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Rare decays of the positronium ion and molecule, Ps− → e−γ and Ps2 → e+e−γ , γγ , e+e−
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Decay rates of the positronium molecule Ps2 into two photons and into an electron-positron pair are deter-
mined. Previous studies find that these rates are very different, �(Ps2 → e+e−)/�(Ps2 → γ γ ) � 250. This is
puzzling since both processes have two-body final states and are of the same order in the fine-structure constant.
We propose a simple calculational method and test it with the well-established decay of the positronium ion
into an electron and a photon. We then employ it to correct predictions for both these Ps2 decays. We find that
previous studies overestimated the e+e− channel and underestimated the γ γ channel by factors of about 5.44
and 3.93, respectively. Our results give �(Ps2 → e+e−)/�(Ps2 → γ γ ) � 11.7.
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I. INTRODUCTION

The lightest bound state involving an electron and a
positron is positronium (Ps). Its ground state is the spin-
singlet para-positronium. The spin triplet is called ortho-
positronium. In quantum electrodynamics (QED), due to the
charge conjugation invariance, para- and ortho-positronium
can decay into only even and odd numbers of photons, re-
spectively. At least two photons must be produced because of
momentum conservation.

Positronium with an additional electron or positron forms a
positronium ion, Ps±, first observed in 1981 [1]. Very efficient
methods of ion production were recently developed [2,3]. The
extra constituent makes one-photon annihilation, Ps± → e±γ ,
possible [4]. The first theoretical studies of this decay in
Ps− [5,6] and in Ps+ [7] were incomplete and were corrected
by Kryuchkov [8], who included all contributing Feynman
diagrams. As a warm-up for our main calculation, we confirm
and simplify Kryuchkov’s analysis.

Two positronium atoms can form a molecule, Ps2, first
considered by Wheeler in his seminal study of compounds of
electrons and positrons, which he called polyelectrons [9]. Its
binding energy was first computed by Hylleraas and Ore [10].
Seventy years after that theoretical demonstration, Ps2 was
discovered by Cassidy and Mills [11]. Various properties
of Ps2, including the precise binding energy of its ground
and excited states and rates of major and some minor decay
modes, have been established in a number of papers, includ-
ing [12–17].

In the ground state of Ps2 electrons and positrons both
form spin singlets, a feature important for this paper. This is
energetically favorable because the antisymmetry, necessary
for identical fermions, originates in the spin configuration.
The spatial wave function is symmetric under the exchange
of electron coordinates (with similar symmetry for the
positrons) and therefore is less curved, minimizing the kinetic
energy.

Electrons’ spins are uncorrelated with those of the
positrons. A random encounter of an electron with a positron
can therefore result in annihilation into an even or odd number
of photons. Typically, only one e+e− pair annihilates, and
the remaining e+e− constituents are liberated. Such processes
usually produce only two photons, but higher numbers are also
possible, just like in atomic positronium decays [17,18].

In addition, more than two constituents can interact in the
decay process. Such reactions are rare because Ps2 is weakly
bound and interparticle distances are large, on the order of
the Bohr radius aB = 1/αm, where α � 1/137 is the fine-
structure constant and m is the electron mass. Annihilation
involves virtual particles whose typical propagation range is
the electron Compton wavelength, suppressed by an addi-
tional factor α. When an electron and a positron meet, the
probability that there are n additional constituents within a
Compton distance scales approximately like α3n.

Despite this huge suppression, we find these rare decays
theoretically interesting. Ps2 is the simplest known four-body
bound state and serves as a model for more complicated sys-
tems such as tetraquarks [19–22]. In principle, all properties
of this molecule can be calculated with arbitrary precision
within QED. However, this few-body system is sufficiently
intricate that even some of its tree-level decays have not yet
been correctly evaluated.

In this paper, we focus on two decays that involve all
four constituents: Ps2 → e+e− and Ps2 → γ γ . The rate of the
radiationless decay Ps2 → e+e− was first studied in Ref. [12],
was subsequently rederived and confirmed in [23], and was
further refined in [17],

�(Ps2 → e+e−; Ref. [17]) = 2.3 × 10−9 s−1. (1)

The rate of the so-called total annihilation Ps2 → γ γ was
calculated more recently [24],

�(Ps2 → γ γ ; Ref. [24]) = 9.0 × 10−12 s−1. (2)
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FIG. 1. Examples of contributions to the single-photon decay of the positronium ion, Ps− → e−γ . Arrows indicate the spin projections on
the z axis: plain arrows denote spins 1/2 and a double arrow denotes spin 1 of the photon. Four more diagrams are obtained by switching the
roles of the two electrons e−. In all plots, time flows horizontally from left to right.

The very different magnitudes of these rates contradict the
intuitive arguments presented above. Both are two-body de-
cays involving all four constituents of Ps2 and occurring in the
same order in α. Why do their rates differ by a large factor?
Using published formulas [17,24], one finds

�(Ps2 → e+e−; Ref. [17])

�(Ps2 → γ γ ; Ref. [24])
= 512

521
× 147

√
3 � 250. (3)

This is the puzzle we set out to clarify. In Sec. II we propose a
simple approach to calculating decay amplitudes of polyelec-
trons such as Ps− and Ps2. We test it with the example of the
positronium ion decay Ps− → e−γ and find agreement with
Ref. [8]. We also confirm the rate of an analogous process in
the molecule, Ps2 → e+e−γ , previously published in [17]. In
Sec. III we apply this technique to determine �(Ps2 → γ γ ),
and in Sec. IV we present our result for �(Ps2 → e+e−). We
find the ratio of these rates to be [see Eqs. (17) and (23)]

�(Ps2 → e+e−)

�(Ps2 → γ γ )
= 27

√
3

4
= 11.7. (4)

We conclude in Sec. V with comments on the magnitude
of our result and with an attempt to clarify what went wrong
in the previous studies [12,17,23,24]. Appendixes A and B
present spinor configurations and symmetry factors for the
Ps− and Ps2 decay amplitudes.

II. THREE-CONSTITUENT ANNIHILATION
PROCESS e+e−e± → e±γ

In this section we determine the rate of an e+e− pair
annihilation in the presence of a third particle that carries
away momentum and enables production of only one photon.
That particle can be an electron or a positron. This process
occurs in a positronium ion (Sec. II A) and in the molecule
Ps2 (Sec. II B). We confirm previously published results for
both systems. This section demonstrates our approach to
computing annihilation amplitudes and tests it in three- and
four-constituent systems. It prepares the ground for the calcu-
lation of processes in which four particles in the initial state
interact, presented in Secs. III and IV.

A. Single-photon decay of the positronium ion Ps− → e−γ

The positronium ion consists of two electrons and a
positron. In the vast majority of its decays, the positron en-
counters an electron with which it forms a spin singlet and
annihilates into two photons. (In the ground state of Ps− the
electrons are in the spin-singlet state, ↑↓−↓↑√

2
. The positron can

form a spin singlet or triplet with one of the electrons. In the
latter case, the annihilation produces at least three photons and
is much slower.) However, there is also a rare decay channel
into a single photon, Ps− → e−γ . It can happen either when
the two-photon annihilation is followed by the absorption of
one photon by the spectator electron, as shown in Figs. 1(a)
and 1(b), or by a single-photon annihilation of a spin-triplet
pair, with the photon scattering off the spectator electron, as
in Figs. 1(c) and 1(d).

At leading order in QED, this decay proceeds through
a total of eight Feynman diagrams. In addition to the four
diagrams shown in Fig. 1, there are four in which the roles
of the two electrons are interchanged.

Since the positronium ion is very weakly bound, we con-
sider the annihilating particles to be at rest, similar to the
standard analysis of the positronium atom annihilation [25].
We define the z axis along the spin of the positron.

Since the ion Ps− is a spin-1/2 system, its decay amplitude
is fully characterized by two complex parameters [26]. For
example, we can choose the probability amplitudes of the
photon emission along the spin as one parameter and those
in the opposite direction as the other. In fact, it is sufficient
to calculate one of them: if the photon is emitted along the
initial spin direction, it must be right-handed because of the
angular momentum conservation: in this case, the electron
emitted in the opposite direction is also right-handed, so the
total projection of the spin on the z axis is 1/2, as in the
initial state. When the photon is emitted in the opposite di-
rection, it must be left-handed by the same argument. The
two amplitudes do not interfere because they describe distinct
states (right- versus left-handed particles). Because of parity
conservation in QED, the probabilities of observing photons
of each handedness must be equal. Thus, if we are interested
only in the decay rate, it is sufficient to calculate one of the
amplitudes and multiply the resulting rate by 2.

We shall assume that a right-handed photon and a right-
handed electron are produced. Their momenta are along the
positive and negative z axes, respectively.

In Figs. 1(a) and 1(b) the annihilating e+e− pair is a spin
singlet, and in Figs. 1(c) and 1(d) it is a spin triplet. Since
we choose the z axis to be along the positron spin, that spin is
always up. It is immediately clear that amplitudes in Figs. 1(a)
and 1(d) vanish. In Fig. 1(a), the annihilating electron forms
a spin singlet with the positron, so that electron’s spin points
down. But such an electron cannot emit a photon whose spin
points up. In Fig. 1(d), the annihilation occurs in a spin triplet,
so the spectator electron’s spin is initially down; again, it can-
not emit the needed photon. Thus, in our approach only two
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diagrams require an evaluation. (Similar considerations will
simplify our calculation of the decay Ps2 → γ γ described in
Sec. III.)

Since we neglect the motion of initial-state particles, their
spinors take a simple form. We write products of spinors on
each of the two fermion lines as a combination of Dirac γ

matrices (see Appendix A). Multiplying these spinor combi-
nations by QED expressions for vertices and propagators, the
total amplitude for all eight diagrams becomes

M(e+e−e− → e−γ )free

= 1√
2

(Me−
↑ e+

↑ e−
↓

− Me−
↓ e+

↑ e−
↑

) =
[

2√
3

−
(

− 2√
3

)]
e3

4m3

= (4πα)3/2

√
3m3

, (5)

where α = e2

4π
(we use units such that ε0, h̄, and c are 1).

The free-particle amplitude in Eq. (5) is related to the case
of bound particles by [25]

M(e+e−e− → γ + e−)bound

= �(0, 0, 0)M(e+e−e− → e−γ )free, (6)

where �(0, 0, 0) is the probability amplitude of all the con-
stituents of the ion being at the origin. Its absolute value
squared is the expectation value of a product of two-particle δ

functions [27],

|�(0, 0, 0)|2 = 〈δ3(re+e− )δ3(re−e− )〉
≡ 〈δ+−−〉a−6

B � 3.589 × 10−5α6m6, (7)

where aB = 1/(αm) is the Bohr radius. In the computation of
the decay rate this expectation value must be divided by 2! for
the two identical electrons in the initial state [see Eq. (B9)].
Another factor arises from the integration over the direction of
the photon emission: the probability of the positron’s spin pro-
jection on an axis with the polar angle θ is cos2(θ/2), whose
average is 1/2. Remembering the factor of 2 accounting for
both photon polarizations, we find the decay rate,

�(Ps− → e−γ ) = 〈δ+−−〉
2!

1

2
2

1

9π

[
(4πα)3/2

√
3m3

]2

α6m62m

(8)

= 64

27
〈δ+−−〉π2α9m = 0.0382 s−1. (9)

The factor of 1/9π results from the two-body phase space
with momentum 4m/3 in the center-of-mass frame. The last
factor in (8), 2m, comes from the electron spinor in the final
state. Our result agrees with Ref. [8], which has 0.0392 using
an older value of 〈δ+−−〉 [5,6].

B. Single-photon decay of the molecule Ps2 → e+e−γ

Any three of the four constituents of Ps2 can give rise to
a process analogous to Fig. 1, possibly with the nonannihi-
lating electron replaced by a positron. This doubles the rate
(not the amplitude: the nonannihilating particle participating
in the hard process becomes fast, so the two processes are
distinguishable and do not interfere [17]). There is, however,

an additional symmetry factor 1/2! due to identical positrons,
as discussed in Appendix B.

The ground-state wave function of Ps2 is symmetric in
space (to minimize the kinetic energy). Since it must be an-
tisymmetric in both electron and positron pairs, both electron
and positron pairs form spin singlets. The spin wave function
is

χs = e−
↑ e−

↓ − e−
↓ e−

↑√
2

e+
↑ e+

↓ − e+
↓ e+

↑√
2

. (10)

An extra factor of 2 in the amplitude from the two ways
of assigning the role of the positron (annihilating or not) is
partially canceled by 1/

√
2 in the positron spin wave function.

In total, the numerical coefficient is twice that in the Ps− decay
rate,

�(Ps2 → e+e−γ )

= 2
〈δ+−−〉Ps2

(2!)2

1

2
2

1

9π

[√
2

(4πα)3/2

√
3m3

]2

α6m62m (11)

= 128

27
〈δ+−−〉Ps2

π2α9m, (12)

in agreement with [17].

III. TWO-PHOTON ANNIHILATION OF Ps2

The two-photon annihilation of the molecule, Ps2 → γ γ ,
is a rare process in which both e+e− pairs annihilate. Exam-
ples of contributing diagrams are shown in Fig. 2.

In this section we recalculate the rate of Ps2 → γ γ using
explicit electron and positron spinors, as explained in Sec. II.
Since our result differs from that of Ref. [24], we describe our
calculation and selected intermediate results in some detail.

We choose the z axis to be along the momentum of final-
state photons. We assume the photons are right-handed (they
must have equal helicities because the initial state has zero
angular momentum), and at the end we multiply the decay
rate by 2 to account for left-handed photons.

Figure 2 shows three types of diagrams, A, B, and C. In
A-type diagrams, both annihilating pairs contribute a photon
to the final state. There are 24 = 16 diagrams of this type:
the order of photon vertices can be reversed for each fermion
line (factor of 22), the electrons can be assigned to either
annihilating pair (factor of 2), and the final-state photons can
be interchanged (factor of 2).

In B-type diagrams, both photons in the final state are
emitted from the annihilation of a single e+e− pair. The vir-
tual photon resulting from the other e+e− is absorbed by the
electron or the positron before annihilation. There are also 16
diagrams of this type: the photon can be absorbed by e− or
e+ (factor of 2); electrons can be selected in two ways for the
pair producing final-state photons, and so can positrons (factor
of 22); and again, the final-state photons can be interchanged
(factor of 2).

The situation for the C-type diagrams is similar to that
for the B type, except, in this case, the photon emitted from
the triplet e+e− pair is absorbed by the virtual electron.
Interchanging electrons, positrons, and real photons gives
eight C-type diagrams. Due to the spin configuration of Ps2,
Eq. (10), C-type diagrams do not contribute. In the case of
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FIG. 2. Three types of contributions to the two-photon decay Ps2 → γ γ . Diagrams of type C turn out not to contribute to Ps2 decays. One
example of external particles’ spins is shown: a spin-up fermion cannot emit a spin-down photon.

aligned spins of the e+e− pair annihilating into a single pho-
ton, the remaining e+ and e− must also have aligned spins
and cannot emit two photons with opposite spins, as shown
in the last panel of Fig. 2. If the spins of the e+e− pair are
opposite, C-type diagrams vanish identically, but we do not
have an intuitive interpretation.

Following the strategy of the calculation of Ps− → e−γ

and using the expressions for spinors in terms of γ matrices
given in Appendix A, we find the matrix element for free
particles annihilating at rest,

A = −1

2

ie4

m4
, B = 1

4

ie4

m4
, C = 0, (13)

Mγ γ = A + B + C = − ie4

4m4
. (14)

Accounting for the spin wave function in Eq. (10), we find the
amplitude for the free-particle case,

M(e+e−e+e− → γRγR)free

= 1

2
(Me−

↑ e+
↑ e−

↓ e+
↓

+ Me−
↓ e+

↓ e−
↑ e+

↑
− Me−

↑ e+
↓ e−

↓ e+
↑
− Me−

↓ e+
↑ e−

↑ e+
↓

)

(15)

= (4πα)2

2m4
. (16)

The photon momentum is 2m, so the phase space gives 1
8π

×
1
2 , where we have accounted for identical bosons in the final
state. Since the initial state has zero angular momentum, the
distribution of photons is isotropic. Remembering again both
photon helicities, we find the decay rate of the bound state,

�(Ps2 → γ γ ) = 2
1

16π

[
(4πα)2

2m4

]2 〈δ++−−〉α9m9

(2!)2

= 2π3α13〈δ++−−〉m. (17)

Using 〈δ++−−〉 = 4.5614 × 10−6 from [17], confirmed in
Ref. [24],

�(Ps2 → γ γ ) = 3.65 × 10−11 s−1. (18)

Instead of our coefficient of 2 in Eq. (17), Ref. [24] has
521/1024. As a result, they underestimate the rate of Ps2 →
γ γ by the factor

2048/521 = 3.93. (19)

IV. ANNIHILATION OF Ps2 INTO e+e−

Figure 3 shows examples of four types of diagrams con-
tributing to the annihilation Ps2 → e+e−. More diagrams are
generated by changing the order of photon vertices wherever
more than one photon couples to an electron-positron line. In
group C there are also diagrams where the lower positron line
absorbs the photon resulting from the annihilation. To evaluate
their contributions to the decay of Ps2, we work in the rest
frame of the molecule. We choose the z axis to be along the
outgoing electron’s momentum and assume that it has spin up
with respect to that axis. The positron must then have spin
down. We calculate the rate for this final state and double the
result to account for the opposite spin configuration.

Summing all photon orderings in each of groups A, B, and
C in Fig. 3, we find the amplitudes

A = − 1

16

i
√

3e4

m5
, B = 1

8

i
√

3e4

m5
, C = −1

4

i
√

3e4

m5
, (20)

M(e+e−e+e− → e+
R e−

R )free = A + B + C = − 3

16

i
√

3e4

m5
.

(21)

FIG. 3. Four groups of contributions to the annihilation Ps2 →
e+e−. In group I, a single virtual photon produces the final state; such
diagrams do not contribute to the decay of the molecule Ps2, which
has an angular momentum of zero.
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The decay rate is found in a way similar to Eq. (17). Phase
space is determined by the electron’s momentum,

√
3m, and

gives a factor of
√

3
16π

. There are two factors of 2m for the final-
state fermions. In the matrix element there is a net factor of 2,
just like in Eq. (17). Together these factors give

�(Ps2 → e+e−)

= 2

√
3

16π

[
2× 2
√

2
2

3
√

3(4πα)2

16m5

]2 〈δ++−−〉α9m9

(2!)2 (2m)2 (22)

= 27
√

3π3α13

2
〈δ++−−〉m � 4.27 × 10−10 s−1. (23)

The value previously published is �(Ps2 →
e+e−; Ref. [17]) = 2.32 × 10−9 s−1. That reference has
147 instead of our 27 in Eq. (23) and overestimates the rate
by the factor

147/27 = 5.44. (24)

V. CONCLUSION

The goal of this study has been to explain the large ratio
of about 250 previously published predictions for �(Ps2 →
e+e−) and �(Ps2 → γ γ ). We demonstrated in Eqs. (19)
and (24) that previous studies overestimated the first rate
by 5.44 and underestimated the second one by 3.93. Cor-
recting for these factors, we find the ratio of 250/(5.44 ×
3.93) = 11.7.

Why do our results differ from those of previous studies?
We believe that in those works the spin wave function of Ps2

was not properly taken into account. We agree with Ref. [17]
about �(Ps2 → e+e−γ ), but this rate is obtained by doubling
the coefficient of the triple δ function in the analogous decay
rate formula for the Ps− ion, rather than by a new calculation
of Feynman diagrams.

In the case of Ps2 → e+e−, Ref. [12] said that the squared
decay amplitude is

∑
s5s6

4|Ms5s6↑↓↑↓| (we think there is a
trivial typo there: the square is missing), where s5,6 are the
spins of the daughter electron and positron and arrows indicate
spins of the positrons and electrons in the initial state. We also
fix the initial spin configuration to be ↑↓↑↓ (while computing
amplitudes; we do eventually account for the full spin wave
function of Ps2), but instead of summing over all possible s5,6,
we take only s5 = −s6 and sum over the two values of s5.
The reason for this is that the total spin projection of the final
state must be zero since the initial state is a scalar. As a result,
we find that the group of diagrams labeled I in Fig. 3 does
not contribute, whereas Ref. [12] stated all of them contribute
strongly to the result. As a result, Ref. [12] (and its subse-
quent refinements) overestimates the rate by a factor of about
5.44. We also note that by summing over all s5,6, Ref. [12]
included some contributions from triplet configurations of the
initial electrons (and positrons): the initial-state electron spin
configuration ↑↓ is a mixture of the singlet (↑↓ − ↓↑)/

√
2

and the triplet (↑↓ + ↓↑)/
√

2, whereas Ps2 contains only the
singlet.

Regarding Ps2 → γ γ , Ref. [24] seemed to disregard the
spin wave function of the initial state, averaging over all pos-
sible initial spins and summing the final-state spins (Eq. (2)
in Ref. [24]). Reference [24] attributes the large ratio [see

our Eq. (3)] of e+e− and γ γ rates to different numbers of
photon-electron vertices in both processes. However, it is clear
from Figs. 2 and 3 that the number of vertices is four in both
processes.

Indeed, both processes are of the same order in α, and both
involve n = 2 extra participants in comparison to the leading
decay Ps2 → e+e−γ γ . The remaining factor of 11.7 between
the two rates can be attributed to the difference in momentum
carried by the final-state particles. Electrons, being massive,
carry a smaller momentum. Note that the two-body phase
space, although proportional to the daughter particle momen-
tum, is actually larger by

√
3 for the e+e− channel than for the

γ γ channel because in the latter case there is a factor of 1/2
for identical bosons. The smaller momentum of the electrons
results in smaller values of some t-channel propagators (they
are less negative than in the γ γ case).

In summary, we believe that our calculational approach
clarifies and simplifies studies of polyelectron decays. For ex-
ample, in the case of the decay Ps− → e−γ , in Ref. [8] eight
amplitudes were first formally summed, and their sum was
squared, resulting in 64 terms. Their evaluation was charac-
terized as rather involved and demanding a computer algebra
system. In our approach not only can the calculation be done
by hand, but also the mechanism of the decay is transparent.
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APPENDIX A: SPINORS USED IN MATRIX ELEMENTS

Assuming that initial-state particles are at rest, pi =
(m, 0, 0, 0), electron and positron spinors are

u↑ =

⎛
⎜⎝

1
0
0
0

⎞
⎟⎠, u↓ =

⎛
⎜⎝

0
1
0
0

⎞
⎟⎠, v↑ =

⎛
⎜⎝

0
0
0

−1

⎞
⎟⎠, v↓ =

⎛
⎜⎝

0
0
1
0

⎞
⎟⎠.

(A1)
Their products yield 4 × 4 matrices that we express in terms
of combinations of Dirac matrices,

u↑v
†
↑ = −1 + γ 0

2

γ 1 + iγ 2

2
, u↑v

†
↓ = 1 + γ 0

2

γ 5 + γ 3

2
,

u↓v
†
↓ = 1 + γ 0

2

γ 1 − iγ 2

2
, u↓v

†
↑ = −1 + γ 0

2

γ 5 − γ 3

2
.

(A2)

Four-momenta of the final-state photon (k1) and electron (k2)
are

k1 =
(

4

3
m, 0, 0,

4

3
m

)
, k2 =

(
5

3
m, 0, 0,−4

3
m

)
. (A3)

The spinor of the final-state electron in Ps− → e−γ is

u†
↑(k2) =

√
4

3

(
1 0 − 1

2 0
)
. (A4)
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APPENDIX B: SYMMETRY FACTORS FOR Ps− AND Ps2

The leading Fock state of Ps−, a bound state of two elec-
trons and a positron, is

|Ps−(P)〉 =
∫

d̃k1d̃k2ψs1s2s3 (k1, k2, P)a†
s1

(k1)a†
s2

(k2)bs3

× (P − k1 − k2)|0〉, (B1)

where d̃ki = d3ki
(2π )3 and a†

s (k)(bs(k)) creates an electron
(positron) with momentum k and spin projection s and P is
the total momentum of the ion. In Eq. (B1) and following,
summation over repeated indices is understood. In the Ps−

ground state, the wave function factorizes,

ψs1s2s3 (k1, k2, P) = ψ (k1, k2, P)χs1s2s3 , (B2)

where χs1s2s3 = 1√
2
(↑↓ − ↓↑) ↑ is the spin wave function,

antisymmetric in the electron spins s1 and s2, and ψ (k1, k2, P)
is symmetric in k1 and k2. The corresponding position space
wave function is

�(r1, r2, r3) =
∫

d̃k1d̃k2 exp[ik1 · r1 + ik2 · r2

+ i(P − k1 − k2) · r3]ψ (k1, k2, P) (B3)

= eiP·r3

∫
d̃k1d̃k2 exp[ik1 · (r1 − r3)

+ ik2 · (r2 − r3)]ψ (k1, k2, P) (B4)

≡ eiP·r3φ(ρ1, ρ2), (B5)

where ρ1 = r1 − r3 and ρ2 = r2 − r3 are positions of the two
electrons relative to the positron. The Jacobian of this shift is
1, and

φ(ρ1, ρ2) =
∫

d̃k1d̃k2 exp (ik1 · ρ1 + ik2 · ρ2)ψ (k1, k2, P).

(B6)

The spatial wave function is normalized by the con-
dition

∫
d3ρ1d3ρ2|φ(ρ1, ρ2)|2 = 1, giving

∫
d̃k1d̃k2|ψs1s2s3

(k1, k2, P)|2 = 1. To find the normalization of |Ps−(P)〉 we
use anticommutation relations,

{as(k), a†
s′ (k′)} = {bs(k), b†

s′ (k′)} = (2π )3δ3(k − k′)δss′ ,

{as(k), b†
s′ (k′)} = {as (k), bs′ (k′)} = 0, (B7)

and we find, using the antisymmetry ψ∗
s2s1s3

(k2, k1, P) =
−ψ∗

s1s2s3
(k1, k2, P),

〈Ps−(P′)|Ps−(P)〉

=
∫ 2∏

i=1

d̃kid̃k′
iψs1s2s3 (k1, k2, P)

×ψ∗
s′

1s′
2s′

3
(k′

1, k′
2, P′) · (2π )9δ3(P − P′)δs3s′

3

×[
δ3(k′

1 − k1)δs′
1s1

δ3(k′
2 − k2)δs′

2s2

−δ3(k′
1 − k2)δs′

1s2
δ3

(
k′

2 − k1
)
δs′

2s1

]
(B8)

= 2(2π )3δ3(P − P′)
∫

d̃k1d̃k2

∣∣ψs1s2s3 (k1, k2, P)
∣∣2

= 2(2π )3δ3(P − P′). (B9)

The factor of 2 is related to the indistinguishability of the two
electrons. We compensate for it while calculating the decay
rate.

In the case of Ps2, the spin wave function is antisym-
metric in both electrons and positrons; hence, repeating the
above steps, we obtain a factor of (2!)2 = 4 in the normal-
ization; we divide by it when calculating the decay rates
of Ps2 → γ γ , e+e−.
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