quantum
numbers m; = my, are indistinguishable or not:

ns
<dAA,dBB;77A,UB|dABl,dABz;77) =5nAng,nE E Sy i, —m,

My, Mg
+ig +ip
1
X N, E E E E (dAA; UA’nAmnAmAlmA22 ﬂA)(dBB; UB’ananB]mBz; 773)
d Mmp=—ig Mp, ZMa, Mp, =—Iip Mp, Mg,

X {(mA.mB, |dAB| ><mA2mBz \dABz> + ﬁ(mAszz |dAB, >(mA]mB| |dABz>}

X By iy, my O+ - (B11)

APPENDIX C: SUM OF THE STATE-TO-STATE PROBABILITIES OVER THE FINAL STATES OF THE PRODUCTS

We consider here the case of reactants in n; = n, = m,, = m,, = 0 but we explicitly include the quantum numbers. We
consider first Eq. (B5) for the case of indistinguishable molecules as the expression is easier to work for the derivation, but we
use the intermediate form in Eq. (A2), explicitly including the term (nam,, ngmy,|nim, n,m,,) inside the sum. We use the fact
that it is the same regardless of the order of the rotational quantum numbers, but we do not necessarily use the fact that it is
independent of the projection quantum numbers. Therefore, we keep explicit the projection quantum numbers for the purpose of
the derivation. Recall that we have dap, = dap, = dap and m; = m;. The total probability summed over all the final states of the
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products is given by

YPj= Y |{daa- dssina. nsldas. dagi+1)]

|daa.dpBina.nB)

> > Ndaa. dpsina. nsldas. dag: +1) 1

|daaina) |dpsing)

St D D 12000 2 D 2

|daasna) |dppsng) | My Mug may ma, >ma, mp, mp, <mpg,

X <dAA; A |nAmnAmA1mA2; 77A)<dBB; nB |ananB] mg,; UB)

x (namy, ngmy, [nimy, nomy, \ma,mp, |dag)(ma,mg, |dag)
2

X ity i, —miy, O, -+, 1 O, +mpy my

= Sy +1 X Z Z ZZZ Z Z Z ZZZ Z Z Z

. . o o P /
dansna) \dppsng) my,, . mum Zml oy g Smip Mg Mg WA Mg Ziay My Mgy S,

)
)
Ry My, oMy, |nAm;An3m;B)(nAmnAn3mnB |nymy,nom,,,)

dag)

x (nam), my mly i naldans na)dan: na|nam,ma,ma,;na)

{ (
x (ngmj, mp myy ;g |dgg; ns)(dps; s |nEMw,mB Ms,; Np)
{

/ I ! /
X <dAB |’"A. mp, )<dAB |mAszz )(mAn msg, |dAB>(mAszz

X S . O —my Ot sy Omt +mls g O )
m +mnB,m1,_ my, m,,A+m,,E,m,, my, mA]+I713],m1 mA2+m32’ml mAl+mg],m| mA2+m32,ml

w+1xZZZ 20022200 2 ) )

/
g Mg My M S M S Mg Mag Ay Iy 20y My g, Sy

x (mamy, mly ml smal( Y Idaas na)daas nal | [nam ma,may; na)
|daasna)

X("Bm,/qgm};lmﬁgz;nﬂ Z dgg; ) (dps; ns| | |npma,mp mg,; ng)
|dpping)

x(nlm,,lnzmn2|nAm ngm’ >(nAmnAannB|n1m,,1n2mn2)

np
d / / d / / d d
X {dap|miy my, Ndas|m)y, mi, )ma, ms, |das)(ma,ms, | das)
X Smr/lA +m;B.m1,. —my, (Sm"A Mg g, —my, 8m/’4] +m1’g] my 8m/’,A2 +m}32,m1 6mA] +mp, ‘SmA2 +mp,,m; -
We can use the closure relations ZMAMA) |daa; na){daa; nal = 1 and ZWBMB> |dpg; n){dpp; npl = 1. We get

BN CODDIPIDIDIDDHHIP VPP

,
m,om, my, mA2>mA] mlql m32<mB Muy Mg MA| Mpy ZMA| Mp) Mg, KM,

’ ’ /. . / / /. .
X (nAmnAmA]mAz, NaA |nAm,lAmA]mA2, nA>(ananBlmBz, 773|n3mn8m31m32, 773)

x (nymy, nymy, |nam), npmy, \namy, ngmy, | nymy, nomy, \dag|mjy my Vdag|mly, my Mma,mp, |dag)ma,ms, |das)
X (Sm;A )y, —my, (Sm,lA 1y 1, =y, 8’”/’41 g 8’”/,42 iy, my SmAl +mpg, ,m SmAz +mp, mj -

We now use the fact that (nam, mj m) ;nalnam,,ma,ma,;na) =8
773) = 6'""3’”';13 8m3l ,mgl Smt;z,m;;2 . Then

ZPZ_),—&MBHZ D00 Y (mmamam | D0 |nam,nsma, nama,ngm, | ) |nim,, namy,)

may ma, mAl mg, mgzgmgl My, Ny

2 /. .
My, 1, ”A SmA] ,mA Csm,qz,mlg2 and <anan31m32 B nB|ananBlmBz B

’ / / ’
X <dAB |mA1 mBl ><dAB|mA2mBz)(mA| mp, |dAB>(mA2m32 |dAB>5m,,A 1ty g —my, 8mA] +mp, ,m; 8mA2 +mp, ,m; (Cl)
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We use the closure relation ), >~
A

ZB*}_}‘ =
J

Mpp

May Mpy ZMya Mgy Mg, Mg,

|1,y ) (M, | = 1 (the term 8, 4m,,, my, —m,, disappears), so that

SﬂAﬂBs+1Z Z Z Z (nlmn]nzmnz\nAnB)(nAnBInlmmnzm,Q)

X (dag|m)y mig )\dag|mly,mig )ma, mp, |das)(ma,ms,|das)Sm,, +m,, m, — iy Oma, +mp, .y Oma, 4+, my - (C2)

Using the fact that (nym,, nomy, |\nang) (nang|nim, nomy,) = [(nang|nin)|?

end

= P™ (see arguments in Appendix A), we get at the

Y P, =P xS P (C3)
J j

with

S 2L D DL 2 Il

ma, mA2>mAl mg, m32<m51

ns
D P, =
J

mA1 mp, |dAB>(mA2 mp, |dAB>|25mA1 +mg, ,m SmAz +mg, ,m (C4)

The previous derivation remains similar for the other cases, as the element (daa; 74 |nam,, ma, ma,; Na)(dpp; Nplnpm,,mp,mp,; Np)
factorizes as well in front of the full expression. The same overall procedure is used and this element disappears due to the closure

relations. The case m; # m; in Eq. (B1) would give

dPE, =

J MA; May ZMa, Mpy Mg, Mg,

ﬁAUB n Z Z Z Z AA A A |<mA|mB| |dABl >(mA2mBz |dABz>[1 + 77A77377]5mA1+m,,1 ,m 8mA7+m32 my

+ <mA2mBZ |dABl ><mA1mBl |dABz>[nA nB + n]amA2+m32,m1 (Sm;,] +mp, ,my + (mA]mBz |dABl )(mAsz] |dABz>[nB + na T’]

X (SmAl +mp, ,m SmAz +mp, ,my + (mAsz| |dAB| )<mA| mp, idABz>[nA + an]8mA2 +mpg, ,my 5mA] +mpg, ,m |2 (CS)

and the case of molecules with same values m; = m;, indistinguishable or not, in Eq. (B11) would give

DIRATE

”A”B”Z Z Z Z _|mAlmBl’dA31><mA2mB2‘dABz)

j mpy Mp, Zmy, Mg, Mg, <Mp,

+ n{ma,mp, |dag, J{ma,mp, |dABz>|28mAl g,y Omyy +mp, my - (Co)
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