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Time-frequency analysis of light-bullet dynamics during femtosecond
filamentation in the anomalous dispersion regime
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In this paper, we investigate the light-bullet dynamics during femtosecond laser filamenation in an anomalous
dispersion regime based on the experimentally observed blueshifted resonant radiation (RR) in fused silica. A
numerical simulation is performed and well reproduces the pronounced asymmetric feature of the RR spectra.
By applying a time-frequency analysis to the propagating laser field, this specific spectral feature is found to be
closely connected to the positively chirped property of RR in the time domain. In the context of the effective
three-wave mixing model, this temporal chirp character of the RR is ascribed to the variable phase-matching
conditions, which can be traced back to the accelerative propagation of the light bullet during its formation. Our
work provides a deep understanding of the spatiotemporal dynamics of femtosecond laser-pulse propagation in
condensed media.
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I. INTRODUCTION

Optical solitons are of fundamental importance in modern
optics due to their applications in optical data transmis-
sion [1], fiber-laser technologies [2,3], and light generation at
new frequencies [4,5]. Meanwhile, optical solitons can also be
used as a prototype to investigate novel phenomena ranging
from the optical analogy of an event horizon [6] and wave
trapping [7] to rogue waves [8]. Therefore, generation of an
optical soliton and understanding its propagation dynamics
have attracted a great deal of interest in fundamental and
applied research [9]. The fiber soliton (one spatial dimension
and one temporal dimension, 1+1D) has been extensively
studied [10,11] since it was predicted and demonstrated four
decades ago [12,13]. Until recently, it becomes possible to
investigate the real-time dynamics of the optical soliton in
fiber [3,14] after a powerful method of dispersive Fourier
transformation [15] has been applied. However, the genera-
tion of three-dimensional spatiotemporal solitons (also called
light bullets), which propagate in the medium without natural
dispersive broadening and diffractive spreading [16], is still
nontrivial work, for it requires accurate control of the optical
pulse propagation in a medium in both the spatial and tempo-
ral domains simultaneously.

Recently, femtosecond laser filamentation at midinfrared
laser wavelengths provided the ability to generate a light bul-
let [17–20]. In general, the physical mechanism behind the
filamentation process can be ascribed to a dynamic balance
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between the self-focusing effect due to the optical Kerr ef-
fect and defocusing effects resulting from ionization-induced
plasma [21] and/or high-order Kerr effects [22]. This dy-
namic balance leads to a spatially invariant laser intensity
distribution over a long propagation distance [23], which can
be viewed as a one-dimensional (1D) quasispatial soliton.
Only when the laser wavelength lies in the anomalous disper-
sion region does the interplay between self-action effects and
anomalous group-velocity dispersion (GVD) make it possible
to compress the pulsed laser beam in both spatial and temporal
domains simultaneously, and as a result, a three-dimensional
spatiotemporal soliton, or a light bullet, is formed [17,20].

Up to now, numerous experimental and theoretical stud-
ies have shown a host of phenomena that are accompanied
by the formation of a light bullet, such as the generation
of an ultrabroadband supercontinuum [24–26], conical emis-
sions [27], third-harmonic generation [28], and generation of
optical negative frequency [5,29]. These associated spectral
features not only provide various potential applications of
light bullets [30,31] but also may be applied to retrieve the
propagation dynamics of the light bullet, e.g., by using an
effective three-wave mixing (ETWM) model [32,33]. In par-
ticular, a blueshifted spectral peak [termed resonant radiation
(RR)] in the visible region of the supercontinuum generated
during femtosecond filamentation in the anomalous dispersion
region can be viewed as an indication of the generation of
a light bullet [27,33], and the wavelength of the RR spectral
peak has been applied to retrieve the velocity of the light bullet
after it has been generated [27,34]. However, although some
properties of light bullets have been successfully obtained,
the formation dynamics of light bullets during femtosecond
laser filamentation is still far from understood, partly due to
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FIG. 1. Schematic representation of our experimental setup for
femtosecond laser filamentation in fused silica: OPA, optical para-
metric amplifier; M1, M2, silver mirrors; λ/2, half-wave plate; G-T,
Glan-Taylor polarizer; L, plano-convex lens; Hole, an aperture; At-
tenuator, different neutral filters.

the lack of an effective analysis method to get inside the laser
propagation dynamics.

With this in mind, the purpose of the present work is to
offer an analysis method to retrieve the light-bullet formation
dynamics based on the experimentally observed blueshifted
RR spectrum during midinfrared femtosecond laser filamen-
tation in fused silica. Thus, we first numerically simulate
the laser-pulse propagation in the sample and obtain the
spatiotemporal distribution of the laser beam along its prop-
agation direction. Thereafter, a time-frequency analysis is
applied to the propagation laser fields to uncover in detail
the characteristics of the RR spectrum. It is found that the
pronounced asymmetric spectral feature of RR, extensively
observed in experiments, is closely related to its positively
chirped property in the time domain. Furthermore, according
to an analysis using the ETWM model, this temporal chirp
character of the RR is ascribed to the variable phase-matching
conditions, which can be traced back to the accelerative prop-
agation of the light bullet during its formation. Our work
demonstrates in detail how the RR spectrum is formed along
the propagation of the laser field in the medium and thus
provides deep understanding of the spatiotemporal dynamics
of femtosecond laser-pulse propagation in condensed media.

II. EXPERIMENTAL SETUP AND RESULTS

The experimental setup is depicted schematically in Fig. 1.
An optical-parametric-amplification laser system pumped by
a commercial Ti:sapphire laser amplification system (Coher-
ent Legend HE+, 1 kHz, 5 mJ, 800 nm) can deliver laser
pulses with the wavelength tunable from 1.1 to 2.6 μm. In
our experiments, the central wavelength of the driving laser is
2.08 μm, falling in the negative GVD region of fused silica,
and the pulse duration (FWHM) is about 70 fs. As shown in
Fig. 1, M1 and M2 are silver mirrors, and the combination of
a half-wave plate and a Glan-Taylor polarizer is employed to
adjust the laser-pulse energy injected into the sample. There-
after, laser pulses are focused with a 40-cm plano-convex lens
with its focus at the rear face of a 2-cm-long fused silica
cuboid. In our work, we focus on the temporal and spectral
structures of the on-axis component of the laser field. There-
fore, downstream of the sample, the generated spectrum on

FIG. 2. Spectra in the visible region measured on the laser propa-
gation axis; the black solid line (red dashed line) corresponds to input
pulse energy of 31 μJ (34 μJ). The inset shows the conical emission
at 31 μJ.

the axis is chosen by an aperture with a diameter of 300 μm.
To avoid spectral saturation of the spectrometer, neutral fil-
ters (Thorlabs, NEK01) are selected to properly attenuate the
spectral intensity, and the spectra are recorded using a fiber
spectrometer with a 16-bit dynamic range detector (QE6500,
Ocean Optics), covering a wavelength range from 0.35 to
1.1 μm.

In the experiment, the laser-pulse energy is finely adjusted
by rotating the half-wave plate. In Fig. 2 we show the ax-
ial spectrum recorded by the spectrometer with an integral
time of 200 ms. As the laser-pulse energy is gradually in-
creased to 30 μJ, a weak conical emission begins to appear
after the sample, as shown in the inset of Fig. 2, which can
be considered an indication of the formation of a filament
in the medium [27,35,36]. The input laser-pulse energy is
thus chosen to be 31 μJ, which is just a little above the
threshold for filamentation in our experiment. A blueshifted
spectral peak in the visible region is observed, as shown by
the black solid line in Fig. 2, and the wavelength correspond-
ing to the maximal intensity (termed the peak wavelength
hereafter) is about 483 nm. Note that this spectral peak ex-
hibits an asymmetric feature with wider spectra on the longer
wavelength side, which has also been observed in previous
experiments [26,27,31]. It is also worth mentioning that this
blueshifted spectral peak can be observed in only a narrow
range of input laser-pulse energies. Specifically, when the
input energy is further increased to 34 μJ, this spectral peak
is split into two peaks, as shown by the red dashed line in
Fig. 2. In this situation, two filaments are generated along
the propagation direction, and each filament generates a set
of supercontinua, which will interfere with each other outside
the sample [36]. As a result, the single blueshifted spectral
peak will split into two peaks. In our work, we focus on just
the case of the generation of a single blueshifted spectral peak.

Note that previous studies have been done on this
blueshifted spectral peak [27,36], and the appearance of RR
was interpreted by the ETWM model [32]. Within this model,
for a range of driving laser power above the critical power
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for self-focusing, the laser pulse undergoes filamentation and
does not split in the time domain due to self-phase modulation
(SPM) in conjunction with anomalous group-velocity disper-
sion. As a result, a light bullet is formed, and the laser beam
remains the profile of a single peak with a propagation veloc-
ity vp which can be larger or smaller than the group velocity vg

of the incident laser pulse. This light bullet generates a travel-
ing perturbation of the refractive index acting as a polarization
wave with a frequency of ω − ω0, which in turn scatters the
incident laser pulse of frequency ω0. This scattering process
is associated with a phase-matching condition,

�k = kz(ω, k⊥) − k0 − ω − ω0

vp
, (1)

where kz is the wave vector propagating along the propa-
gation direction and k⊥ is the transverse wave vector. The
above equation indicates that the phase-matching condition
can be fulfilled only around a certain wavelength, which leads
to the generation of a peak structure in the spectrum. This
blueshifted spectral peak is thus termed resonant radiation,
which is well known during the generation of a soliton in an
optical fiber [37,38]. After fitting the peak wavelength of the
experimental results in Fig. 2 with Eq. (1), the propagation ve-
locity vp of the light bullet is 1.0019vg, where vg is the group
velocity of the input laser pulse in fused silica. However, the
above-mentioned model gives only the peak wavelength of
the RR, and as far as we know, little attention has been paid
to the asymmetric feature of RR which involves abundant
dynamic information about the laser-pulse propagation in the
medium. We will focus on this asymmetric feature and un-
cover its origin in what follows.

III. NUMERICAL SIMULATION AND DISCUSSION

In order to simulate the spatiotemporal dynamics of fem-
tosecond laser pulses and the accompanying RR formation
during filamentation in fused silica, the unidirectional pulse
propagation equations (UPPEs) [39] are applied. In the mov-
ing frame τ = t − z/vg, where t denotes time in the laboratory
frame, the evolution of the z-propagated complex laser-pulse
envelope Ẽ (ω, k⊥, z) in the spectral domain satisfies

∂Ẽ

∂z
= iK(kx, ky, ω)Ẽ + iQ(ω)

(
P̃

ε0
+ i

ω

J̃

ε0

)
. (2)

Here the first term on the right-hand side represents diffrac-
tion, dispersion, and space-temporal coupling: K(kx, ky, ω) =
k(ω) − κ (ω) + �⊥/2k(ω), where the dispersive properties
of the medium are described by a Sellmeier-like rela-
tion k(ω) [40], and κ (ω) = k0 + (ω − ω0)/vg. The nonlinear
dispersion reads Q(ω) = 1

2 k(ω)−1ω2/c2. In addition, the non-
linear source terms in the equation include a nonlinear
polarization P(t, r, z) and a nonlinear current source J (t, r, z),
which are computed in the time domain. In detail, the nonlin-
ear polarization describes the optical Kerr effect

P

ε0
= 2n0n2|E |2E , (3)

and the current which represents plasma absorption and
plasma defocusing in the framework of the Drude model is

TABLE I. Parameters for numerical simulation.

Quantity Variable (units) Value Ref.

Refractive index n0 1.43 [10]
Kerr index coefficient n2 (cm2/W) 2.3 × 10−16 [44]
Band gap Ug (eV) 9 [45]
Number of photons K 16
Cross section for MPA β16 (cm29/W15) 6.42 × 10−192

Cross section for MPI σ16 (cm32/W16/s) 2 × 10−196

Collision time τc (fs) 3 [46]
Recombination time τr (fs) 150 [47]
Neutral density ρnt (cm−3) 2.1×1022 [46]
Cross section for AI σ0 (cm2) 4.7×10−21

governed by

J

ε0
= cσ0(1 + iω0τc)ρE + cn0βK |E |2K−2E , (4)

where c is the speed of light in a vacuum, ω0 is the central
frequency of the laser pulse, n0 and n2 are the linear and non-
linear refractive indexes, respectively, σ0 is the cross section
for inverse bremsstrahlung, τc is the effective collision time, ρ
is the density of electrons generated by ionization, βK denotes
the cross section for multiphoton absorption (MPA), K ≡
〈(Ug/h̄ω0) + 1〉 (〈· · · 〉 represents the integer part) denotes
the number of photons involved in the multiphoton process,
and Ug is the band gap of the material. In our simulation,
multiphoton ionization (MPI), avalanche ionization (AI), and
the recombination process are considered, and the evolution
equation of the free electrons is

∂ρ

∂t
= σK |E |2K (ρnt − ρ) + σ0|E |2 ρ

Ug
− ρ

τr
, (5)

where σK is the cross section for MPI, ρnt is the density of
neutral molecules, and τr denotes the characteristic time for
recombination. Among these parameters, σK is obtained from
a complete Keldysh formulation, i.e., Eq. (37) in Ref. [41],
βK is calculated by the relation βK = σK × Kh̄ω0ρnt , and σ0

follows the Drude model [21], which reads

σ0 = e2

ε0mecn0

τc

1 + ω2
0τ

2
c

. (6)

Note that, in our model, the strong field-induced Stark effect
in solids [42,43] has been neglected since it plays a minor
role and normally cannot be extracted in femtosecond laser
filamentation [21,39]. The other parameters of the nonlinear
medium used in the simulation are provided in Table I. The
input driving laser field is assumed to be Gaussian in both
the temporal and spatial domains with a central wavelength of
2.08 μm, a pulse duration of 70 fs (FWHM), and a waist of
100 μm.

As shown in Fig. 3(a), during femtosecond laser-pulse
propagation in fused silica, the on-axis laser intensity
increases gradually due to the Kerr self-focusing effect. Mean-
while, in the spectral domain, new redshifted (blueshifted)
spectra are generated on the ascending (descending) part of
the pulse by the SPM effect, which leads to laser-pulse spec-
tral broadening symmetrically. In the temporal domain, as the
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FIG. 3. Numerical simulation results. The intensity of the initial
pulse is 3.5 × 1011 W/cm2. (a) The axial intensity at different posi-
tions of the sample. (b) Electric-field envelope and (c) corresponding
spectral intensity of the laser pulse after propagating at two positions
of the medium. The red solid line (blue dashed line) represents the
laser pulse arriving at 18.5 mm (19.2 mm). (d) The axial intensity
spectrum at 20 mm; the inset displays an asymmetrical structure
of RR.

driving laser wavelength falls in the anomalous dispersion re-
gion, new frequencies generated by SPM are swept back to the
peak of the pulse. Consequently, a simultaneous temporal and
spatial compression happens. During laser-pulse propagation
in the medium, this compression is a runaway effect in the
sense that as the beam self-focuses, the intensity increases
dramatically, and so does the self-focusing effect. However,
when the laser beam propagates close to the nonlinear focus
around 18.0 mm, the laser intensity increases up to a certain
level, and the strong field ionization begins to play an im-
portant role [48–50], which leads to an intensive energy loss
and the generation of free-electron plasma. Consequently, the
beam collapse is arrested by multiphoton absorption and de-
focusing of the plasma. The interplay of these effects clamps
the intensity to a certain level after 18.5 mm, as shown in
Fig. 3(a), and a light bullet will be generated, which can
provide a steady phase-matching condition over a certain
distance for RR generation. The generation of RR can be
further understood by comparing the temporal electric-field
envelope [Fig. 3(b)] and the corresponding spectra [Fig. 3(c)]
of the propagating laser pulse at 18.5 mm and 19.2 mm. At
the propagation position of 18.5 mm, the descending part of
the laser pulse is very steep, but the RR has not yet been
generated. This descending part of the laser pulse is due
to the space-time focusing and self-steepening effects which
originate from the interplay between the nonlinear effects and
chromatic dispersion [21]. Consequently, a blue broadening
spectrum [red solid line in Fig. 3(c)] is generated. However,
these effects alone cannot lead to the appearance of RR be-
cause the spectra of the supercontinuum are not wide enough.
In contrast, at a propagation position of 19.2 mm, RR spectra
appear obviously in the visible region, as shown by the blue
dashed line in Fig. 3(c). In this situation, an additional effect
related to the free-electron plasma, which is generated by

strong field ionization, can further cause a blueshift of the
spectra and, meanwhile, clamps the laser intensity [21]. Thus,
it is the interplay of all the SPM, self-steepening, and plasma
effects that gives rise to the appearance of RR. After 19.2 mm
the laser intensity becomes almost unchanged, and at the exit
of the sample, an obvious asymmetric peak appears, as shown
in the inset of Fig. 3(d), which resembles the experimental
results in Fig. 2 very closely.

The above simulation results indicate that after the non-
linear focus and before the position where laser intensity is
finally clamped, the spatiotemporal distribution of the laser
pulse varies dramatically. Especially, a blueshifted spectral
peak is generated, and a light bullet is formed. Such dra-
matic evolution of the laser beam was also reported in other
bulk media [34,51]. In order to gain deeper insight into the
temporal dynamical evolution of the laser pulse, we apply a
time-frequency analysis (TFA) method to explore the spectral
and temporal structure of the RR. The TFA has been widely
used in studying ultrafast nonlinear processes such as the
spectral dynamics of laser diodes [52], laser-induced molec-
ular wave-packet dynamics [53], and high-order-harmonic
generation [54–56]. It is a wavelet transform analysis of the
electric field along its propagation direction in the sample and
can be written as

A(t, ω) =
∫

E (t ′)
√

ωW (ω(t − t ′))dt ′ (7)

where W (ω(t − t ′)) is the mother wavelet,

W (x) =
(

1√
τ

)
eixe

− x2

2τ2
0 . (8)

In the discussions below, in order to identify the detailed
temporal distributions of the RR spectra and without loss
of generality, we choose τ0 = 10 fs to perform the wavelet
transform.

Figures 4(a)–4(d) display three-dimensional graphs of the
modulus of the time-frequency profile of the laser electric
field at four different propagation positions in the sample.
In Fig. 4(a), when the propagation distance is 17.5 mm, the
blueshifted spectra (from 1400 to 800 nm) correspond to a
time domain ranging from −40 to 40 fs, which is just within
the driving laser-pulse envelope. In this case, the propagation
distance is shorter than the nonlinear focus length, as shown in
Fig. 3(a), and the spectral broadening is mainly due to SPM.
The high-frequency cutoff of the spectra is about 800 nm,
which is longer than the RR wavelength in Fig. 3(d). There-
fore, no RR is generated. As the laser pulse propagates to
18.8 mm, the laser intensity begins to increase intensively, as
shown by the blue solid line in Fig. 5(a), which represents the
on-axis intensity evolution along the propagation direction. In
this situation, the spectrum is blueshifted to 380 nm, and a
spectral peak near 500 nm begins to appear at the trailing edge
of the laser pulse, as shown in Fig. 4(b). This spectral peak
corresponds to the RR spectra, and its temporal distribution
lasts longer than 80 fs. When the laser pulse propagates further
to 19.2 mm, as shown in Fig. 4(c), the RR spectra extends
much wider to 100 fs in the time domain. It is worth noting
that the axial intensity of the laser pulse at 100 fs is very
low at this propagation position, as shown in Fig. 3(b). Thus,
the RR spectra at this position cannot be generated through
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FIG. 4. Time-frequency spectra of the electric field propagating
through the medium at (a) 17.5, (b) 18.8, (c) 19.2, and (d) 20 mm.
The colors shown are in logarithmic scale.

SPM, self-steepening, or plasma effects. This suggests that
the appearance of the RR spectra near 100 fs should be due
to other causes, which can be ascribed to the group-velocity
dispersion in the sample, as will be illustrated later. More
interestingly, the wavelength of the RR peak varies at different
times, and the RR peak exhibits a pronounced positive chirp,
as shown in Figs. 4(b)–4(d). This temporal chirp property of

FIG. 5. (a) The laser intensity (blue solid line) and the time
corresponding to the peak intensity (red dashed line) on the axis
along with the propagation direction. (b) The calculated wavelengths
of RRs at different propagation distances using the phase-matching
condition according to Eq. (1).

the RR can be revealed only with the help of TFA. In addition,
the laser intensity is still changing slowly and approaches
being clamped, as shown in Fig. 5(a). When the laser pulse
goes on propagating in the sample, the temporal distribution
of the RR spectral peak extends to a wider and wider range. At
the exit of the sample, as shown in Fig. 4(d), the wavelength of
the spectral peak varies with time ranging from 20 to 180 fs.
Consequently, this chirped property leads to the asymmetric
structure of the RR spectrum.

Furthermore, this temporal chirped property of the RR,
which has been revealed in our work and provides more in-
sight into the laser propagation dynamics, can be understood
with the ETWM model. In Eq. (1), it is assumed that the
laser pulse propagates at a constant velocity. However, as
shown in Fig. 5(a) (red dashed line), the peak position of
the pulse in the time domain, which is obtained from the
calculated on-axis laser pulse, varies nonlinearly along the
laser propagation, indicating that the laser-pulse propagation
velocity varies as it propagates in the sample. To be more
specific, the laser-pulse propagation velocity in the laboratory
frame is vp = (1/vg + dt/dz)−1 [27], where vg is the group
velocity of the incident laser pulse and dt/dz is the slope of
the red dashed line in Fig. 5(a). The slope dt/dz is related
to the velocity of the RR moving within the pulse envelope,
and it decreases with the increasing of propagation distance,
which means that the driving pulse accelerates in the mov-
ing frame. In Fig. 5(b), we show RR peak wavelengths at
different positions, which are calculated using Eq. (1), and
the laser-pulse propagation velocities are retrieved from the
red dashed line in Fig. 5(a). It is obvious that the increase
of the laser-pulse propagation velocity leads to the generation
of RR with a longer peak wavelength. This indicates that at
different propagation positions, different RRs are generated.
For example, at 19.2 mm, the pulse propagation velocity is
0.9989vg, and the peak wavelength of the RR is 530.2 nm,
while the pulse propagation velocity increases to 0.9998vg and
the corresponding peak wavelength of RR becomes 538.6 nm
at 19.8 mm.

Moreover, after the RR is generated at a certain position,
further propagation of the RR in the local moving frame will
lead to the specific chirp property of the RR shown in Fig. 4,
which can be further understood in the following. Since the
RR spectral wavelengths are near 500 nm, its group velocity
is smaller than the group velocity of the incident laser pulse.
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FIG. 6. Time-frequency spectra of the electric field propagating
through the medium at 22 mm.

Thus, when a RR with peak wavelength λi is generated at a
certain propagation position zi, this RR will lag behind the
driving pulse. The relative moving of the RR leads to the
appearance of the spectra around 100 fs, as shown in Figs. 4(c)
and 4(d), as mentioned in the preceding paragraph. This mov-
ing of the RR in the laser-pulse envelope can be described by
the equation t (z) = t (zi ) + (z − zi)(1/vgi − 1/vg) [32], where
z is the propagation position (z > zi), t (zi ) is the time at which
the RR is generated, and vgi and vg are the group velocities
of the RR and the incident laser pulse, respectively. From this
equation, one can find that the moving of the RR in the laser-
pulse envelope has a relative velocity of (1/vgi − 1/vg)−1,
which is a positive value. For RRs generated at different
positions zi, the time t (zi ) is near 20 fs at the trailing edge
of the laser pulse and changes very slowly, which can be
assumed to be a constant. Compared with the RR generated at
the later position, the RR generated at the earlier position has
a shorter peak wavelength, as shown in Fig. 5(b); thus, this RR
will propagate with a larger velocity, (1/vgi − 1/vg)−1, in the
moving frame of the driving laser pulse as the RR wavelengths
are in the normal dispersion region of fused silica. This gives
rise to the RR generated at the earlier position lagging further
behind. As a result, the RR becomes positively chirped, and
an asymmetric RR spectrum is formed. The above analysis
reveals that the experimentally observed asymmetric structure
of RR originates from the positive chirp property of the RR,
which is closely related to the accelerated propagation of the
laser pulse after nonlinear focus.

In order to identify the above physical picture, the laser
pulse is further propagated in the sample in our simulation,
and the corresponding time-frequency map at z = 22.0 mm
is shown in Fig. 6. Two characteristic properties of the RR
spectra can be observed. First, the RR spectra generated at
the earlier position (z < 20.0 mm) lag further behind, and
the above-mentioned temporal chirped structure still exists. In

addition, a vertical structure is formed, as shown by the dashed
rectangle in Fig. 6. These spectra of the vertical structure lag
behind, which is also due to the smaller group velocity of the
RR with respect to the driving laser pulse. Meanwhile, this
vertical structure illustrates that the newly generated RRs at
farther propagation positions have almost the same spectra,
which can also be understood in the same way as discussed
above. More specifically, after the light bullet is formed and
the laser-pulse intensity becomes clamped, the time corre-
sponding to the peak intensity changes linearly with respect
to propagation distance, as shown by the red dashed line in
Fig. 5(a), indicating that the laser pulse propagates with a con-
stant velocity. At this situation, the phase-matching condition
is not changed anymore along with light-bullet propagation.
As a result, the generated RR spectrum remains invariable.
Therefore, the vertical structure in the time-frequency map is
also a natural consequence of the propagation dynamics of the
light bullet.

IV. CONCLUSION

In summary, we have experimentally and numerically stud-
ied the asymmetric structure of RR in the visible region during
midinfrared femtosecond laser filamentation in fused silica.
Numerical simulation of the laser-pulse propagation in the
sample by UPPEs gives results qualitatively consistent with
the measurement. It was found that the RR is formed in a
very short propagation distance just after nonlinear focus. Fur-
thermore, a time-frequency analysis of the laser electric field
was applied at various propagation positions in the media,
and it was found that the RR spectra are positively chirped in
the time domain, which leads to the experimentally observed
asymmetric structure of the RR spectra. Based on the ETWM
model, this chirp property of the RR can be ascribed to the
varying phase-matching condition of the RR at different laser
propagation positions, which is closely related to the accel-
erative propagation of the light bullet during its formation.
Our work offers an effective method to study the temporal
dynamics of the light bullet by analyzing the RR spectrum and
provides a more comprehensive understanding of femtosec-
ond laser-pulse propagation in condensed media.
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