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Digital quantum simulation of beam splitters and squeezing with IBM quantum computers
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We present results on the digital quantum simulations of beam-splitter and squeezing interactions. The bosonic
Hamiltonians are mapped to qubits and then digitalized in order to implement them in the IBM quantum devices.
We use error mitigation and postselection to achieve high-fidelity digital quantum simulations of single-mode
and two-mode interactions, as evinced—where possible—by full tomography of the resulting states. We achieve
fidelities above 90% in the case of single-mode squeezing with low squeezing values and ranging from 60% to
90% for large squeezing and in the more complex two-mode interactions.
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I. INTRODUCTION

Paradigmatic quantum-optical processes such as single-
mode and two-mode squeezers and beam-splitter interactions
among bosonic modes are now at the heart of quantum
information processing and quantum computation with con-
tinuous variables [1–3], including the quantum simulation of
molecular vibronic spectra [4,5] and the achievement of quan-
tum supremacy with Gaussian boson sampling [6].

In parallel, qubit-based quantum computers and simulators
are rapidly transitioning from small-scale experiments to large
networks [7,8] in which quantum supremacy has also been
claimed [9]. It is natural to look for links between these
two alternate approaches to modern quantum technologies.
Recently, one of us proposed a recipe for digital quantum
simulation of multimode bosonic Hamiltonians [10]. The idea
is to combine Trotter [11] and gate-decomposition techniques
[12] with boson-qubit mappings [13,14] in order to encode
generic bosonic Hamiltonians into a sequence of single-qubit
and two-qubit gates.

In this work, we apply these ideas to the digital quantum
simulation in IBM quantum devices of single-mode and two-
mode squeezing and beam-splitter interaction Hamiltonians.
We make use of error mitigation and postselection tech-
niques to achieve high-fidelity quantum simulations, which
we demonstrate by performing—where possible—full tomog-
raphy of the final quantum states, or otherwise employing
analytical approximations of the fidelity. We achieve fidelities
around 90% in the case of single-mode squeezing with low
values of the squeezing parameter and ranging from 60% to
90% in the case of two-mode squeezing and two-mode beam
splitting, which require a larger number of two-qubit gates.
Fidelity also decreases for large squeezing parameters in the
single-mode case, which would require more qubits in order
to simulate more photonic excitations.

The structure of the paper is the following: In Sec. II we
thoroughly discuss the digitalization and quantum simulation
of single-mode squeezing Hamiltonians.

While high-fidelity simulations can be achieved by us-
ing two-qubit interactions, the four-qubit interactions are
discussed in Secs. III and IV. Here,we analyze the digital
quantum simulation of beam splitters and two-mode squeezers
which allows for one excitation per mode. We conclude in
Sec. V with a summary of our results.

II. SINGLE-MODE SQUEEZING

Squeezing is not only one of the basic processes in
quantum optics but has also become a key ingredient in
modern quantum technologies, from gravitational-wave as-
tronomy [15] to Gaussian boson sampling [6]. Here, we
discuss the digital quantum simulation of squeezing Hamil-
tonians, starting with the single-mode case.

As shown in Refs. [13,14], it is possible to map N bosonic
modes containing a maximum number of Np excitations each
to N (Np + 1) qubits. In the case of single-mode squeez-
ing, we have to consider only one mode, and we can start
by assuming two maximum excitations. Therefore we will
need three qubits, labeled 0, 1, 2. According to the boson-
qubit mapping in Refs. [13,14], we have the following Fock
states |n〉:
|0〉 ↔ |001112〉, |1〉 ↔ |100112〉, |2〉 ↔ |101102〉, (1)

where |0i〉, |1i〉 (i = 0, 1, 2) are the states of qubit i, which
are the eigenstates associated with the positive and negative
eigenvalues of the Pauli operator σ i

z , respectively. Using the
boson-qubit operator mapping for N = 1, NP = 2, we can
write the bosonic creation operator as

b† → σ 0
−σ 1

+ +
√

2 σ 1
−σ 2

+, (2)

where the Pauli creation and annihilation operators are
given by

σ k
± = 1

2

(
σ k

x ± iσ k
y

)
(3)

in terms of the Pauli matrices σx and σy (k = 0, 1, 2). No-
tice that, for each qubit σ+|0〉 = 0, σ−|0〉 = |1〉, σ−|1〉 = 0,
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FIG. 1. Quantum circuit run in Santiago for the single-mode squeezing unitary (23) and ε̂ = 0.05. q130, q131, and q132 are respectively
qubits 1, 0, and 2 in the text.

σ+|1〉 = |0〉. From Eq. (3) it is straightforward to obtain the
annihilation operator and all the combinations that subse-
quently appear in the bosonic Hamiltonians of interest. In
particular, we want to obtain the mapping for the single-mode
squeezing unitary:

Uε = eiε(b†2+b2 ), (4)

where ε is the squeezing parameter. Using Eq. (2) and the
properties of the Pauli operators:

σ k
±σ k

∓ = 1
2

(
1 ± σ k

z

)
, σ k

±σ k
± = 0, (5)

we get

b†2 →
√

2σ 0
−σ 2

+, b2 →
√

2σ 0
+σ 2

−. (6)

Then, using Eq. (3) and summing up, we get

b†2 + b2 → 1√
2

(
σ 0

x σ 2
x + σ 0

y σ 2
y

)
. (7)

With this, we have mapped a bosonic Hamiltonian into a qubit
one. However, we want to implement a unitary evolution in the
digital simulator. Notice that:[

σ 0
x σ 2

x , σ 0
y σ 2

y

] = [
σ 0

x , σ 0
y

]
σ 2

x σ 2
y + σ 0

y σ 0
x

[
σ 2

x , σ 2
y

] = 0, (8)

where in the last step we have used that σ k
i σ k

y = iεi jkσ
k
k (εi jk

being the Levi-Civita tensor). Therefore, in this case the fac-
torization of the unitary is exact:

Uε̂ = eiε̂σ 0
x σ 2

x eiε̂σ 0
y σ 2

y , (9)

where ε̂ = ε/
√

2. This unitary is not directly available in the
quantum devices of IBM. Therefore, we have to perform a
gate decomposition to express it in terms of the desired gate

set. In general, if we define

Uε̂ = eiH ε̂ (10)

and find another unitary operation U such that

H = U †H0U, (11)

where H0 is a convenient single-qubit operation, then we
can write

eiH ε̂ = U †eiH0 ε̂U . (12)

For instance, for the XX part we can use:

e−i π
4 σ 0

x
(
σ 0

z

)
ei π

4 σ 0
x = −σ 0

y ,

e−i π
4 σ 0

z σ 2
x
( − σ 0

y

)
ei π

4 σ 0
z σ 2

x = σ 0
x σ 2

x . (13)

Then,

eiε̂σ 0
x σ 2

x = U †
xxeiε̂σ 0

z Uxx, (14)

where

Uxx = ei π
4 σ 0

x ei π
4 σ 0

z σ 2
x . (15)

Similarly, we can write

eiε̂σ 0
y σ 2

y = U †
yyeiε̂σ 0

z Uyy, (16)

where

Uyy = Uxxei π
4 σ 0

z ei π
4 σ 2

z . (17)

Finally, the two-qubit gates can be translated into CNOT gates
by using

ei π
4 σ 0

z σ 2
x = ei π

4 σ 2
x ei π

4 σ 0
z e−i π

4 CNOT0−2, (18)

FIG. 2. Final transpiled circuit run in Santiago for the single-mode squeezing unitary (23) and ε̂ = 0.05.
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FIG. 3. Fidelity F results for the digital quantum simulation
of single-mode squeezing with squeezing parameter ε̂ allowing a
maximum of two excitations for: Santiago (May/04/2021), using
the approximation in Eq. (29) (blue, dashed, circles) and with full
tomography (May/19-20/2021) Eq. (27) (orange, dotted, triangles)
and Casablanca (May/05/2021), Eq. (29) (red, solid, squares) and
(May/19/2021) Eq. (27) (green, dash-dotted, diamonds).

where the CNOT gate between a pair of qubits i, j is defined as

CNOTi− j =

⎛
⎜⎝

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎞
⎟⎠. (19)

We also define the single-qubit single-parameter rotation

U1(λ) =
(

1 0
0 eiλ

)
, (20)

and the single-qubit two-parameter rotation:

U2(φ, λ) = 1√
2

(
1 −eiλ

eiφ eiλ+iφ

)
, (21)

using the same conventions as IBM.
We note that

ei π
4 σ 0

x ei π
4 σ 0

z = ei π
4 U 0

2

(π

2
,−π

)
,

e−i π
4 σ 0

z e−i π
4 σ 0

x = e−i π
4 U 0

2

(
0,

π

2

)
,

eiσ k
z θ = eiθU k

1 (−2θ ). (22)

Putting everything together, phases and some operations on
qubit 2 cancel out and we get a final expression with 10 single-
qubit gates and four CNOT gates:

Uε̂ = CNOT0−2U 0
2

(
0,

π

2

)
U 0

1 (−2ε̂)U 0
2

(π

2
,−π

)
,

CNOT0−2U 2
1

(π

2

)
U 0

1

(π

2

)
,

CNOT0−2U 0
2

(
0,

π

2

)
U 0

1 (−2ε̂)U 0
2

(π

2
,−π

)
,

CNOT0−2U 2
1

(
−π

2

)
U 0

1

(
−π

2

)
. (23)

The U1(π/2) gate will be denoted from now on as an
S gate. Of course, the product of several single-qubit opera-
tions on the same qubit are effectively grouped into a single

operation when launched into an IBM quantum device. In
Fig. 1, we see the circuit corresponding to the unitary Eq. (23)
for ε̂ = 0.05 acting on an initial ground state as launched by
us in IBM Santiago and in Fig. 2 the final “transpiled” version.
Fortunately, the number of CNOT gates is reduced from four to
two. All the circuits were transpiled using qiskit optimization
level 3 [16], the corresponding codes are attached as addi-
tional material [17]. Note that the two X gates in Fig. 1 are
required for the preparation of the initial ground state and that
in Fig. 2 the single-qubit three-parameter rotation is

U3(θ, φ, λ) = 1√
2

(
cos

(
θ
2

) −eiλ sin
(

θ
2

)
eiφ sin

(
θ
2

)
eiλ+iφ cos

(
θ
2

)
)

. (24)

Notice that the restriction to a maximum of two photons
corresponds to a restriction to perturbative values of ε. In
second-order perturbation theory, the state that we intend to
simulate would have the form |ψ〉 = (1 − ε2)|0〉 − i

√
2ε|2〉.

Our aim is to compute the fidelity

F (|ψ〉, ρ) = 〈ψ |ρ|ψ〉, (25)

where ψ is the aforementioned perturbative state and ρ is the
state actually obtained in the experiment. We would like to
perform a full state tomography of ρ. An arbitrary state of n
qubits can be expanded as [18]

ρ =
∑

�v

tr(σv1 ⊗ · · · ⊗ σvnρ) σv1 ⊗ · · · ⊗ σvn

2n
, (26)

where the sum is over vectors �v = (v1, . . . , vn) with entries
vi = 0, 1, 2, 3. Considering Eq. (26) for three qubits and the
expression of ψ , we arrive at the following expression for the
fidelity in terms of ε:

F (|ψ〉, ρ)

= 1
8 (1 + tr (σz ⊗ σz ⊗ σzρ) + 2

√
2ε[tr (σx ⊗ σz ⊗ σyρ)

+ tr (σy ⊗ Id ⊗σxρ) − tr (σx ⊗ Id ⊗σyρ)

− tr (σy ⊗ σz ⊗ σxρ)] + (
1 − 4ε2

)
[tr (σz ⊗ Id ⊗ Id ρ)

+ tr (Id ⊗σz ⊗ σzρ) − tr(Id ⊗ Id ⊗σzρ)

− tr(σz ⊗ σz ⊗ Id ρ)]

− [tr(Id ⊗σz ⊗ Id ρ) + tr(σz ⊗ Id ⊗σzρ)]). (27)

Full state tomography is not straightforward in IBM
quantum devices since only measurements in the Z basis are
allowed. However, we can simulate the measurements in the
X and Y basis by adding a Hadamard gate for the former
and S† and Hadamard for the latter, prior to the standard
measurement. We recall that the Hadamard gate is defined as

H = 1√
2

(
1 1
1 −1

)
. (28)

Therefore, we can repeat the experiment several times,
each time performing the measurements in the corresponding
basis, in order to obtain all the terms needed to compute
the fidelity. Alternatively, we can launch a single experiment,
and—instead of performing state tomography—make use of
the fact that the leading-order term of the fidelity would be

F = P0, (29)
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FIG. 4. Final transpiled circuit run in ibmq_santiago for the single-mode squeezing unitary allowing four excitations and ε̂ = 0.1. We
consider two-qubit interactions only, as in Eq. (31). q960, q961, q962, q963, and q964 are respectively qubits 0, 3, 1, 4, and 2 in the text.

where P0 is the probability of the ground state, which can be
easily retrieved from the experiment with qiskit, thus obtain-
ing a second-order approximation error. Moreover, since not
all the Hilbert space of the three qubits is associated with
physical states in the simulation, we can also use postselec-
tion, by simply neglecting all the probability counts of the
states that are not related with the simulated Fock states in
Eq. (1). However, in this case the postselection probabili-
ties are very close to 1, so there is almost no effect in the
results.

In all the cases, we also make use of error mitigation
techniques [19], which in the case of the IBM devices are only
available for the measurements.

In Fig. 3, we show the results of the simulation for dif-
ferent parameters and devices. Throughout this work, we
will present results in two IBM quantum devices, namely
Casablanca and Santiago. They both display a high quantum
volume QV = 32 [20] and, in the case of Casablanca, the
required connectivity; that is, the availability of CNOT gates,
for all the simulations in this work. While the connectivity of
Santiago is also enough by now, that will not be the case in
the next sections. The nonavailability of a CNOT gate implies

FIG. 5. Fidelity F results for the digital quantum simula-
tion of single-mode squeezing with squeezing parameter ε̂ al-
lowing a maximum of four excitations by using Eq. (33):
Casablanca (May/05-06/2021) (blue, dashed, circles) and Santiago
(May/20-21/2021) (orange, dotted, triangles).

the introduction of additional SWAP operations in order to
move the CNOT gate to another pair of qubits where the CNOT

can be implemented, which would have an important impact
in the fidelity. Typical error rates in Santiago range from
6.4 × 10−3 to 2.36 × 10−2 for readout (note, however, that we
have used error mitigation for the readout), from 1.7 × 10−4

to 2.6 × 10−4 for single-qubit gates and from 5.5 × 10−3 to
6.5 × 10−3 for CNOT gates. While in Casablanca typical errors
go from 9.4 × 10−3 to 6.2 × 10−2 for readout, from 2.5 ×
10−4 to 6.9 × 10−3 for single-qubit gates, and from 8 × 10−3

to 6.2 × 10−2 for the CNOT gates. Error bars can be assigned
by considering a typical average readout assignment error—
1.4 × 10−2 in Santiago and 1.8 × 10−2 in Casablanca—and
standard error propagation techniques. Note, however, that all
these parameters change on a daily basis. Therefore we will
include the date when the results were obtained throughout
the text. We have also used other quantum devices (results
not included) and checked that there is significant dependence
of the fidelity with QV and connectivity. It is important to
mention that the qiskit version used in all the simulations was
“0.21.0.”

With only two CNOT gates and readouts and a few single-
qubit gates, if the error is mainly due to the error gate—as
should be for small ε̂, where our approximation should be

2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

Steps

F

FIG. 6. Fidelity F vs number of Trotter steps for the digital
quantum simulation of single-mode squeezing allowing a maximum
of four excitations in Casablanca (May/05-06/2021) for ε̂ = 0.125
(blue, dashed, circles), ε̂ = 0.175 (orange, dotted, triangles), ε̂ = 0.2
(green, dash-dotted, diamonds), and ε̂ = 0.3 (red, solid, squares).

052609-4



DIGITAL QUANTUM SIMULATION OF BEAM SPLITTERS … PHYSICAL REVIEW A 104, 052609 (2021)

2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

Steps

F

FIG. 7. Fidelity F vs number of Trotter steps for the digital
quantum simulation of single-mode squeezing allowing a maxi-
mum of four excitations in Santiago (May/20-21/2021) for ε̂ =
0.125(blue, dashed, circles), ε̂ = 0.175 (orange, dotted, triangles),
ε̂ = 0.2 (green, dash-dotted, diamonds), and ε̂ = 0.3 (red, solid,
squares).

very close to the exact dynamics—with the numbers above
fidelities above 95% can be expected in a single experiment,
as can be seen in Fig. 3. Of course, the repetitions of the
experiment in order to achieve full tomography have a neg-
ative impact in the fidelity. As expected, we also see in Fig. 3
that the fidelity decreases for larger ε̂, since the perturbative
approximation starts to fail. If we want to simulate higher
values of the squeezing parameter we need to allow a higher
number of photons. Taking four photons, we will now need
five qubits, and the new definition of the creation operator
would be:

b† → σ 0
−σ 1

+ +
√

2 σ 1
−σ 2

+ +
√

3 σ 2
−σ 3

+ + 2 σ 3
−σ 4

+. (30)

With this definition (b†)2 + b2 is mapped to a qubit operator
containing both two-qubit interactions S2 and four-qubit ones
S4. Let us analyze first the two-qubit part S2, which is

S2 = 1√
2

(
σ 0

x σ 2
x + σ 0

y σ 2
y

) +
√

3
(
σ 2

x σ 4
x + σ 2

y σ 4
y

)

+
√

3

2

(
σ 1

x σ 3
x + σ 1

y σ 3
y

)
, (31)

where the first term is exactly the same as in the two-photon
scenario, and the other two only differ in the qubit pair onto
which they are applied. However, a crucial feature is that now
the second term in S2 does not commute with the first one.
Then, Trotter decomposition techniques can be useful [11].

Indeed, we use two alternate approaches. On one hand, we
use the Trotter formula [11,18]

ei(A+B)ε̂ = lim
n→∞(eiAε̂/neiBε̂/n)n, (32)

where n is the number of Trotter steps, A and B are two
noncommuting parts of Eq. (31) and we are treating ε̂ as the
time variable. Alternatively, we also make use of the following
higher-order approximation [18]:

ei(A+B)ε̂ = eiAε̂/2eiBε̂eiAε̂/2 + O
(
ε̂3

)
. (33)

We see in Fig. 4 the corresponding circuit for the latter.
In this case, it is not feasible to calculate the fidelity using

the full state tomography because we will need to compute up

to 1024 terms. So we just calculate the fidelity up to second-
order corrections by using Eq. (29). Moreover, we postselect
the states |01111〉, |10111〉, |11011〉, |11101〉, and |11110〉.

Putting everything together, we show the fidelity results in
Figs. 5–7. In Fig. 5 we see that the use of Eq. (33) allows
us to extend the large-fidelity region to larger values of ε̂.
Also, in Figs. 6 and 7, we see that the fidelity increases for
a low number of Trotter steps, specially in Casablanca and for
moderate values of the squeezing. However, for large values
of the squeezing parameter and a large number of Trotter steps
the error due to barriers and gates suppress the benefits of
Trotterization.

So far, we have not considered the four-qubit term S4,
which is

S4 = 2
√

3(σ 0
−σ 1

+σ 2
−σ 3

+ + σ 0
+σ 1

−σ 2
+σ 3

−)

+ 4
√

2(σ 1
−σ 2

+σ 3
−σ 4

+ + σ 1
+σ 2

−σ 3
+σ 4

−)

+ 4(σ 0
−σ 1

+σ 3
−σ 4

+ + σ 0
+σ 1

−σ 3
+σ 4

−), (34)

where each of the three contributions gives rise to

σ i
−σ

j
+σ k

−σ l
+ + σ i

+σ
j

−σ k
+σ l

−

= 1
8

(
σ i

xσ
j

x σ k
x σ l

x + σ i
xσ

j
y σ k

y σ l
x − σ i

xσ
j

y σ k
x σ l

y + σ i
xσ

j
x σ k

y σ l
y

+ σ i
yσ

j
y σ k

x σ l
x − σ i

yσ
j

x σ k
y σ l

x + σ i
yσ

j
x σ k

x σ l
y + σ i

yσ
j

y σ k
y σ l

y

)
.

(35)

However, we have seen that we are able to achieve high-
fidelity simulations without including them—especially for
low squeezing—while for high squeezing we should consider
a larger number of allowed excitations. Therefore, instead of
including these terms in the single-mode squeezing simula-
tions, we analyze them separately. The four-qubit operators in
Eq. (35) are exactly the same as a full two-mode squeezing
Hamiltonian a†b† + ab for two modes a, b with a maximum
of one excitation per mode allowed. Thus, later on we discuss
an interesting application of two-mode squeezing with a max-
imum of one photon per mode, such as the dynamical Casimir
effect [21], where starting with an initial vacuum state we have
a certain probability of generating a photon pair by means
of the modulation of boundary conditions. However, we start
with the related quantum digital simulation of a beam-splitter
Hamiltonian.

III. BEAM SPLITTERS

The recipe for the digitalization of four-qubit interactions
similar to those in Eq. (35) was discussed in Ref. [10] in
the context of beam-splitting Hamiltonians. A beam-splitter
Hamiltonian for two modes with a maximum of one photon
per mode gives rise to a similar series of four-qubit interaction
terms as Eq. (35), with the only difference being some of the
signs.

Labeling the two modes of interest as + and −, each of
the modes is represented by two qubits and, since NP = 1
the bosonic creation operator consists just of the first term of
Eq. (2). Thus, the beam-splitter unitary could be written as

U+− = eiε+−(b†
+a−+H.c.), (36)
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FIG. 8. Sequence of gates that implement the beam-splitting interaction term U 1
+− for ε+−

8 = π

2 . The order of the qubits is the same as
in the text.

Note that such unitary evolution can be exactly solved. In our
particular case, the evolution of the initial state with a photon
in one mode is

|ψ〉 = U+−|1〉+|0〉− = cos ε+−|1〉+|0〉− + i sin ε+−|0〉+|1〉−.

(37)

This will enable us to compute the fidelity in an exact fashion
later on. For the moment, we digitalize the bosonic operator

b†
+a− + b+a†

− → 1
8

(
σ 0

x σ 1
x σ 2

x σ 3
x − σ 0

x σ 1
y σ 2

y σ 3
x

+ σ 0
x σ 1

y σ 2
x σ 3

y + σ 0
x σ 1

x σ 2
y σ 3

y + σ 0
y σ 1

y σ 2
x σ 3

x

+ σ 0
y σ 1

x σ 2
y σ 3

x − σ 0
y σ 1

x σ 2
x σ 3

y + σ 0
y σ 1

y σ 2
y σ 3

y

)
. (38)

This operator can be expressed as a product of simpler
unitaries:

U+− =
8∏

i=1

U i
+−, (39)

where each U i
+− is easily decomposed into basic gates. For

instance:

U 1
+− = U †e−i ε+−

8 σ 0
z U, (40)

where

U = ei π
4 σ 0

x ei π
4 σ 0

z σ 1
x ei π

4 σ 0
z σ 2

x ei π
4 σ 0

z σ 3
x . (41)

Note that similar decompositions can be obtained for the rest
of the U i

+− by adding at the end of the string the number of

eiπ/4σ
j

z necessary to rotate some of the σx to σy. Putting all
the above together, a single two-mode beam splitter with one
photon per mode can be simulated in a four-qubit quantum
simulator. The four possible quantum states are mapped in the
following way:

|0〉+|0〉− = |0101〉,
|0〉+|1〉− = |0110〉,

FIG. 9. Quantum circuit implementing the equivalent of an
X -basis measurement in the beam-splitter case with one maximum
excitation per mode, where each mode can be treated as a qubit.

|1〉+|0〉− = |1001〉,
|1〉+|1〉− = |1010〉.

Finally, to have everything ready for the simulation we
need to rewrite Eq. (41) in terms of the gates available in
the IBM architecture by using similar techniques as in the
previous section. The circuit in Fig. 8 simulates the first block
U 1

+− for ε+−
8 = π

2 , except for an irrelevant global phase. Notice
that in this case a higher level of connectivity is required:
one qubit needs to be connected via CNOT gates with three
different qubits.

Note that, unlike in the previous section, we can now con-
sider that each mode is a qubit with two possible states |0〉 and
|1〉, although each mode is simulated by two physical qubits.
Using Eq. (26) for a two-qubit Hilbert space and with some
algebra, we have

F (|ψ〉, ρ) = 1

4

∑
i, j

tr (σi,+ ⊗ σ j,−ρ)〈ψ |σi,+ ⊗ σ j,−|ψ〉,

(42)

where i, j = 0, 1, 2, 3. The identity and Pauli matrices σi,+,
σ j,− act over the bosonic states, i.e., σ1,+|0〉+ = |1〉+, and
not over individual qubits. To relax the notation, we just
write σi, σ j .

In all the simulations launched, our initial state is |1〉+|0〉−.
So, doing straightforward calculations, we obtain that the only
nonzero terms from the prior expression are

〈ψ |σz ⊗ Id |ψ〉 = 1 − 2 cos2 ε+−,

〈ψ | Id ⊗σz|ψ〉 = −(1 − 2 cos2 ε+−),

〈ψ |σx ⊗ σy|ψ〉 = sin 2ε+−,

〈ψ |σy ⊗ σx|ψ〉 = − sin 2ε+−,

〈ψ |σz ⊗ σz|ψ〉 = −1.

FIG. 10. Quantum circuit implementing the equivalent of a
Y -basis measurement in the beam-splitter case with one maximum
excitation per mode, where each mode can be treated as a qubit.
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FIG. 11. Full circuit for digital quantum simulation of a beam splitter for ε+− = π/36 as launched in Santiago. The order of the qubits is
the same as in the text.

Keeping in mind that ρ is a density matrix, tr(ρ) = 1,
Eq. (42) reduces to

F (|ψ〉, ρ) = 1
4 (1 − tr(σz ⊗ σzρ) + sin 2ε+−[tr(σx ⊗ σyρ)

− tr(σy ⊗ σxρ)] + (1 − 2 cos2 ε+−)

× [tr(σz ⊗ Id ρ) − tr(Id ⊗σzρ)]). (43)

By considering tr(σi ⊗ σ jρ) as a mean value of the corre-
sponding observables over ρ, we have

tr (σz ⊗ σzρ) = pZZ (|0〉+|0〉−) + pZZ (|1〉+|1〉−)

− pZZ (|0〉+|1〉−) − pZZ (|1〉+|0〉−),

tr (σx ⊗ σyρ) = pXY (|0〉+|0〉−) + pXY (|1〉+|1〉−)

− pXY (|0〉+|1〉−) − pXY (|1〉+|0〉−),

tr (σy ⊗ σxρ) = pY X (|0〉+|0〉−) + pY X (|1〉+|1〉−)

− pY X (|0〉+|1〉−) − pY X (|1〉+|0〉−),

tr (σZ ⊗ Id ρ) = pZ (|0〉+) − pZ (|1〉+),

tr (Id ⊗ σZ ρ) = pZ (|0〉−) − pZ (|1〉−).

The notation pXY (|0〉+|1〉−) represents the probability of
mode (+) being in state 0 of the X base and mode (−) in state
1 of the Y base. Mapping bosons to qubits, the eigenstates of
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FIG. 12. Final transpiled version of the circuit in Fig. 14.

the X and Y bases are

|0X 〉i = |01〉 + |10〉√
2

, |1X 〉i = |01〉 − |10〉√
2

,

|0Y 〉i = |01〉 + i|10〉√
2

, |1Y 〉i = |01〉 − i|10〉√
2

,

where i = +,− labels each bosonic mode. These eigenstates
are associated with the measurements that can be seen in
Figs. 9 and 10.

Finally, we postselect to normalize the probabilities to the
true states of the Hilbert space of the system, as explained
above. The fact that, in this case, we can treat the modes as
qubits allows us to realize the postselection in the three bases.
Postselection probabilities depend strongly on the parameters
and the chosen basis, ranging from 40% to 80%.
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FIG. 13. Full circuit for digital quantum simulation of a beam splitter for ε+− = π/2 as launched in Casablanca. q10, q11, q12 and q13 are
respectively qubits 0, 1, 2 and 3 in the text.

We see in Figs. 11 and 12 the whole circuit for ε+− =
π/36 in Santiago and the final transpiled version, while in
Fig. 13 we present the full circuit in Casablanca for ε+− =
π/2.

We present the results in Fig. 14. We see a very special
value ε+− = 4π , which corresponds to ε+−

8 = π
2 for each of

the blocks, reaching an extremely high fidelity. This is due
to the fact that, in this particular case, the final transpiled
circuit contains only 25 CNOT gates and 46 single-qubit gates,
meaning that the expected fidelity from error gates is around
85%. Moreover, the error mitigation and postselection work

very well and are able to further raise the fidelity. For other
values of ε+−, the large number of gates—around 100 CNOT

gates and 100 single-qubit gates, typically—generally trans-
lates into poor fidelity barely reaching values above 60% for
some small values of the parameter.

We might try to improve the fidelity by Trotterizing our
circuit; that is, dividing the dynamics into shorter parame-
ter intervals by applying the Trotter formula. This can be
achieved by decomposing each operator e−i ε+−

8 σz into n steps∏n
k=1 e−i ε+−

8n σz . Note that this will only add extra 1-qubit gates
and not 2-qubit gates, which are the main source of noise. To
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FIG. 14. Fidelity F results for the digital quantum simulation of
a beam splitter (44) with squeezing parameter ε+− in Santiago (blue,
dashed, circles) (May/26/2021) and Casablanca (May/24-25/2021)
(orange, dotted, triangles).

simulate this, we need to take into account that transpiling the
circuit gathers all the steps together in a single rotation. So
we need to insert barriers between steps to actually achieve
Trotterization.

We present the fidelities of Trotterization for ε+− = π/2
and π/36 in Fig. 15 both in Casablanca and Santiago. For
ε+− = π/36 we observe a clear improvement after a few
steps. As expected, the benefits of Trotterization should be
suppressed after a certain number of steps due to the noise
of the additional barriers. This seems to occur in Santiago
after 10 steps, while in Casablanca fidelity keeps moderately
improving even after 18 steps. However, for ε+− = π/2 the
fidelity gain is only significant after three steps in Santiago.

IV. TWO-MODE SQUEEZING

Finally, as discussed above, we consider the two-mode
squeezing interaction allowing only one excitation per mode
and starting in the vacuum state. This configuration gives rise
to a Hamiltonian similar to the beam splitter for two modes
with a maximum of one photon per mode. They both have
a similar series of four-qubit interaction terms, with the only

5 10 15
0.0

0.2

0.4

0.6

0.8

Steps

F

FIG. 15. Fidelity F results for the digital quantum simulation of
a beam splitter vs Trotter steps for Santiago (May/26/2021) ε+− =
π/36 (blue, dashed, circles), ε+− = π/2 (orange, dotted, triangles)
and Casablanca (May/26/2021) ε+− = π/36 (green, dash-dotted,
diamonds), ε+− = π/2 (red, solid, squares).

FIG. 16. Full two-mode squeezing transpiled circuit in
Casablanca for ε = 0.1. q600, q601, q602, and q603 are respectively
qubits 0, 1, 2, and 3 in the text.

difference of some of the signs. As in the beam-splitter case,
we have again two qubits per mode and the same definition for
the bosonic operators. In particular, we consider the unitary

U+− = eiε+−(b†
+a†

−+H.c.), (44)

which gives rise to the four-qubit interaction in Eq. (35).
Using similar techniques as in previous sections, we aim to
compute the fidelity after postselection by using the perturba-
tive approximation in Eq. (29). The corresponding transpiled
circuit in Santiago is shown in Fig. 16. We show the fidelity
results in Fig. 17 for both Casablanca and Santiago, with
fidelities ranging from 60% to 90%. As in previous cases,
both the postselection probabilities and the final number of
gates depend strongly on the parameters, and so does the
fidelity.

Let us now briefly discuss the qubit requirements to simu-
late state-of-the-art quantum-optical experiments. In Ref. [6],
25 two-mode squeezed states are generated with squeez-
ing parameters around 1.5, meaning approximately five
photons per mode. This would amount to approximately
300 qubits in our setup. Then, a linear-optical network of
100 modes with the 25 two-mode squeezed sources above as
input is implemented. This would raise the number of qubits
up to several thousands. While current superconducting-qubit
quantum computers contain less than 100 qubits, IBM plans to
reach the threshold of 1000 qubits in 2023 with a 1121-qubit
device called Condor and Google has announced its goal of
building a one-million qubit quantum computer by the end of
this decade.

V. CONCLUSIONS

We present results of the digital quantum simulation
of quantum-optical single-mode and two-mode bosonic
interactions such as beam splitter and squeezing. We
use a boson-qubit mapping in order to translate bosonic
Hamiltonians into multiqubit gates. Then we apply gate-
decomposition techniques to express them as a sequence of
single-qubit and CNOT gates to launch the circuits in IBM
quantum devices. We make use of the available error miti-
gation strategies—only in the measurement stage—and also
postselection in order to achieve high-fidelity simulations,
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FIG. 17. Fidelity results for the digital quantum simulation of two-mode squeezing vs squeezing parameter for Santiago (May/28/2021)
(orange, dotted, triangles) and Casablanca (May/29/2021) (blue, dashed, circles).

which—where possible—we verify by full tomography of
the state—otherwise, we use analytical approximations to the
fidelity. We also analyze the usefulness of Trotter techniques.
The achieved fidelities are above 90% for low single-mode
squeezing, diminishing with increasing values of the squeez-
ing parameter. For two-mode interactions such as two-mode
squeezing and beam splitting, the quantum circuits are much
more complex and include many more two-qubit gates: we
achieve fidelities which range from 60% to 90%, depending
on the parameters.

Further generalizations such as higher-order squeezing
[22], higher number of photons in single-mode and two-mode

squeezing or sequences of beam splitters for boson sampling
applications will require enhanced connectivity and quantum
volume to keep high fidelity.
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