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Bragg condition for scattering into a guided optical mode
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We theoretically investigate light scattering from an array of atoms into the guided modes of a waveguide. We
observe that the scattering of a plane-wave laser field into the waveguide modes is dramatically enhanced for
angles that deviate from the geometric Bragg angle. This modified Bragg condition arises from the dispersive
interactions between the guided light and the atoms. We analytically identify various parameter regimes in which

the scattering rate features a qualitatively different dependence on the atom number, such as linear, quadratic,
oscillatory, or constant behavior. In combination with rigorous numerical calculations, we demonstrate that these
scalings are independent of a possible asymmetry of the atom-light coupling. Finally, we show that our findings
are robust against voids in the atomic array, facilitating their experimental observation and potential applications.
Our work sheds light on collective light scattering and the interplay between geometry and interaction effects,

with implications reaching beyond the optical domain.
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I. INTRODUCTION

Bragg diffraction was originally discovered during the in-
vestigation of crystalline solids using x rays. However, Bragg
scattering is based on the constructive interference of partial
waves that originate from periodically arranged scatterers and
is thus a very general phenomenon that plays a central role
in many branches of physics, most notably in optics [1]. One
well-known and technologically relevant application of Bragg
scattering is dielectric mirrors, which enable the reflection of
light without almost any losses. More recently, Bragg scat-
tering phenomena that occur when laser-cooled atoms are
used as scatterers for light have been the matter of numerous
theoretical and experimental studies [2—11].

While the resonances of the materials the dielectric mirror
is made of are far detuned with respect to the wavelength
of the reflected light, this can be distinctly different in the
case of atomic scatterers. When the light is resonant or near
resonant with an atomic transition, the light can be absorbed
by the atom, with the scattered light acquiring a phase shift
relative to the incident light. Close to resonance, the scattering
cross section is significantly enhanced, such that multiple
scattering between different atoms becomes relevant [12,13].
Moreover, single atoms can scatter only one photon at a time,
giving rise to nonlinear optical effects [14—16]. The interplay
between Bragg scattering and cooperative effects stemming
from coherent scattering of light between emitters gives rise
to surprising phenomena, such as photonic band gaps [17,18],
subradiant atomic mirrors [19,20], improved optical quan-
tum memories [21,22], guided light in atomic chains [23,24],
and collective enhancement of chiral photon emission into a
waveguide [25]. In particular, a modification of the geomet-
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ric Bragg condition due to the frequency dependence of the
bulk refractive index of cold atomic vapor in one-dimensional
standing-wave optical potentials has been studied theoreti-
cally [17] and experimentally [26,27].

In this work we theoretically investigate the scattering of
light from an atomic emitter array into the guided optical
modes of a waveguide. The emitters are coherently driven by
an external plane-wave light field such that the scattered light
from the different emitters can interfere constructively. We
demonstrate that the dispersive waveguide-mediated atom-
atom interactions lead to a modified Bragg condition; that is,
the maximum scattering rate into the guided mode is reached
at laser incidence angles different from the one determined by
the geometric Bragg relation. Here, the maximum scattering
rate is shown to be dramatically enhanced and to grow linearly
with the number of emitters. This is in stark contrast to other
incidence angles for which a saturation is observed. We also
identify situations in which the scattering rate scales quadrat-
ically and even oscillates as a function of the atom number.
Strikingly, all these qualitatively different scalings are shown
to be largely independent of the asymmetry (or “chirality”) of
the emitter-waveguide coupling [28] and also robust against
voids in the atomic array.

II. SYSTEM

We consider a one-dimensional array of N atomic emitters
with nearest-neighbor distance a situated parallel to an optical
waveguide (here a silica nanofiber), as sketched in Fig. 1(a).
Each emitter is modeled as a two-level system with ground
and excited states denoted by |g) and |e), respectively, with
energy separation fiw,. The atoms are externally driven by a

©2021 American Physical Society
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FIG. 1. Scattering into the waveguide mode. (a) An array of
emitters at positions r; = a(j — 1)z, with j =1, ..., N labeling the
atoms and a being the nearest-neighbor distance, is coupled to a
waveguide and driven by a laser with wave vector k( (forming an
angle 6 with the array), Rabi frequency €2, and detuning A. The rate
of photons emitted into the guided mode propagating to the right
['r(6, A) can be well approximated by considering the interference
of the scattering processes indicated by the dashed, colored arrows.
(b) Tx(8, A)/Ty, where Ty is the single-atom scattering rate into the
waveguide on resonance. The maxima of the scattering rate occur at
angles Oy (red line) that deviate from the geometric Bragg angle
Ocp, and A # 0. The cuts on the right show qualitatively different
spectra depending on the choice of 6. Throughout the paper, we
show results for a chain of cesium atoms with A = 852.35 nm and
a = 578.21 nm. The atoms are at a small distance from the silica
nanofiber surface, such that yg/I" = 0.0707. Here, N = 144, and
D=1

plane-wave monochromatic light field with Rabi frequency €2,
detuning A = w, — wy, and a wave vector kg that encloses an
angle 6 with the array. When an atom is excited, it can decay
back into its ground state, emitting a photon with wavelength
A =27 ko with kg = |kg| = wg/c. Due to the proximity of
the nanofiber, the photon can be emitted into one of the two
counterpropagating guided modes supported by the nanofiber
(at rates yg and y; for the right- and left-propagating modes,
respectively). It also can be emitted into the unguided modes
(at a rate y,), whose modification due to the presence of
the fiber is taken into account [29,30]. The efficiency of the
coupling into the guided modes is quantified by the so-called
beta factor 8 = (yg + y1)/T", where I' = yg + y1 + yu is the
total single-atom decay rate. Moreover, depending on the
orientation of the dipole moment of the atomic transition,
an asymmetry of the emission into the guided modes can be
present, such that yg # y; [28]. We will quantify this asym-
metry via the parameter D = (yg — y.)/(¥r + vL)-

Under the Born-Markov approximation, the dynamics and
stationary state of the system are determined by the master

equation [29,30]
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where o; = |g;){(e;| for j=1,...,N. Here, the first term
describes the action of the laser field:
N
Hiyer = 1 Z[Q(e’ko'rfaj +H.c.)+ AO’JTO'_,'], 2)
j=1

where r; = a(j — 1)Z denotes the position of the jth atom.
Note that in the following we will assume that the laser driving
is weak, such that the saturation parameter is small, i.e., 2 <
I". The second term in Eq. (1) represents dipole-dipole interac-
tions induced by the exchange of virtual photons between the
Jjth and /th atoms at a rate V};. Finally, the last term describes
the incoherent emission of photons. The decay rates of the
entire system of coupled atoms y, are given by the eigenvalues
of the dissipation coefficient matrix I';;. While for a single
atom the decay rate is simply I [31,32], for several atoms,
the decay becomes collective, and the corresponding decay
rates y, can be either superradiant (y, > I') or subradiant
(ve < T')[25,33,34].

It is convenient to separate the contribution of the guided
and unguided modes in both the coherent and incoherent inter-
action matrix coefficients as V;; = Vj’f + VJLZ +Vjand Ty =
F;} + FJL.Z + I'};, respectively. The character of the interactions
mediated by the unguided modes is fundamentally different
from that of the guided ones: while the unguided modes give
rise to interactions that decay with the distance between the
atoms, the interactions mediated by guided modes are infinite
ranged [29,30,35,36] and read

Vi = iZlsgn(j — Deheu D, 3)
Vi = iZesgn(j — e, “)
Iy = yre™ ™0, 5)
I = yet™ o, (©)

where kg is the propagation constant inside the nanofiber and
sgn(x) is the sign function.

We are here interested in the photon emission rate into the
guided modes. In the weak laser limit we consider that at most
one excitation is present in the system at all times. In this limit,
the wave function that describes the state of the system can be
written as

N
(W) = caIG) + Y ¢;(DIE);, (7)

j=1

where |G) =[g)1 ®[g)2---®Igy and |E); =g ®
Ig)2---le); -~ ® |g)n are the many-body ground and single
excitation states, respectively. Under these assumptions, we
will analyze the scattering rate into the right-propagating

043517-2



BRAGG CONDITION FOR SCATTERING INTO A GUIDED ...

PHYSICAL REVIEW A 104, 043517 (2021)

guided mode in the stationary state, defined as

Tr(6, A) = ZF (o] 01)sss ®)

which can then be written as

N 2

§ :etkra(lfl)cis

=1

TR0, A) = g y_ e MOUDerses =y

€))

Here, the stationary-state coefficients ¢%° can be obtained as a

J
solution of the equation [25]

(oo

with H§[' =V —ilj;/2 and v; = €™,

As one can observe in Fig. 1(b), the resonances of the
fluorescence excitation spectrum I'g(6, A) are qualitatively
modified when the angle 6 is close to the one given by the
conventional, geometric Bragg condition. The latter is given
by cosOgs = 2mrm/(aky) — k¢ /ko, with m € Z and k¢ being
the propagation constant inside the nanofiber. For most angles
the spectrum is well approximated by a Lorentzian centered
at A = 0. As 6gg is approached, the scattering rate increases
rapidly. The spectrum then starts to display a maximum that
is off resonance, in particular for an excitation under the
modified Bragg angle 6ys. Exactly at & = 0gg, the spectrum
splits symmetrically around A = 0 into two peaks [9]. Note
that the scattering of the excitation light field by the nanofiber
does not modify the Bragg condition as the phase fronts along
the atomic trapping sites are spaced the same way as in free
space.

Z Hett

I#j

I+ Quj, (10)

III. SCATTERING INTO THE WAVEGUIDE
FOR UNIDIRECTIONAL COUPLING

In order to understand the origin of the intricacies of the
spectrum and to investigate the scaling with the system param-
eters, we make use of a simplified model which reproduces the
main features found with the full one described by Eq. (1). In
this model, we account for only the waveguide-mediated inter-
actions. The decay into the unguided modes is considered to
be diagonal: each atom decays with rate ), into the unguided
modes, and no interactions are induced between the atoms via
this dissipative channel. Moreover, for simplicity we consider
that the coupling into the waveguide is fully directional, i.e.,
yr = 0 and D = 1. Note that the asymmetry parameter can be
controlled using a combination of atomic state preparation,
the application of a homogeneous magnetic field, and the
polarization of the excitation light field. Here, Eq. (10) takes
a particularly simple form as

et — z 1]e~Hali=b, (11)

i =i lsen( =)
and thus, (10) becomes an upper triangular system of
equations, whose solution can be then substituted into the
scattering rate (9). Finally, the scattering rate (8) is found

to be

N—1 2

§ Me imkegra

m=0

Tr(6, A) =Tx (12)

where we have defined the effective wave number k.g =
ko cos 6 + k¢, the single-atom scattering rate into the guided

modes 'y = 4Q2BT/(4A% +T?), and the complex-valued
amplitude transmission coefficient
28T
r=1-—2PC (13)
I' +2iA

Expression (12) can be alternatively obtained by coher-
ently summing the contributions of the light scattered into the
waveguide by all atoms, as illustrated in Fig. 1(a). The light
that each atom scatters into the waveguide exhibits a phase
difference with respect to the one emitted by an atom that is
one lattice constant to its right: The contribution related to
the plane-wave excitation is given by kpa cos 6, and the one
due to propagation in the fiber is kfa. Moreover, ¢ describes
the transmission of the light when it passes an atom in the
chain, yielding a phase shift given by arg# and an amplitude
reduction |¢|. The total scattering rate I'g is then obtained
as the absolute value squared of the sum of all amplitudes,
multiplied by I4.

In order to analyze the dependence of the scattering rate
with the number of atoms N, we perform the sum in (12)
formally such that

14 [¢12V = 21N cos(bN)
1 + |t]2 — 2|t| cos(b)

where b = argt + kera. The numerator contains a term due
to which the scattering rate oscillates as a function of N;
see Fig. 2(a) for an example. Since N can take only integer
values, the oscillations are sampled with a frequency f; = 1,
and one observes oscillations at an angular aliasing frequency
baias = min||b| — 2wk f;| for k € Ny. From expression (14),
one can also see that the oscillations are damped via the term
|t|N describing the field decay, such that for large enough N
a saturation value is reached. Conversely, for small values
of N, the scattering rate grows proportionally to N> for all
N In|t]| <« 1, and provided that N is smaller than the period
of the oscillations, N < N, = 27 /byjias.

We now discuss the case when the atoms are driven un-
der the geometric Bragg condition [25], i.e., 8 = 6gp. Here,
b = argt + 2mm, and for large enough atom numbers N, the
spectrum splits into two peaks [see Fig. 1(b)]. In the limit
A > T and for large N, we find that the detunings at which
the two maxima occur are approximately given by
AP =~ :I:@ (15)

OcB T

Tr(0,A) =T\

. (14

with the corresponding maximum scattering rate

max Q? _22-p) 2
Cr(fan. ) ~ gl e 0 ) (16)
Hence, the maximum scattering rate approaches a saturation
value 4Q%/(BI") when N — oo. Note that, rather counterintu-
itively, this saturation value is larger the weaker the coupling

B is.
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FIG. 2. Scattering rate for unidirectional coupling. (a) Normal-
ized scattering rate into the right-propagating mode for 6 — 6gg =
—0.05 rad and A =T as a function of N. (b) Detuning and (c) max-
imum scattering rate as a function of N as the laser drives the chain
at Ogp (red) and Oyp (blue). In all cases, there is good agreement
between the predictions from the simplified model (lines) and the
full master equation (symbols).

Equation (14) allows us to infer a modified Bragg condition

arg?
cosOyp = cosOgg — ——. 17
k()a
Here, b is a multiple of 2w, the scattering rate reaches a
maximum, and it does not oscillate with N. In agreement with
the numerical results shown in Fig. 1(b), the maximum guided
scattering rate is therefore not assumed when the emitter array
is driven at the geometric Bragg angle, but rather slightly
away from it. As argt depends on the detuning, so does Oyis,
as depicted by the red solid line in Fig. 1(b). As can also
be seen, the maxima of the spectrum I'g(6yp, A) are shifted
away from resonance. However, comparing to the geometric
Bragg condition case, we find different scalings of the optimal
detunings and the maximum scattering rate with the number
of atoms N, given approximately by

AQ:;‘ x +/N(1 — B)sTI (18)
and

2
poas o SN (19)
‘ 1-pr
respectively. Notably, now the maximum scattering rate does
not saturate for large values of N, but rather grows linearly
with N, eventually diverging as N — 00. As a consequence,
while there is a collective enhancement of the total scattering
for excitation under 6gg, the scattering rates are dramatically
further enhanced at 6y5. For example, in the case shown in
Fig. 2(c), 150 atoms can scatter as much light into the waveg-
uide as ~600 independent atoms. Finally, note that all the
discussed scalings are confirmed by the numerical simulation
of the full master equation (1) (see Fig. 2).
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FIG. 3. Asymmetry and voids. (a) Detuning A7 and (b) max-
imum scattering rate as a function of N as the laser drives the
chain at the geometric Bragg angle (GB) and the modified (MB)
one by numerical evaluation of the full master equation (1). Data
are shown for D =0,0.85, and 1 and y%/T" = 0.0707. (c) Ro-
bustness R(Omp, Aglt) = 3045 (O, A )/Tr(Oup, Ag') against
random voids with a filling factor of n = 0.5. We average over 1000
randomly chosen void configurations and display the standard devi-
ation of the scattering rate as the shaded area. (d) Oscillations of the
scattering rate with N for & = 6gg 4+ 0.004 rad and A = —2T". When
random voids (green solid circles, averaged over 1000 realizations)
are introduced, the contrast decreases compared to the perfectly filled
chain (blue open circles).

IV. ASYMMETRIC AND SYMMETRIC COUPLINGS

Up to now, we have assumed the special situation where
the emission into the guided modes is completely unidirec-
tional, i.e., D = 1. While this allowed us to obtain analytic
results, this is usually not the situation found in realistic ex-
perimental settings, where |D| < 1 oreven D = 0, i.e., there is
symmetric emitter-waveguide coupling. We have investigated
this situation numerically and found that the scaling with
N is independent of the value of D. This is exemplified in
Figs. 3(a) and 3(b), where we compare the scaling of AF**
and (0, AJ™) obtained for 6 = 6y and Ogp for different
values of D.

V. ROBUSTNESS AGAINST VOIDS

In experiments, laser-cooled atoms can be trapped next to
an optical waveguide in a periodic array of trapping sites [37].
Here, while the residual motion of the atoms is small enough
to observe Bragg scattering phenomena [7,8], it is challenging
to obtain atomic arrays where, indeed, every trapping site
is occupied. We investigate the robustness of our findings
against voids in the atomic array using our simplified model.
For this purpose, we simulate an array of Nges = N/n sites,
with 1 being the filling factor.

In Fig. 3(c), we show the average scattering rate over 1000
randomly chosen configurations for N = 50 atoms distributed
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over Ngies = 100 sites (n = 0.5, as, e.g., in Ref. [38]). For
this filling factor, the average spacing between two atoms
is 2a. Hence, here, we use the modified Bragg angle (17)
corresponding to a lattice constant of 2a in order to maximize
the scattering rate, evaluated at A = Ag;f;‘ We compare this
scattering rate with the maximum value that is obtained for
a completely filled array with 50 atoms and nearest-neighbor
distance a as a function of the atom-waveguide coupling. For
small B, the scattering rate for arrays with n = 0.5 is almost
as high as for perfect filling, confirming the robustness against
voids. However, as § — 1, the robustness decreases, which
can be understood as follows: At 6yg, each void leads to
a phase difference of kegra = 2mm — argt compared to the
perfect chain. For small 8, argt is also small, such that the
phase shift due to a void is close to a multiple of 277, and there-
fore, the scattering properties are not significantly altered. For
B — 1, however, argt — m, and thus, the voids inhibit the
buildup of constructive interference along the chain.

In Fig. 3(d), we study the influence of imperfect filling
on the oscillations of the scattering rate with N at an angle
0 slightly away from the Bragg resonance 6gg. One can see
that, despite the imperfect filling, the oscillations are still
visible, although they feature a smaller amplitude and a larger
oscillation frequency. For an arbitrary filling factor 7, this
frequency is simply given by byeigs = argt + keff%. Moreover,
we have numerically checked that the strong collective scat-
tering into the waveguide mode obtained under excitation at
the modified Bragg condition persists even in the presence of
experimentally realistic spreads of 8. These findings indicate
that an observation of the effects presented in this work is
within reach of current experimental capabilities.

VI. CONCLUSION AND OUTLOOK

We have studied the collective emission of an array of
atoms into a single guided optical mode upon excitation with a
plane wave. We showed that waveguide-mediated atom-atom

interactions lead to a qualitative modification of the Bragg
scattering condition. We found simple analytical expressions
for the scattering rate into the waveguide and revealed four
regimes, each one exhibiting a different scaling with the num-
ber of emitters. These findings are shown to be robust against
changes in the asymmetry of the coupling and also against
voids in the emitter array.

We have indications that not only the scattering into the
guided mode studied here but also the total scattering of
a waveguide-coupled array shows collective effects, leading
for example, to a stronger extinction of the excitation light
field compared to a free-space atomic array. Moreover, we
noticed that the emission spectrum of the coupled emitters
into unguided modes can be perfectly spectrally flat over
a large range of detunings, despite the fact that each indi-
vidual emitter has a Lorentzian line shape [18]. In addition
to further investigating these observations, future work will
include studying nonlinear effects [14,24], the generaliza-
tion of these results for other scatterers such as plasmonic
nanostructures [39], and the exploitation of the described ef-
fects for quantum information transfer.
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