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Capturing non-Markovian dynamics with the reaction coordinate method
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The reaction coordinate (RC) technique is emerging as a significant tool in the study of quantum dissipative
dynamics and quantum thermodynamics. With the objective to further establish this tool, here we explore to
what extent the method can capture non-Markovian dynamics of open quantum systems. As a case study, we
focus on the pure decoherence model of a spin coupled to a harmonic reservoir. We compare the spin dynamics
and measures for non-Markovianity from the exact analytical solution to simulations based on the RC method
at the level of a second-order quantum master equation. We find that the RC method can quantitatively capture
non-Markovian effects at strong system-bath coupling and for structured baths. This is rationalized by the fact
that the collective RC bath mode, which is made part of the system, maintains system-bath correlations. Lastly,
we apply our RC method and study the spin-boson model in the non-Markovian regime.

DOI: 10.1103/PhysRevA.104.052617

I. INTRODUCTION

Quantum systems are never completely isolated from their
surroundings, thus a build-up of system-bath correlations
and the exchange of, e.g., particles, energy and information
between the system and their environment is inevitable. The-
oretical techniques that can faithfully capture these effects
are required. This research area, traditionally developed to
treat chemical problems in the condensed phases [1,2] and
light-matter (quantum optics) problems [3] has been recently
receiving much attention in relation to the field of quan-
tum thermodynamics and more broadly quantum technologies
[4].

Proposals to design quantum thermal machines that build
on nontrivial quantum effects such as quantum coherences,
correlations, and quantum statistics are analyzed with a
range of open quantum system methods, particularly quan-
tum master equations (QMEs). Such methods rely on two
approximations to make the dynamics tractable: (i) Under the
Born approximation one assumes that the system-reservoir
coupling strength is weak, thus the dynamics can be solved
to second order in the system-reservoir coupling parameter.
This assumption results in ignoring the buildup of correlations
between the system and its surroundings. (ii)) QMEs such as
the Redfield equation rely on the Markov approximation. This
assumption concerns the lack of memory in the dynamics
of the system, making it time-local, essentially ignoring any
dynamical back flow from the reservoir to the system [1-3].
Although such second-order QME approaches yield accurate
results within their regime of validity, they are quite restrictive
and do not convey the correct dynamics when system and
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reservoirs influence each other’s dynamics, as is the case of
non-Markovian evolution [5-9].

Qualitatively, non-Markovian memory effects typically
emerge at strong system-bath coupling and when the bath
spectral density function is structured such that specific modes
are more strongly coupled to the system. The unwritten
rule is that non-Markovian dynamics demonstrate as reco-
herence effects and a departure from monotonic exponential
decay.

The reaction coordinate mapping [10] seems well-suited
to describe non-Markovian scenarios. This method, suggested
in Refs. [11-13], redefines the system-environment boundary
with the identification and extraction of a central (collective)
degree of freedom of the environment, termed the reac-
tion coordinate (RC). The quantum system is then extended
to become a ‘“supersystem,” which comprises the original,
premapped quantum system, the RC, and the interaction of the
RC with the original system. For a schematic representation,
see Fig. 1(a).

The advantage of the exact RC mapping becomes clear
once we implement a second-order QME technique, such as
the Born-Markov Redfield QME on the supersystem. The
resulting technique, termed the RC-QME method, is nonper-
turbative in the original coupling parameter. Since the method
enables cheap computations, it has been widely used in studies
involving strongly coupled system-reservoirs. For example, it
was utilized for studying the quantum dynamics of impurity
models [14-16], thermal transport in nanojunctions [17,18],
the operation of quantum thermal machines [19-21], and
transport in electronic systems [22—24].

Earlier open-quantum-system methods were built on
similar principles, treating non-Markovian baths by, e.g.,
extending the system or by building two-tiered environ-
ments (primary and secondary modes) and evolving dynamics
with reduced equations of motion in the form of Langevin
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FIG. 1. (a) Representation of the RC transformation applied onto
a two-level system coupled to a bosonic environment. (b) The Brow-
nian spectral density function of the bath prior to mapping, J(w),
and postmapping, Jgc(w), which is Ohmic. Parameters are 2 =5,
y =0.071, . = 1.0, A = 10007, A = 1.

[25], Fokker Planck [26], or master [27,28] equations; cited
works are representative of a very rich literature. More re-
cent works performed chain mapping [29,30] by iteratively
adding bath modes to the system. Given recent studies
of quantum transport and thermodynamics problems with
the RC method, particularly for addressing system-bath
coupling effects [16,18-21], here we focus on this spe-
cific formulation of nonperturbative open quantum system
dynamics.

Due to the explicit inclusion of environmental degrees of
freedom within the collective RC coordinate, it is expected
that the RC-QME technique would properly capture non-
Markovian effects. However, as of yet, no detailed study
had attempted to address this issue using quantifiable non-
Markovianity metrics, which is the objective of our work.

Quantification of non-Markovian dynamics has received
ample attention in the last decade with various approaches
suggested to define and compute it. Common measures of
non-Markovianity are classified either as divisibility [31], or
trace distance quantifiers [32]. The former defines a process as
being non-Markovian if the quantum map of the open-system
time evolution lacks the divisibility criterion stemming from
the semigroup property. A trace distance quantifies the distin-
guishability of quantum states. Other measures proposed in
the literature rely, for instance, on the quantum Fisher infor-
mation [33], correlations [34,35], or, the volume of the Bloch
sphere [36], to name a few. Comparative studies of different
non-Markovianity metrics were given, e.g., in Refs. [37,38].
Beyond definitions and metrics, efficient computational meth-
ods have been developed to evaluate these measures, see, for
example, Ref. [39], including machine learning techniques
[40]. Many case studies of non-Markovian dynamics have
dealt with a single qubit system [38,40] due to the difficulty
in computing metrics of non-Markovianity. More complex
models such as a pure decoherence model with a squeezed
bath [41] or models of coupled qubits [42] have also been
considered.

In this work, our objective is to assess the capability of
the reaction coordinate technique in capturing non-Markovian
dynamics. Towards this goal, we examine the exactly solvable
pure decoherence model, which describes the phenomenon
of phase loss between states building a quantum superposi-
tion. Studies of decoherence are central to understanding the
quantum-to-classical crossover [43] and to the development
of quantum computing devices [44]. Decoherence dynamics
has been explored in experiments, see, e.g., Refs. [45-47].
Recent proposals suggest to employ it for pure-state thermom-
etry [48]. Other recent studies examined corresponding heat
transfer problems in the thermal bath [49,50].

We quantify non-Markovianity in the pure decoherence
model using two well-studied methods: (i) The Breuer, Laine,
and Piilo (BLP) measure, which concerns trace distance
between states [32]. (ii) The Rivas, Huelga, Plenio (RHP)
measure, which probes the complete positivity (CP) divisibil-
ity of the dynamical map [31].

By comparing the decoherence dynamics and measures
for non-Markovianity from RC-QME simulations to exact
expressions, we can appraise the RC-QME method, indeed
judging it to excellently detail non-Markovian effects in time
evolution.

The paper is organized as follows: In Sec. II, we introduce
the pure decoherence model and the reaction coordinate map-
ping. The RC-QME method is presented in Sec. III. Measures
for non-Markovianity are discussed in Sec. IV, with simula-
tions presented in Sec. V. We discuss non-Markovianity in the
more complex dissipative spin-boson model in Sec. VI, then
conclude our work.

II. PURE DECOHERENCE MODEL
We begin with the pure decoherence Hamiltonian [2,3],
A
2

A=26.+6) fi@l+a)+Y wéje (1)

k k
Here, A is the energy splitting of the spin, &y, . are the Pauli
matrices, é,i (¢x) are bosonic creation (annihilation) operators
of the reservoir for a mode of frequency v;. The bath’s har-
monic oscillators are coupled to the spin polarization with
strength f;. The effects of these interactions are captured by
a spectral density function, J(w) =", szcS(a) — ). Since
the system’s Hamiltonian and its interaction with the bath
commute, the system does not exchange energy with the
bath.

Our objective is to focus on the non-Markovian dynamics
of the spin. We amplify such non-Markovian evolution by
choosing the spectral density function of the environment to
be a Brownian function, peaked around a central mode 2
with a width parameter y and system-bath coupling strength
A [51],

ANy I
(@0 — Q2 + 2y Qw)*

J(w) = 2
Technically, this spectral function arises naturally in the
derivation of the reaction coordinate mapping when one works
backwards, first defining an Ohmic spectral function for the
residual bath after the mapping [14].
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Following a procedure analogous to that described in
Refs. [14,18], we map the pure decoherence Hamiltonian,
Eq. (1) using the reaction coordinate transformation. This
mapping consists of preparing a collective coordinate of the
environment, called the reaction coordinate (RC), and redefin-
ing the boundary between the system and the reservoir to
include this coordinate as part of the system. Post-mapping,
the physical picture consists of a spin coupled to the RC,
which in turn couples to a residual harmonic reservoir.
The reaction coordinate is a harmonic-bosonic mode with
creation (annihilation) operator a’ (a). It is defined such
that

Ma+ay =) file+e)) 3)
k

This process results in the RC pure decoherence Hamiltonian,
Hrc = Hgs + Hp + Hgs . “)

It includes an extended system ﬁEs, a residual bath Hg, and
their interaction Hgs g,

Hgs

A Aat oy n At
Eoz—i—)»az(a +a)+ Qa'a,

HBZZCU](BZB](,

k
Brss = @ +0) S gl +50+ @ +22 S 5 (5
sB = (@ +a);gk( T+ b))+ (@' +a) ;wk (5)

Here, 131 (by) are the creation (annihilation) operators of the
residual bath, and 2 and wy are the frequencies of the RC and
modes of the reservoir, respectively. The energy A corresponds
to the coupling strength between the spin and the RC, while
gr characterizes the coupling between the RC and the resid-
ual environment. This system-reservoir coupling (first term
in HES,B) is described by the residual environment’s spectral
density, Jre(@) =D, giS(w — wy). In correspondence with
Eqg. (2), we set this function to be Ohmic,

Jre(w) = %we“"/A. (6)

Here, y is a dimensionless parameter that captures the cou-
pling strength between the residual bath and the extended
system, A is a high-frequency cutoff. In Fig. 1(b) we display
the spectral density functions of the bath before and after the
RC mapping.

By deriving equations of motion for operators in Eq. (5),
it can be shown that in the limit of an infinite cutoff, the
corresponding spectral function for the original reservoir is
of a Brownian form, as depicted in Eq. (2). We emphasize
that the mapping is exact and no approximations have been
made so far to obtain the RC pure decoherence Hamiltonian,
Eq. (5).

As areminder, the pure decoherence model does not permit
energy transport between the system and the environment, and
it only allows the loss of quantum coherence in the system.
This is because the system’s Hamiltonian commutes with
the total Hamiltonian: In the original picture, Eq. (1), both
system and system-bath coupling operators align with 6.. In
contrast, afteAr the RC mapping the extended model obeys
(Hgs, H + Hgs] # 0.

Given its relative simplicity, it is possible to obtain an exact
analytic solution to the decohering dynamics of Eq. (1) [1-3].
Namely, given an initial state for the system (after tracing out

the bath),
£00 Lo1
0) = ,
PO (/)10 ;011)

it can be shown that, at a later time ¢, the state of the system
evolves to

o) = < £00 p()ler(l)iAt> o
ploel“(t)-t-iAt 011 ’

While populations are constant in time, coherences can show
nontrivial decaying dynamics. This behavior is captured via
the decoherence function (we set Planck’s and Boltzmann’s
constantsto A= 1, kg = 1),

o 1 — cos (wt
L) = —4 / J(@)coth (ﬂ—“’) Locosten 4, ()
0 2 w
where B is the inverse temperature of the bosonic reser-
voir. In Appendix A we show that, in the long-time limit

and for nonzero temperature, the decoherence function
reduces to

long time 16)/)\.2
—_— — t

@) Q%

€))

According to this result, coherences decay exponentially with
time, with the decoherence timescale

B’

= — . 10
16y 22 (19)

D

As we show in Appendix A, this result can be obtained di-
rectly from the exact expression, Eq. (8), as well as from
the Redfield equation, which is built on the Born-Markov
approximation.

III. THE REACTION COORDINATE QUANTUM
MASTER EQUATION METHOD

The simplicity of reaction-coordinate simulations stems
from the fact that, once the RC is extracted from the envi-
ronment and added to the system, we can employ standard
Markovian weak-coupling quantum master-equation tech-
niques to describe the dynamics of the supersystem; we
use the Redfield equation. We refer to this approach, of
extracting a RC from the bath then simulating the dy-
namics of the supersystem with the Redfield equation as
the RC-QME method. In this section, we briefly describe
this method and its implementation on the decoherence
model.

We truncate the RC harmonic mode (eigenstates |n))
to include M energy levels; in simulations, M should be
taken sufficiently large to ensure convergence of results.
The supersystem now includes a spin coupled to an M-level
system, in turn coupled to a residual heat bath. The Hamil-
tonian is Hyt. = H, + HY ; + Hg, corresponding to Eq. (4),
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M—1
+26. Y ) (n— 1]+ |n = 1)(n]),

n=1

M—1
Ay =" Valnyn— 1]+ In — 1)(n))ge(by + b)).

k n=1

(1)

In the last line, we neglected the nontrivial quadratic term:
Once performing the Redfield QME, its impact is absorbed
in the dissipator [14]. We can compactify the system- -bath
interaction as HESB = S s ® B, identifying S Es and B from
Eq. (11). Note that S Es 1s defined in the 2M-dimensional
Hilbert space of the supersystem.

To study dynamics and steady-state values, we employ the
energy -basis Redfield QME. As such, we first diagonalize
H ks in Eq. (11) with a unitary operator U, a process that we
do numerically. The transformed supersystem operators are
AL = U AMU . $P, = 07810

The Redfield equation is reliable for our model as long as
() the coupling energy of the extended system to the residual
bath is small. In terms of model parameters, this means that
y A < T. This assumption is necessary for the second-order
perturbative treatment of the RC quantum master equation to
yield accurate results. (ii) The residual reservoir should be
relatively structureless, supporting a Markov approximation
on the supersystem. (iii) As an initial condition, the total state
is assumed factorized into the supersystem times bath states.
Furthermore, the state of the reservoir is given by a canonical
thermal state at temperature 7 = 1/8.

In the Schrodinger picture, the Redfield time evolution of
the extended system is given by

PEs(t) = Licapes(t)
= —i[ALy. pes] + D(pes). (12)

with the Liouvillian L4 including the unitary dynamics and
the Redfield dissipator D. For completeness, these expressions
are included in Appendix B.

We time-evolve the dynamics subject to initial coherences.
However, since we are not interested in the dynamics of the
reaction coordinate itself—but the spin alone—we trace out
the RC degree of freedom,

p(t) = Trrele™™ pps(0)]. (13)

As for the initial condition of the supersystem pgs(0) we
assume that the spin and the RC are prepared in a product
state, pgps(0) = p(0) ® prc(0), with the RC initially ther-
malized to the attached reservoir. Therefore, ignoring the
zero-point energy (which is not influential here) we write
orc(0) = ehoule with Z = TrRC[e”m“T”] being the partition
function of the reaction coordinate. Note that, in the truncated
basis, we normalize level populations to unity. The initial
state of the spin is ours to choose. For the purpose of de-

coherence dynamics explorations we arbitrarily set it to be
p(0) = 5(10) + [1))((O] + (1]).

The RC-QME time evolution, Eq. (13), is nonperturba-
tive in A, the original system-bath coupling energy. It is
perturbative, however, in the width parameter y because
we invoke the Born-Markov approximation on the extended
model. Given that the RC is embedded in this model, we ex-
pect non-Markovian effects to be preserved in the dynamics.
To quantify the extent of non-Markovianity captured by the
RC-QME method we benchmark it against exact results based
on the decoherence function, Eq. (8). We further compare the
RC-QME technique to the standard Born-Markov-Redfield
quantum master equation (BMR-QME) on the original model
without the extraction of the RC. This method handles system-
bath couplings X to second order only.

IV. MEASURES OF NON-MARKOVIANITY

Unlike classical Markovian dynamics, which is mathe-
matically well-defined using classical stochastic processes,
quantum Markovianity is nontrivial to quantitatively define,
and the literature includes numerous definitions and metrics
to quantify it [3,5,6,8,9]. Many of these measures can be
arranged into two classes, concerning (i) the distinguishability
of states and (ii) divisibility of the dynamical map. Underlying
such measures are concepts such as trace distance, fidelity,
negativity of the decay rate, system-bath correlations and in-
formation flow [5]. Despite their differences, a unifying aspect
concerning measures for non-Markovianity is the emergence
of memory effects within the open quantum system dynamics
often visible with recoherences.

In this work, we do not aim to adjudicate between dif-
ferent quantifiers for non-Markovianity. With the objective to
assess to what extent the RC-QME method can capture non-
Markovian dynamics, we employ two distinct, well-accepted
quantifiers for non-Markovianity: The BLP [32] measure on
the distinguishability of states, and the RHP quantifier [31]
on the complete positive (CP) divisibility of the dynamical
map. With extensive simulations and benchmarking against
exact results, we demonstrate that the RC-QME technique
excellently captures non-Markovian dynamics in the pure de-
coherence model.

A. Breuer, Laine, Piilo Measure

In their influential work, Breuer, Laine, and Piilo presented
the so-called BLP measure for non-Markovianity [32]. This
metric is based on the nonmonotonicity of the trace distance
D between quantum states,

D(p1, p2) = 3llo1 = pall = 3 ) leil. (14)
1

Here, p; and p, are two quantum states, and ¢; are the eigen-
values of the Hermitian operator p; — p,. The trace distance
can be interpreted as a measure for state distinguishability:
It returns values between 0 and 1, ranging from indistin-
guishable (0) to distinguishable (1) states. A decrease in trace
distance is associated with a reduced ability to distinguish
between two states. In our context, this is associated with a
loss of information over the quantum system. Conversely, an
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increase in the trace distance corresponds to a higher ability
to distinguish states, interpreted as information returning to
the open system from the reservoir. This situation can be
attributed to the survival of memory effects in the dynamics.

To quantify non-Markovianity, one adds contributions of
the trace distance in regions where it is increasing,

Ntp = max f dtot, pr. pa). (15)
o>0

P1,P2

Here (1, p1, p2) = %D(p1(1), pa(1)), where py and p, are
the initial states and p;(z) and p,(¢) are time evolved states
under a certain dynamical equation. Note that the measure
is obtained after maximization over all pairs of initial states;
it has been shown that the pair of states that maximize the
BLP measure, Eq. (15), are orthogonal. Furthermore, it can be
shown that the trace distance is contractive for any completely
positive trace-preserving map.

Equation (15) is not fully transparent, and the required op-
timization can make it a heavy task to compute [32]. Luckily,
for the exactly solvable decoherence model the states max-
imizing the increase of the trace distance can be identified.
Thus, an analytic expression can be derived for the BLP mea-
sure. It is given in terms of the decoherence function, Eq. (8),
as [37,39]

Nep = Z[er(bj) — ey, (16)
J

Here, t € [a;, b;] indicates the jth time interval in which the
trace distance is increasing. For a Markovian process, the non-
Markovianity measure is zero.

B. Rivas, Huelga, Plenio Measure

The Rivas, Huelga, Plenio measure for non-Markovianity
inquires on the CP-divisibility property of the dynamical map
[31]. Considering a QME of Lindblad form with a set of
time-dependent rates y;(¢), divisibility, and thus Markovian-
ity, is identified if the rates are positive throughout, y,(¢) > 0.
Namely, according to the RHP measure, a dynamical process
is Markovian if the dynamical map can be split (factorized) at
all times. A process evolves under non-Markovian dynamics
if there is a lack of divisibility. Concretely for the pure deco-
herence model the RHP measure is given by [37]

Newp = Y [T(b)) — T(a)), (17)

J

where similarly to before, ¢ € [a;, b;] is the jth interval where
nonmonotonic decay takes place. In contrast with the BLP
measure, this quantifier does not require optimization, there-
fore, it is generally easier to compute than the BLP.

We evaluate Eqs. (16) and (17) in two ways: (i) by us-
ing the exact analytic form, Eq. (8), and (ii) approximately,
by simulating the dynamics with the RC-QME method as
described in Sec. III. In the latter case, we time-evolve an
initial state of the system to long-enough times according to
Eq. (13), then evaluate the decoherence function from the ratio
" = | 9, 1)/ por (0)].

0.5 0.5 g
(a) ............... BMR-QME \,\\ A=0.1 (b)
——RC-QME NS 7 =001
__ 04 - - - - Exact “".\.\
5 0.48 .
o "
= A=01 R
0.3 =01 S
N
500 1000

v =0.01

10 20
At

FIG. 2. Decoherence dynamics with bath structuring (small y)
and enhanced coupling (large A). We display coherences || start-
ing from pg;(r = 0) = 1/2 as a function of the dimensionless time
At using the Born-Markov Redfield QME (dotted) the RC-QME
method (full), and the exact analytical solution (dashed). Parameters
are A=1,Q2=3,T =0.5, A = 10007, and M = 8. Note that all
parameters are given in units of A.

V. RESULTS

We study the dynamics of the decoherence model, Eq. (1),
with (i) the exact expression (Exact) Eq. (8), (ii) the reaction-
coordinate method (RC-QME), and (iii) the Born-Markov
Redfield approach without the RC mapping (BMR-QME). We
emphasize that the BMR-QME is perturbative in the coupling
energy A, while the RC-QME treats A to all orders and is in-
stead perturbative in the width parameter y. As such, for weak
and intermediate couplings, the RC-QME very well performs
against exact results. We further illustrate its challenges at
strong couplings: Once A 2 2, the RC-QME method poorly
converges with the number of levels, M. Beyond studies of
dynamics, we use the BLP and the RHP metrics to quantify
non-Markovianity in the pure decoherence model comparing
results from the exact decoherence function to RC-QME sim-
ulations.

A. Decoherence dynamics

We examine the role of the system-bath coupling A and the
bath structuring parameter y on pg; (¢) in Fig. 2. By comparing
RC-QME simulations (full) to the exact expression (dashed)
we conclude that the RC-QME accurately captures the dy-
namics at both short and long times and from small to large
y and A. In contrast, the BMR-QME method (dotted) fails to
follow the correct dynamics of pg;(¢) at large A and small y.

Since the BMR-QME method only describes Markovian
dynamics with an exponential decay of coherences (see
Appendix A), we conclude, qualitatively at this point, that the
RC-QME method properly describes non-Markovian effects,
roughly identified here by recoherences. Next, we discuss in
more details the role of A and y in the decoherence dynamics.

Structuring of the bath. Small width parameter y corre-
sponds to a sharp spectral density function of the thermal
bath, which is commonly associated with the emergence of
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FIG. 3. Recoherence behavior at strong coupling, A = 5. Starting
from py; = 1/2 we present (a), (b) the dynamics of |pg;(¢)| and (c),
(d) the decoherence function. Parameters are the same as in Fig. 2
with the BMR-QME (dotted), the RC-QME with M = 50, (full), and
the exact analytical solution (dashed).

non-Markovian dynamics. Indeed, as we reduce y we observe
deviations from the Markovian-exponential trend, compare
Fig. 2(a) with Fig. 2(b) and Fig. 2(c) with Fig. 2(d). Reco-
herence dynamics is most pronounced in Fig. 2(d) at strong
coupling and for small width y.

System-bath coupling. We pinpoint the impact of A on the
decoherence timescale by comparing Fig. 2(a) with Fig. 2(c).
As expected, this timescale is shorter at strong coupling in
accord with Eq. (8), I'(¢) « A2. The same conclusion is ar-
rived at when comparing Fig. 2(b) with Fig. 2(d). Note on
the different timescales presented in these different panels:

L . 2 .
The decoherence characteristic time is tp = éyi,\% resulting

in 7p ~ 1.13x10* and 1.13x10? in Figs. 2(b) and 2(d), re-
spectively. Thus, we expect to see significant suppression of
coherences around those timescales.

We focus on the strong-coupling behavior in Fig. 3 and
present results in both the large-y region [Figs. 3(a) and
3(c)] and highly non-Markovian (small y) regime [Figs. 3(b)
and 3(d)]. We note on the accuracy of the RC-QME method
in capturing decoherence dynamics, as compared with exact
results, in contrast with the complete failure of the BMR-
QME method. This agreement is notable given dramatic
recoherence dynamics observed at small y in Fig. 3(b).
When inspecting the decoherence function in Fig. 3(c), we
observe oscillatory dynamics, the expected signature of non-
Markovianity. Yet, this rich dynamics does not show up in
Fig. 3(a), where the magnitude of coherences appears to be
monotonically decreasing with no features. However, we note
that the scale of the y axis in Fig. 3(c) is rather small; recall
that |01 (t)| = |p01(0)|e"®, thus having little impact on the
magnitude of coherences.

Convergence. RC-QME simulations should be converged
with respect to M, the number of levels representing the RC
harmonic oscillator. Simulations in Fig. 2 at small to interme-
diate A excellently converge with M = §, see Appendix D. In
contrast, converging the large-A dynamics presented in Fig. 3
requires a large number of RC levels, up to M = 50. Thus,

(a) RC-QME (M=10)
o4n RC-QME (M=25) |
- ——RC-QME (M=50)
= - - - - Exact
=02t ]
0
0
0
_-1op
N
~
-20 1
b
PRIC I ‘ ‘ ‘
0 1 2 3 4 5

At

FIG. 4. Convergence of the RC-QME simulations, Figs. 3(b) and
3(d), with respect to M at strong coupling, A = 5. We present the
(a) decoherence dynamics and (b) decoherence function for M = 10
(dotted), 25 (dashed-dotted), 50 (full), and compare those to exact
results (dashed).

the RC-QME method becomes impractical to use at strong
coupling, A 2 €, and small y because it scales unfavorably
with M.

To illustrate the difficulty in converging RC-QME simula-
tions at large A, in Fig. 4 we display the decoherence dynamics
for three different M values: 10, 25, and 50. Comparing
their behavior in Fig. 4(a) we notice that M = 10 completely
misses the dynamics by many orders of magnitude. Further-
more, according to Fig. 4(a), M = 25 seemingly agrees with
exact results. However, a careful inspection of the decoher-
ence function itself in Fig. 4(b) reveals significant deviations.
Itis only at large M, here at M = 50, that results converge and
further reasonably agree with exact results.

Interestingly, Fig. 4 reveals another aspect of the RC-
QME method: It tends to overestimate the effect of non-
Markovianity. Staying with a qualitative picture for now, we
identify non-Markovianity in our model with the departure
from an exponential decay and appearance of recoherences
[52,53]. Figure 4(b) reveals that the RC technique displays
deeper troughs than exact results. This points to the fact that
the inclusion of one specific RC mode into the system may
lead to an overestimation of non-Markovian features.

B. Quantifying non-Markovianity

We quantify the degree of non-Markovianity in the dynam-
ics using the different measures focusing on the performance
of the RC-QME method compared with the exact expression.
We adopt the BLP measure for non-Markovianity in Fig. 5
and the RHP quantifier in Fig. 6, examining their dependence
on the system-bath coupling A and the spectral width y. Each
data point in Figs. 5 and 6 was obtained by processing long
time traces of decoherence dynamics using the quantifiers,
Egs. (15) and (17). Time traces extend from initial conditions
at #; to a long time 7y at which recoherences become in-
significant. These figures thus compile significant data; while
convergence was rapid for small A [Figs. 5(c) and 6(c)]. It was
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FIG. 5. The BLP measure of non-Markovianity as a function of the coupling energy A and spectral density width . We present contour
maps based on (a) the exact dynamics and (b) RC-QME simulations. We further show the BLP measure (c) as a function of y at weak coupling
(we used M = 8) and (d) as a function of A for small y (with M = 50) using the exact expression (dashed) and RC-QME simulations (full or
circles). Parameters are the same as in Fig. 2.
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FIG. 6. The RHP measure of non-Markovianity as a function of the coupling energy A and spectral density width . We present contour
maps based on (a) the exact dynamics and (b) RC-QME simulations. We further show the RHP measure (c) as a function of y at weak coupling
(we used M = 8) and (d) as a function of A for small y (with M = 50) using the exact expression (dashed) and RC-QME simulations (full or
circles). Parameters are the same as in Fig. 2.
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expensive to converge results at large A thus we only show few
data points in Figs. 5(d) and 6(d).

In Fig. 5, we show contour plots obtained from the exact
solution, NpLpgx, in Fig. 5(a), and the RC method, NpLprc,
in Fig. 5(b). We note on the excellent agreement between
the maps. As an example, we plot in Fig. 5(c) the BLP
measure as a function of y at small coupling, observing its
monotonic decay with increased y. This is to be expected, as
sharply peaked spectral functions are usually associated with
a longer memory time for the system, which in turn leads to
non-Markovianity. Following this, in Fig. 5(d) we study the
behavior of the BLP measure with A for a narrow spectral
function, pushing A to large values beyond what is included in
the contour map. Here, we observe a nonmonotonic behavior:
The BLP measure first rises with A at weak coupling, then it
rapidly decays at large A.

We examine non-Markovianity with the RHP measure in
Fig. 6, again as a function of the system-bath coupling A
and bath width parameter y. The comparison of contour
maps generated from the exact solution [Fig. 6(a)] and the
RC-QME method [Fig. 6(b)] confirms that the RC method
correctly captures non-Markovianity as measured by the RHP
method. We display the y dependence in Fig. 6(c), and the
A dependence in Fig. 6(d). In contrast to the BLP measure,
the RHP metric quickly increases at large coupling without
showing a turnover behavior. These contrasting trends were
also observed and discussed in Refs. [37,38].

Altogether, our main observations are (i) The RC-QME
method quantitatively captures non-Markovianity in the dy-
namics, including nontrivial trends as displayed in Fig. 5(d).
(ii) The RC-QME may overestimate the extent of non-
Markovianity in the dynamics, presumably due to the
emphasis of a single-collective bath degree of freedom in the
system’s dynamics.

VI. DISCUSSION AND SUMMARY

In this work, we addressed the potential of the reaction-
coordinate QME method in capturing non-Markovian dynam-
ics. The advantage of the RC-QME method in this respect
is that, by adding a collective bath mode to the system, one
explicitly captures its dynamics, including correlations that
develop in time between the bath with system’s degrees of
freedom.

As a benchmark, we used the exactly solvable model of
pure decoherence in a single qubit. By observing the dy-
namics and quantifying it with two different measures for
non-Markovianity, we showed that the RC-QME method
excellently captured such effects in the difficult parameter
regimes of strong system-bath coupling (large A) and highly
structured baths (small y).

We used two measures for non-Markovianity, the BLP,
which tests states’ distinguishability, and the RHP, which
inquires on the CP-divisibility of the dynamical map. Both
measures indicate that non-Markovian effects are enhanced as
we reduce the width of the spectral function of the bath. This
result, observed with exact expressions, agrees with common
knowledge.

What is important to note is that, very favorably, the RC
method becomes more accurate for highly structured baths.

This is because this scenario precisely fits the principles of
the RC mapping, of extracting a prominent-collective degree
of freedom from the bath and adding it to the system. The
capability of the RC-QME method to describe non-Markovian
effects is particularly notable since powerful numerically
exact techniques such as influence functional path integral
methods [54—58] face challenges converging for narrow spec-
tral functions.

As for strong-coupling effects, we found that the RC-QME
becomes increasingly difficult to converge as we increase
A, posing a challenge in computations. Nevertheless, with
increased computational work we found that the RC-QME
method accurately described non-Markovian effects even in
the strong-coupling limit.

The RC mapping as described in this work was done ana-
lytically with the conversion of a Brownian spectral function
to an Ohmic one. While the Brownian model, and the re-
lated Debye model had found applications such as in studies
of exciton dynamics in the Fenna-Matthews-Olson complex
[59], it is important to remember that the RC mapping can
be performed numerically on more general spectral functions,
as well as iteratively, to continue and extract primary modes
from the bath [10].

With the goal to gauge non-Markovian effects in the RC-
QME method, we focused our efforts here on the exactly
solvable pure decoherence model, Eq. (1). It is interesting to
extend our analysis and examine other open quantum system
models, such as the more complex spin-boson (SB) model,
H=56,+6:3 fi(&] + &)+ X véjéx. Unlike the pure
decoherence model, this model displays both decoherence and
energy relaxation dynamics.

The dynamics of the SB model was examined in many
works with a range of techniques [2]. Particularly, it was
simulated in Ref. [15] by benchmarking the RC-QME
method to numerically exact simulations, manifesting an
excellent agreement even at strong coupling. Quantifying
non-Markovian dynamics in the SB dynamics (or other
nonintegrable models) based on the BLP and the RHP mea-
sures, or others, is a highly nontrivial task, given that the
model does not have a closed-form solution and that it is
challenging to simulate it in a numerically exact manner.
Simulations of the trace-distance were performed, e.g., in
Ref. [60] based on a real-time path integral method and
more recently in Ref. [61] using the multilayer multicon-
figuration time-dependent Hartree approach (ML-MCTDH).
Perturbative approaches for dynamics were employed, e.g., in
Refs. [62-65].

Given the complexity of the problem, we now simply
demonstrate with the RC-QME method that the SB model
at small y shows recoherence dynamics, see Figs. 7(c) and
7(d). These recoherences do not show up with the BMR-
QME method, which is Markovian by construction. As such,
we argue that these features indicate on non-Markovian dy-
namics. We reiterate that the RC-QME method should be
quite accurate in the small-y regime, and even at strong
coupling [15]. More details on the SB model and the cor-
responding dynamics of spin polarization are discussed in
Appendix C.

Future work will be dedicated to capturing and quantifying
strong coupling and non-Markovian effects with the RC-QME
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FIG. 7. Coherence dynamics of the spin-boson model for the ini-
tial state p = |—)(—| with |—=) = (|0) — |1))/\f2. Calculations were
done with the Born-Markov Redfield equation (dotted line) and the
RC-QME method (full), for details see Appendix C. Parameters are
the same as in Fig. 2.

in different open quantum system models. For example, the
equilibrium behavior of the V-model was recently exam-
ined in Refs. [66,67] at weak—and ultrastrong—coupling.
It remains an open topic to explore the dissipative dynam-
ics of such multilevel models at intermediate and strong
coupling.

Proposals for novel quantum devices rely on nontrivial
aspects of small, quantum systems [68]. Specifically, strong
system-bath couplings and bath structuring are suggested
as means to realize new effects. The RC-QME method has
been proving itself as a powerful tool in this respect. It
nicely complements numerically exact approaches, which
typically struggle to converge in regimes that are favor-
able for RC-QME simulations. Ongoing work is focused
on studies of quantum thermal machines beyond weak
system-bath coupling, towards the discovery of their unique
performance [69].
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APPENDIX A: MARKOVIAN LIMIT OF THE PURE
DECOHERENCE MODEL

In this Appendix, we derive an expression for the deco-
herence timescale tp in the pure decoherence model. We
perform our analysis on the model in its original represen-
tation, Eq. (1), using the Brownian spectral function for the
bath, Eq. (2).

First, we derive the decoherence timescale by simpli-
fying the exact analytic expression. Next, we show that
one can reach the same result from the Redfield equa-
tion of motion, a method that relies on the Born-Markov
approximation.

1. Derivation based on the exact analytic expression

We study the long-time limit of the decoherence function
(31,
o Bw\ 1 — cos (wt)
0

Unlike textbook calculations, which simplify this function
assuming an Ohmic spectral function [3], here we use a Brow-
nian spectral function for the bath,

4Ny I
(0? — 2% 4+ Qy Q)

J(w) = (A2)

Noting that 1 — cos(wt) = 2sin2(%’) and that, in the long-
4sin?(%)

time limit, 2

— 2nté(w), we get

Bw
T(t) — —ZJU[J(w)coth (7>H . (A3)
w—0

8y 2
anﬁ ’

For nonzero temperatures, [J(w) coth(‘%’”)] los0 —
thus we obtain in the long-time limit,

16y A2 ,
Q2
According to this result, coherences decay exponentially in
time with the decoherence timescale
_ @B
T 16ya?’
We can now be precise and note that the “long-time limit” cor-
responds to ¢ 3> tp. Thus, the exponential form is arrived at

more quickly as we increase the temperature and the coupling
strength A.

r(t)=— (A4)

™ (A5)

2. Derivation from the Born-Markov Redfield equation

In the Schrodinger representation, the Redfield QME is
given by

p(t) = —ilHs, p(t)]
- / de{(8, e8¢ o ()1 (BB — 7))
0

— 18, p()e T8 (B(t — T)BG))).  (A6)

Here, § is a system operator that couples to the bath op-
erator, B, with B(r) an interaction representation operator.
Here, averages (E(t)E(O)) are calculated with respect to the
thermal state of the bath (before the RC mapping). In our
model, the system’s Hamiltonian is ﬁs = %62 and § = fo
&, =10)(0] — |1)(1]. Since we are interested in the dynam-
ics of coherences, we focus on the matrix element pg () =
(0]p(2)|1). The above expression simplifies to

po1 (1) = —iApo1(t) — 2pol(t)/ dt(B(r)B(0)), (A7)

where we assumed that the bath is stationary thus
(B(0)B(1)) = (B(—1)B(0)), allowing us to combine two
bath correlation functions into a single integral. To
compute the bath correlation function we note that
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B(r) =Y, fi(bye ™ + b ). Using this and moving to
the continuum limit we get

(B(x)B(0)) = / doJ(@){[1 + np(®)]e™™" + np(w)e™"},
0

(A8)

with ng(w) = (e — 1)~! being the Bose-Einstein distribu-
tion function. It is now possible to perform the time integral
in Eq. (A7) using 278(w) = [ dre®T,

por(t) = —iApoi (t)

—471,001(t)/ doJ(w)[2ng(w) + 116(w). (A9)
0

Evaluating the trivial integral we get

Po1(t) = —iApoi(t) — 2w J(0)[2n5(0) + 11001 (2).

Care needs to be taken when evaluating the second term as
ng(0) is divergent. To keep the discussion general for now
we define A = 27 lim,,_, ¢ J(®)[2ng(w) + 1], assuming this
expression has a well-defined limit. The inverse of this term
corresponds to the decoherence timescale, T, = A~!. Alto-
gether, the differential equation (A10) solves to

po1(t) = por(0)e A e,

As expected, the Born-Markov approximation results in an
exponentially decaying dynamics for pg;. Coherences are af-
fected by two timescales. While A~! is related to intrinsic
coherent oscillations, tp describes the loss of coherence with
time due to the coupling to the bath. We can now explic-
itly evaluate this latter timescale using the Brownian spectral

(A10)

(Al1)

. . . 2 . .
function, resulting in 7p = %, which agrees with results
from Sec. 1 of this Appendix.

wJre(@)n(w)
Ire(w) =

v/B

n(w) is the Bose-Einstein distribution function and Jrc(w) is
the spectral function of the residual bath given by Eq. (6).

APPENDIX C: NON-MARKOVIAN EFFECTS
IN THE SPIN-BOSON MODEL

The decoherence model, Eq. (1), does not allow dissipa-
tive (energy exchange) dynamics. In contrast, the spin-boson
model

H= B 46 el 4 ¢ ele Cl1

=3 z+6x2k:fk(ck+ck)+zkzvkckck (ChH

displays more complex dissipative and decoherence dynam-

ics. Similarly to Eq. (1), A is the spin splitting, 6, = |0)(0| —

[1)(1], &, = |1){0] 4+ |0)(1], 62 (Cx) are bosonic creation (an-

nihilation) operators for mode k, with f; a coupling energy.

While the dynamics of the SB model can be analytically

described in different limits [2], a complete, exact analytic
solution is unavailable.

lre(loDl(n(lw]) + 1

APPENDIX B: DETAILS OF THE REDFIELD EQUATION

For completeness, we provide here the full reaction-
coordinate Redfield equation that we use in the main text to
simulate the dynamics of the supersystem. Working in the
Schrodinger picture and in the energy-basis of the subsystem,
the Redfield equation for the reduced density matrix of the
supersystem (dimension 2M) is given by

pES,mn(t) = _iwmanS,mn(t)

- Z[ij,jk (@i )PES k() + Ry 1 (@) PES mj (F)
ik

— Rin.mj(@jm)pEs. jt(t) — R}, 1 (@rn)pEs j ()], (B1)

Here w,,, = w,, — w, are Bohr frequencies of the extended
system. The dissipator itself is given by half Fourier trans-
forms of the bath autocorrelation function,

R, jt(@) = (SE5) 0 (SEs) 10 fo dre (B(1)B(0))

= (SEs) n (SEs) 4 [Tre(@) + iArc(@)]. (B2)

Averages (B(t )B(O)) are calculated with respect to the thermal
state of the residual bath, pg = e s /Tr[e=PH5]. In simula-
tions, we neglect the imaginary part of the Redfield tensor,
Agrc(w). Detailed discussions about the role of this self-
energy in the steady-state limit for specialized models (beyond
the decoherence model and the spin-boson model discussed
in this work) appear in Refs. [67,70]. The real portion of the
correlation function can be readily evaluated to yield

w>0
w<0 (B3)
o =0 (Ohmic model).

[a—

Applying the reaction coordinate mapping to the spin-
boson model (C1), we get the following Hamiltonian:
N A . 4
Hye = 56, +26,(0" + @)+ Qa'a+ @ +ay ) &
2 X Wi

+@ 4+ el +b)+ Y wbib.  (C2)
k k

The original model takes a Brownian spectral function for
the bath. After the RC mapping, the residual bath is coupled
(presumably) weakly to the system with an Ohmic spectral
function.

We now focus on the appearance of non-Markovian dy-
namics as we reduce y and increase A. Since quantifying
non-Markovian dynamics using the BLP and RHP measures
is nontrivial for the spin-boson model, we only examine this
concept qualitatively by comparing the RC-QME results to
Markovian simulations. The dynamics of coherences in the
spin-boson model is displayed in the main text, Fig. 7. There,

052617-10



CAPTURING NON-MARKOVIAN DYNAMICS WITH THE ...

PHYSICAL REVIEW A 104, 052617 (2021)

0 0
@) . BMR-QME 2 Zom (®)
0.2 RC-QME A
e A=01 -0.2
€ -0.4 vt

0 50 100 0 50 100
At At

FIG. 8. Polarization dynamics in the spin-boson model, (o,()),
with the initial state p = |—)(—| using the BMR-QME method (dot-
ted line) and the RC-QME method (full line). Parameters are the
same as in Fig. 2.

we show that as we increase the coupling strength and reduce
y we see pronounced deviations from Markovian dynamics,
captured by the RC method. The corresponding dynamics of
polarization is depicted in Fig. 8. We find that the BMR-
QME method misses the damped coherent oscillations in
the dynamics that show up at strong coupling and small y.
Furthermore, the BMR-QME method no longer provides the
correct long-time solution at strong coupling.

The RC-QME method predicts significant deviations from
Markovian dynamics in the spin-boson model once we struc-
ture the bath and enhance coupling strength. Benchmarking
RC-QME results at small y against numerically exact simula-
tions is challenging: For example, consider the quasi-adiabatic
propagator path integral (QuAPI) method [54,55]: For y =
0.01 and © = 3, the bath memory time may be approximated
by t ~ 1/(y2) =~ 30. To properly capture the damped co-
herent oscillations (of period 27 /A), and reduce the Trotter
error, one needs to adopt a short time step of §z ~ 0.2. Thus,
to cover the memory time one needs a memory kernel with
N ~ 137 /8t =~ 200 segments. This significant task may be
achieved with advanced implementations of numerically exact
path integral approaches [56-58], and we leave it to future
work.

APPENDIX D: ADDITIONAL CONVERGENCE RESULTS

The computational complexity of the RC-QME method
scales as O((d x M)*) due to the need to construct the Redfield
tensor for the (dM)x (dM) reduced density matrix. Here, d is
the dimension of the original subsystem (2 for spin) and M the
number of truncated levels in the RC.

In this Appendix, we present additional M-convergence
results, analogous to Fig. 4. There, we focused on the chal-
lenge in converging coherences once the system-bath coupling
strength was made large, A > 2. In contrast, here in Figs. 9
and 10 we show that in both weak and intermediate couplings,
A < R, convergence is simple, pointing to the utility of the
RC-QME method.

0.5 : :
(a) RC-QME (M=2)
T~ e RC-QME (M=3) |
— 0.4 ——RC-QME (M=4)
§ - - - - Exact
0.3 i
0-2 L L L L
0 200 400 600 800 1000
0
= i |
= -0.5
RION | | |
0 200 400 600 800 1000
At

FIG. 9. Convergence of RC-QME simulations, Fig. 2(a), with
respect to M at weak coupling, A = 0.1. We present (a) the deco-
herence dynamics and (b) corresponding decoherence function for
M = 2 (dotted), 3 (dashed-dotted), 4 (full), and compare those with
exact results (dashed). Parameters are A = 0.1 and y = 0.1, as well
asA=1,Q2=3A,T =0.5A, A =1000r A, as in Fig. 2(a).

First, at weak coupling we show in Fig. 9 that even just
including M = 2 levels in the RC is already sufficient for
results to be converged. The intermediate coupling regime is
presented in Fig. 10; here convergence with respect to M is
reached at M = 5, which is still a simple computational task.
Altogether, we emphasize that ensuring convergence with re-
spect to M is a critical aspect of the RC-QME technique. In
the pure-decoherence model presented in this study conver-
gence poses a technical challenge only in the strong-coupling
regime.

RC-QME (M=2)
o4t ~ RC-QME (M=5)
- —RC-QME (M=10)
= - - - - Exact
=02t ]
0 : ‘ ‘ ‘
0 5 10 15 20 25
0
— -1 | 1
=
-2 = i
(b)
3 : : ‘ ‘
0 5 10 15 20 25

At

FIG. 10. Convergence of RC-QME simulations, Fig. 2(c), with
respect to M at intermediate coupling, A = 1. We present (a) the
decoherence dynamics and (b) corresponding decoherence function
for M = 2 (dotted), 5 (dashed-dotted), 10 (full), and compare those
to exact results (dashed). Parameters are A = 1 and y = 0.1 as well
asA=1,Q2=3A,T =0.5A, A = 1000 A as in Fig. 2(c).
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