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Unidirectional lasing in nonlinear Taiji microring resonators
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We develop a general formalism to study laser operation in active microring resonators supporting two
counterpropagating modes. Our formalism is based on the coupled-mode equations of motion for the field
amplitudes in the two counterpropagating modes and a linearized analysis of the small perturbations around the
steady state. We show that the devices including an additional S-shaped waveguide establishing a unidirectional
coupling between both modes—the so-called “Taiji” resonators—feature a preferred chirality on the laser
emission and can ultimately lead to unidirectional lasing even in the presence of sizable backscattering. The
efficiency of this mode selection process is further reinforced by the Kerr nonlinearity of the material. This
stable unidirectional laser operation can be seen as an effective breaking of 7 -reversal symmetry dynamically
induced by the breaking of the P symmetry of the underlying device geometry. This mechanism appears as
a promising building block to ensure nonreciprocal behaviors in integrated photonic networks and topological

lasers without the need for magnetic elements.
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I. INTRODUCTION

In the past decades silicon photonics platforms employ-
ing infrared light have become a prolific playground due to
the well-established fabrication processes and the promising
perspectives of integration in photonic circuits which are
expected to form the core of next-generation information pro-
cessing systems [1,2]. In particular, ring resonator lasers have
always been the subject of great attention for both the interest-
ing physics they host and their rich technological applications
[3].

These systems support two degenerate counterpropagating
modes in clockwise (CW) and counterclockwise (CCW) di-
rections which are in strong mode competition. It has been
shown that ring lasers can host stable unidirectional lasing
in each direction [4], yet with the undesired possibility of
spontaneous switching between the two states due to quantum
fluctuations [5-8]. Other unsought features include backscat-
tering processes coupling the two counterpropagating modes
and even light localization at defects [9-13]. This leads to a
finite emission in the two directions and a spectral broadening
of the emission with possible multimode behaviors and can
even place the system in a self-oscillation regime where the
intensity and phase of the emission periodically vary in time.

Preferential laser oscillation in one of the two counter-
propagating modes is an appealing milestone due to the
features that come alongside: increased output power, single-
frequency spectrum, closer overlap with the gain profile, and
improved mode stability, among others [14]. Stable unidirec-
tional lasing in ring resonators has been investigated by adding
an S-shaped waveguide element to the ring resonator to form
a so-called “Taiji” resonator (TJR). This S-shaped element
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breaks spatial reflection P symmetry as it allows light of one
mode to couple into the other one but forbids the opposite
process. Robust unidirectional operation in this laser was first
demonstrated in the near infrared in [15,16] and then has
been further extended to other wavelengths and cavity designs
[17-19].

The TJR has found further application in parity-time (P7)
symmetric microring lasers [20] and non-Hermitian active
structures [21], and holds great promise to explore the physics
of exceptional points [22]. The idea of controlling the chirality
of the laser emission via P-symmetry breaking has also been
exploited by establishing a loss imbalance [23], a coupling
asymmetry between the two counterpropagating modes using
two non-Hermitian nanoscatterers [24], and a bias in the pump
direction [25]. Very recently, a passive nonlinear TJR has been
shown to break Lorentz reciprocity [26] and display direction-
dependent transmission. As a recent development, TJRs have
started being employed [27,28] as the building block of 2D
topological lasers [29,30] in order to select a preferential
chirality for the surface modes and prevent backscattering
reflections.

Notwithstanding the proven importance of TJRs to achieve
unidirectional lasing and their connections with deeply rooted
physical ideas, we still lack a complete theory describing their
operation. In this paper we develop a general theory of lasing
in active resonators featuring sizable couplings between coun-
terpropagating modes such as ring and Taiji resonators. We
analyze the steady-state solutions of the coupled-mode equa-
tions of motion for the fields’ amplitudes and we study their
stability by looking at the small fluctuations dynamics. In this
way we prove the crucial advantage of including an S-shaped
element to guarantee robust unidirectional lasing and protect
it against spurious backscattering-mediated mode couplings,
e.g., by disorder in the resonator and interface rough-
ness. Finally, we show how this protection is reinforced in
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FIG. 1. Schematic diagrams of the ring (a) and “Taiji” (b) mi-
croresonators. The field amplitudes of the clockwise (CW) and
counterclockwise (CCW) modes are denoted by a, and a_, re-
spectively. In the Taiji microresonator (TJR) directional couplers of
transmittance (coupling) amplitude 75 (iks) are signalized with the
dashed green rectangles. The loss rate ys accounts for absorption
and radiative couplings, for instance, with a bus waveguide

nonlinear resonators displaying an intensity-dependent refrac-
tive index.

The article is organized as follows. In Sec. II we present
the coupled-mode theory equations describing the system and
the linearized approximation employed to assess the stabil-
ity of their steady-state solutions. Section III makes use of
these theoretical tools in order to study the laser emission
of backscattering-free ring resonators (Sec. IIT A) and TJRs
(Sec. III B). The effect of a weak backscattering is explored
in Sec. IV, where we show the robustness of unidirectional
lasing in TJRs. This analysis is then extended to larger values
of the backscattering in Sec. V. The positive effect of the
optical nonlinearity on the unidirectional lasing is highlighted
in Sec. VI. Conclusions are finally drawn in Sec. VIIL.

II. PHYSICAL SYSTEM AND THE THEORETICAL MODEL

In this section we mathematically describe an active res-
onator using the coupled-mode equations of motion for the
field amplitudes of the CW and CCW modes. We then solve
these equations for the long-time steady states for different
values of the system parameters. We also present the lin-
earized approximation that allows us to study the stability of
the steady states under small fluctuations.

We consider a ring resonator of circumference Ly [see
Fig. 1(a)] and the equivalent TJR with the same perimeter en-
closing an S-shaped waveguide [shown in Fig. 1(b)]. Without
loss of generality the S waveguide was chosen to couple the
CW into the CCW mode but not vice versa. The two elements
of the TJR are coupled at two points separated by a dis-
tance Lg via lossless and reciprocal directional couplers with
transmission and coupling amplitudes given by fs and ikg, re-
spectively (s and kg are real numbers satisfying tS2 + k§ =1).
The S waveguide tips are assumed to feature a reflection killer
geometry where light is scattered away, thus preventing back-
reflections [31]. The ring resonator case is recovered from the
TJR equations by setting tg = 1. Even though we considered
a circular external perimeter, the model and its results are
still valid for any other shape, like racetrack or squarelike
resonators. In realistic experiments the shape of the external
waveguide can be optimized to reduce backscattering.

In all cases the resonator supports two counterpropagating
modes in CW (4) and CCW (—) directions whose amplitudes
ay can be described using the coupled-mode equations of
motion [26,32-35]
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where wp is the resonance frequency of the resonator, np
is the dimensionless linear refractive index, nnp quantifies
the strength of the optical nonlinearity, g is a dimensionless
parameter describing the character of the nonlinearity [26]
(g = 1 for a nonlocal thermo-optic nonlinearity and g = 2 for
a purely local Kerr-like one), Py is the amplification rate of the
unsaturated gain, and ng is the gain saturation coefficient. The
total losses yr = ya + ys include the intrinsic absorption and
radiative losses ya of the ring (which for instance account for
the coupling with a bus waveguide) and the effective losses
due to radiation into the S waveguide ys = cx§ /Lont, (Where
c is the vacuum speed of light and «; is the amplitude for light
insertion into the S waveguide). The generalized coupling
coefficients B4 + account for all kinds of mode coupling,
including backscattering and the S-waveguide couplings. A
backscattering-free ring resonator features Bi - = 0, while
our backscattering-free TJIR is described by B+ =0, B+ =
—i2ck3e'™mLs/< [ Loy, [36].

In this coupled-mode formalism, the loss ys A v and am-
plification P, rates as well as the generalized coupling
coefficients B + have the same units of inverse time as the
resonance frequency wp. On the other hand, some arbitrari-
ness exists for the choice of the normalization and, even,
the units of the field amplitudes a.: in the quantum litera-
ture, they are often normalized so that their squared modulus
las|? gives the number of photons present in each mode. In
the photonics literature, one rather normalizes them so that
their squared modulus |a-|? corresponds to the light intensity
(usually expressed in W/cm?) circulating around the cavity
in each mode. With this choice, ng also has the dimension of
an intensity, while nyp, has the usual meaning of a nonlinear
refractive index with the dimension of an inverse intensity and
can be directly extracted from tables of material parameters.

Our calculations have been carried out with a silicon
photonics implementation in mind. As typical parameters,
we considered a resonator of perimeter Ly =20 um and
S-waveguide length Lg = Ly/2, a refractive index n, = 3.5,
and a loss rate 4 = 6.5 x 107% um~' = 6.8 x 10° s~!. For
a resonance wavelength of 1.55 pum, corresponding to a fre-
quency wg ~ 2w x 194 THz, this gives a Q factor for the ring
resonator (without S element) of about Q ~ 1.5 x 10°.

But a key advantage of our coupled-mode formalism is
its independence from the specific physical realization, where
all physical parameters of the system are summarized into a
few parameters. As one can see in what follows, all figures
can be plotted in terms of adimensional quantities of trans-
parent physical meaning: rates are normalized in units of the
(experimentally accessible) loss rate or linewidth y, 1 of the
passive system; the amplification appears in the ratio Py/yr

043501-2



UNIDIRECTIONAL LASING IN NONLINEAR TAIJI ...

PHYSICAL REVIEW A 104, 043501 (2021)

characterizing the relative pumping compared to the laser
threshold. These choices make the translation of our results
into physical units a straightforward task for any given system
once its basic parameters are known.

In order to simulate the response of the resonators we
numerically solved Eq. (1) for the long-time (t — 00) steady
states af) employing a fourth-order Runge-Kutta algorithm
and starting from random initial conditions at ¢t = 0. The
random initial conditions serve as a seed of the dynamical
instability of the trivial a; = 0 solution and trigger the on-
set of laser oscillation from the vacuum state. As we will
see in the following sections, in general the steady states
oscillate at a single frequency and therefore it is useful to
define @, = are ™, where w is a reference frequency. The
stationary values of the field amplitudes Zzi)) = a4 (t — 00)
satisfy B,Zzi))
equation

= 0 and therefore we can write the steady-state
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Altogether, Eqs. (3) and (4) describe the fluctuation dynamics.
The steady states described by Eq. (2) are asymptotically
stable whenever all eigenvalues of the matrix A in Eq. (4) have
a negative real part. This means that fluctuations are damped
out as t — oo and the steady states behave as attractors in the
(a4, a_) space.

III. BACKSCATTERING-FREE RESONATORS

In this section we present the results for the paradigmatic
cases of a ring resonator and a TJR without backscattering.
We solve Eq. (1) to find the possible steady-state solutions

P a0 — peal?
+ — yray
L+ L1al)? + gladP)

— ipeal). 2)

We now describe the linearized approximation employed
to assess the stability of the steady-state solutions to Eq. (1).
We start by wrltmg the field amplitudes a. as the sum of the
stationary states &~ satisfying Eq (2) and the small fluctua-
tions |8d+| K |ai>|, ie., d+ = ai + 8ay. Introducing these
expressions into Eq. (1) and keeping fluctuations at linear
order O(Say ) we arrive at the equations

d
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and plug them into Eqgs. (3) and (4) in order to determine
their stability. The analysis in this section is valid in both the
linear and nonlinear regimes. Without loss of generality, the
field amplitudes @ can be taken as real quantities by choos-
ing a rotating reference frame comoving with the (possibly
nonlinear-shifted) resonance frequency of the resonator.

A. Ring resonator

We begin by studying the solutions to Eq. (1) in the
simplest backscattering-free ring resonator case (i.e., t = 1,
B+ + = 0). Figure 2 shows the steady-state intensities |a j[|2
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FIG. 2. (a),(b) Steady-state intensity of the CW (|a(0)| ) and
CCwW (|a@| ) modes for a backscattering-free ring resonator laser
as a function of the pump rate F,. Panel (a) refers to a nonlocal
thermo-optic nonlinearity (g = 1), while panel (b) corresponds to
a local Kerr nonlinearity (g = 2). The black dashed line represents
the total intensity summed over the two directions. (c),(d) Real part
of the system eigenvalues A for a ring resonator laser as a function
of the pump rate Py. Panel (c) refers to a nonlocal thermo-optic
nonlinearity (g = 1), while panel (d) corresponds to a local Kerr
nonlinearity (g = 2). The numbers below the curves indicate their
degeneracy.

of both modes [panels (a) and (b)] together with the real
parts of the eigenvalues of the fluctuation dynamics matrix
(1) [panels (c) and (d)] for growing values of the pump rate
from Py = 0 to Py = 4yr in the g = 1 [panels (a) and (c)] and
g = 2 [panels (b) and (d)] cases. In both situations, below the
lasing threshold Py < yr the intensity |a(0) | of both modes is
zero and the four eigenvalues,

Az = +H(@o — ) + (P — yr), ®)

A3a = — (w9 — w) + i(P) — yr), (6)
feature the same negative real part. Since gain saturates with
ai) ), in this regime the only possible stable solution is that no
coherent light is present. Above the lasing threshold Py > yr
the eigenvalues change to

nNi Py
A/yr = —n—wo(g— 1)”5(— - 1>

i< Po/yr ) 7
1+gPo/yr—1)
A/yr = +—Lw0(g— Dns (— - )
i< Po/yr 1>, )
1+ gPo/yr—1)
A3 =0, 9)
-1
hafyr = —2i %. (10)

The g = 1 case presents a particular behavior as it is the
only situation in which the system shows effective gain in
both directions and features a threefold degenerate Goldstone
mode with A; » 3 = 0. This is due to the phase freedom of each
direction and the CW <« CCW symmetry which is present
in this case only. Beyond the bifurcation point both intensi-
ties depart linearly with randomly chosen values satisfying
(1" +1a2*)/ns = Po/yr — 1.

For any other value 1 < g < 2 the resonator lases ran-
domly in one mode only with equal probability as |a§g )| /ns =
Py/yr — 1, while the other one remains unamplified. In con-
trast to the g = 1 case, now the linearized analysis features a
single Goldstone mode (A3 = 0, A; 2.4 # 0). Due to the asym-
metric gain amplification terms in Eq. (1) a larger intensity
in a certain direction randomly determined by the initial con-
ditions leads to a smaller amplification in the other one. As ¢
evolves this asymmetry drives the system into a unidirectional
lasing state in the randomly favored mode, while the other is
killed.

By employing a Fourier transform we were able to as-
certain that for Py > yr the steady-state field amplitudes a(o)
oscillate in time at the nonlinear-shifted resonance frequency
of the resonator, which we take as the reference frequency w.
In the g = 1 case this is given by

NNL ~(0),2 ~(0),2
= wy — n—wo(|ai>| +1a%P), (11)
L

while for g > 1 the intensity in one of the two directions
vanishes and one has

®=wy— ”nlw a0 (12)
L

for unidirectional lasing in either the CW or CCW direction,
respectively.

The fact that no bidirectional lasing can be observed for
g > 1 can be put on more solid grounds as follows. From
Eq. (2) one sees that if both field amplitudes Zz(io) are taken
as real numbers a finite intensity in the two directions (i.e.,
Zzi’ ) # 0) would simultaneously imply

Py
L4 (a1 + glal’ 1)

=y 13)

which necessarily sets |a(0) |> = |a(0) |?. Diagonalizing the ma-

trix in this case, one obtains the eigenvalues

A2 =0, (14)
Po/yr—1g—1
Aajyp = taiyr—le—1 (15)
Po/yr g+1
Po/yr—1
A =2 (16)
4/yr = Py

Having g > 1 implies ImA3 > O and therefore this solution
is unstable. We conclude that for g > 1 the only possible
stable solutions involve unidirectional lasing in one of the two
counterpropagating modes, randomly chosen by the initial
conditions.
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FIG. 3. (a),(b) Steady-state intensity of the CW (|a}’|*) and
CCW (|Zz(_0) |2) modes for a backscattering-free TIR laser as a function
of the pump rate P,. Panel (a) refers to a nonlocal thermo-optic
nonlinearity (g = 1), while panel (b) corresponds to a local Kerr
nonlinearity (g = 2). The black dashed line represents the total in-
tensity summed over the two directions. (c),(d) Real part of the
system eigenvalues A for a TJR laser as a function of the pump rate
Py. Panel (c) refers to a nonlocal thermo-optic nonlinearity (g = 1),
while panel (d) corresponds to a local Kerr nonlinearity (g = 2). The
numbers below the curves indicate their degeneracy.

B. TJIR

We now move on to the study of the stability of an active
TJR under the same ramp in the pump rate employed in the
previous subsection. For these simulations we set ys = 0.2y4,
B+ =0, and B = —i2ck3e'™-Es/¢ Lony . We have neglected
the nonlinear phase shift inside the S waveguide as the optical

J

power inside it is very small compared to that circulating
along the external waveguide.

Figure 3 shows the steady-state intensities |a [in panels
(a) and (b) for g =1 and g = 2, respectively] and the real
part of the eigenvalues [in panels (c) and (d) for g =1 and
g = 2, respectively] for the family of steady-state solutions
that are most commonly reached. Below the lasing thresh-
old Py < yr the two directions feature a zero intensity for
both interaction types. Above the lasing threshold Py > yr
the intensity of the mode in which the S-waveguide coupling
is directed (in our case the CCW) departs linearly from the
bifurcation as |a( |12 /ns = Py/yr — 1, while the other mode
(the CW one) remains empty. The off-diagonal S-waveguide
coupling in Eq. (4) does not change the eigenvalues of
the linearized theory with respect to the ring resonator case
and therefore they are given again by Egs. (5) and (6) below
threshold and by Egs. (7)-(10) above threshold. As opposed to
the ring resonator case, not even for g = 1 can one have a finite
intensity in both modes simultaneously: the presence of the
S waveguide breaks in fact the CW <« CCW symmetry and
favors unidirectional lasing in the CCW direction. As in the
previous subsection using a Fourier transform we found that
above Py > yr the steady-state field amplitudes ai)) oscillate
at the nonlinear-shifted resonance frequency of the resonator,
which is taken as the reference frequency w. For our TJR this
is given by

(0)|2

0 = wy — ~Eyla®? 17)
np
for any value of g.

While the unidirectional CCW-only solutions depicted in
Fig. 3 are the steady state that is most frequently reached by
the numerics, it is important to verify whether other solutions
are possible in specific parameter regimes. To this purpose, we
con51dered Eq. (2) assuming a finite 1nten51ty in both modes,
ie., czjE # 0. Without loss of generality a' + ) is taken to be a
real number. From Eq. (2) this would require

nNL -
o —w =~y 0@ + gla® ), (18)
L

Py

1+ iuaﬁ”v +¢la®P)

2 iwony,Ls/c

= 19)

 (wy— ) —

In the g = 1 case the first two conditions i 1mpose the denomi-
nator in Eq. (20) to vanish, which implies that a ~( )= 0.

To carry on this analysis in the g > 1 case we explored the
phase space of the problem by numerically solving Eq. (1)
using different values of Py and ys in order to explore its pos-
sible steady-state solutions. We found that stable bidirectional
lasing is possible for values of Py and ys within the dark blue
region of Fig. 4(a). This kind of solution involves a strong
lasing in the CW direction and a smaller intensity populating
the CCW due to the })resence of a weak S coupling. For
larger values of ys, |a increases up to a threshold in which

the a (0) # 0 solution dlsappears and only the a a” 0 one

"NLwo(|a(0)|2 + g|a“’)| ) +i

a. (20)

PO s
— T <0, —<oo. !
N

(

remains. While this figure is plotted in the linear (nny = 0)
regime, we have verified that the same conclusion holds in
the presence of nonlinearities, nny, 75 O However, the stronger
the nonlinearity nnp,, the smaller |a |2 is in the bidirectional
solution.

The light blue parameter range of Fig. 2 features a single
solution with emission in the CCW mode only. The lower
limit is given by the pump threshold Py = yr. Of course,
this CCW-mode lasing solution also extends in the dark-blue
region of Fig. 2 where it coexists with the other, bidirectional
solution. Which of the two solutions is actually chosen by the
system will depend on the initial conditions.
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FIG. 4. (a) Pump rate Py vs square root of the S-coupling losses ,/ys diagram for a backscattering-free TIR with g = 2 and nyy = 0. The
region where only the trivial solution is present is depicted in white. The light blue region represents the parameter range where only CCW
lasing is possible. In the dark blue region two solutions exist: single-mode lasing in the preferred CCW direction and bidirectional lasing

with [a}”

| > 1a@?|. Each region is labeled by the numbers 0, 1, and 2, respectively. (b) Normalized steady-state intensity |a

O12 obtained

by numerically solving Eq. (1) as a function of ,/ys for a fixed Py = 5y, as indicated by the dashed horizontal line in (a). (c) Real part of
the system eigenvalues A as a function of ,/ys corresponding to the path shown as the dashed horizontal line of panel (a). The points are
numerically calculated by diagonalizing the matrix A in Eq. (4) for the steady-state solutions displayed in panel (b). Where not visible, Re{3}
lies below Re{A4}. Above +/ys/ya = 2 all real parts are degenerate. The dashed lines correspond to the analytic eigenvalues (5)—(10).

Panels (b) and (c) show the lasing intensity and the real
part of the eigenvalues [calculated by diagonalizing the matrix
A in Eq. (4)] for the ramp depicted as the dashed line in
panel (a), respectively. The initial conditions correspond to
unidirectional lasing in the CW direction. As ys is increased
the initially unfavored CCW mode gets rapidly populated and
the emission intensity in the CW mode decreases. As this
happens the real part of one of the eigenvalues grows and
eventually crosses zero towards positive values. At this point
the solution becomes unstable and the system experiences a
transition towards a unidirectional lasing regime in the CCW
direction. Note that, as y5 grows, the total loss rate yr is also
enhanced so that the CCW intensity decreases until the system
ends up in the trivial solution.

We conclude that the presence of the S-shaped element
breaking P symmetry in Eq. (1) rules out the possibility of
pure unidirectional lasing solutions in the unfavored direction.
For g =1 not even bidirectional emission is possible and
beyond the lasing threshold the system compulsory lases in
a single direction with the preferential chirality introduced by
the S waveguide. For g > 1 bidirectional lasing is possible for
a small enough S coupling, but only for particular values of
the parameters and always giving [a'|> > [a'”|2.

From a more abstract perspective, we can conclude this
section by noting that, for any value of g, in contrast to what
happens in a passive device or for a pump rate Py < yr,
the solution for Py > yr is not invariant under 7 reversal
even though the underlying equations of motion are fully
T -reversal symmetric. We can therefore state that the pres-
ence of the P-breaking S-shaped element induces a dynamical
breaking of 7 symmetry above the lasing threshold.

IV. SMALL BACKSCATTERING

In this section we study how the laser emission of active
ring resonators and TJRs is affected by a random backscat-
tering smaller in modulus than the intrinsic absorption and
radiative loss rate y, of the ring. The analog analysis for
a backscattering larger than y can be found in Sec. V. In

both Sec. IV and Sec. V the nonlinear shift of the resonance
frequency of the resonator is neglected (i.e., we set nnp, = 0).
This effect will be studied in Sec. VI. As the pure nonlocal
g =1 case is not representative of a realistic experiment,
starting from the present section we will focus exclusively on
values within the range 1 < g < 2. As in Sec. III we employ
the reference frequencies (12) and (17) which for ny, =0
reduce to the resonance frequency of the resonator w = wy.

In general, the effect of backscattering can be summarized
by the Hermitian and non-Hermitian coefficients

h=_w, (1)
2
_ B — B
n—l—z , 22)

defined in [37]. The former gives rise to a symmetric, con-
servative exchange of energy between the CW and CCW
modes, while the latter introduces a different balance between
the backreflection in each mode that can lead to gain and
losses beyond the saturable gain (xFy) and loss (oxyr) terms
in Eq. (1). Therefore, we need |n| < yr in order to preserve
the validity of our model.

The distinction between small and large backscattering
made through this article is referred to as the loss rate with-
out S couplings ya. By small backscattering we intend that
it is at least one order of magnitude smaller than y,, i.e.,
|7], n] £ 107'ys. On the other hand, we labeled as large
backscattering that which is at least comparable with y,, i.e.,
|| > 10~ !y. For all parameter choices, simulations are car-
ried out by solving Eq. (1) for different values of n and & and
finding the + — oo steady states Zzi)). As usual, the stability
of the solutions is assessed by calculating the corresponding
eigenvalues of the fluctuation dynamics matrix in Eq. (4).

A. Perturbative solution

Prior to the numerics we discuss the perturbative analytical
solution of Eq. (1) valid for both the ring resonator and the
TJR as microscopic backscattering is added. We assume that
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this is so small that the backscattering-free solution of Eq. (1)
involving unidirectional lasing does not substantially change.
In order to account for the small intensity in the suppressed
mode we considered the backscattering couplings B+ + as the
small perturbations to the backscattering-free ring resonator
and TJR solutions explored in Sec. III. The new coupling pa-
rameters for the ring resonator are B4+ + = B +, while those
for the TIR are B+ = By and B = —i2ckZe™ls/c/Lony +
,EJF. Without loss of generality, and in order to use the same
indices in both cases, we considered an unperturbed solution
in which the ring resonator lases unidirectionally in the CCW

mode. We can then write the perturbed solutions as Zz(f) =

Ezf)un + S&f ), where af}m are the unperturbed solutions with

B+.+ = 0. As shown in Sec. III these are given by Zlf,)un =0
and |a§)?un 2/ns = Py/yr — 1. On the other hand, 5&5? are the
first-order perturbative corrections. Introducing the perturbed
solution into the steady state given by Eq. (2) and staying at
linear order O(B+ =), 0(5&28)) in the perturbation we arrive at
iBs ~(0
—_— a%,.
TEETE
ng 1“—,un

560 = (23)

The intensity in the perturbatively populated CW mode is
given by |8&S?)|2. This means that as long as backscattering
couples light from the CCW into the CW mode (i.e., for
B+ # 0) the CW mode will host a finite emission. Note that
the intensity in the CW mode increases whenever the system
features a smaller value of g, that is, a more nonlocal gain
saturation. The perturbation theory breaks down for a pure
thermo-optically driven gain saturation as Eq. (23) diverges
for g = 1. This is a consequence of the threefold-degenerate
Goldstone mode that appears in this case.

Our simulations confirm that Eq. (23) correctly accounts
for the intensity of the perturbatively populated CW mode
as long as |B+| < yr. The intensity in the preferred mode is
still given with a large precision by the unperturbed solution
|a§),)un|2 and the eigenvalues of the matrix A in Eq. (4) do
not significantly change. Therefore, we conclude that in the
presence of perturbative backscattering both the ring resonator
and the TJR lase unidirectionally to a great extent, although
some light is also present in the unfavored mode at the same
frequency, with an intensity proportional to the backscattering
coupling in its direction.

B. Ring resonator

Here we demonstrate how the values of the Hermitian and
non-Hermitian coefficients describing backscattering (21) and
(22) control the lasing chirality in a ring resonator. This fact
can be employed to construct unidirectional lasers by properly
engineering the resonator’s microscopic backscattering, for
example, by means of one or more nanotips coupled with the
evanescent field of the resonator, similar to the experiment
of [24]. Note that in a ring resonator ys = 0 and therefore
YT = VA.

As was shown in Sec. IV A the presence of perturbative
backscattering does not appreciably change the fluctuation
dynamics eigenvalues and the system lases unidirectionally to
a great extent. Nevertheless, for values |Bx | = 1072|ya| the
perturbation theory (23) breaks down, a significant intensity

Re{\}/

2 25 3 35 4 45
Py/ya

05 1 15

FIG. 5. Ring resonator with g =2 and backscattering parame-
ters [n] = 0.1y and h = 0. (a) Steady-state intensity |L~l££)|2 in each
mode as a function of the pump rate Py. The dashed line is the
backscattering-free intensity. (b) Real part of the fluctuation dynam-
ics eigenvalues A as a function of Py. The dashed lines represent
the real part of the backscattering-free eigenvalues (5)—(10). Below

threshold, Re{A;} = Re{X,} and Re{X;} = Re{A,}.

populates the unfavored lasing direction, and the intensity in
the preferred direction falls below its usual value Py/ys — 1.
Figure 5 shows the intensities [panel (a)] and real part of the
eigenvalues of matrix A [panel (b)] for a ring resonator featur-
ingg=2,h =0,and |n| = 0.1ya. Above the lasing threshold
located at Py =~ 0.9y both counterpropagating modes are am-
plified with the same intensity and oscillate simultaneously
in a coherent way. As Py and |Zz$) |> grow the effect of mode
competition in the gain saturation gets reinforced and intensity
fluctuations become more susceptible to breaking the symme-
try of the laser emission. This is evident from panel (b), where
one of the real parts quickly grows as Py increases and at some
point turns positive. Here, the system undergoes a transition
towards a regime with a larger lasing intensity in a preferred
mode. The larger g (that is, the larger the local character of
the gain saturation), the smaller the value of Py necessary to
drive the system out of the bidirectional emission state as gain
saturation asymmetry becomes more important. Nevertheless,
the unfavored mode maintains a small intensity due to the
finite backscattering in both directions.

The smaller lasing threshold obtained in Fig. 5 can be
understood by diagonalizing the matrix A of Eq. (4). In the
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FIG. 6. Probability P of a ring resonator with g > 1 to lase preferentially in the CW (dark blue) and CCW (light blue) direction for
different values of the backscattering. (a) Fixed modulus || = |n| ~ 5 x 107*y, as a function of the relative phase angle A¢ = ¢, — ¢y.
(b) Fixed A¢ = /2 and |h| =~ 5 x 10™*y, as a function of |n|. (c) Fixed A¢ = m /2 and |n| 2 5 x 10~*y, as a function of |A|.

general coupling case B4 + # 0 below the lasing threshold

(i.e., for |Zz§(t))|2 = () the eigenvalues are
M= F(wo — @) +i(Py— ya) + (BLB) (24
Ay = —(wo — o) +i(Py— ya) — (BLBD)'?, (25)
k3 = F(wo — @) +i(Py — ya) — (BLB)'?, (26)
A= —(wg — ) +i(Py—ya) + (BLBD?. (27)

The terms in the square roots can modify their real parts,
therefore shifting the threshold position with respect to the
backscattering-free case, where these terms were zero. The
new lasing threshold takes place at a power Py = ya —
Im{(B+pB+)"/?}. If n = 0 one has that B+ = B% and the square
roots are purely real. In this case the lasing threshold remains
at its usual position Py = ya. The same is true for a unidi-
rectional coupling (featuring either B+ = 0 or B+ = 0). The
maximum shift for fixed |84 | occurs for # = 0 and is given
by Py = ya — |B+l.

In spite of the finite intensity emitted in the unfavored
direction, in the small backscattering regime the majority of
the ring resonator’s emission still takes place in a preferential
direction determined by the particular choice of backscat-
tering coefficients. Figure 6 shows the probability of a ring
resonator featuring g > 1 to lase preferentially in a certain
direction as a function of the Hermitian and non-Hermitian
parameters. Here, the probability is calculated by averaging
over many independent realizations of the initial noise used to
seed the laser operation.

We first study the situation in which both of them are finite
and of equal strength, i.e., || = |n| # 0. In panel (a) these
are kept at a fixed modulus || = |n| =~ 5 x 107*y,, while
the phase angle between them A¢ = ¢, — ¢, is varied. For
A¢ =0, w (which implies |B+| = |B+|) the system has equal
probabilities of lasing in each mode, while for A¢ = £ /2
the emission preferentially takes place in one particular direc-
tion with 100% probability. It is easy to realize that A¢ =
+m /2 implies B+ =0, while A¢p = —m /2 corresponds to
having B+ = 0. These results are in perfect agreement with
the behavior of passive microdisk resonators reported in [37].

However, this is only valid when |h| = |n| # 0. If one of
the two parameters is kept fixed and the other is reduced to
zero, the lasing probability in each direction tends to P = 0.5
regardless of the phase difference A¢, as shown in panels (b)
and (c). This is easily understood by exploring Egs. (21) and
(22): either n = 0 or h = 0 imply in fact an equal coupling
strength in the two directions, i.e., |B+| = | B«

C. TJR

In the case of a TIR coupling unidirectionally the CW into
the CCW direction one has that |8+| > |B+| and therefore

~_ P
h ~ 5 (28)
n o~ i%, (29)

which falls into the |n| = |h|, A¢p = —m /2 case. As already
shown in this section, this implies that even though the res-
onator hosts a small intensity in the CW mode due to the
finite coupling B+ # 0, the majority of the system emission
takes place in the CCW mode. The presence of additional
backscattering coupling light into the CCW direction does not
have any visible effect as it does not modify the coupling B+
significatively [38].

In order to shine more light into the role of the S waveguide
we performed a coupling ramp from ys = 0 (which corre-
sponds to a ring resonator) to /ys/ya = 1.5 in a resonator
featuring g = 2 and a fixed pump rate Py >~ 36y,. The initial
situation is described by the backscattering parameters em-
ployed in Fig. 5, namely |n| = 0.1y4 and h = 0, for which
the two directions have equal probabilities of hosting the pref-
erential lasing emission. Our results are displayed in Fig. 7.
As ys grows B+ increases: this leads to an intensity transfer
from the CW to the CCW mode. For /ys/ya 2 0.25 the
S-waveguide coupling strength grows beyond the backscat-
tering couplings and the real part of one of the eigenvalues
of matrix (4) crosses zero from below. The system then ex-
periences a transition towards a state with preferential lasing
in the CCW direction. As ys continues growing the relative
importance of backscattering with respect to the S coupling
decreases. For +/ys/ya = 1 the ratio between backscattering
in the CW direction B4 and the total loss rate yr already
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FIG. 7. Ramp in the S-waveguide coupling from y5 =0 to
VVs/va = 1.5 for a ring resonator with g = 2 in the presence of a
backscattering described by |n| = 0.1y and & = O for a fixed pump
rate P >~ 36y,. (a) Intensities in each mode |Zzi’)|2 as a function of
the square root of the S-coupling losses ,/ys. (b) Real part of the
linearized fluctuation dynamics eigenvalues A as a function of ,/ys.
The dashed lines correspond to the backscattering-free eigenvalues
(7)—(10). Where not visible, Re{A3} lies below Re{A4}.

gives |Bi| ~ 5 x 1072y, which means that the system is
approaching the perturbative backscattering regime described
in Sec. IV A. As this happens the spectrum of eigenvalues
of the matrix A in Eq. (4) approaches the backscattering-free
eigenvalues (7)—(10) and the intensity ratio between the two
directions already gives a sizable value |Zz§n |2 ~ 250|F1(J?)|2 for
VVs/va = 1.5. The eventual decrease of the intensity also in
the CCW direction that is observed at higher ys is due to the
growth of the total loss rate yr that is naturally associated to
the increasing ys.

These results confirm the possibility to use the S waveguide
in order to guarantee unidirectional lasing. The necessary con-
dition is to implement a sufficiently large coupling allowing
one to treat backscattering as a microscopic perturbation to
unidirectional lasing, which according to our model is legiti-
mate at least up to |B+ +| < 107 2yr.

V. LARGE BACKSCATTERING

In this section we investigate lasing in ring resonators
and TJRs characterized by the presence of a large Hermitian

backscattering compared with the resonator loss rate in the ab-
sence of the S element, i.e., |k 2 ya. As we will show such a
coupling introduces self-oscillations of the intensity in the two
directions. The requirement |n| < yr that is needed to avoid
an unphysical backscattering-induced gain implies that our
model can only account for a large Hermitian backscattering.
For simplicity, we will then consider n = 0 throughout this
section. The addition of a non-Hermitian coupling would only
introduce an asymmetry between the two counterpropagating
directions that damps the oscillating behavior for values of n
approaching yr. As in Sec. IV, the analysis carried out in this
section does not take into account the resonance shift due to
the nonlinearity, i.e., nyy, = 0. This additional effect will be
studied in Sec. VI. Under this condition, lasing occurs at the
resonator frequency wy.

Figure 8(a) shows the time evolution of the intensity in
each mode for a ring resonator featuring g =2, n = 0, and
|h| = ya at a pump rate Py = 4.5ya. As observed in previous
works [11,13] for such a large backscattering coupling the
resonator enters a regime in which the intensity in the two
directions oscillates in phase opposition at a frequency given
by twice the modulus of the backscattering coupling |4|. Panel
(b) shows the amplitude AN of these oscillations as a func-
tion of Py. This is equal in the two directions and is slightly
smaller than the backscattering-free amplitude, which is given
by Py/ya — 1. The frequency at which the field amplitudes
a4 oscillate wgr is extracted from a Fourier transform, and
displayed in panel (c) for a fixed pump rate Py = 4.5yt as a
function of |A|. As shown in Sec. IV for a small backscattering
in our reference frame rotating at a frequency w = wy the field
amplitudes do not oscillate. As || grows beyond approxi-
mately 0.1y4, both field amplitudes start oscillating with two
opposite frequency components which rapidly approach =|A|
as the Hermitian backscattering grows.

This situation changes dramatically when the S-shaped
waveguide of the TJR is introduced. In Fig. 9 a ring resonator
featuring the same g parameter and backscattering coefficients
as in the simulation displayed in Fig. 8 is subjected to an
S-coupling ramp. The pump rate is fixed at Py = 20y4. Panel
(a) shows the mean value between the maximum and mini-
mum intensities Ny = (max{|@|?} + min{|a.|>})/2 emitted
in each direction. In the oscillatory regime that takes place
for «/ys/ya < 0.5 this quantity corresponds to half the am-
plitude of the oscillations. In the nonoscillatory regime (for
JVs/va = 0.5) one has that max{|d+|*} = min{|G+|*} and
therefore Ny = |El(f)|2. On the other hand, Fig. 9(b) shows the
oscillation frequency wgr extracted from a Fourier transform
of the field amplitudes é. in each direction for the same
ramp in ys. In the oscillatory regime the two amplitudes
oscillate with two frequency components given by the Her-
mitian backscattering coefficient &|k|. For /ys/ya = 0.5 the
coupling strength with the S waveguide increases beyond the
backscattering couplings given by |h| = ya and the oscilla-
tions disappear [see panel (b)]. This regime is equivalent to
the situation studied in Sec. IV C. Panel (a) shows that the
S-shaped waveguide imposes a definite chirality in the laser
emission, as the CCW mode becomes the favored mode when
ys is increased. Once again, the eventual decrease of the inten-
sity in the two directions that is visible at larger ys is due the
growth of the total loss rate yr. Interestingly, this effect mainly
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FIG. 8. Ring resonator with g = 2 and backscattering given by |i| = y4 and n = 0. (a) Intensity in each mode |é..|?> as a function of time
t. The pump rate is fixed at Py = 4.5y. (b) Amplitude AN, of the oscillations of the intensity in each mode as a function of the pump rate
Py (pink circles). The amplitude is the same in the two directions. The dashed line corresponds to the usual dependence in the absence of
backscattering. (c) Frequencies wgr of the two emission components [whose beating leads to the intensity oscillations visible in panel (a)]
as a function of the Hermitian backscattering coefficient |k|. The pump rate is fixed at Py = 4.5ya. The frequencies are the same in the two

directions.
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FIG. 9. Ramp in S-waveguide coupling from y5 = 0 (ring res-
onator) to /ys/ya = 2.5 for a ring resonator with g =2 in the
presence of a backscattering given by n = 0 and |h| = y,4 for a fixed
pump rate P 2~ 20y,. (a) Mean value between intensity maxima and
minima in each direction N, as a function of the square root of the
S-coupling losses /ys. Data corresponding to /ys/ya < 0.5 falls
into the oscillation regime. (b) Frequency of the field amplitudes in
the two directions wrr as a function of /5.

affects the unfavored CW mode, whose emission becomes
rapidly negligible. For instance, already at v/ys/ya = 2.5 the
intensity ratio between both directions is |Zz§)) |2 ~ 17|sz) 2.

VI. EFFECT OF THE NONLINEARITIES

In this section we show that the local Kerr nonlinearity
indigenous to the waveguide material reinforces the uni-
directionality of the ring laser emission. This effect can
be combined with the action of the S waveguide in order
to further reinforce unidirectional lasing even in the large
backscattering regime. The nonlinearity modifies the reso-
nance frequency of each mode a)gg ) according to

n
W =1 = DE(@PP +gaPP)] G0
L

In the backscattering-free ring resonator and unidirectional
TJR lasers the nonlinearity has no effects beyond the shift of
the resonance frequency. The behavior is therefore the same as
the one described in Sec. III for the linear regime. The same
is true for a pure thermo-optic nonlinearity with g = 1 even
in the presence of backscattering. In this case the resonance
frequency of the two modes is in fact shifted by equal amounts
and therefore the coupling between them is not perturbed by
the nonlinearity. On the other hand, if one has g > 1 and finite
and unequal intensities in the two modes, as is possible for a
sufficiently large backscattering in a ring resonator, the reso-
nance frequency in the two directions will be different. This
fact further suppresses the intermodal coupling as it reduces
the probability of light to scatter from one mode to another.

Figure 10(a) shows the mean value between the intensity
maxima and minima N4 as the nonlinear refractive index nnp.
is varied. In the nonoscillatory regime this quantity reduces
to the steady-state intensity |a§§ )|2. Panel (b) of the same
figure shows the field oscillation frequencies wgr in the two
directions for the same nyp, ramp, as extracted from a Fourier
transform of the field amplitudes. Once again we chose a
rotating reference frame at the linear resonance frequency
wp. The calculation was made for a ring resonator featuring
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FIG. 10. (a) Mean value between intensity maxima and minima
N. as a function of the nonlinear refractive index nyy, for a ring res-
onator featuring a Kerr-like nonlinearity (g = 2) and backscattering
given by n = 0, |h| = ya. The pump rate is fixed at Py = 4.5y,. Data
corresponding to nypnswo/nLya < 1 fall into the oscillatory regime.
(b) Absolute values of the oscillation frequencies wgr of the field
amplitudes a.. as a function of nyy. Squares and circles are the values
extracted from the Fourier transform (FT) of the data presented in
panel (a). Dashed lines represent the expected oscillation frequency
in the linear regime || and the nonlinear frequency shifts for each
mode.

a g = 2 nonlinearity and the backscattering parameters n =
0, |h| = ya, which fall into the large backscattering regime
described in Sec. V. The pump rate is fixed at Py = 4.5y4.
Similar to Fig. 9, as nnp increases oscillations disappear,
leading to a regime in which the laser emission is concentrated
in a randomly chosen direction (the CW one in the figure),
each with 50% probability. This effect is reinforced as nnp
grows, ultimately achieving a pure unidirectional emission for
nnLiswo/nLya 2 10. For the largest value of nnp, calculated,
the intensity ratio gives |(”13?)|2 ~ 1O4|Zz@|2.

As shown in panel (b), for negligible values of nyp both
modes oscillate with two frequency components given by the
Hermitian backscattering coefficient £|h|, as demonstrated
in Sec. V. For the purpose of using a logarithmic scale,
the absolute values |wpy| are displayed. As nnp increases,
the frequencies blueshift until a transition takes place at
nNLiswo/nLya 2, 1 back to a regime with stationary inten-
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FIG. 11. Pump rate ramp in a TJR featuring an S-waveguide cou-
pling \/¥s/ya = 2.5, a g = 2 nonlinearity given by nx nswy/nr ya =
50, and backscattering parameters n = 0 and || = ya. (a) Steady-
state intensity |Zz$)|2 in each mode as a function of the pump rate
Py. The dashed line is the backscattering-free intensity. (b) Real part
of the fluctuation dynamics eigenvalues A as a function of Py. The
dashed lines correspond to the real parts of the backscattering-free
eigenvalues given by Egs. (5)—(10). Re{A;} lies below Re{)4}. Below
threshold, the real parts are degenerate.

sity values, in which the two field amplitudes oscillate at
a single frequency given by the nonlinear displacement of
the resonance frequency of the resonator [Eq. (30)] for the
preferred lasing direction. This is telling us that the unfavored
CCW direction no longer features laser oscillations at its own
resonance frequency but that all the light that populates it is
being backscattered from the preferential CW direction.
Finally, Fig. 11 displays the steady-state intensities |a
and the corresponding real part of the eigenvalues of matrix
A [Eq. (4)] for a pump rate ramp in a TJR featuring an S-
waveguide coupling /ys/ya = 2.5, a g = 2 Kerr nonlinearity
of strength nnpnswo/nLya =50, and large backscattering
parameters n = 0 and || = y4. In the absence of the S waveg-
uide and the nonlinearity, the corresponding ring resonator
would feature intensity oscillations at a frequency given by
2|h|. Instead, the nonlinear TJR capitalizing on these two
crucial elements shows unidirectional lasing with a preferred
CCW chirality with 100% probability. The intensity in the
CW direction is four orders of magnitude smaller than that
in the CCW one and can therefore be safely neglected. The

(0)|2
+
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Bogoliubov analysis of the small perturbations to this steady
state reveals that the eigenvalues of the linearized fluctuation
dynamics matrix A are identical to those calculated in the
backscattering-free case, ensuring the stability of the unidi-
rectional emission.

VII. CONCLUSIONS

In this work we demonstrated that an active Taiji microring
resonator (TJR) formed by a standard ring resonator supple-
mented by an S-shaped element unidirectionally coupling the
two counterpropagating modes shows a preferential chirality
in the laser oscillation even in the presence of a large backscat-
tering. The presence of the S-shaped element implies robust
unidirectional lasing in the favored direction and restricts the
emission in the other direction to negligible values.

Our theoretical investigation is based on the most general
version of the coupled-mode equations of motion for the
field amplitudes in the two counterpropagating modes. These
equations are first solved for the steady states. The dynamical
stability of these latter against small perturbations is then as-
sessed within a linearized theory by looking at the real part of
the eigenvalues of the linearized fluctuations dynamics matrix.

In the absence of backscattering, one of the two counter-
propagating lasing solutions of the ring resonator disappears
for a sufficiently strong coupling by the S element, leaving
a single stable solution with laser emission only in the mode
which is favored by the S-shaped element. This unidirectional
emission remains stable even in the presence of backscat-
tering effects due, e.g., to the roughness of the resonator
surface, as long as the coupling by the S element exceeds the

backscattering strength. The robustness of the unidirectional
laser emission is further reinforced by a Kerr nonlinearity
shifting the resonance of the two counterpropagating modes
by different amounts.

While unidirectional laser emission in a random direction
in ring resonators can be seen as a spontaneous breaking of the
time-reversal 7 symmetry in the lasing state above threshold,
the explicit breaking of P symmetry in the geometrical shape
of our Taiji resonator leads to a preferred chirality of the laser
emission. This can be understood as an explicit dynamical
breaking of 7 symmetry induced by the broken P symmetry
in an otherwise 7 -symmetric device.

This mechanism for breaking 7 reversal appears of great
interest in view of realizing optical isolators and other non-
reciprocal devices based on wave-mixing phenomena without
the need for magnetic elements. In the context of topological
photonics [28,29], this will allow one to dynamically generate
a topological Chern insulator using structures based on non-
magnetic active dielectric materials. These exciting topics are
the subject of ongoing work.
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