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It is well known that, due to the uncertainty principle, the Planck constant sets a resolution boundary in
phase space and the resulting trade-off in resolution between incompatible measurements has been thoroughly
investigated. It is also known that, in the classical regime, sufficiently coarse measurements of position and
momentum can simultaneously be determined. However, the picture of how the uncertainty principle gradually
disappears as we transition from the quantum to the classical regime is not so vivid. In the present work we
clarify this picture by studying the associated probabilities that quantify the effects of the uncertainty principle
in the framework of finite-dimensional quantum mechanics on a lattice. We also study how these probabilities
are perturbed by the granularity of the lattice and show that they can signal the discontinuity of the underlying

space.
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I. INTRODUCTION

Heisenberg’ s uncertainty principle is colloquially under-
stood as the fact that arbitrarily precise values of position
and momentum cannot simultaneously be determined (see
Refs. [1,2] for a review). A rigorous formulation of the un-
certainty principle is often conflated with the uncertainty
relations for states 0,0, > /i/2, where o, and o, refer to the
standard deviations of independently measured position and
momentum of a particle in the same state. This inequality is
also known as the preparation uncertainty relations because
it rules out the possibility of preparing quantum states with
arbitrarily sharp values of both position and momentum. It
does not, however, rule out the possibility of measurements
that simultaneously determine both of these values with ar-
bitrary precision. The essential effect that rules out the latter
possibility is the mutual disturbance between measurements
of incompatible observables, also known as error-disturbance
uncertainty relations.

According to the original formulation by Heisenberg [3],
due to the unavoidable disturbance by measurements, it is not
possible to localize a particle in a phase-space cell of the size
of the Planck constant or smaller. However, when phase-space
cells much coarser than the Planck constant are considered,
Heisenberg argued that the values of both observables can
be estimated at the expense of lower resolution. The picture
that emerges from Heisenberg’s original arguments is that the
Planck constant sets a resolution boundary in phase space
(see Fig. 1, left) that separates the quantum scale from the
classical scale. There is, of course, a continuum of scales and
it is natural to ask for a characteristic function that outlines
how the uncertainty principle becomes inconsequential as we
decrease the resolution of measurements.
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A rigorous formulation of the error-disturbance uncertainty
relations has been extensively debated in recent years [4-9],
producing multiple perspectives on the fundamental limits
of simultaneous measurability of incompatible observables.
These formulations are similar to the preparation uncertainty
relations as they capture the trade-off between the resolution
and disturbance of measurements (which may also depend
on the states). However, the error-disturbance relations focus
on the limits of simultaneous measurability but they do not
outline how the mutual disturbance effects fade away with
decreasing resolution of measurements.

In the present work we will study the mutual disturbance
effects of the uncertainty principle on a finite-dimensional
lattice of integer length d. We will quantify the mutual dis-
turbance effects with the average probability (p,g..) that an
instantaneous succession of coarse-grained measurements of
position-momentum-position will agree on both outcomes of
position. Since the value (p,,..) measures the strength of the
mutual disturbance effects as a function of measurement res-
olution, it will allow us to quantitatively outline the transition
from the quantum to the classical regime where the mutual
disturbance effects fade away. With that we will show that the
geometric mean of the minimal length and the maximal length
on a lattice is a significant scale that separates the classical
regime of joint measurability, from the quantum regime where
mutual disturbance effects are important (see Fig. 1, right).

The idea of using coarse-grained measurements to study
the quantum-to-classical transitions is not new. Most notably
(and what initially inspired this work) is the work of Peres
[10], and later of Kofler and Brukner [11], where it was
argued that classical physics arises from sufficiently coarse
measurements. This idea has also been investigated from the
perspectives of entanglement observability [12] and Bell’s
or Leggett-Garg inequalities [13]. There are also a series of
studies by Rudnicki ef al. [14-16] on uncertainty relations
for coarse-grained observables. What is different about the
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FIG. 1. (left) The continuous phase space where the cells with
the area 2w /i represent the resolution scale associated with the un-
certainty principle. (right) The discretized phase space of a lattice of
integer length d. Analogous cells with the area Vd x /d arise from
the scale v/d which is the geometric mean of the minimal length (1)
and the maximal length (d) on a unitless lattice. The Planck constant
27k can be recovered from v/d by converting the phase space area
«/E X \/;l to proper units.

present work is that we do not focus on the limits captured
by a certain bound (as in Bell’s inequalities or uncertainty
relations) but on the average case captured by the probability
(pagree>'

Our analysis of the mutual disturbance effects on a lattice
with discretized lengths are also related to what is known as
the generalized uncertainty principle [17]. The idea of the
generalized uncertainty principle follows from the fact that
the continuous phase-space picture is incompatible with the
various approaches to quantum gravity [18] where the mini-
mal resolvable length is x &~ 10735 m. The existence of such
minimal length should affect the uncertainty principle and it
is usually captured by modifying the canonical commutation
relations [17].

There is great interest in identifying observable effects
associated with the modifications of the uncertainty principle
due to minimal length, and in recent years there have been at
least two experimental proposals [19,20] based on this idea.
Here we will capture the same effect of minimal length, but
instead of modifying the canonical commutation relations we
will show how (p,,..) is perturbed by nonvanishing dx.

II. FROM QUANTUM TO CLASSICAL REGIMES
ON A LATTICE

Let us consider the simple, operationally meaningful quan-
tity Pagree» Which is the probability that an instantaneous
succession of position-momentum-position measurements
will agree on both outcomes of position, regardless of the
outcomes. When all measurements have arbitrarily fine res-
olution, the second measurement in this succession prepares
a sharp momentum state that is nearly uniformly distributed
in position space. Then, the probability that the first and the
last measurements of position will agree is vanishingly small
Pagree ~ 0. As we decrease the resolution of measurements,
we expect the probability p,,.. to grow from O to 1 because
coarser momentum measurement will cause less spread in the
position space, and coarser position measurements will be
more likely to agree on the estimate of position.
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FIG. 2. Periodic one-dimensional lattice with d lattice sites in
total, w lattice sites in each coarse-graining interval, and k = d/w
intervals. The lattice unit of length is dx.

Now, consider the average (p,g.) over all states. In gen-
eral, the average value (p,q..) does not inform us about how
strongly the measurements disturb each other for any particu-
lar state p. However, when the average (p,gre) is close to 0 or
1, the value of p,,...(0) has to converge to the average for al-
most all states p. That is because p,o... € [0, 1] s0 the variance
has to vanish as the average gets close to the edges. Therefore,
the value of (p,,r.) indicates how close we are to the regime
(Pagree) ~ 0 where the measurements strongly disturb each
other for almost all states, or the regime (p,q.) =~ 1 where
the mutual disturbance is inconsequential for almost all states.
We can therefore utilize (p,q..) as a characteristic function
that quantifies the relevance of the uncertainty principle and
outlines the transition between quantum and classical regimes.

To calculate the value of (p,q..) as a function of mea-
surement resolution, we turn to the canonical setting of
finite-dimensional quantum mechanics. In this setting we con-
sider a particle on a periodic one-dimensional lattice with d
lattice sites. Initially, both lattice units of position and mo-
mentum will be set to unity éx = 1, §p = 1. Later, we will
introduce proper units and consider the continuum limit.

Following the construction in Refs. [21,22], the Hilbert
space of our system is given by the span of position basis

|IX;n) forn=0,...,d — 1. The momentum basis is related
to the position basis via the discrete Fourier transform F':
=
Xsn) = F'IPin) = —= "™ |Pym), (1)
\/3 m=0
=
|Pym) = F|X1m) = M| m). ()

ﬁ n=0

In principle, realistic finite-resolution measurements
should be modeled as unsharp positive operator valued mea-
surements (POVMs) [10,23], where each POVM element is
centered around a certain outcome value but has a nonzero
probability (usually Gaussian) to respond to the adjacent
values as well. To simplify the calculations we consider
an idealized version of that in the form of coarse-grained
projective measurements. That is, each POVM element is a
projection on a subspace associated with a range of values
such that an outcome associate with each projection does not
distinguish between any of the values in the range.

We introduce the integer parameters w,, w), to specify the
widths of the coarse-graining intervals for the corresponding
observables (larger w means lower resolution). The variable
k = d/w specifies the number of coarse-graining intervals
which we will also assume to be an integer. See Fig. 2 for
a diagrammatic summary of the relevant lengths.

052206-2



TRANSITION TO THE CLASSICAL REGIME IN QUANTUM ...

PHYSICAL REVIEW A 104, 052206 (2021)

The coarse-grained position and momentum observables
are constructed from the spectral projections

vw,+w,—1

Myy= Y IX;n)(X;nl,

n=vwy

pwptw,—1

py = Z

m=pw,

|P;m)(P;m]|,

associated with the eigenvalues of coarse-grained position
v=_0,...,k—1 and momentum p =0,...,k, —1. The
coarse-grained observables are then given by

ke—1 ky—1
Xcg: ZVHX;ua ch: E /'LHP;pn
v=0 n=0

In the following, we only compute the probabilities of out-
comes so P, and X, are only shown here for the sake of
completeness; the spectral projections Ily;, and Ilp,, is all
we need.

Let us now calculate the probability of getting the
outcomes v, i, v in an instantaneous sequence of position-
momentum-position measurements on the initial state p. If
o), p(’#) are the intermediate postmeasurement states in this
sequence then we can express this probability as

Pape (s 11, v]p) = tr[ Ty pltr[ T py o™ Jtr [ T 0]
= t[ (T, Mp, My )01, 3)

where the last line follows using explicit expressions for p*)
and p"*). Then, the probability that both position outcomes
agree, regardless of the outcomes, is

ke—1kp—1

Z > P 1, v10)

v=0 u=0

p agree

ke—1kp—1
=tr Z > (Mo Mpy Mo |- ()
v=0 u=0
From Eq. (4) we identify the observable
ke kp—1
agree - Z Z (HX VHP/LHX v)
v=0 pu=0

whose expectation values are the probabilities p,q.e.(0) =
tr(Aagreep ) .

Since pygree(p) is linear in p, the average (p,gre) 1s given
by pagree((p)) where (p) = é] is the average state. We can
then calculate

1 1
(pagree> = pagree(EI) = Etr[Aagree]

play sin? (Z2)

- DI e e O
e ()

wxw,,

(see Appendix B for the details of this calculation).

The plot of (p,g.) as a function of wy, w), is shown in
Fig. 3(a) which makes it clear that (p,,.) is symmetric under
the exchange of w, with w,. The plot of (p,g..) along the
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FIG. 3. (a) The plot of the average probability (p,..) that an
instantaneous succession of position-momentum-position measure-
ments will agree on both outcomes of position as a function of the
resolution parameters w,, w, on a lattice of length d. The dotted
curve w,w, = d is the boundary that outlines the intermediate scale
with respect to which we distinguish the quantum and classical
regimes. (b) The plot of (p, ) (solid) on the diagonal w = w, = w,
with the upper and lower bounds (dashed) from Egs. (6) and (7).

diagonal w = w, = w,, is shown in Fig. 3(b) together with
the upper and lower bounds

(Pagree) < w2/d, w < Vd, (6)
2 In(w?/d) + 37?%/2
(pagree> = - ; wz/d ) w > ﬁ (7)

(see Appendix D for the derivation). Note that +/d distin-
guishes the two separate domains where these bounds are
valid.
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The upper bound (6) tells us that, when w < +/d, the value
Of (Pyoree) falls to O at least as fast as ~w?. The lower bound

(7) tells us that, when w > +/d, the value of (Pagree) climbs

to 1 at least as fast as ~1 — 1"“’ . The fact that the domains

of these bounds are separated by Vd implies that there is an
inflection in (p,gre.) somewhere around w = Vd along the

diagonal w = w, = w),. That is, J/d is an intermediate scale
where neither bound applies so it can serve as a reference
point with respect to which we distinguish the quantum and
classical regimes.

The above observation can be extended to the entire plane
of wy, w,, where the curve w,w, = d generalizes the point

w = +/d. According to the plot in Fig. 3(a), as we get far-
ther from the curve wyw, =d, we get deeper into one of
the regimes, and an inflection in (p,g..) Occurs somewhere
near the curve. It can be shown (see Appendix C) that the
intermediate value (p,g...) & 0.656 holds almost everywhere
on this curve, except the far ends where it climbs to 1.

There is nothing special about the value 0.656, however,
the significance of the curve w,w, = d is that it outlines the
intermediate scale in phase space with respect to which we
can distinguish the quantum regime from the classical. That
is, the curve w,w, = d sets a reference scale so we can say
that

wywp, > d

<pagree> ~ 1,
wyw, K d.

(Pagree) 0,

We can of course say the same about w,w, = cd for some
¢ # 1; the important fact is that the constraint cd depends
linearly on d. We will see below that for ¢ = 1 this constraint
corresponds exactly to the Planck constant.

III. THE CONTINUUM LIMIT AND THE IMPLICATIONS
OF MINIMAL LENGTH

A. Perturbations of (p,..)

We now introduce proper units. The total length of the
lattice in proper units is L = dxd, where éx is the smallest unit
of length associated with one lattice spacing. The smallest unit
of inverse length, or a wave number, is then 1/L. With the de
Broglie relation p = 2w h/A, we can convert wave numbers
1/A to momenta, so the smallest unit of momentum is §p =
27hi/L." The coarse-graining intervals w, and w, become
Ax = dxw, and Ap = §pw, when expressed in proper units.

The continuum limit can be achieved by taking éx — 0
and d — oo while keeping L constant. The coarse-graining
interval of position Ax = dxw, is kept constant as well by
fixing the total number of intervals k, = d/w, while w, —
oo. Unlike éx, §p = 2w hi/L does not vanish in the continuum
limit (the momentum of a particle in a box remains quantized)
so the coarse-graining intervals of momentum Ap = §pw), are
unaffected and w, remains a finite integer.

We may now ask what happens to (p,,..) as we take
the continuum limit. Since w,/d = Ax/L, the expression in

'Note that the de Broglie relation is the source of the Planck
constant in all of the following equations.

Eq. (5) can be reexpressed using the proper units of length as

wy—

Ax nnAx)
<pagree> = AX wp ;( P

sin2 (2

" lasin (I

We did not have to use the proper units of momentum since

®)

Ap _ Ap

Y=, T 2mh

which is a legitimate quantity even in the continuum limit
(provided that L is finite).

The only evidence for the lattice structure that remains in
Eq. (8) is the d dependence of the factors

o ()] =+ s+ o(3)

In the continuum limit they reduce to 1/72n?, but when the
minimal length §x = L/d is above 0, these factors are per-
turbed with the leading-order contribution of 1/3d>.

The leading-order perturbation term of (p,,.) is therefore

Wp— TnAx
sin ( )
(pagree>Pert. = Ax , ’? 1 (wp —n)——
) T
_ .2 nWy
—§;§;ZZ:Wm—wﬂn(—g—> ©)

and we reverted to the lattice units in the last step. In Fig. 4(a)
we plot Eq. (9) for d = 10*. As we can see from the plot,
the lattice perturbation gets stronger as w, decreases and w,
increases, and the perturbation spikes in the regime where
wy < v/d and w), > V.

Focusing on this regime, we can assume that w, > 1
(since +/d > 1) and approximate the sum with an integral.
That is,

w,—
2w,

TRW,W
1= ) gin? (0%
3w,d nX_:wp( ) ( wpd )

2 wy /‘ . 2 WW,
da(l —a)sin” (ma——
0 ( d )

(pagree > pert. =

3 wyd

2w, [1  cosrwyw,/d)—1
=—-———|- 5 . (10)

3wd|4 872 (wyw,/d)

See Fig. 4(b) for the plot of Eq. (10). By re-introducing proper
units and rearranging we get

1 (8x\’[1AxAp
(pagree ) pert 67T 5 P +

In particular on the curve AxAp=2mh we have
(Pagree ) pert. ~ 6(<3x/ Ax)? so the perturbation keeps growing
as we ascend on this curve.

Since (pygree) 1s an operationally defined quantity, it can be
measured in principle. The perturbation term (p,gree)pert. Can
therefore be leveraged as a signal of the discontinuity of space
in experimental approaches. That is, given the continuum

cos (AxAp/h) — 1}
AxAp/h
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FIG. 4. (a) The plot of the perturbation of (p,,.) on a lattice of
length d = 10* as given by Eq. (9) (the dotted curve is w,w, = d).

(b) The profile of the perturbation as given by Eq. (10) for w,/ Jd =
1,2,3,4and d = 10*.

probabilities

Ax L
(pagree>COnt4 = T + —— Z (w,, — }’l)
we expect to find that

1
<pagree> = (pagree>00m» + <pagree>PCft- + O<d_3> ’
so by measuring the deviation of (p,g.) from the value of
(Pagree)cont. as defined above, we can detect the discontinuity
of space.
For realistic values of d the signal of (p,gree)per. is Of
course extremely weak. However, the “humps” of (pgree)pert.

start to appear on the intermediate scales of Ax < dx+/d and
Ap > Sp«/z [see Fig. 4(b)], so we do not have to go to the

extremes of minimal length or maximal momentum to look
for them.

B. Factorizing the Planck constant

With the introduction of proper units we observe that the
smallest unit of phase space area on a lattice is> 8x8p =
2mhi/d. Therefore, the curve w,w, = d that outlines the in-
termediate scale in phase space becomes

AxAp = 8xépwyw, = éxépd = 2mh. an

Thus, we have recovered Heisenberg’s original argument that
the Planck constant sets the scale in phase space where
the mutual disturbance effects become significant. Note that
Eq. (11) is related to what is known as the error-disturbance
uncertainty relations (not to be confused with the preparation
uncertainty relations). We thus see that, in the unitless lattice
setting (where éx = 1 and §p = 1), the constant d is the unit-
less “Planck constant.”3

In the continuous phase space, the uncertainty principle is
only associated with the constant 2, which does not admit
a preferred factorization into position and momentum. On the
lattice, however, the same constant is given by §x8 pd, which
can be factorized as 8x+/d and & p«/z . This factorization is
not arbitrary and the significance of the scales 8x+/d and
Sp/d is supported by the analysis of (p,,.). In particular, we
saw that the perturbation (pgee)pert. due to the discontinuity

of the lattice spikes in the regime where Ax < 8x+/d and
Ap > 8p/d.

The significance of the scale V/d on a lattice can also be
observed from (p,,.) directly. In Fig. 3(a) we can see that,

when the localization in position wy crosses +/d from above,
the localization in momentum w), has to diverge faster than
it converges in w, in order to stay in the classical regime. In
contrast, as long as both w,, w, > Jd , the classical regime
is insensitive to the variations in these variables and there is
no need to compensate the increase in localization for one
variable with the decrease in localization for the other.

This observation is directly analogous to the analysis of
Kofler and Brukner in Ref. [11] (similar questions have been
considered in Refs. [25] and [10]), where they demonstrated
that, for a spin-j system, incompatible spin components can
simultaneously be determined if the resolution of measure-
ments is coarse compared with /. Our analysis show that the
same conclusion applies to position and momentum on a lat-
tice, where both variables can simultaneously be determined if
the resolution of measurements is coarse compared with v/d.

The uncertainty principle on a lattice can therefore primar-
ily be associated with the unitless scale +/d, which identifies
the intermediate scales Sx+/d and 8p+/d for position and

2This is a well-known constraint that comes up in the construction
of generalized Clifford algebras in finite-dimensional quantum me-
chanics. See Ref. [24] for an overview and the references therein.

*Note that, unlike 27 /i, the constant d depends on the size of the
system. This inconstancy traces back to the fact that, in the unitless
case, we define 6p = 1, while in proper units we have 6p = 27 /ii/L,
which depends on the total length L.
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momentum. The intermediate scale in phase space is in turn
given by

(5xv/d)(Spv/d) = 8x8pd = 27 h.

The intermediate length scale 8x+/d can be identified as
the scale around which increases in localization in position
result inequal decreases in localization in momentum, and
vice versa. Of course, this definition is only meaningful on a
lattice because it requires the fundamental units dx and §p in
terms of which we can compare the changes in localization for
both variables. Nevertheless, we conclude that, on a lattice, in
addition to the minimal length §x and the maximal length L,
the uncertainty principle singles out another significant length

I, = sxv/d.

The length I, is directly related to the minimal length x
via L = dxd as [, = +/8xL or éx = lf/L. The length [, is
therefore the geometric mean of the minimal length §x and
the maximal length L. It can also be framed as the length for
which there are as many intervals /, in L as there are 6x in [,.
In the continuum limit, where the minimal length §x vanishes,
the length [, = +/6x L must also vanish. Therefore, if we can
establish that /, > O then it follows that §x > 0.

We saw that the perturbations of (p,...) spike in the regime
where Ax < [,, but it is not clear at this point what realisti-
cally observable effects can be associated with the length /,,. If
such effects can be identified, however, then the discontinuity
of space can be probed at scales that are many orders of
magnitude greater than the Planck length. For instance, for
L ~ 1 m of the order of a macroscopic box and 6x ~ 107> m
of the order of Planck length, we have I, ~ 10~'7> m, which
is much closer to the scale of experiments.

IV. CONCLUSION

In the present work we have studied the effects of the
uncertainty principle on a finite-dimensional periodic lattice
and their dependence on minimal length. Instead of modifying
the canonical commutation relations, we have operationally
quantified the mutual disturbance effects with the average
probability (p,gr..) and compared it with the continuum limit.

The analysis of (p,g..) indicates that Vd is a significant
scale on a lattice that separates the classical regime of joint
measurability, from the quantum regime where mutual distur-
bance effects are important. In the units of length, the scale
vd corresponds to the geometric mean [, = +/8xL of the min-
imal length §x and the maximal length L, and in phase space
it corresponds to the Planck constant. This result is consistent
with the conclusion of Kofler and Brukner [11] for spin-j
systems where incompatible observables can simultaneously
be determined if the resolution of measurements is coarse
compared with \/j.

We have also analyzed the perturbations of (p,g.) due
to the nonvanishing minimal length éx on a lattice. As a
result, we saw that the perturbations become pronounced in
the regime where the resolution in position falls below the
scale of [,, and the resolution in momentum rises above the
scale of § p\/g .

This is a preliminary result and we make no attempt to
translate it into experimental predictions. For a more con-
crete experimental proposal it will be necessary to repeat the
analysis of p,,... with the experimentally accessible ensem-
ble of states p. Furthermore, depending on the experimental
implementation, it will be necessary to use the nonideal-
ized coarse-grained measurements and (possibly) account for
the time evolution in between or during the measurements.
Nonetheless, this result indicates that, in principle, it is possi-
ble to detect the discontinuity of the underlying space on the
intermediate scales associated with v/d.
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APPENDIX A: GENERAL DEFINITIONS AND IDENTITIES

As described above, we are dealing with the d-dimensional
Hilbert space of a particle on a periodic lattice with the po-
sition and momentum basis related via the discrete Fourier
transform F'. The translation operators Tx, Tp in position and
momentum can be defined by their action on the basis [21] as
follows:

Ix|X;n) = |1X;n + 1),
Tp|P;m) = |P;m + 1),

T{1X;n) = [X;n— 1),
Ty |Pym) = |Pim — 1),
where =1 are modd. By expanding the position basis in

momentum basis and vice versa and using the definitions, it
is straightforward to verify that

TplX;n) = &> |X;n),  TJIX;n) = e " |X;n),
Tx|Pym) = e ™ 4\Pim), T |Pym) = €*™/4|P;m).
Therefore, Tp commutes with |X; n)(X; n| and so does Ty with
|P;m)(P;m|. This also means that 7p commutes with Ily.,

and Ty commutes with ITp,,.

Using the translation operators we can express the coarse-
grained position and momentum projections as

Vw, vw, T _ kW pnwpt
Iy, =Ty "yl Hpy =Tp "HpoTp "

Then, using the commutativity of projections with translations
we get the identity

p 1l
HX;VHP;;LHX;V = TliLw[ (HX;VHP;OHX;U)TPMw,

_ TPMw,, TXvw,\» (HX;OHP;O HX;O)T;WXT TPl‘pr.
(A1)
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Focusing on the v = u = 0 case we can express
wp—1
Mx:oMpollxo = Y TxolP;m)(Psm|Txo
m=0

wy—1

=—Z|Po,

Thus, we define the truncated momentum states which are
given by the normalized support of the mth momentum state
on the vth position interval:

(Po;m. (A2)

vw,tw,—1
(Pim) =k, T | Pym) = > eTXn).
X n=vw,

(A3)

In general, these states are not orthogonal and their overlap is
given by

(Pv’;m/|Pv;m> == 8v’,vkx<P;m/|nX;v|P;m>

k Vwytwy—1
-5 X 27w (m—m')n/d
=0y y— e .
d
n=vwy

It will be convenient to identify sums such as the one above
by defining the function

—1 it (e .
Ay(x) = qu:eiznxn/q — "D sin (7x) (Ad)
! q = g  sin(rx/q)

over real x and integers g > 1. Note that A,(0) = 1. Then, for
v = v = 0 the overlap of truncated momentum states can be
expressed as

(A5)

, m—m
(Po;m’ | Po;m) = Ay, .
ky
APPENDIX B: CALCULATION OF EQ. (5)

Given the operator

ke—1kp—1

agree - Z Z (HX uHPunX v)

v=0 u=0

we are interested in the quantity (pygree) = %tr[Aagree]. Using
the identity (A1) we can simplify the problem:

ke—1kp—1

tr ZZ(HXVHPMHXU)

v=0 u=0

(p agree -

[(Mx0Mpx:0)*]. (B1)

Using (A2) and (AS5) we can further simplify

wy—1

1k, o2
(pagree>=dk Z |<P07m|P0»m>|

m,m’'=0

wy—1

Since the summand depends only on the difference n = m —
m’, we can reexpress the sum in terms of the single variable n

Z (w, — |n|)‘Aw(( )‘

n_fw,,+1

(pagree) =

Since the summed function is symmetric |Au,x()c)|2 =
| Ay, (—x)|?, we have

<pagm>=;',i [wpm )] +zZ<wp n)\AwX(x)ﬂ.

n=1

Substituting the definition (A4) of A, and recalling that
Ay (0) =1 and that k, = d/w, and k, = d/w,, we get the
result

1w 1 sin? (222)
(Pagree) = Ew_p |:wp +2 Z (w, — n)w—fm

w,—1
oy 2 ! sin? (Zex)
T d + Wywpd ;(wp - sin? (%) - (B2

The apparent asymmetry under the exchange of w, with
w), in the result (B2), traces back to the apparent asymmetry
under the exchange between Ilx.o and ITp, in the expression
(B1). These asymmetries are only apparent because

tr[ (M0 [ pox:0)*] = tr{ x0T po x0T py]
= tr[(MppTx:0TTp0)° ],

so if we were to change the order in expression (B1l) to
tr[ (T p.o x0T p0)?], we would end up with
w, 2 wy—1 si 2 (J'mdwp)

d + wyw,d ;(wx - sin® (%) '

(p agree> =

The form (B2) is better suited for the continuum limit where
w,, remains finite while w, is not (but L ]s).

APPENDIX C: THE VALUE OF (p,,..) ON THE CURVE
wew, =d

When w,w, = d we can simplify
12" sin” (22)
5

<pagree) = (C 1 )

First, let us consider the intermediate range of values 1 <
w, < d, which includes w, = +/d provided that 1 < d.
Since n < w, < d we can approximate sin’z(%) ~ (%)*2
and so

Z(w,,—n) 2<M). (C2)

n=1

<P agree)

Since 1 < w),, we can approximate the sum with an integral

by introducing the variable o = -~ € [0, 1] and da = wl,
14 P
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such that
w,—1 s 02 n
1 2 1 n \ S0 (”:T)
N — 4+ — (1 -—=)—*~
(Pagree) w, 72 nX:l: wp( u)p> nz/wlz7
2 1 2
~do + — / da(l — on ST 6 656,
7T2 0 062

Thus, (Pygree) = 0.656 for I < w, K d on the curve wyw, =
d.

When the values of w), are close to 1, we cannot assume
that 1 < w, but w, < d still holds so we can still use the
approximation (C2). For w, =1 the sum in (C2) vanishes
and we are left with (p,g..) = 1/w, =1 [we can also see
that from Eq. (B1) that is easy to evaluate for w, = 1, and
wy = d]. Numerically evaluating Eq. (C2) for the subsequent
values of w), results in the following series (considering only
three significant figures)

w, 12 3 4 .15 16 .
(Pagree) 1000 0703 0.675  0.667 0.657 0.656 0.656

Thus, we can see that, on one end of the curve w,w, =
d, where the w,s are small, the function (p,,.) reaches and
stays on the value 0.656 starting from w, > 16.

Since w, and w, are interchangeable, we can reexpress
Eq. (C2) as

LLo2R sin® (1)
<pagree) ~ w_x + ; ;(wx - n)T
Then, on the other end of this curve, where the w,s are small,
the function (p,...) reaches and stays on the value 0.656
starting from w, > 16. Therefore, (p,gre.) = 0.656 almost ev-
erywhere on the curve w,w, = d, with the exception of the
far ends where w, < 16 or w, < 16; there it climbs to 1.

APPENDIX D: CALCULATION
OF THE BOUNDS (6) AND (7)

From here on, we assume w = wy, = w, and k = k, = k,.

To calculate the bounds on (p,,..) we have to find a differ-
ent way to express I1x.oI1p,oI[1x.0. Recalling Eq. (A5) and the
function (A4) we now have

Aw(m—m’)‘ _ sin(n"”T’",) .

k w sin (nm#m/)

|(Pos m'|Po;m)| =

Observe that the truncated momentum states are orthogonal
when the difference m — m’ is an integer number of ks. That
is, for any integers ¢, ¢/, and n the states |Py;ck + n) and
|Py; ¢’k + n) are orthogonal.

In Eq. (A2) we have derived the form

w—1

1
Mx:0MpoTlx0 = > 1Po; m)(Po; ml,

m=0

(D1)

where |Py;m)(Py;m| are rank-1 projections. Since some of
these projections are pairwise orthogonal, we can group them

together and express Ily.IlpoIlx, as a smaller sum of
higher-rank projections.

To do that, let us first assume that y = w/k is a nonzero
integer (we will not need this assumption in general). Then
the set of integers {m =0,..., w — 1} can be partitioned
into k subsets 2, ={ck+n|c=0,...,y —1} with n=
0, ...,k — 1. Thus, we can group up the orthogonal elements
in the sum (D1) as

k—1 k=1

1 1
_ . . _ (n)
[y, o[poIlx,0 = z E E |Po; m)(Po;m| = % E v,

n=0 meQ, n=0

where we have introduced the rank-y projections

y—1
™ = " |Po;m)(Po;m| = Y |Py; ck + n) (Po; ck + n.
meg, c=0

When y = w/k is not an integer, the accounting of indices
is more involved. We have to introduce the integer part g =
Ly ] and the remainder part r = w — k|y | of y. As before,

we partition the set {m = 0, ..., w — 1} into subsets
_ MHek+nlc=0,...,g}, n<r
" Hek+nlce=0,...,g—1}, n>=r,

but now they are not of equal size and the range of n depends
on whether y > 1. When y > 1 then |2,|isg+ 1forn <r
and g for n > r. When y <1 so g=0 and r = w, then
|2,] =1 for n < w but [2,] =0 for n > w so we do not
need to count €2, for n > w. Noting that the condition y > 1
is equivalent to min(k, w) = k and the condition y < 1 is
equivalent to min(k, w) = w, we conclude that we only have
to count 2, for n < min(k, w). Therefore, for the general y
we have

min(k,w)—1

D IPm)(Pom]

n=0 me,

l_[X;O l_IP;O 1-[X;O = %

min(k,w)—1
_ (n)
= Z ne, (D2)
n=0
and the projections
gn—1
™ =" |Py;m)(Po;m| =Y |Po; ck + n)(Po; ck + |
me, c=0
are now of the rank
_Jeg+1, n<r
&n = g, n>r.

Using the new form (D2), we can reexpress Eq. (B1) as

k2
<pagree> = Etr[(HX;O 1-[P;O 1_IX;O )2]

1 min(k,w)—1
== Z tr[ 111, (D3)
n,n'=0

1. The upper bound

The quantity tr[TI"”TI1"] is the Hilbert-Schmidt inner
product (II®™ 1™y (also known as the Frobenius inner
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product) of the operators " and I1®). Therefore, it obeys
the Cauchy—Schwarz inequality

u[TPIO)? = (@@, 0P < (@™, oy m™, ne)
= {117,

Since the value

[T = Z Z |(Po; m| Po; m')|*

me, m'eR,
is clearly real and positive, we get
[T < V[T e[ TT].

The value of tr[T1"] is the rank of the projection which is
either gor g+ 1, so

a1 < g+ 1.
Therefore, the form of (p,,..) in Eq. (D3) implies that

min(k,w)—1

> @+h=@+1D)

n,n'=0

min(k, w)?

(p agree> g g d

When y >
because

1, this upper bound is greater or equal to 1

min(k, w)? K2 K2 k
——— =@t+hr 2y =w-=1

1
(g+1) 7 7 7 p

which is not helpful since we already know that (p,g..) < 1
because it is a probability. When y < 1, on the other hand, we
have g = 0 and so

min(k, w)?>  w?

Thus, when y < 1, which translates to w < k = d/w so w <
Vd, we have the upper bound

w2

<pagree> < 7 .

2. The lower bound

We now focus on the lower bound of the inner product
tr[TI" 1] for the case y > 1 [so w > +/d and min(k, w) =
k] and then substitute the result in Eq. (D3).

Since we are interested in the lower bound, we can simplify
the expression by discarding the terms ¢, ¢’ = g in the sum

gn—18gy—1
e[0T =" > (Posc'k + n'|Po; ck + n)|?
c=0 ¢'=0

g—1
> ) PRoick + 1| Pz ck + ).
c,c'=0

According to Eq. (A5) we have

| (Po; 'k + 1 | Posck +n)|* = | Aw(c — ¢ + )l

where we have introduced the variable o = ”;"
identify the sum

g—1

S@)= Y 1Auc—c +a)

c,c’=0

< w[I™ )]

and focus on lower bounding S(«) for all possible «.
Since | A, (x)|? is a symmetric function of x we have

|Au(c —¢ + o) = |Ay(—c+ ¢ —a)l,

and since the values of ¢ and ¢’ are interchangeable in the sum,
we conclude that S(«) is a symmetric function of «. There-
fore, we only need to consider positive o = =%
nn=0,...k—
[0, 1].

Since the summand in S(«) only depends on the differ-
ences | = ¢ — ¢/, we can simplify the sum

T
1, it takes the values o = 0, ,1 ..

k—1
.,TE

g—1
S)=Y_ (@—IIDIA( + )

I=—g+1

_ % (g—II) sin’[x( + )]
o w2 sin? [7(l + a)/w]’

I=—g+1

where in the last step we substituted the explicit form of A,,.
Note that sin’[7( + «)] = sinz(noz) for integer / and also
sin’%#) > (%)’2 so we get

) g—1
— i
Sy > S0 s~ sl (D4)
2 2
T [t I+ a)
We now focus on evaluating the lower bound of the sum
g—1
—|!
s(a) = e lll (DS)
W Ut

We can rearrange the elements of this sum as follows:
2 i
— (ta?  U—ay

g—1
_ 8 l l ]
"o +§[<g—l+a>2 Ty

where in the last step we simply reversed the order of the
elements in the sum. Now we can introduce the auxiliary
variables S+ = g+ «, so

£
o2

s(a) = +

g—1

s(a) = i + |: ! i|
a? =LA -By) TU-p
! 1 ~
=t = [a —ﬁ;+3+>2 BT SR —/3/3)2
+;}
(-p)
= O% + s1(a) + s2(), (D6)
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where we have identified the sums of harmonic-like series

<! 1 1
=2 [(l —F) " —m]’

g—1
- b Bs
@)= [(1 T ﬂ+)2}'

=1

Such sums can be evaluated using the polygamma
functions [26],

) d’
Y (x) = i InT"(x),

where I' is the gamma function that interpolates the factorial
for all real (and complex) values. The two key properties of
the polygamma functions that we will need are the recursion
and reflection relations

Jj!

v +x) =y D)+ (_l)j)ﬁ’ D7)

YO —x) = (= 1)) + (—1)/#% cot(mx). (D8)

For integer g we can expand ¥ )(g — x) for j = 0, 1 using
the recursion relation (D7) to get

g—1
VOG-0 =y 0+ Y
=1

g—1
Y- x) =y -0 - Y

iUt

Applying the reflection relation (D8) and rearranging yields

g—1

Y =y -0 - ¥ Ow ot (ro,  (D9)
=1

g—1 ’

S -y + ——. DI0)
(I —x)? sin’ (7:)

=1

Now, using (D9) and recalling that g — S+ = Fa we can
express s1(«) as

si@) = ¥ O>a) — QB + v O (—a) — v OB,

where the trigonometric terms cancel each other out as
they are antisymmetric and periodic with integer g. We can
reexpress ¥ @ (a) and ¥ @ (—a) as v @ («a + 1) using the re-
cursion (D7) and reflection relations (DS), respectively:

$O@) + ¥ O(—a) = 20O + 1) + 7 cot (wa) — ~.
o

We can replace 2¢O (a 4 1) with its lower bound 2¢©(1)
on the interval 0 < « < 1 as the function ¥ (x) is monoton-
ically increasing for O < x. For the same reason we can also
use the bound @ (B+) < ¥ @(g+ 1) so we end up with the
overall lower bound on the sum

1
si(@) =29 Q1) =2y P (g4 1) + mcot(ra) — —.  (DI1)
o

Similarly, using (D10) we can express s,(«) as
so(@) = —[B_y V(@) + By V()]
— By V(B + By PV (B)]

+ B_m? By’
sin?(rB_)  sin*(7By)

Using the recursion (D7) and reflection (DS8) relations, we
express

—[B-y V(@) + By V()] = 209 V@ + 1) - %
_ P
sin®(ma)
B Bim?

T« sin?(ra)’

where in the last step we have replaced 2avy(a + 1) with

its lower bound 0 at & = 0. Since ¥ V(x) is monotonically
decreasing for 0 < x we also use the lower bound

—[B_v V(B + By V(B = —2gy V(g — 1.

Thus, the overall lower bound for s, () is

B- Bym? _n?

= _ My _ ="
$2(e) 2 a2 sin’(ra) 28v(8 1)+sin2(7t/37)
Bim?
sin®(7r B+)
2
Z‘%—Zgw‘“(g—m bx (D12)

sin?(rar)’
where in the last step we have used the fact that sin?(78+) =
sin?(wa).

Combining the lower bounds (D11) and (D12) into
Egs. (D4)-(D6), we get

2sin* ()
S@ > g= ——— W+ D+evg—Dl-a
2sin®*(na sin(2ra
2 oy 4 T,
On the interval 0 < @ < 1, the minimum value of
2sin®(ma) sO) + sin(2r o)
72 2
is given by —e; &~ —1.005 and the minimum value of the
coefficient —@ is —%. With that, we can get rid of the

dependence on «:
S(a) > Soi = o— 2.0 1 D — 1] —
() 2 Smin=¢ 2 (v (g+1D+gy (g )] — €.

We know that ¥ @ (x) is a smooth function for x > 0 and is
bounded by [27]

1 ()
Inx — - <y x)<lnx — —,
X 2x
so asymptotically the function ¥©@(x+1)~In(x+ 1)

and it converges to Inx from above. Since ¥((x) =
dy©(x)/dx then asymptotically 1" (x) ~ 1 so the function
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xyM(x — 1) ~ x/(x — 1) and it converges to 1 from above.
Therefore, for any €, > 0 there is a x’ > 0 such that, for all
x> x,

YOG+ D+xyPx -1 <Inx+1+e6.

Conveniently choosing €, = ”72(2 —€1) — 1 and solving for
x’ results in x’ & 1.722. Thus, for all g > 2 > x’ we have

2 2
Smin>g—;(lng+1+ez)—61 =g—plng—2

2
2]/——211'1)/—3,
T

where the last inequality follows from g = |y| > y — 1 and
Ing<Iny.

Recalling  that  t[TI™T1")] > S() > Spin~ and
y = w/k = w?/d, we return to Eq. (D3) and get the result

(pagree> =7

> _Smin =

2
y ey |:w2/d - In(w?/d) — 3]

_q 2 In(w?/d) + 37?%/2
N w2 w2/d '

[1] P. Busch and C. Shilladay, Phys. Rep. 435, 1 (2006).
[2] P. Busch, T. Heinonen, and P. Lahti, Phys. Rep. 452, 155 (2007).
[3] W. Heisenberg, Eur. Phys. J. A 43, 172 (1927).
[4] M. Ozawa, Phys. Rev. A 67, 042105 (2003).
[5] P. Busch, P. Lahti, and R. F. Werner, Phys. Rev. Lett. 111,
160405 (2013).
[6] C. Branciard, Proc. Natl. Acad. Sci. USA 110, 6742 (2013).
[7] K. Korzekwa, D. Jennings, and T. Rudolph, Phys. Rev. A 89,
052108 (2014).
[8] F. Buscemi, M. J. W. Hall, M. Ozawa, and M. M. Wilde, Phys.
Rev. Lett. 112, 050401 (2014).
[9] L. A. Rozema, D. H. Mahler, A. Hayat, and A. M. Steinberg,
Quantum Stud.: Math. Found. 2, 17 (2015).
[10] A. Peres, Quantum Theory: Concepts and Methods (Springer
Science & Business Media, New York, 2006), Vol. 57, Chap.
12.
[11] J. Kofler and C. Brukner, Phys. Rev. Lett. 99, 180403 (2007).
[12] S. Raeisi, P. Sekatski, and C. Simon, Phys. Rev. Lett. 107,
250401 (2011).
[13] H. Jeong, Y. Lim, and M. S. Kim, Phys. Rev. Lett. 112, 010402
(2014).
[14] L. Rudnicki, S. P. Walborn, and F. Toscano, Europhys. Lett. 97,
38003 (2012).

[15] £. Rudnicki, S. P. Walborn, and F. Toscano, Phys. Rev. A 85,
042115 (2012).

[16] E. Toscano, D. S. Tasca, L. Rudnicki, and S. P. Walborn, Entropy
20, 454 (2018).

[17] A. F. Ali, S. Das, and E. C. Vagenas, Phys. Lett. B 678, 497
(2009).

[18] S. Hossenfelder, Living Rev. Relativ. 16, 2 (2013).

[19] A. F. Ali, S. Das, and E. C. Vagenas, Phys. Rev. D 84, 044013
(2011).

[20] I. Pikovski, M. R. Vanner, M. Aspelmeyer, M. Kim, and C.
Brukner, Nat. Phys. 8, 393 (2012).

[21] A. Vourdas, Rep. Prog. Phys. 67, 267 (2004).

[22] R. Jagannathan, T. Santhanam, and R. Vasudevan, Int. J. Theor.
Phys. 20, 755 (1981).

[23] P. Busch, P. J. Lahti, and P. Mittelstaedt, The Quantum Theory
of Measurement (Springer, Berlin, Heidelberg, 1996).

[24] A. Singh and S. M. Carroll, arXiv:1806.10134.

[25] D. Poulin, Phys. Rev. A 71, 022102 (2005).

[26] M. Abramowitz and 1. A. Stegun, Handbook of Math-
ematical Functions with Formulas, Graphs, and Mathe-
matical Tables (US Government Printing Office, 1972),
Vol. 55.

[27] H. Alzer, Math. Comput. 66, 373 (1997).

052206-11


https://doi.org/10.1016/j.physrep.2006.09.001
https://doi.org/10.1016/j.physrep.2007.05.006
https://doi.org/10.1007/BF01397280
https://doi.org/10.1103/PhysRevA.67.042105
https://doi.org/10.1103/PhysRevLett.111.160405
https://doi.org/10.1073/pnas.1219331110
https://doi.org/10.1103/PhysRevA.89.052108
https://doi.org/10.1103/PhysRevLett.112.050401
https://doi.org/10.1007/s40509-014-0027-1
https://doi.org/10.1103/PhysRevLett.99.180403
https://doi.org/10.1103/PhysRevLett.107.250401
https://doi.org/10.1103/PhysRevLett.112.010402
https://doi.org/10.1209/0295-5075/97/38003
https://doi.org/10.1103/PhysRevA.85.042115
https://doi.org/10.3390/e20060454
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.12942/lrr-2013-2
https://doi.org/10.1103/PhysRevD.84.044013
https://doi.org/10.1038/nphys2262
https://doi.org/10.1088/0034-4885/67/3/R03
https://doi.org/10.1007/BF00674253
http://arxiv.org/abs/arXiv:1806.10134
https://doi.org/10.1103/PhysRevA.71.022102
https://doi.org/10.1090/S0025-5718-97-00807-7

