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Ladder of Loschmidt anomalies in the deep strong-coupling regime of a qubit-oscillator system
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We uncover a remarkably regular array of singularitylike structures within the deep strong-coupling limit
of qubit-oscillator (e.g., light-matter) systems described by the quantum Rabi model as a function of time and
coupling strength. These nonanalytic anomalies in the Loschmidt amplitude (echoes) suggest the existence of
new forms of dynamical phase transition within this deep strong-coupling regime. The key feature whereby the
initial state collapses into orthogonal states at select values of the interaction strength and select times may be
used to enhance—or attack—quantum information processing or computation schemes that rely on removing—
or retaining—a given quantum state.
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I. INTRODUCTION

Qubit-oscillator systems (e.g., confined light-matter inter-
actions or spin-nanomechanical resonators) play a key role in
physics and its applications, including the burgeoning field
of quantum computing [1] as well as quantum optics [2],
molecular physics [3], and hybrid quantum devices [4]. This
motivates the search for a deeper theoretical understanding of
their quantum dynamics. The quantum Rabi model (QRM) [5]
describes the fundamental building block for such systems—a
single two-level qubit (e.g., atom, quantum dot or NV center)
coupled to an oscillator (e.g., photon or phonon) mode—
whereas the Dicke model [6] generalizes this to multiple
qubits. Although there is an exact solution for the spectrum
of the QRM [7,8], the resulting expression is difficult to ma-
nipulate for practical dynamical applications.

Perturbative methods have been developed for differ-
ent values of the qubit-oscillator (e.g., light-matter) cou-
pling strength g, leading to a classification of the system
into regimes depending on the value of g [9]. When g
is considerably smaller than the natural frequencies of
the qubit and the bosonic mode, i.e., the weak-coupling
regime, the QRM is well described by the exactly solvable
Jaynes-Cummings model [10]. When g is a significant fraction
of these frequencies, the system lies in the strong-coupling
(SC) or ultra-strong-coupling (USC) regimes. When the cou-
pling strength becomes larger than the natural frequencies of
the system, the system lies in the deep strong-coupling (DSC)
regime. Although experiments have been performed in the SC
regime for decades via cavity QED [11], recent advances in
achieving the USC [12–14] and DSC [15–17] experimentally
have brought these regimes to the forefront of attention.

The current capability to experimentally vary the strength
of the coupling g over a wide range of values raises the pos-
sibility of exploring nonanalytic behaviors that point toward

new phase transitions [18]. Such behaviors could also arise
as a function of time in a driven system, i.e., a dynami-
cal quantum phase transition (DQPT) [19]. One of the key
quantities in the study of DQPTs is the Loschmidt ampli-
tude (LA) which is the overlap between the initial quantum
state of the system and the time-evolved one. Its zeros play
the same role on the complex time plane as the Yang-Lee
zeros of the partition function do on the complex temperature
plane [20]. Sharp nonanalytic features in its time evolution
suggest dynamical phase transitions [19]. Recent theoretical
work on the single qubit QRM has shown several quantum
phase-transition behaviors in the off-resonant limiting case
where the ratio between the qubit splitting energy and the
mode goes to infinity at the same time as g goes to infinity
[21]. In this limit, the ground state of the QRM undergoes
a second-order phase transition whereas excited states show
signatures of an excited-state quantum phase transition [22].
Experimental realizations with a single trapped ion have al-
ready been reported [23], and a DQPT has been proposed
in the off-resonant limit [24]. More generally, studies across
different types of qubit-oscillator systems have suggested that
the ultra-strong-coupling regime is relevant to wide a range of
fundamental physics phenomena, such as virtual photon ac-
cessibility in the Casimir effect [25,26] and novel applications
including optomechanical nanosystems [27–29].

This paper shows that deep strong coupling generates a
new regime of nonanalytic features suggestive of dynamical
phase transitions, even for the simplest of systems (QRM).
Our full numerical calculations show that approximate zeros
of the LA (echoes) emerge in a staircase structure as a function
of the coupling strength g and time t after the onset of this
coupling. In addition to being relevant to the fundamental
quantum speed limit for information processing, i.e., minimal
time for the evolution to an orthogonal state [30,31], these
orthogonality points in (g, t ) space can provide well-defined
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stages in a quantum computation or information processing
scheme. For situations where they are undesirable, our find-
ings provide the combinations of g and t to avoid.

This paper is organized as follows. We begin by intro-
ducing the system Hamiltonian in Sec. II as well as the
Loschmidt echo for an initial state with no photons and no
qubit excitation. In Sec. III, we show numerical results where
Loschmidt echo singularities appear. In addition, an approx-
imation using the zero qubit splitting case and an equation
of motion involving the derivatives of the echo are derived.
Concluding remarks are given in Sec. IV.

II. HAMILTONIAN MODEL

We consider arguably the simplest example of a driven
qubit-oscillator system: a two-level system with level splitting
ω0 described by Pauli operators σ̂z, σ̂+, and σ̂−, coupled with
a time-dependent strength g(t ) to a single boson mode (QRM)
with frequency ωc,

Ĥ (t ) = ωcâ†â + ω0

2
σ̂z + g(t )(â† + â)(σ̂+ + σ̂−), (1)

where h̄ = 1. The operators â† â denote boson ladder opera-
tors, which for simplicity we call photon operators.

There is a controversy in the literature about the contri-
bution of the quadratic term of vector potential A, related
with the quantum phase transitions for the Dicke model [32].
By contrast, our paper is focused on the dynamical overlap
between the initial state and the state later in time—it is not
focused on this transition. Therefore, we eliminate a possible
A2 term by performing a Bogoliugov-Hopfield transformation
on the photon operators.

This Hamiltonian commutes with the parity operator P̂ =
exp{iπ [â†â + 1

2 (1 + σ̂z )]}. Given an initial state with zero
excitations in both qubit and oscillator subsystems |ψ (0)〉 =
|0, 0〉 (i.e., even parity) the time evolution remains confined
to the even Hilbert subspace. Hence, a basis can be chosen as
{|n, m〉} with n + m = even and n = 0, 1, 2, . . . denoting the
number of boson excitations whereas m = 0, 1 corresponds
to the number of qubit excitations. We can denote the basis
vectors simply by {|n〉} ≡ {|n, m〉}, noting that m = 0 when n
is even whereas m = 1 otherwise. Hence, Eq. (1) becomes

Ĥ (t ) = ωcâ†â − ω0

2
eiπ â†â + g(t )(â† + â). (2)

This form explicitly shows the strong anharmonicity, medi-
ated by the qubit, of the oscillator subsystem. The LA,

L(t ) = 〈ψ (0)|Û (t, 0)|ψ (0)〉 (3)

calculates the fidelity of the time-evolved state |ψ (t )〉 =
Û (t, 0)|ψ (0)〉 with respect to initial-state |ψ (0)〉. We calculate
final-state |ψ (t )〉 under Eq. (1) given the initial ground-state
|ψ (0)〉 ≡ |0, 0〉. Furthermore, throughout the paper we con-
sider the simplest quenching case in which the qubit-cavity
coupling strength jumps suddenly from 0 to a constant value
of g > 0 at time 0 and then maintains that constant value
for time t . Although the Rabi model is integrable [7], no
analytical results are available for the case of interest here,
i.e., the nonequilibrium resonant Rabi model.

We benchmark tested our full numerical calculations using
the ω0 → 0 limit for which the exact analytic solution is

FIG. 1. A ladder of singularity peaks in the Loschmidt echo
emerges in the DSC regime as a function of the coupling g and time
t after the coupling onset. Results are shown in two dimensions (2D)
and three dimensions for the resonant case ωc = ω0 and a single
cycle time-evolution ωct

2π
� 1.

known [33,34], noting that our calculations can be generalized
to other time-dependent quenchings [35]. Although this sim-
ple limiting case does not show any signature of a dynamical
phase transition, the situation changes drastically with a finite
qubit splitting ω0 = ωc. For convenience, we use a logarith-
mic scale by defining a Loschmidt echo rate (LER) exponent
as [19] γ (g, t ) = − log10 |L(g, t )| whereas corresponding ex-
ponents can be defined for derivatives with respect to t and g,
β(g, t ) = − log10 | ∂L(g,t )

∂t | and χ (g, t ) = − log10 | ∂L(g,t )
∂g |.

III. LOSCHMIDT SINGULARITIES

In this section we study the time-dependent Loschmidt
echo by solving the quantum propagator numerically for the
Rabi model. For a pulsed coupling of constant height g, the
dynamics are contained within the complete set of even-parity
eigenstates |Em〉 with energy Em for the QRM Hamilto-
nian [Eq. (1)] where L(g, t ) = ∑

m exp[−iEmt]|〈Em|ψ (0)〉|2.
Figure 1 shows our results for the LER [γ (g, t )] at ω0 = ωc

and |ψ (0)〉 = |0, 0〉 across a wide region of the DSC (g, t )
plane. This regime—which is largely unexplored—can only
be understood in those systems if nonperturbative methods
are correctly included in the calculation. We find that using
a basis set of up to 750 photon states guarantees conver-
gence. Although a smooth continuum occupies the left half
of the one-period evolution, a ladder of localized singularities
arises for γ (g, t ) in the right half [see Appendix A for sim-
ilar features in β(g, t ) and χ (g, t )]. We emphasize that this
ladder of LER singularities has nothing to do with quenching
through an equilibrium quantum phase transition since the
QRM at resonance does not show the emergence of any kind
of equilibrium phase transition. Therefore, we conclude that
this nonanalytic dynamical behavior of the LER at select
points on the (g, t ) plane can be understood as a DQPT when
quenching from the uncoupled qubit-oscillator ground state to
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FIG. 2. Parametric plots of L(g, t ) for the coupling values g
where the first three zeros of L arise (the nth lowest value is denoted
by gn). Arrows indicate the LA evolution as time progresses. Changes
in LA chirality are evident for g2 and g3. The inset: LA full evolution
for 0 � ωct

2π
� 1 in a full scale view for the same gn values.

a final DSC coupled system—regardless of the finite size of
the matter subsystem.

So far we have pointed out the existence of a ladder of
LA echoes. Deeper insight is gained by inspecting the tra-
jectories of the full LA on the complex plane. In Fig. 2, we
show these trajectories for the first three values of g where
zeros can be located, namely, g1 = 1.30 (blue dotted line),
g2 = 1.67 (orange dashed line), and g3 = 1.90 (red solid line).
It is important to note that the chosen values of g have been
achieved experimentally [15–17]. These trajectories seem to
present increasingly complex winding behaviors, suggesting
that information about the structure of the LA might be em-
bedded into these geometric aspects. This leads us to conclude
that the ladder of LA zeros is intimately connected with
DQPTs, which are well known to have no local order pa-
rameter. Instead, DQPTs have been associated with dynamical
topological order parameters which can be extracted from the
Pancharatnam phase of the LA itself [36]. For critical trans-
lational invariant systems, the dynamical topological order
parameter is quantized as an integer number that jumps at
critical times. We do not know of any previous reports of such
signatures in a system such as the QRM that does not have an
associated length scale.

The LA exhibits highly nontrivial behavior in terms of its
rotation in the complex plane, which can be captured by ana-
lyzing the temporal evolution of arg[∂tL(g, t )]. Specifically,
∂t arg[∂tL(g, t )] > 0 and ∂t arg[∂tL(g, t )] < 0 correspond to
anticlockwise and clockwise rotation of the LA velocity, re-
spectively. Figure 3 shows the rotation directions of the LA
and its time derivative in different regimes, and the location of
the singularities of γ , β, and χ . Note that the singularities of
γ must lie on the red (dashed) boundary, whereas the singular-

FIG. 3. Boundary between regions of clockwise and counter-
clockwise rotations of the time derivative of the LA (blue solid
line) on the complex plane shown over a 2D projection of Fig. 1.
The boundary corresponds to ∂t arg[∂tL(g, t )] = 0. Singularities of γ

(black dots), β (green triangles), and χ (magenta diamonds) are also
shown. Changes in chirality are more clearly seen in the right panel
where a red dashed line indicating ∂t arg[L(g, t )] = 0 is included.

ities of β must always lie on both boundaries (see Appendix A
for details). In the DSC regime, we find alternating regions of
clockwise and anticlockwise rotations. Figure 3 reveals a rich
dynamical phase diagram with additional topological phase
transitions which are a different class from those previously
reported for the off-resonant QRM. The phases separated by
these topological transitions are distinguished from each other
by this feature, and each can, in principle, be assigned a
topological number. Interestingly, the boundary between these
regions seems to follow the location of the discrete ladder of
LA zeros for higher values of g (Fig. 3 right panel) indicating
a hidden relationship between changes in this rotational be-
havior and the emergence of singularities. Moreover, zeros in
the LA derivatives with respect to time [β(g, t )] and coupling
[χ (g, t )] fall on this same undulating border that separates
different LA-chirality regions. This is a key signature of the
emergence of a topological dynamical phase transition.

For the LA and LER exponents, we find a near-perfect
collapse of numerical values of γ (g, t )/g2 for the QRM with
the corresponding analytical result for the zero qubit splitting
(ZQS) limit result given by

L0(g, t ) = exp[iθ (g, t )] exp
[
−2

( g

ωc

)2
sin2

(ωct

2

)]
. (4)

This yields

γ0(g, t )/g2 ∼ sin2
(ωct

2

)
, (5)

as a universal value which is independent of the specific cou-
pling strength g [see Appendix B for the expression of θ (g, t )
and additional details]. In the trailing edge of the coupling
pulse, there is good agreement between the exact numerical
results and the expression calculated from the Loschmidt echo
rate for a ZQS system |L0(g, t )| in Eq. (4) especially after the
kink in γ (g, t )/g2 (see Fig. 4). This collapse suggests that the
anharmonicity induced by the qubit in the effective oscillator
in Eq. (2) fades away for long pulse durations that place the
system to the right of the wavy chirality border in Fig. 3. This
raises the possibility of designing tailored pulses for which
the LA and the corresponding exponent become identical in
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FIG. 4. Numerical and ZQS results for γ (g, t )/(g/ωc )2 for cou-
pling strength g values corresponding to the first four LA zeros. In
the trailing edge of the coupling pulse, there is a collapse of the exact
numerical results onto the curve for the ZQS [Eq. (5)].

the long-time pulse limit for the highly anharmonic resonant
qubit-boson case and for the simple harmonic ZQS system.

Further insight into the emergence of this LA ladder comes
from the following exact relationship for an arbitrary quantum
system [37],

L(t ) = L(t − τ )L(τ ) + M(t, τ ), (6)

where the memory term is

M(t, τ ) = 〈ψ0|Û (t, τ ) Q̂ Û (τ, 0)|ψ0〉, (7)

and Q̂ = 1 − |ψ0〉〈ψ0|. Using Eqs. (3) and (6), we obtain an
equation of motion for the LA,

g
∂ L
∂ g

− t
∂ L
∂ t

= − it

2
L(g, t ) + G(g, t ), (8)

where G(g, t )= it
∑∞

n=1[ (−1)n+1−1
2 +n]

∫ 1
0 dx〈ψ0| exp[−ixĤ (g)t]

|n〉〈n| exp[−i(1 − x)Ĥ (g)t]|ψ0〉 and {|n〉} ≡ {|n, m〉} (see Ap-
pendix C for derivation). The staircase nature of the anomalies
(i.e., LA zeros) as a function of g and t , reflects the fact that
the LA equation of motion resembles a generalized Burger’s
shock-wave equation in which ∂L

∂t − (g/t ) ∂L
∂g contains a con-

volution of L(g, t ) over time plus correction terms. This
suggests the propagation of short-lived modified shock waves
in L(g, t ) as a function of g and t as observed.

IV. CONCLUDING REMARKS

Our findings have further implications. First, this discrete
staircase of LA zeros not only appears for the QRM, but
also shows signs of existing for multiqubit systems (Dicke
model) and with more complicated time-varying couplings
[38]. Although a comprehensive treatment of the scaling of
such complex systems remains to be explored, our results
open up a path to tailoring zeros of the LA using a time-
dependent interaction and by increasing the number of qubits.

Second, photon states lacking the vacuum component are
predicted to present highly nonclassical features, such as neg-
ative values of the Wigner function and Schrödinger-cat state
generation [39]. Our findings demonstrate that a simple QRM

FIG. 5. Values of β(g, t ) for the analyzed values of coupling
strength and evolution time.

(e.g., single qubit-photon) system is an ideal platform for
realizing such nonclassical light states, simply by varying the
coupling g and time since onset t .

Third, the key feature whereby the initial state collapses
into orthogonal states in a punctuated way as a function of g
and t , may be used to enhance—or attack—future quantum
information processing or computation implementations that
rely on removing—or retaining—a given quantum state. This
finding could motivate new schemes that exploit this fact for
erasing memory of an initial state. However, it also flags a po-
tential vulnerability to external attack in quantum information
processing schemes that require maintaining some memory
(i.e., nonzero vacuum component) of the initial state.

Finally, we note that decoherence should have a negligible
effect on the ladder of LA anomalies reported here since they
occur within a single cavity cycle scale of time and in the DSC
regime, placing the system in an ultrafast regime where the
unitary treatment discussed above should be appropriate.
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APPENDIX A: CHIRALITY AND SINGULARITIES
OF β and χ

Figures 5 and 6 show plots of the behavior of β(g, t )
and χ (g, t ), respectively, for the analyzed values of coupling
strength and evolution time.

The radius of curvature for a parametric curve in two-
dimensions r(t ) is given by

κ (t ) = − [r′(t ) × r′′(t )]z

‖r′(t )‖3/2
, (A1)

where [A]z is the z component of A. This is applied to our case
by taking—for a given value of the coupling strength—the
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FIG. 6. Values of χ (g, t ) for the analyzed values of coupling
strength and evolution time.

curve described by the following position vector:

r(t ) =
(

Re[L(g, t )]
Im[L(g, t )]

)
. (A2)

It follows that the time derivatives of r(t ) are given by the real
and imaginary components of the time derivatives of the LA.
If L(g, t ) is expressed as

L(g, t ) = A(g, t ) exp[iθ (g, t )],

then we have that

∂tθ (g, t ) = [r(t ) × r′(t )]z

‖r(t )‖2
.

Using a similar argument applied to ∂tL, we obtain that

κ (t ) = −‖r(t )‖1/2∂t arg[∂tL(g, t )].

This means that the calculated chiralities will have the op-
posite sign to the defined curvature, giving a geometric
interpretation of the results in Fig. 3.

APPENDIX B: ZERO QUBIT SPLITTING CASE

In this ω0 → 0 limit, we consider the simplest quenching
case in which the qubit-cavity coupling strength jumps sud-
denly from 0 to a constant g > 0 at time 0 and then maintains
that constant value for time t . The operator,

Û (t, 0)=eiωct â†â exp

{
−

[∫ t

0
ds K (s)

dK∗(s)

ds

]}
eiK (t )â†

eiK∗(t )â,

(B1)
where

K (t ) =
∫ t

0
ds g(s)eiωcs (B2)

encodes the time variation of the qubit-photon coupling
strength. Thus,

Û (t, 0)|ψ (0)〉 = eiωct â†âeiθ (t )D̂[iK (t )]|ψ (0)〉, (B3)

where D̂(α) = exp(−|α|2
2 )eαâ†

e−α∗â is the displacement oper-

ator and θ (t ) = Im{∫ t
0 ds K (s) dK∗(s)

ds }. Hence,

L0(t ) = 〈ψ (0)|Û (t, 0)|ψ (0)〉
= eiθ (t )〈ψ (0)|eiωct â†âD̂[iK (t )]|ψ (0)〉. (B4)

Given an initial Fock state with n photons |ψ (0)〉 = |n〉,
this yields

L0(t ) = eiθ (t )einωct exp

[
p − 1

2
|K (t )|2

]
Ln[|K (t )|2], (B5)

where Ln(x) is the Laguerre polynomial of order n. Starting
from the initial ground-state |ψ (0)〉 = |g, 0〉 yields

L0(t ) = eiθ (t ) exp

[
−1

2
|K (t )|2

]
. (B6)

which shows that the LA is the projection of the coherent
state |iK (t )〉 = D̂[iK (t )]|0〉|iK (t )〉 = D̂[iK (t )] onto the initial
vacuum state. The Loschmidt decay factor K (τ ) becomes

K (t ) = 2g

ωc
sin

(ωct

2

)
exp

(
i
ωct

2

)
, (B7)

and so

L0(g, t ) = eiθ (g,t ) exp
[
−2

( g

ωc

)2
sin2

(ωct

2

)]
, (B8)

with the phase,

θ (g, t ) =
( g

ωc

)2
[ωct − sin(ωct )]. (B9)

APPENDIX C: EQUATION OF MOTION FOR THE LA

Using L(g, t ) = 〈ψ0|e−iĤt |ψ0〉, we obtain

∂L
∂t

= −i 〈ψ0|Ĥe−iĤt |ψ0〉 . (C1)

For the derivative with respect to g, an important aspect is that
Ĥ and dĤ/dg do not commute which makes the computa-
tion of this derivative more complicated. Following previous
results on the derivatives for exponential operators [40]:

deA(t )

dt
=

∫ 1

0
dx exA(t )

(
dA(t )

dt

)
e(1−x)A(t ). (C2)

Applying this result to our case, we obtain

∂L
∂g

= −it
∫ t

0
dt ′ 〈ψ0|e−iĤt ′

(
dĤ

dg

)
e−iĤ (t−t ′ )|ψ0〉 . (C3)

Using the expression for the Hamiltonian given in Eq. (1), we
obtain the following result for g �= 0:

−it
dĤ

dg
= −i

t

g

(
Ĥ − N̂ + 1

2

)
. (C4)

Combining this with the result for ∂L/∂t , we obtain

∂L
∂g

= t

g

∂L
∂t

+ i

g

∫ t

0
dt ′ 〈ψ0|e−iĤt ′

(
N̂ − 1

2

)
e−iĤ (t−t ′ )|ψ0〉 .

(C5)
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Introducing a complete set of states after N̂ + 1/2 yields

g
∂L
∂g

− t
∂L
∂t

= +i
∞∑

n=0

[
(−1)n+1

2
+ n

] ∫ t

0
dt ′ 〈ψ0|e−iĤt ′ |n〉 〈n|e−iĤ (t−t ′ )|ψ0〉 . (C6)

Extracting the first term,

g
∂L
∂g

− t
∂L
∂t

= − i

2

∫ t

0
dt ′L(g, t ′)L(g, t − t ′) + i

∞∑
n=1

[
(−1)n+1

2
+ n

] ∫ t

0
dt ′ 〈ψ0|e−iĤt ′ |n〉 〈n|e−iĤ (t−t ′ )|ψ0〉 . (C7)

Using Eq. (6), we obtain the following result:

L(g, t ′)L(g, t − t ′) = L(g, t ) −
∞∑

n=1

〈ψ0|e−iĤ (t−t ′ )|n〉 〈n|e−iĤt ′ |ψ0〉 , (C8)

and, hence, the following, which leads to Eq. (9),

g
∂L
∂g

− t
∂L
∂t

= − it

2
L(g, t ) + i

∞∑
n=1

[
(−1)n+1 − 1

2
+ n

] ∫ t

0
dt ′ 〈ψ0|e−iĤt ′ |n〉 〈n|e−iĤ (t−t ′ )|ψ0〉 . (C9)
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