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Subexponential rate versus distance with time-multiplexed quantum repeaters
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Quantum communications capacity using direct transmission over length-L optical fiber scales as R ∼ e−αL ,
where α is the fiber’s loss coefficient. The rate achieved using a linear chain of quantum repeaters equipped with
quantum memories, probabilistic Bell state measurements (BSMs), and switches used for spatial multiplexing,
but no quantum error correction, was shown to surpass the direct-transmission capacity. However, this rate still
decays exponentially with the end-to-end distance, viz., R ∼ e−sαL , with s < 1. We show that the introduction
of temporal multiplexing—i.e., the ability to perform BSMs among qubits at a repeater node that were suc-
cessfully entangled with qubits at distinct neighboring nodes at different time steps—leads to a subexponential
rate-vs-distance scaling, i.e., R ∼ e−t

√
αL , which is not attainable with just spatial or spectral multiplexing. We

evaluate analytical upper and lower bounds to this rate and obtain the exact rate by numerically optimizing the
time-multiplexing block length and the number of repeater nodes. We further demonstrate that incorporating
losses in the optical switches used to implement time multiplexing degrades the rate-vs-distance performance,
eventually falling back to exponential scaling for very lossy switches. We also examine models for quantum
memory decoherence and describe optimal regimes of operation to preserve the desired boost from temporal
multiplexing. Quantum memory decoherence is seen to be more detrimental to the repeater’s performance over
switching losses.
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I. INTRODUCTION

Shared entanglement is the basic building block for a
wide variety of quantum-information-based protocols such as
distributed quantum computing [1], entanglement-enhanced
sensing [2,3], quantum key distribution [4], and more. The
maximum rate at which entanglement can be created across
a pure-loss optical channel of transmissivity η by direct pho-
ton transmission, and authenticated two-way public classical
communication, is ∝ η entangled bits (ebits, or ideal two-
qubit Bell states) per transmitted optical mode, when η � 1
[5]. The exact expression of the entanglement generation ca-
pacity, Rdirect(η) = − log2(1 − η) ebits per mode [6], called
the PLOB bound hereinafter, is ≈1.44η for η � 1. Loss in
optical fiber scales exponentially with range L, i.e., η = e−αL.
Therefore, over long distances of optical fiber, the entangle-
ment generation rate (and hence the quantum communication
rate, e.g., using teleportation) must decay exponentially with
L. The ebits/s rate is the aforesaid ebits/mode rate times
a modes/s multiplier W (hertz), which would be governed
by the bandwidth (of the source, detector, and memory).
However, unlike classical communications, the quantum com-
munications rate cannot be increased by turning up the
transmitted power. Quantum repeaters are a special-purpose
quantum processor [7], which, when deployed along the
length of the end-to-end optical communication channel (free-
space or fiber), can enable the generation of entanglement
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across the end users Alice and Bob at a rate higher than
Rdirect(η), where η is the effective transmissivity correspond-
ing to the end-to-end Alice-to-Bob channel.

Repeater designs of various kinds—involving different
choices of encoding the qubit in the photonic modes, different
forms of memories, error correction codes, and operational
modality (one way vs two way)—have been proposed, ana-
lyzed, and shown to outperform direct transmission [8–12].
One-way quantum repeaters encode quantum data using for-
ward quantum error correction, and the job of repeaters is to
decode and reencode [10,13]. Two-way repeaters generate and
purify entanglement across short channel segments and string
them together using Bell state measurements (BSMs) at the
repeater nodes, into end-to-end entanglement, potentially in-
terspersed with additional rounds of purification across longer
(multihop) channel segments [8]. With a two-way repeater
based on dual-rail photonic qubits, heralded quantum mem-
ories, and spatial multiplexing—i.e., switches that can let a
repeater pick, in each time slot, a pair of Bell states success-
fully established with each of its two neighbors across a set of
M > 1 parallel channels, to connect with a single BSM—one
can achieve an entanglement distribution rate that scales as
e−αsL ebits/mode, where s ∈ (0, 1) [8] is a scaling factor set
by the protocol and device parameters. Therefore, despite the
rate scaling exponentially with end-to-end distance L, it can
outperform the highest rate achieved with direct transmission
over M parallel channels, 1.44Me−αL ebits/mode, at a large
distance L. Similar performance can be achieved with quan-
tum memories replaced with all-photonic cluster states that
mimic the action of memories by providing quantum error
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correction against optical loss seen as a error mechanism on
the dual-rail photonic qubit [9].

In this paper, we consider a two-way quantum repeater
architecture of the kind described above, but one that in-
corporates temporal multiplexing in addition to (or, in lieu
of) spatial multiplexing. It must be noted that the effect
of temporal multiplexing on the repeater’s rate-vs-distance
performance is fundamentally different from spatial multi-
plexing, as it allows for the accrual of a greater number of
qubits at a repeater node (entangled with qubits held at neigh-
boring nodes) at the cost of a longer “wait time” before a BSM
is performed at the repeater node, potentially connecting two
Bell pairs generated across the neighboring links in two differ-
ent time steps. These two effects counter each other to yield
a subexponential rate, i.e., the end-to-end entanglement rate
goes as e−t

√
αL ebits/mode with t < 1. This was first noted,

as a scaling law, in Ref. [14]. Other proposals for time mul-
tiplexing propose the use of subsequent linear-optical BSM
attempts between the repeater nodes to enhance the rate of
shared entanglement generation. A time-multiplexed scheme
for shared entanglement generation between few nodes in var-
ious configurations of the associated hardware is analyzed in
Ref. [15]. A multistep entanglement length doubling scheme
with multiplexed repeaters is proposed in Ref. [16]. However,
a majority of the existing analyses are targeted for smaller
repeater networks and do not address the subexponential rate
scaling with distance. Specifically, existing literature does not
consider time multiplexing as an optimizable parameter that
potentially yields the improved scaling law reported in this
paper. We develop this result rigorously, to yield an exact
characterization of the repeater performance in the presence of
losses (in coupling, fiber, detectors, and switches) and mem-
ory decoherence, while optimizing the number of repeater
nodes to deploy between Alice and Bob, and the optimal
time-multiplexing block length, given the total end-to-end
range L. We develop analytical lower bounds to this opti-
mal rate that provide useful intuitions on how the achievable
entanglement rate is affected by various device metrics. We
find that when the switching losses or the memory deco-
herence increase beyond a threshold, the advantage afforded
by time multiplexing is lost. The analysis in this paper is
limited to the rate performance of the protocol and does not
account for infidelities introduced in the ebit during any of
the protocol steps (i.e., generation, transmission, storage, or
measurement).

The paper is organized as follows. Section II describes
the repeater architecture. The subexponential bounds on
the achievable entanglement generation rate are derived in
Sec. III, highlighting the fundamental advantage of time
multiplexing over spatial multiplexing alone. The prac-
tical limitations of a loss-prone switching network are
demonstrated in Sec. IV. Further error models consider-
ing a “worst case” decoherence for quantum memories
are studied in Sec. V. More realistic decoherence mod-
els considering a variety of BSM scheduling protocols
are examined in Sec. VI. Section VII concludes the pa-
per with thoughts on further extensions and applications
of our results, e.g., to quantum networks that go beyond
a line topology and that support multiple user pairs and
groups.

II. QUANTUM REPEATER ARCHITECTURE

Let us consider a linear chain of quantum repeaters (QRs)
between the two communicating parties, Alice and Bob,
where the distance L between the two parties is divided into
n + 1 elementary links (shown in Fig. 1). Every elementary
link has a QR station (shown in Fig. 2) at both ends and BSM
stations (shown by the yellow boxes in Fig. 1) with linear-
optical circuits to perform Bell state measurements (BSMs),
for entanglement swap, at its center. Every QR contains 2M
entangled photon-pair sources, with each source “associated
with” (i.e., dedicated to) one of the M parallel (e.g., spa-
tially, or spectrally multiplexed) channels going out to its
right-hand QR neighbor, or one of the M channels going to
its left-hand QR neighbor. Each source generates dual-rail-
encoded Bell pairs at a fixed repetition rate (say, one pair of
entangled photons every τ seconds). We assume ideal and
deterministic entanglement sources in our analysis [17,18];
hence the entanglement generation rate of each source is
1/τ ebits/s [19]. Let us begin with an assumption that each
QR has access to a random-access quantum memory (QM)
register consisting of a large number of heralded single-qubit
memories that have arbitrarily long coherence times. We will
quantify the actual requirements as to the number of memories
in the register and required coherence times in Sec. II B.
A heralded QM implies that it raises a success flag when
it successfully loads a (photonic) qubit into its native (e.g.,
atomic spin based) qubit storage form. We assume that the
loading process into the QM takes a negligible amount of
time and there is perfect clock synchronization across all
QR nodes. At the clock edge of each time slot, each of the
2M sources generates an entangled photon pair—a dual-rail
(e.g., polarization-encoded) single-photon Bell state of the
form |�〉 = [|1̄, 0̄〉 + |0̄, 1̄〉]/√2—and loads one photon (the
red-colored qubit illustrated in Fig. 2) into the QM register
at that QR node while transmitting the other photon (the
blue-colored qubit) into one of the outgoing 2M channels
towards the center of one of the two elementary links. At the
center of each elementary link sits an array of M linear-optical
Bell state analyzers, one for each of the M parallel channels.
Each performs a BSM between a pair of qubits flying in from
opposite directions from two QR nodes. The protocol analysis
in this section assumes that switching photons between the
constituent QMs can be achieved with no loss. Additionally,
we assume that the qubit stored in the QM does not undergo
any decoherence or loss. These assumptions are relaxed in the
analyses of Secs. IV–VI.

Each photonic qubit undergoes lossy transmission to the
center of the elementary link, thereby going through an ef-
fective transmittance λ = e−αL/[2(n+1)], where α (typically
measured in dB/km) is the fiber’s loss coefficient. We as-
sume the most basic linear-optical BSM circuit, which heralds
successful entanglement swap with a probability of 50% [20]
when built with ideal devices (ideal 50-50 beamsplitters, and
lossless and noiseless ideal single-photon detectors). There-
fore, in one given time slot, and across one of the M parallel
channels, an elementary link (henceforth referred to as a
link) successfully establishes an entangled Bell state across
a pair of qubits held at QM registers at two neighboring QR
nodes, with probability μλ2 = μ exp[−αL/(n + 1)]. Here,
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FIG. 1. A linear repeater chain connecting two parties Alice and Bob. The end-to-end link is subdivided into n + 1 (equal-length)
elementary links. The light-blue boxes on either end of an elementary link are quantum repeater (QR) stations, which are described in more
detail in Fig. 2 and discussed in Sec. II. The yellow boxes at the center of an elementary link contain M linear-optical Bell state analyzers,
each built with two beamsplitters and four single-photon detectors. These perform BSM or entanglement swaps. Each elementary link has M
parallel channels, which could be optical fiber bundles, multimode optical fiber, multi-spatial-mode diffraction-limited near-field free-space
channels, or wavelength-division multiplexed channels at M frequencies on a single fiber. These M parallel channels allow multiplexing to
boost entanglement generation rates.

μ = η2
d/2 combines the effects of the intrinsic 1/2 success

probability of a linear-optical BSM and the detector efficien-
cies of two (of the four) single-photon detectors within the
linear-optical BSM circuit whose “clicking” heralds the suc-
cess of the BSM. At the end of each time slot, the one-bit
success-failure information about each of the M BSMs is sent
back to both neighboring QR nodes via a separate error-free
classical communications channel. Table I summarizes the
parameters associated with the proposed protocol.

A. Time-multiplexed BSMs

Thus far, the repeater protocol sounds identical to the one
analyzed in Ref. [8]. Our protocol has an additional parameter:
the time-multiplexing block length m � 1, which is known to
all QR nodes. The protocol in Ref. [8] is a special case of our
protocol corresponding to m = 1. The complete sequence of
events described above—generation of entanglement, loading
one qubit of each Bell state into the QR register, transmission
to the middle of the link, linear-optic BSMs, and classical
communication of the swap outcomes—is repeated over m
time slots (i.e., mτ seconds), over all M parallel channels in
each elementary link. When a QR node has received success-

TABLE I. Parameters associated with the time-multiplexed re-
peater network and protocol discussed in Sec. II. Recall that in terms
of the detector efficiency ηd , μ = η2

d/2.

Parameter Symbol

Fiber loss coefficient α

Total network length L
Source repetition time τ

No. of quantum repeaters n
No. of parallel spatial or spectral channels M
Time-multiplexing block length m
Quantum memory entanglement swap prob. q
Linear-optical BSM efficiency μ

failure information from each of the Mm BSM attempts in
the link on its right and the Mm BSM attempts in the link
on its left, it picks the first successful BSM on its right and
the first successful BSM on its left, assuming there is at least
one success on each side in that time block, and performs
a BSM among the two (red) qubits held in the QM register
corresponding to those successful links on either side of the
QR. The QR nodes must preagree on a common ordering
indexing the Mm channels and time slots, so that first success
in the above sentence is consistent. The QR nodes do not need
to coordinate during the protocol run for this step, as their
action (choice of which two red qubits in their QM register to
perform a BSM on) is predicated only by the success-failure
outcomes coming from the QR node’s neighboring links. Each
QR node thus performs a BSM on a pair of qubits held in
its QM register, every mτ seconds. The rule for the BSM
at the QR node will be modified slightly in Sec. V when
nonidealities in the QM storage characteristics are accounted
for.

It is simple to see that the probability that at least one BSM
in the m × M attempts succeeds is

P = 1 − {1 − μ exp[−αL/(n + 1)]}Mm. (1)

There is no fundamental limit to the success probability of
the BSM for the qubits loaded in QMs. However, in order to
account for any loss in loading the photonic qubit into the
QM register, we allow for a subunity probability of successful
swap, which we take as q. Note that all of the above (i.e.,
the steps of the protocol until the QM BSM) could have been
implemented by a QM register which emits photons every τ

seconds that is entangled with an internal qubit, such as a spin
(of a color center qubit register) or an ion in a trapped-ion
qubit register. If so, we would not have to load the red qubit
into a QM register. The red (matter) qubit would generate a
blue (photonic) qubit entangled with it in a Bell state, in every
time slot.

At the end of each mτ second block, when every QR
node (simultaneously) performs a BSM in the QM register,
if (1) each of the n + 1 links had heralded at least one Bell
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FIG. 2. Quantum repeater (QR) station consisting of 2M en-
tangled qubit pair sources and a heralded quantum memory (QM)
register with a large storage buffer. The sources generate two-qubit
Bell states every τ seconds. One of those qubits (denoted as a blue
qubit) is a photonic qubit that is transmitted on one of the 2M
channels: M going to the right over one elementary link, and M
to the left over another elementary link. The red qubits are stored
in the QM register. One could have photonic entanglement sources
with one photonic qubit loaded onto the QM and the other transmit-
ted. Alternatively, one could have memories that transmit a photon
entangled with a qubit native to the memory’s internal degree of
freedom (e.g., a spin). At the end of a block of m time slots, the
QR station needs to perform a single BSM on two qubits of a total
of Mm qubits held in the QM register. Since switching across a total
of up to m time slots is involved, a switch array consisting of log2 m
switches is needed. If the effective transmission corresponding to the
per-switch loss is λt , the BSM success probability q thus would be
multiplied by λ

log2 m
t . If the memories can perform all-to-all quantum

logic asynchronously, for example, as in Ref. [21], then the aforesaid
multiplicative factor of λ

log2 m
t can be avoided.

state across it (whose probability is Pn+1) and (2) all the n
BSMs at the QR nodes succeeded (whose probability is qn),
the end users Alice and Bob would be delivered one ebit
worth of shared entanglement. The end-to-end entanglement
generation rate, in terms of our two design parameters n (num-
ber of QR nodes) and m (time-multiplexing block length), is
therefore given by

Rm,n(L) = Pn+1qn

mτ
ebits/s

=
[
1 − (1 − μe−αL/(n+1))Mm

]n+1
qn

mτ
. (2)

The analysis above assumes photon loss as the only detriment.
In other words, a “success” of all the probabilistic steps in the
protocol ensures an ideal Bell pair (one ebit of entanglement)
to be delivered to Alice and Bob. This is why entanglement
rate is simply the overall success probability divided by the
effective repetition period. If the end-to-end two-qubit entan-
gled state produced (upon overall success) is not a perfect
two-qubit Bell state, then the asymptotic achievable rate is
given by the probability of success times the distillable entan-
glement per copy of that imperfect state. A lower bound to that
distillable entanglement is given by the reverse coherent infor-
mation (RCI). We may then employ entanglement distillation
as an additional layer to generate high-fidelity end-to-end Bell
pairs. Using block-distillation codes, the repeater nodes at the
end points of the elementary link could convert N subunity-
fidelity entangled pairs into K unity-fidelity Bell states, only
using local operations and classical communications (LOCC).
This will require N and K to grow large, which will increase
the latency of the protocol. However, the rate K/N of that
entanglement distillation code will be a constant determined
by the distillable entanglement per copy of the imperfect Bell
state [22].

B. Timing diagram and QM requirements

We will now derive the minimum number of qubits that the
QM register at a QR node needs to be able to store at any given
time, and for how long (coherence time). The reader may have
noticed that there is a finite latency to our protocol, meaning
that there is a delay between when the protocol is initiated
and when the information about the BSM success-failure out-
comes from the first m time slots has arrived back at the QR
node, and hence the QRs are ready to perform their BSMs
and thus the first ebits begin to be delivered to Alice and Bob.
This initial latency Tl = T1 + T2 has two parts. The first is T1:
the time light takes to travel from a QR node to the middle of
the elementary link and back. T1 = L/(n + 1)cfib = jτ , where
cfib is the speed of light in optical fiber. Let us express it as
T1 = jτ (expressed as a multiple of the repetition period). The
second is T2 = mτ , the wait time until the end of the (mτ )th
time slot, when the QR node has generated and transmitted
the 2mM qubits for the intermediate linear-optical BSMs.
Therefore the initial latency (generation + qubit transmission
+ classical communication to the QR node) can be expressed
as

Tl = mτ + L

(n + 1)cfib
. (3)

Note that we do not account for the interaction and detection
time associated with the linear-optical BSM when stating our
latency. With realistic devices, the latency is slightly modified
by the nature of the BSM circuit chosen. Nevertheless, this
amount of time would be quite small compared with either T1

or T2, and can effectively be ignored.
A timing diagram for the protocol is shown in Fig. 3. The

vertical axis shows the number of qubits actually stored in
the QM register at a QR node as a function of time. Let us
assume M = 1 for simplicity. For M > 1, the number of QMs
occupied will be trivially multiplied by M, i.e., the axis can be
scaled with M.
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FIG. 3. Timing diagram showing the number of qubits stored
in the QM register at a QR node as a function of time, the time-
multiplexing block length m, and the number of repeaters n, with
M = 1 (scaling the y axis by M to account for spatial multiplexing).
The initial latency time Tl comprises two time segments. T1 is the
time of flight for the transmitted photonic qubit to reach the middle
of the elementary link, and the classical information about the BSM
success to travel from the middle of the elementary link back to
the QR node. T2 = mτ is the additional time the QR node needs to
wait until its first QM BSM is completed. After the initial latency of
Tl = T1 + T2, there are always 2mM memory slots that are occupied
for shared entanglement to be generated between Alice and Bob in
every mτ -second interval.

Two qubits are loaded in the QM register in each time
slot. Thus, up to time t = T1, we have loaded 2(T1/τ + 1) =
2( j + 1) qubits. The orange arrows in Fig. 3 mark the times
at which the QM BSMs are performed. The sharp drop at
one of those time-slot boundaries corresponds to the QM
register discarding 2m qubits and loading 2 fresh qubits.
Hence the QM register occupancy at these times [generally
expressed as tmeas = Tl + (n − 1)T2, where n ∈ Z+] is given
by 2(m + j) − 2m + 2 = 2( j + 1).

It is clear from this diagram that the latency in Eq. (3) also
determines (1) the buffer length (number of qubits) of the QM
register required to support this protocol and (2) the coherence
time requirement, i.e., how long a qubit must be stored in the
QM register from when it was generated (entangled with its
photonic-qubit pair) until when it is measured (in a BSM, with
another qubit in the QM register).

The minimum coherence time required is Tc,min = Tl − τ ,
because the last slot is filled as the measurement is made, i.e.,
the QM register being operated in a first-in first-out mode.
Therefore

Tc,min = L

(n + 1)cfib
+ (m − 1)τ. (4)

It is simple to see from the timing diagram that the minimum
size of the QM register (buffer length) is

Nmem,min = 2

(
m +

⌈
L

(n + 1)cfibτ

⌉)
qubits. (5)

The optimal rate bounds that are presented in subsequent
sections implicitly assume that the resource requirements in
Eqs. (4) and (5) are met. The entanglement generation rate
would be adversely affected if the available resources (length
of QM register and/or the coherence time) are less than the
above specified requirements. However, the evaluation of such

performance degradation will not be done in this paper. A
detailed analysis in the context of time multiplexing using
trapped-ion quantum repeater modules has been presented in
Ref. [23].

III. THEORETICAL ANALYSIS: RATE BENEFIT OF
TEMPORAL MULTIPLEXING

A. Main results

The end-to-end entanglement rate is obtained by optimiz-
ing the rate equation in Eq. (2) with respect to the design
parameters m and n. The optimal rate-vs-distance envelope,
i.e., the rate R(L) = maxm,n Rm,n(L), is hard to derive. We
derive upper and lower bounds to the actual envelope R(L)
that have similar mathematical characteristics to R(L), to gain
insight into the performance.

Theorem 1. The rate-vs-distance envelope R(L) is bounded
by two subexponential rate laws RUB(L) � R(L) � RLB(L),
which are given as follows:

RUB(L) := Mμ

qτ
e−(2

√
ln (1/q))

√
αL (6)

and

RLB(L) := Mμ

qτ
e−(2

√
ln[1/q(1−1/e)])

√
αL. (7)

Proof. See Appendix A for a detailed proof.
Theorem 1 holds even with M = 1. In other words, in order

to get the subexponential rate-vs-distance scaling when QRs
are equipped with the machinery to perform time-multiplexed
BSMs, one does not need parallel channels, i.e., no spatial
and/or spectral multiplexing is required. Just being able to
mix and match successful entanglement attempts (2m at-
tempts in this case) across neighboring links generated in
different time slots is all one needs. In the expressions in
Eqs. (6) and (7), the prefactor M/τ is the number of trans-
mitted modes per second, which when multiplied by the
probability of successfully generating an ebit, gives the gen-
eration or distribution rate.

If communicating directly over M parallel channels, with-
out the aid of any repeaters, the optimal rate comes from the
PLOB bound of − log2(1 − η) ebits/mode:

Rdirect(L) = M

τ
log2

(
1

1 − η

)
(8)

≈ M

τ ln 2
e−αL, for η = e−αL � 1. (9)

If time multiplexing was not used, and no parallel channels
were employed either, i.e., m = M = 1, then it is not pos-
sible to outperform Rdirect(L). If no time multiplexing was
used, and only spatial and/or spectral multiplexing were used
(m = 1, M > 1), then the end-to-end entanglement rate R(L)
is given by [8]

R(L) = 1

qτ
e−sαL, (10)

where the exponent s < 1 and is given by

s = ln{q[1 − (1 − μz)M]}/ ln z, (11)
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with z being the solution of the following transcendental
equation: [1 − (1 − μz)M] ln{q[1 − (1 − μz)M]} =
μMz(ln z)(1 − μz)M−1 [8]. A more useful expression for
the entanglement rate is an upper bound RUB(L) to R(L),
from which the dependence of M and q can be seen more
explicitly:

RUB(L) = 1

qτ
e−uαL, (12)

where the exponent u is given by [8]

u = ln(1/q)

ln(μM )
. (13)

For this upper bound to outperform the linear scaling R ∝ η of
Rdirect(L), one needs u < 1, which implies M > 1/(qμ), and
is intuitively consistent. One other important observation is
that in Eqs. (10) and (12), the number of modes per second
multiplier (M/τ ) does not factor out of the rate expression,
as it does for Rdirect(L) as seen in Eq. (9) and for the rate
expression that includes optimized time multiplexing, as seen
in Eqs. (6) and (7). Figure 4 demonstrates the emergence
of the R(L) = O(e−β

√
αL ) scaling for temporal multiplexing.

Starting with a R(L) = O(e−γαL ) envelope (black dashed line)
in Fig. 4(a) for m = 1, varying the value of m in Fig. 4(b)
yields a set of exponentially decaying rate-distance envelopes
with different values of γ (black lines). The subexponential
rate-vs-distance scaling is traced by the upper edge of this set
of envelopes.

The reason for why temporal multiplexing leads to R(L) =
O(e−β

√
αL ) as opposed to spatial multiplexing only achieving

R(L) = O(e−γαL ), for constants β and γ , can be seen from
the proof of Theorem 1 in Appendix A. Unlike spatial mul-
tiplexing, which boosts the probability of generating at least
one successful entangled pair across an elementary link by
M > 1 parallel entanglement attempts, temporal multiplexing
can boost that probability much more, seemingly arbitrarily
so, by increasing m as much as one would like. However, by
increasing m, the effective time step increases from τ to mτ ,
which degrades the rate, as mτ appears in the denominator
of the rate equation (2). However, the boost in the success
probability of the link, along with the optimization of n, the
number of QR nodes, outdoes the aforesaid degradation.

Intuitively, the subexponential scaling is closely tied to
the fact that the protocol allows the time-multiplexing block
length to be chosen optimally given the Alice-to-Bob range L.
If m is held fixed, then the rate scaling is still exponential, as
this corresponds to using an effective but fixed multiplexing
size M ′ = M × m. If m is held fixed but n can be optimized,
then we revert back to the scheme of Ref. [8], which does
not give an n-dependent improvement in the exponent of
the aforesaid exponential scaling. Now, if we allow m to be
optimally chosen based on the repeater nodes’ knowledge
of L, then the rate can be shown to scale subexponentially
with L.

B. Discussion of device imperfections

Switching losses. Although temporal multiplexing yields
a better rate-loss scaling than spatial multiplexing, there are
several requirements for the protocol to work. The most im-

FIG. 4. Demonstration of the emergence of the subexponential
rate-vs-distance envelope from time multiplexing. We assume re-
peaters with M = 50, α ≡ 0.15 dB/km, τ = 50 ns, μ = 0.405, q =
0.255. (a) Exponential rate envelope (black dashed line) for a purely
spatially multiplexed (m = 1) repeater architecture with increasing
number of repeaters in the chain (various colored lines; value of
n marked). (b) Rate-distance envelopes for increasing values of m
(black lines), with n optimized at any given L. The outer envelope
of the rate-distance envelopes, as m is varied, is seen to have a
subexponential scaling and is bounded by Eqs. (6) and (7).

portant is an optical switching network to connect successful
elementary links, especially if the qubits in the QM register
must be read out in the photonic domain before the BSM
at the QR node. As the time-multiplexing block length m is
a parameter that we optimize over, the size of the optical
switching network must also grow with it. A switching tree
of size log2 m, which connects m possible slots in which
successes may occur to a single output line, is the optimal
choice in terms of using the least number of switches. This
is shown as the white box in Fig. 2. If the loss per switch is
quantified by an effective transmissivity λt , then the total loss
of the switching array is λ

log2 m
t .
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FIG. 5. Behavior of RLB
lossy with increasing level of switching loss

(marked on the plots). Only temporal multiplexing is employed, i.e.,
M = 1. We assume α ≡ 0.15 dB/km, τ = 50 ns, μ = 0.405, q =
0.255. As given by Eq. (16b), the subexponential rate-vs-distance
scaling (blue curve) is affected by the switching losses until the rate
law becomes exponential and the design is unable to exceed the
PLOB bound (in this case at λt corresponding to 2 dB the advantage
is lost).

QM coherence time. Two-way quantum repeater protocols
require QMs in some form. The current design assumes that
QMs are available at every repeater station which do not
maximally decohere before the information about the BSM
is received at the repeater station. Therefore it is important to
note that the minimum coherence time is limited by the time
it takes light to travel over the length of the elementary link,
i.e., τcoh > L/[(n + 1)cfib] is the minimum requirement for the
repeater chain to be able to generate shared entanglement. The
exact coherence time requirements, as analyzed in Sec. II B,
are given by L/[(n + 1)cfib] + (m − 1)τ .

QM decoherence. The degradation of the qubit held in the
QM is another practical consideration that must be carefully
analyzed. To simplify our analysis, we assume that the qubit is
lost when it decoheres sitting in the QM register. This simply
means that if the probability that a qubit does not decohere in
time τ ′ is denoted as p0, then after kτ ′ seconds, the probabil-
ity is pk

0. Furthermore, for a protocol that employs temporal
multiplexing, one must take into account time-dependent de-
coherence: The two qubits on which the QR node performs
the BSM may not have suffered the same amount of decoher-
ence as they may have been entangled across their respective
elementary links at different time slots.

IV. EFFECT OF SWITCHING LOSSES

The parameter λt quantifying per-switch loss, which is
10 log10(1/λt ) dB of loss, can be thought of as the probability
with which a single switch succeeds in switching a photon
(as opposed to losing it). Therefore it can be subsumed in the
BSM success probability q at the QR node, which must be

FIG. 6. Behavior of RLB
lossy with increasing switching losses as

marked. M = 100, α = 0.15 dB/km, τ = 50 ns, μ = 0.405, q =
0.255. As given by Eq. (16b), the subexponential rate-vs-distance
scaling (blue curve) is affected by the switching losses until the rate
law becomes exponential.

modified as

q → q × λ
log2 m
t , (14)

where λt ∈ (0, 1]. With this modification included, we derive
the following lower bound to the end-to-end rate R(L), again,
while optimizing over m (time-multiplexing block length) and
n (number of QR nodes).

Theorem 2. The rate-vs-distance lower bound RLB(L) for
a repeater chain with a lossy switching scheme [described
by Eq. (14)] has two regimes of operation described by the
equation

RLB
lossy = (Mμ)log2 λt +1

qτ
exp(−cexp αL − 2csub

√
αL), (15)

with the constants cexp and csub defined by

cexp = − log2 λt (16a)

and

csub =
[

ln

(
(Mμ)1+log2 λt

q(1 − 1/e)

)log2 λt

− ln[q(1 − 1/e)]

]1/2

.

(16b)

Proof. See Appendix B 1 for a detailed proof.
In the regime of low loss, i.e., λt � 10−0.2 (≈0.631), the

subexponential nature of the bound dominates, and we have
a reliable design that beats Rdirect (L) above a certain range L.
In fact, it is evident from Eq. (16b) that for extremely effi-
cient switches with no loss, i.e., λt = 1, cexp → 0 and csub →
{ln[1/q(1 − 1/e)]}1/2, which yields the original lower bound
in Eq. (6). In the regime of high switching loss (λt < 10−0.2),
the exponential nature of the lower bound dominates, and
there may be certain transmission lengths and switching-loss
regimes where the lower bound drops below Rdirect (L). An
exact rate-vs-distance calculation would be needed to verify
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FIG. 7. Optimal values of m and n at a given distance with pure
time multiplexing (M = 1). Solid lines show integer values, which
are a floor of the analytic values. The red region represents lengths
up to which a repeater protocol is not possible, i.e., the number of
repeaters is less than 1.

the viability of repeater operation in such an operational con-
dition. We plot RLB

lossy for M = 1 in Fig. 5 and for M = 100
in Fig. 6. In both cases we observe levels of switching loss
(2 and 5 dB, respectively) beyond which the rate scaling fails
to surpass Rdirect (L). Therefore, given a set of device metrics,
there is a maximum switching loss that is tolerable, beyond
which entanglement distribution at rates surpassing Rdirect (L)
is unattainable.

The derivation of RLB
lossy also yields the following required

optimal values for the number of repeaters n and time-
multiplexing block length m.

Theorem 3. Given the link distance between Alice and Bob,
the optimal number of repeater stations n∗(L) and order of
time multiplexing m∗(L) required to attain the lower bound
are given by the following formulas:

n∗(L) :=
√

log2 λt + 1

ln(Mμ) log2 λt − ln[q(1 − 1/e)]

× √
αL − 1, (17)

m∗(L) :=
exp

(
αL

n∗(L)+1

)
Mμ

. (18)

Proof. See Appendix B 2 for a detailed proof.
In order to find the optimal values of n and m, we pretended

as if they were continuous parameters and took derivatives
of the rate with respect to them. Yet, fractional quantities
for n and m are physically meaningless. By considering the
integer floor of continuous optima n∗(L) and m∗(L), we gain
further insight into regions where optimal performance is not

FIG. 8. Comparison of numerical rate envelope (solid lines) with
the analytic lower bound (dashed lines). Note that till a certain
distance the lower bound is overoptimized, as a repeater chain cannot
be formed for the optimized values of n (repeater stations) and m
(degree of time multiplexing).

truly achievable, as observed in Fig. 7 for the purely time-
multiplexed repeater (M = 1). The red-shaded region is where
the number of repeaters is subunity, which has no physical
meaning. This range of operation is therefore “forbidden.”
From the rate plot in Fig. 8, the red region is under the re-
peaterless bound, which means that direct transmission would
be superior to using our QR in this regime.

V. ACCOUNTING FOR DECOHERENCE IN
QUANTUM MEMORIES

Practically, the qubits stored in the QM register at the QR
station will undergo a certain amount of loss proportional
to the time that they must be held before the QM BSM is
attempted. In general, we may understand it as a decoherence
phenomenon modeled by some parameter, which we label
λmem here. Similar to λt , we define λmem as the probability
that the qubit is preserved in the QM over a single time step
τ . In order to understand how decoherence affects the optimal
rate, we consider the “worst-case scenario” that qubits stored
in QMs always undergo maximum decoherence proportional
to mτ time slots, irrespective of the actual duration of time
within the time-multiplexing block they actually lived in the
QM. This leads to further modification of the QM entangle-
ment swap success parameter as

q → q × λ
log2 m
t × λm

mem, (19)

where λt , λmem ∈ (0, 1]. The additional modification changes
the nature of the envelope as summarized in Theorem 4.

Theorem 4. The rate-vs-distance lower bound RLB(L) for a
repeater chain with a loss-prone switching scheme and quan-
tum memory decoherence [described by Eq. (19)] is given by

RLB
loss,decoh = (Mμ)log2 λt +1

qτ
exp

[
−αL log2 λt

(
1

v0
− 1

)
+ (−αL)

v0
+ v0 ln

(
q(1/e − 1)

(Mμ)log2 λt

)
+ eαL/v0 ln(λmem)

Mμ

]
, (20)
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FIG. 9. Modification of rate-vs-distance envelope lower bound at
different values of λmem as specified; no switching loss is considered.
M = 1, α = 0.15 dB/km, τ = 50 ns, μ = 0.405, q = 0.255.

where v0 is the solution of the transcendental equation

ln x

[
x−1/v ln λmem

Mμ
− log2 2λt

]

= v2 ln

(
(Mμ)log2 λt

q(1 − 1/e)

)
. (21)

Note that the solution v0 is distance (L) dependent.
Proof. The proof proceeds similarly to the proof of

Theorem 2 (Appendix B). As noted in Theorem 4, the
distance-dependent parameter v0 prevents us from making di-
rect conclusions about the scaling law of the rate-vs-distance
envelope. We choose to perform our analysis numerically
and report numerical results to gain insights into the ef-
fect, as shown in Fig. 9. We observe that the subexponential
advantage is lost even for relatively small values of mem-
ory decoherence factor λmem. This highlights that quantum
memories with very high coherence times (much greater
than the time required for one iteration of the protocol, mτ )
are required to maintain the subexponential advantage of
time multiplexing. The availability of highly durable QMs
is therefore a necessity for any practical implementation of
time-multiplexed QRs. �

VI. PROTOCOL-DEPENDENT DECOHERENCE IN
QUANTUM MEMORIES

As discussed in Sec. III, the actual effect of QM deco-
herence is event dependent. The amount of decoherence will
be governed by our strategy for mixing and matching the
successful swap events spread over mτ seconds. For example,
the scheme that performs BSMs at the QRs at the end of the
mth time step will experience more qubit decoherence than the
scheme in which every QR performs BSM as soon as it has at
least one link success on both sides. Based on the choice of
the scheduling of QM-register BSMs, the time that a qubit
is stored (and therefore the amount of decoherence) is now
a random number. We model the general modification of the

FIG. 10. Comparison of lower bounds to the achievable rates for
the described average decoherence models with the subexponential
lower bound and worst-case decoherence model.

BSM success probability as follows:

q → q × λ
log2 m
t × λYi

mem, (22)

where the wait time before BSM is performed at the ith QR is
given by a random variable Yi. The distribution for any Yi de-
pends on the number of time steps that red (i.e., stored) qubits
have to wait before undergoing BSM. Since link generation
is probabilistic, we shall use two random variables Xi,L and
Xi,R, to denote the temporal location of a certain successful
link generation to the left and right of the ith QR, respectively.
The functional dependence of Yi in terms of Xi,L and Xi,R de-
pends on the protocol rules that govern the QM switching and
BSM scheduling. For our present analysis, we consider two
complementary protocols (exact descriptions and derivations
of 〈Yi〉 for both protocols are given in Appendix C).

(1) Perform swap on the QMs corresponding to first success
on each side. We perform BSM on the QM immediately after
both sides of a repeater station report their first successful
links. For this protocol, Yi = |Xi,L − Xi,R|.

(2) Perform swap on QMs that have waited the least amount
of time at the end of the length-m time block. In this case, we
perform the BSM for the QMs only after all mM link gen-
eration attempt results are received. Subsequently, we choose
to do the entanglement swap on the latest successful link on
either side of the QR. For this protocol, Yi = Xi,L + Xi,R.

We note that for both protocols, Xi,L/R are independent and
identically distributed (i.i.d.) random variables drawn from
geometric distributions with the probability of success given
by the probability of heralding at least a single successful
linear-optical (LO) Bell swap, i.e., P from Eq. (1). As shown
in Fig. 10, the lower bounds for the modified protocols surpass
the rates achieved by considering maximum decoherence in
QMs on an average. It is straightforward to see that protocol
(1) beats protocol (2), because of the fact that only one red
qubit has to wait for the QM BSM in the latter scenario.
The optimal protocol would be able to surpass the perfor-
mance of protocol (1). However, this is not proven rigorously
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in this paper. All three models are shown to reliably sur-
pass the PLOB bound for our choice of parameters, which
supports their implementation for long-distance entanglement
generation.

VII. DISCUSSION AND CONCLUSIONS

Entanglement distribution at rates that surpass the direct-
transmission capacity is of paramount importance for the
development of a quantum network. In this paper, we have an-
alyzed the significance of time multiplexing for a linear-chain
two-way quantum repeater that uses BSMs and switches,
but no error correction, to achieve a fundamentally superior
rate compared with a similar scheme that relies solely on
multiplexing across parallel entanglement attempts, e.g., by
multiplexing across spatial or frequency modes. We evalu-
ated upper and lower bounds to the optimum rate-vs-loss
envelope attained by this architecture in its full generality
and showed that the achievable rate R(L) is proportional to
R ∝ A exp(−s

√
αL), where L is the end-to-end range in opti-

cal fiber and A and s are constants that depend upon various
device parameters. We showed that temporal multiplexing by
itself is capable of achieving the aforesaid scaling law, with no
spatial or spectral multiplexing. With only spatial or spectral
multiplexing (parallel channels), quantum repeaters that use
multiplexed BSMs can attain R ∝ A exp(−sαL) with s < 1,
whereas this can be attained with s = 1 when no repeaters are
employed (direct communication).

Practical considerations of a lossy switching network and
decoherence in the quantum memory (QM) register at the
repeater nodes are also included in our analysis. We describe
regimes where these practical effects have a detrimental ef-
fect on the theoretically achievable rate. Including the effect
of loss in switching networks incurs a transition from the
aforesaid subexponential rate-vs-distance scaling to an expo-
nential rate-vs-distance scaling law (with increasing switching
losses). In fact, for a given choice of design parameters, with
switching losses above a certain threshold, including tempo-
ral multiplexing may deteriorate the performance, e.g., of a
spatially multiplexed quantum repeater architecture. We ob-
served that including even a small amount of QM decoherence
affects the subexponential rate scaling advantage afforded
by time multiplexing. However, given the actual amount of
decoherence, some actual performance benefit over a non-
time-multiplexed protocol may occur.

A complete analytical study of two-way quantum repeaters
along the lines of our work, but that accounts for the use
of multiple successful connections between elementary links,
and optimal entanglement purification and distillation at link
and/or multihop levels, is left for future work. Additionally,
a full system-level analysis of the protocol with realistic
Bell state generation devices, quantum memory decoherence
models, and stochastic models for infidelity caused by the
staggered waiting times in the QM registers would be useful to
evaluate the performance of our protocol in a practical deploy-
ment. We envision practical time-multiplexed repeaters with
multiple success utilization to employ block distillation either
at the user nodes or at the level of the QR stations, or both,
to attain the desired fidelity of the end-to-end entanglement
delivered. Furthermore, we hope that the fundamental benefit

FIG. 11. The two-part upper bound to determine the family of
points for deriving the bounds. The blue line is the actual rate plot for
a fixed value of m and n. The dashed lines are the two-part envelope
discussed. The marked points A and B are the points used to derive
the upper and lower bounds, respectively.

offered by time multiplexing demonstrated in this paper can
be leveraged for future quantum repeater and router designs
for use in quantum networks with more complex topologies.
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APPENDIX A: DERIVATION OF SUBEXPONENTIAL
UPPER AND LOWER BOUNDS

We begin by plotting the rate based on the exact rate
equation in Eq. (2) for a fixed value of m and n, in Fig. 11.
Subsequently, we observe a two-part upper envelope to the
exact rate, which can be used to draw inferences about bounds
to the rate-vs-distance envelope. The first segment of the two-
part envelope is given by the dashed line marked as Rmax,
which can be expressed as

Rm,n(L) � qn

mτ
:= Rmax, (A1)

with equality for μe−αL/(n+1) = 1.
For the sake of brevity, we make the substitution

p = μe−αL/(n+1). The Taylor series expansion of the
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1 − (1 − p)Mm component from Eq. (2) yields the following
inequality:

1 − (1 − p)Mm < 1 − (1 − Mmp) = Mmp. (A2)

Therefore this allows us to determine an exponential scaling
law given by y = [(Mmp)n+1qn]/(mτ ), which forms the sec-
ond half of the two-part envelope, marked as Rexp in Fig. 11.
The two upper bounds have a single parametrized point of in-
tersection which is described by the family of points A(m, n),
given as

A(m, n) :=
[

(Mmμ)−(n+1),
qn

mτ

]
. (A3)

The locus of A(m, n) is determined by eliminating the two pa-
rameters, i.e., m and n. We first eliminate m from the ordinate
and abscissa of the family as follows:

m = x−1/(n+1)

Mμ
= qn

yτ
. (A4)

Subsequently, the elimination of n by using n + 1 =
√

ln x
ln q

yields the upper bound

RUB(L) := Mμ

qτ
e−(2

√
ln (1/q))

√
αL, (A5)

where −αL = ln x.
A lower bound to the envelope is obtained by tracking the

locus of the point on the rate curve, which shares the same
ordinate as the family A(m, n). We obtain this by dropping a
vertical intercept from A(m, n) to the actual rate curve. Let us
label this parametrized point B(m, n), which is defined by

B(m, n) :=
[

(Mmμ)−(n+1),
qn[1 − (1 − 1

Mm )Mm]n+1

mτ

]
.

(A6)

We make a further simplification to this family, by using the
observation that ∀ m, M ∈ Z+,(

1 − 1

Mm

)Mm

> 1/e. (A7)

This means that the following family [let us label it B′(m, n)]
is also a lower bound of the actual rate envelope and is ex-
pressed as

B′(m, n) :=
[

(Mmμ)−(n+1),
qn(1 − 1/e)n+1

mτ

]
. (A8)

The similarity of B′(m, n) to the family A(m, n) leads to the
intuitive argument that the envelope for B′(m, n) has the same
form as Eq. (A5), with the only modification being that q is
replaced by q(1 − 1/e). The detailed derivation would follow
a similar procedure as we have done for A(m, n) above. Hence
the lower bound can be expressed as

RLB(L) := Mμ

qτ
e−(2

√
ln[1/q(1−1/e)])

√
αL. (A9)

APPENDIX B: INCORPORATING THE EFFECTS OF
SWITCHING LOSS IN QUANTUM MEMORY

ENTANGLEMENT SWAP

1. Modified lower bound derivation

We showed how to derive the family of points that serve
as bounds to the rate-vs-distance envelope in Appendix A. We
consider the model of switching loss discussed in Sec. IV. To
include the effect of switching losses, the QM BSM probabil-
ity of success q is modified as follows:

q → q × λ
log2 m
t . (B1)

The parameter λt quantifies the per-switch loss, which cor-
responds to 10 log10(1/λt ) dB of loss. This can be thought
of as the probability with which a single switch succeeds in
switching a photon (as opposed to losing it).

Approaching this envelope calculation with a similar tech-
nique as was used for the original lower bound (A4), the
present lower bound abscissa can be expressed as

y = qn(1 − 1/e)n+1 × λ
n log2[x−1/(n+1)/(Mμ)]
t

τ × x−1/(n+1)/(Mμ)
, (B2)

where x ≡ L; y ≡ R. To keep track of the exponents effi-
ciently, we recast the equation as

ln y − 1

n + 1
ln x = −n

n + 1
ln x log2 λt − n ln(Mμ) log2 λt + (n + 1) ln(1 − 1/e) + n ln q + ln

(Mμ

τ

)
. (B3)

This is a general parametrized family of curves in the two variables x and y, with n as the parameter we seek to eliminate.
Let us denote this as an implicit function f (x, y, n). To determine the envelope of this family, the equations f (x, y, n) = 0 and
∂ f (x, y, n)/∂n = 0 must be solved simultaneously to eliminate the parameter n [24]. Partial differentiation of Eq. (B3) with
respect to n yields

1

(n + 1)2
ln x(log2 λt + 1) = ln[q(1 − 1/e)] − ln(Mμ) log2 λt (B4)

⇒ n + 1 =
(

ln x(log2 λt + 1)

ln[q(1 − 1/e)] − ln(Mμ) log2 λt

)1/2

. (B5)

To simplify the derivation and identify terms that are relevant to the envelope, we make the substitutions − log x = u and
log y = v. Therefore Eq. (B5) can be rewritten as n + 1 = c0 · u1/2. Here, c0 is defined as

c2
0 = log2 λt + 1

ln(Mμ) log2 λt − ln[q(1 − 1/e)]
. (B6)
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Making the suitable substitutions in Eq. (B3) yields

v + u

c0u1/2
=

(
1 − 1

c0
u−1/2

)
u log2 λt − c0u1/2 ln(Mμ) log2 λt + c0u1/2 ln(1 − 1/e)

+ c0u1/2 ln q + ln

(
Mμ

qτ

)
+ ln(Mμ) log2 λt (B7)

⇒ v = u log2 λt − 2u1/2( log2 λt {ln(Mμ) log2 λt + ln(Mμ) − ln[q(1 − 1/e)]}

− ln[q(1 − 1/e)])1/2 + ln(Mμ) log2 λt + ln

(
Mμ

qτ

)
. (B8)

As a point of reconciliation, in the case where we have no switching loss, i.e., λt = 1, we have c0 = {− ln[q(1 − 1/e)]}−1/2, and
Eq. (B8) becomes the original lower bound in Eq. (A9). Thus, in the most general form, the overall lower bound may be written
as

RLB
lossy = (Mμ)log2 λt +1

qτ
exp(−cexpαL − 2csub

√
αL), (B9)

where

cexp = − log2 λt , (B10a)

csub =
[

ln

(
(Mμ)1+log2 λt

q(1 − 1/e)

)log2 λt

− ln[q(1 − 1/e)]

]1/2

. (B10b)

The derivation for Theorem 4 proceeds in a similar fashion to
the above.

2. Optimal parameter value extraction

From the above parameter elimination process, we can
determine analytic expressions for the optimal value of n and
m, for a fixed choice of network parameters (i.e., link length,
efficiencies, etc.). From Eqs. (A4) and (B5), the optimal val-
ues as extracted are given by

n̄(L) :=
√

log2 λt + 1

ln(Mμ) log2 λt − ln[q(1 − 1/e)]

× √
αL − 1, (B11)

m̄(L) :=
exp

(
αL

n̄(L)+1

)
Mμ

. (B12)

APPENDIX C: MODEL FOR AVERAGE DECOHERENCE
IN QUANTUM MEMORIES

As per the notation developed in Sec. VI, we use Yi to
denote the random variable (for the ith repeater node) that
governs the amount of loss due to the linear memory deco-
herence model of the QM. Specific protocol choices for the
QM entanglement swap will govern the actual effect of such
a loss term on the overall rate scaling. In general, the swap
is only performed after there is at least one successful link
established on both sides of the repeater station. Since link
generation itself is probabilistic, we shall use two random
variables Xi,L and Xi,R, to denote the temporal location of a
certain successful link generation to the left and right of the
repeater node, respectively. The criteria for which a successful
link is marked depend on the protocol.

Hence, in general, Yi is a function of the success markers,
i.e., Xi,L/R. We restate the protocols here.

(1) Perform swap on the QMs corresponding to first success
on each side. We perform BSM on the QM immediately after
both sides of a repeater station report their first successful
links. For this case, Yi = |Xi,L − Xi,R|, where Xi,L/R indicate
the number of time steps the first entangled QMs on the
left and right of ith QR have waited for, until the BSM is
performed.

(2) Perform swap on QMs that have waited the least amount
of timeat the end of the length-m time block. In this case,
we perform the BSM for the QMs only after all mM LO
BSM attempt (on either side of the QR) results are received.
Subsequently, we choose to do the entanglement swap on the
latest successful link on either side of the QR. Here, we use the
random variables Xi,L and Xi,R to display the wait times for the
latest entangled qubit, i.e., the last link that was successfully
generated on the left and right of the ith QR, respectively.

Our rate equations account for the memory decoherence in
the form of a general exponential with a subunity base (i.e.,
λmem ∈ (0, 1]). Since f (x) = px is a convex function for p ∈
(0, 1), we can use Jensen’s inequality for a random variable X ,

λ〈X 〉
mem � 〈λX

mem〉. (C1)

Hence we can reliably use the mean value of the exponents
to lower bound the mean of the general exponential function.
This lower bound is sufficient to study the rate-vs-distance
scaling for our modified protocols and make inferences about
their corresponding performances.

For protocol (1), Yi = |Xi,L − Xi,R|, where Xi,L/R are drawn
from geometric distributions with probability of success given
by p, i.e., Pr(Xi,L/R = k) = (1 − p)k−1 p. Here, the exponent
for λmem in the final rate equation is given by S = ∑n

i=1 Yi with
〈S〉 = n
1, where 
1 is the mean value of the order statistics
of the difference of two i.i.d. negative binomial distributions
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[25]. It can expressed in terms of the probability of success p
as


1 = 2p2
∞∑
j=1

(1 − p)2 j
j∑

s=1

s

(1 − p)s
= 2(1 − p)

(2 − p)p
. (C2)

For protocol (2), to calculate the Pr(Xi,L/R = k), i.e., the prob-
ability that the last success has to wait for k time steps before
the swap, we may adopt the following argument:

Pr(Xi,L/R = k)

= Pr (at least one success at the (m − k − 1)th step)

× Pr(no success for last k steps)

= [1 − (1 − p)M](1 − p)kM . (C3)

It is easy to show that the expectation value 〈Xi,L/R〉 is given
by

〈Xi,L/R〉 =
∑m−1

k=0 k × P(Xi,L/R = k)∑m−1
k=0 P(Xi,L/R = k)

(C4)

= (1 − p)M

1 − (1 − p)M
− m(1 − p)mM

1 − (1 − p)mM
. (C5)
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