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We introduce the Poisson bracket operator, which is an alternative quantum counterpart of the Poisson bracket.
This operator is defined using the operator derivative formulated in quantum analysis and is equivalent to the
Poisson bracket in the classical limit. Using this, we derive the quantum canonical equation, which describes
the time evolution of operators. In the standard applications of quantum mechanics, the quantum canonical
equation is equivalent to the Heisenberg equation. At the same time, this equation is applicable to c-number
canonical variables and then coincides with the canonical equation in classical mechanics. Therefore, the Poisson
bracket operator enables us to describe classical and quantum behaviors in a unified way. Moreover, the quantum
canonical equation is applicable to nonstandard system where the Heisenberg equation is not defined. As an
example, we consider the application to the system where c-number and q-number particles coexist. The derived
dynamics satisfies the Ehrenfest theorem and the energy and momentum conservations.

DOI: 10.1103/PhysRevA.104.042213

I. INTRODUCTION

We reconsider the relation between the Poisson bracket
in classical mechanics and the commutator in quantum me-
chanics. In the canonical quantization, the time evolutions of
operators are determined by solving the Heisenberg equation
which is obtained from the canonical equation by replacing
the Poisson bracket with the commutator,

{ f , g}PB = ∂ f

∂x

∂g

∂ p
− ∂ f

∂ p

∂g

∂x

�⇒ − i

h̄
[ f , g] = − i

h̄
( f g − gf ), (1)

where f and g are functions of canonical variables. Therefore,
the commutator is normally considered to be a quantum coun-
terpart of the Poisson bracket. This identification, however, is
not intuitively understandable. For example, it is not clear why
the derivatives appearing in the Poisson bracket are replaced
with the noncommutativity of operators. Moreover, the com-
mutator is divided by h̄ in Eq. (1) and hence we cannot see
directly the classical limit.1

To clarify the role of the Poisson bracket in quantum me-
chanics, we often map operators in the Hilbert space into
functions of phase-space variables using the Wigner-Weyl
transformation. In this approach, we can define the Wigner
function, which is the quasiprobability distribution in the
phase space. The time evolution of the Wigner function is
characterized by the Moyal bracket, which is reduced to the

*tomoikoide@gmail.coml; koide@if.ufrj.br
1Throughout this paper, the classical limit means the disappearance

of all commutators. This disappearance, however, will not be equiv-
alent to the condition to observe a classical behavior in quantum
mechanics. That is, the disappearance of all commutators is not a
necessary and sufficient condition for the classical limit.

Poisson bracket in the classical limit. Thus the Moyal bracket
is regarded as a quantum counterpart of the Poisson bracket in
this approach. This perspective is extended in the deformation
quantization [1,2].

In this paper, however, we do not consider the phase-space
representation of quantum mechanics. Instead we introduce
the Poisson bracket operator as another quantum counterpart
of the Poisson bracket. This operator is defined through the
operator derivative formulated in quantum analysis proposed
by Suzuki [3–9]. One of the advantages of our approach
is that the Poisson bracket operator has a clear classical
correspondence to the Poisson bracket because the opera-
tor derivative is equivalent to the standard derivative in the
classical limit. Using this operator, we derive the quantum
canonical equation which describes the time evolution of op-
erators. In the standard applications of quantum mechanics,
the quantum canonical equation is equivalent to the Heisen-
berg equation. At the same time, this equation is applicable
to c-number canonical variables and then coincides with the
canonical equation in classical mechanics. Therefore, clas-
sical and quantum behaviors are described in a unified way
by introducing the Poisson bracket operator and this is an-
other advantage. Moreover, the quantum canonical equation
is applicable to nonstandard systems where the Heisenberg
equation is not defined. As an example, we consider the appli-
cation to the system where c-number and q-number particles
coexist. The derived dynamics satisfies the Ehrenfest theorem
and the conservation of energy and momentum.

This paper is organized as follows. In Sec. II the opera-
tor derivative is introduced. Three mathematical formulas are
introduced in Sec. III. These are used to show the relation
between the Poisson bracket operator and the commutator.
The Poisson bracket operator and the quantum canonical
equation are introduced in Secs. IV and V, respectively. The
nonstandard application of the quantum canonical equation is
discussed in Sec. VI. Section VII is devoted to a summary.

2469-9926/2021/104(4)/042213(11) 042213-1 ©2021 American Physical Society

https://orcid.org/0000-0003-0380-5974
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.104.042213&domain=pdf&date_stamp=2021-10-14
https://doi.org/10.1103/PhysRevA.104.042213


T. KOIDE PHYSICAL REVIEW A 104, 042213 (2021)

II. DEFINITION OF THE OPERATOR DERIVATIVE

We discuss the definition of the operator derivative pro-
posed in quantum analysis [3–9]. For other applications of
quantum analysis, see, for example, Refs. [10–15].

Let us consider an operator Â and a function of the operator
f (Â) where f (x) is a smooth function of x. Then the Gâteaux
differential is defined by

df (Â; B̂) = lim
h→0

f (Â + hB̂) − f (Â)

h
, (2)

where h is a c-number and B̂ is an operator which in general
is not commutative with Â [16]. The operator derivative with
respect to Â is denoted by df /dÂ and then the Gâteaux differ-
ential is expressed as

df (Â; B̂) = df

dÂ
{B̂}. (3)

One can see that the operator derivative is a hyperoperator
which is operated to B̂. In quantum analysis, this operator
derivative is defined by

df

dÂ
{B̂} =

∫ 1

0
dλ f (1)(Â − λδÂ)B̂, (4)

where f (n)(x) = dn f (x)/dxn and

δÂ = [Â, · ]. (5)

When an operator is given by a function of time, the time
derivative is expressed as

df [Â(t )]

dt
= df

dÂ(t )

{
dÂ(t )

dt

}
. (6)

The above definition can be extended to define the oper-
ator partial derivatives. Let us consider a smooth function of
operators Â and B̂ which can be expanded as

f (Â, B̂) =
∑

n,m�0

fnmÂnB̂m, (7)

where n and m are non-negative integers and fnm are expan-
sion coefficients. The partial derivatives with respect to Â and
B̂ are then defined by

∂ f (Â, B̂)

∂Â
{Ĉ} =

∑
n,m�0

n fnm

(∫ 1

0
dλ(Â − λδÂ)n−1Ĉ

)
B̂m,

∂ f (Â, B̂)

∂B̂
{Ĉ} =

∑
n,m�0

m fnmÂn

(∫ 1

0
dλ(B̂ − λδB̂)m−1Ĉ

)
,

(8)

respectively. When Ĉ is given by a c-number, say, c, the
operator derivatives are equivalent to the standard derivatives
with respect to c-numbers because δÂc and δB̂c vanish,

∂ f (Â, B̂)

∂Â
{c} =

∑
n,m�0

n fnmÂn−1B̂mc,

∂ f (Â, B̂)

∂B̂
{c} =

∑
n,m�0

m fnmÂnB̂m−1c.

(9)

Therefore, in the following calculations, we omit the argument
{ } when the operator derivative is operated to a c-number,

∂ f (Â, B̂)

∂Â
= ∂ f (Â, B̂)

∂Â
{1},

∂ f (Â, B̂)

∂B̂
= ∂ f (Â, B̂)

∂B̂
{1}.

(10)

Note that the powers of the operators Â are ordered to the
left of that of B̂ in the expansion (7). Such a reordering of op-
erators is not applicable to general noncommutative operators
and then Eq. (8) is modified. For example, the derivative of
Âl B̂mÂnB̂o is given by

∂Âl B̂mÂnB̂o

∂Â
{Ĉ} =

(
l
∫ 1

0
dλ(Â − λδÂ)l−1Ĉ

)
B̂mÂnB̂o

+Âl B̂m

(
n

∫ 1

0
dλ(Â − λδÂ)n−1Ĉ

)
B̂o,

(11)

where n, l , m, and o are non-negative integers. In this work,
however, we consider exclusively the case where the canoni-
cal operators Â and B̂ satisfy the commutation relation (15).
Then the expansion (7) is applicable to express arbitrary
smooth functions of operators.

III. MATHEMATICAL FORMULAS

In this section we discuss three formulas which are used
to show the relation between the Poisson bracket operator and
the commutator.

Formula 1. For arbitrary two operators Â and B̂ and an
integer n � 1, the following relation exists:

∫ 1

0
dλ(Â − λδÂ)nB̂ = 1

n + 1
(ÂnB̂ + Ân−1B̂Â + · · · + B̂Ân).

(12)

The proof of this formula is summarized in Appendix A.
The formula (12) is satisfied for any operators. The other

two formulas, however, are applicable to operators which
satisfy a special commutation relation.

Formula 2. Let us consider two operators which satisfy the
commutation relation

[Â, B̂] = c, (13)

where c is a c-number. Then, for arbitrary integers n, m � 1,
the following relation is satisfied:

B̂nÂm − ÂmB̂n = mn(δB̂Â)
∫ 1

0
dλ(B̂ − λδB̂)n−1Âm−1. (14)

The proof of this formula is summarized in Appendix B.
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Using the formula (14), we can show a kind of commuta-
tivity associated with the operator derivative.

Formula 3. Let us consider two operators which satisfy the
commutation relation

[Â, B̂] = c, (15)

where c is a c-number. Then, for arbitrary integers n, m � 1,
the following relation is satisfied:∫ 1

0
dλ(B̂ − λδB̂)n−1Âm−1 =

∫ 1

0
dλ(Â − λδÂ)m−1B̂n−1. (16)

The proof of this formula is summarized in Appendix C.

IV. POISSON BRACKET OPERATOR

We consider a pair of canonical variables (Â, B̂) and two
smooth functions of these operators f (Â, B̂) and g(Â, B̂). The
Poisson bracket operator is then defined by

{ f (Â, B̂), g(Â, B̂)}(Â,B̂)

≡ ∂ f (Â, B̂)

∂Â

{
∂g(Â, B̂)

∂B̂

}
− ∂ f (Â, B̂)

∂B̂

{
∂g(Â, B̂)

∂Â

}
. (17)

From the definition (4), the operator derivative agrees with
the standard derivative of the c-number when the canonical
variables (Â, B̂) are commutative. Therefore, the classical

limit of the Poisson bracket operator is given by

{·, ·}(Â,B̂) −−→
h̄→0

∂

∂A

∂

∂B
− ∂

∂B

∂

∂A
, (18)

where A and B are the classical counterparts of Â and B̂,
respectively. For the right-hand side to reproduce the Pois-
son bracket, the operators Â and B̂ are identified with the
position and momentum operators, respectively. When the
commutation relation for the canonical operators is given by a
nonvanishing c-number,

[Â, B̂] = c, (19)

we can show that the Poisson bracket operator is represented
by the commutator

[ f (Â, B̂), g(Â, B̂)] = c{ f (Â, B̂), g(Â, B̂)}(Â,B̂). (20)

Proof. Let us expand f (Â, B̂) and g(Â, B̂) as

f (Â, B̂) =
∑

n,m�0

fnmÂnB̂m,

g(Â, B̂) =
∑

n,m�0

gnmÂnB̂m,
(21)

where n and m are non-negative integers and fnm and gnm are
expansion coefficients. The commutator of these operators is
calculated by

[ f (Â, B̂), g(Â, B̂)] =
∑

a,b,c,d�0

fabgcd (ÂaB̂bÂcB̂d − ÂcB̂d ÂaB̂b)

=
∑

a,b,c,d�0

fabgcd Âa

[
bc(δB̂Â)

(∫ 1

0
dλ(B̂ − λδB̂)b−1Âc−1

)
+ ÂcB̂b

]
B̂d

−
∑

a,b,c,d�0

fabgcd Âc

[
ad (δB̂Â)

(∫ 1

0
dλ(B̂ − λδB̂)d−1Âa−1

)
+ ÂaB̂d

]
B̂b. (22)

Here we used the formula (14). Applying the formula (16) to the last line, we find

[ f (Â, B̂), g(Â, B̂)] =
∑

a,b,c,d�0

fabÂab(δB̂Â)

(∫ 1

0
dλ(B̂ − λδB̂)b−1 dg(Â, B̂)

dÂ

)

−
∑

a,b,c,d�0

faba(δB̂Â)

(∫ 1

0
dλ(Â − λδÂ)a−1 dg(Â, B̂)

dB̂

)
B̂b

= (δB̂Â)
df (Â, B̂)

dB̂

{
dg(Â, B̂)

dÂ

}
− (δB̂Â)

df (Â, B̂)

dÂ

{
dg(Â, B̂)

dB̂

}

= −(δB̂Â){ f (Â, B̂), g(Â, B̂)}(Â,B̂). (23)

In the present case, δB̂Â = −c �= 0. Therefore, Eq. (20) was derived. �
The above result can be generalized to many-body systems. We consider N pairs of canonical variables (Âi, B̂i ) which satisfy

the commutation relations for i, j = 1, . . . , N ,

[Âi, B̂ j] = ciδi j, [Âi, Â j] = 0, [B̂i, B̂ j] = 0, (24)
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where ci are c-numbers. Let us consider two smooth functions f ({Â, B̂}) and g({Â, B̂}) which can be expanded as

f ({Â, B̂}) =
∑

α1,β1···αN ,βN�0

fα1,β1···αN ,βN Âα1
1 B̂β1

1 · · · ÂαN
N B̂βN

N , (25)

g({Â, B̂}) =
∑

α1,β1···αN ,βN�0

gα1,β1···αN ,βN Âα1
1 B̂β1

1 · · · ÂαN
N B̂βN

N , (26)

where α1, β1 · · · αN , βN are non-negative integers and fα1,β1···αN ,βN and gα1,β1···αN ,βN are expansion coefficients. Then the commu-
tator is expressed as

[ f ({Â, B̂}), g({Â, B̂})] =
N∑

i=1

ci{ f ({Â, B̂}), g({Â, B̂})}(Âi,B̂i ). (27)

Proof. It is sufficient to prove the equation

[
Âα1

1 B̂β1
1 · · · ÂαN

N B̂βN
N , Âγ1

1 B̂δ1
1 · · · ÂγN

N B̂δN
N

] =
N∑

i=1

ci
{
Âα1

1 B̂β1
1 · · · ÂαN

N B̂βN
N , Âγ1

1 B̂δ1
1 · · · ÂγN

N B̂δN
N

}
(Âi,B̂i )

. (28)

The case for N = 1 is already shown in Eq. (20). Suppose that Eq. (28) is satisfied for N = L (L � 1). Then, for N = L + 1, we
find [

Âα1
1 B̂β1

1 · · · ÂαL+1
L+1 B̂βL+1

L+1 , Âγ1
1 B̂δ1

1 · · · ÂγL+1
L+1B̂δL+1

L+1

] = F (L)
AB G(L)

AB

[
ÂαL+1

L+1 B̂βL+1
L+1 , ÂγL+1

L+1B̂δL+1
L+1

] + [
F (L)

AB , G(L)
AB

]
ÂγL+1

L+1B̂δL+1
L+1ÂαL+1

L+1 B̂βL+1
L+1

= cL+1F (L)
AB G(L)

AB

{
ÂαL+1

L+1 B̂βL+1
L+1 , ÂγL+1

L+1B̂δL+1
L+1

}
(ÂL+1,B̂L+1 )

+
L∑

i=1

ci
{
F (L)

AB , G(L)
AB

}
(Âi,B̂i )

ÂγL+1
L+1B̂δL+1

L+1ÂαL+1
L+1 B̂βL+1

L+1

=
L+1∑
i=1

ci
{
Âα1

1 · · · ÂαL
L B̂β1

1 · · · B̂βL
L , Âγ1

1 · · · ÂγL+1
L+1B̂δ1

1 · · · B̂δL+1
L+1

}
(Âi,B̂i )

, (29)

where we have introduced

F (L)
AB = Âα1

1 B̂δ1
1 · · · ÂαL

L B̂δL
L , G(L)

AB = Âγ1
1 B̂δ1

1 · · · ÂγL
L B̂δL

L . (30)

From the first to the second equality, we used Eq. (28) by mathematical induction. The last equality is the right-hand side of
Eq. (28) for N = L + 1 and thus Eq. (28) holds for arbitrary integer N � 1. From this it is easy to show the formula (27). �

From the definition of the operator derivative, we can show that the Poisson bracket operator satisfies the properties

{a f ({Â, B̂}) + bg({Â, B̂}), h({Â, B̂})}({Â,B̂}) = a{ f ({Â, B̂}), h({Â, B̂})}({Â,B̂}) + b{g({Â, B̂}), h({Â, B̂})}({Â,B̂}), (31)

{ f ({Â, B̂})g({Â, B̂}), h({Â, B̂})}({Â,B̂}) = { f ({Â, B̂}), h({Â, B̂})}({Â,B̂})g({Â, B̂}) + f ({Â, B̂}){g({Â, B̂}), h({Â, B̂})}({Â,B̂}), (32)

where a and b are constants and h({Â, B̂}) is another smooth function like f ({Â, B̂}) and g({Â, B̂}). To simplify the equations, we
introduce the notation

{ f ({Â, B̂}), g({Â, B̂})}({Â,B̂}) ≡
N∑

i=1

{ f ({Â, B̂}), g({Â, B̂})}(Âi,B̂i ). (33)

The other two properties for the Poisson bracket operator, however, are shown using the condition (24) and ci = ih̄. In this
case, we find

− i

h̄
[ f ({Â, B̂}), g({Â, B̂})] = { f ({Â, B̂}), g({Â, B̂})}({Â,B̂}). (34)

Therefore, it is easy to confirm that the Poisson bracket operator satisfies

{ f ({Â, B̂}), g({Â, B̂})}({Â,B̂}) = −{g({Â, B̂}), f ({Â, B̂})}({Â,B̂}) (35)

and the Jacobi identity

{ f ({Â, B̂}), {g({Â, B̂}), h({Â, B̂})}({Â,B̂})}({Â,B̂}) + {g({Â, B̂}), {h({Â, B̂}), f ({Â, B̂})}({Â,B̂})}({Â,B̂})

+{h({Â, B̂}), { f ({Â, B̂}), g({Â, B̂})}({Â,B̂})}({Â,B̂}) = 0. (36)

We further confirmed that Eqs. (35) and (36) are satisfied in several examples where the condition (24) is not applicable, but the
general proofs are not known (see also the discussion in Appendix E).
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V. QUANTUM CANONICAL EQUATION

Let us consider the system which is described by N pairs of
canonical variables (Âi(t ), B̂i(t )) (i = 1, . . . , N). In quantum
mechanics, the time evolutions of operators are described by
the Heisenberg equation

d

dt
f ({Â(t ), B̂(t )}) = − i

h̄
[ f ({Â(t ), B̂(t )}), Ĥ ], (37)

where Ĥ is the Hamiltonian operator. The commutation rela-
tions of the canonical variables are characterized by the same
constant ih̄,

[Âi(t ), B̂ j (t )] = ih̄δi j,

[Âi(t ), Â j (t )] = 0,

[B̂i(t ), B̂ j (t )] = 0.

(38)

Using the property (27) with ci = ih̄, we can reexpress the
right-hand side of the Heisenberg equation in terms of the
Poisson bracket operator,

d

dt
f ({Â(t ), B̂(t )}) = { f ({Â(t ), B̂(t )}), Ĥ}({Â(t ),B̂(t )}). (39)

We call this the quantum canonical equation. As will be seen
later, the quantum canonical equation is not necessarily equiv-
alent to the Heisenberg equation in nonstandard applications.

The quantum canonical equation is consistent with the
mathematical property of the operator derivative. From
Eqs. (6) and (8), the time derivative of f ({Â(t ), B̂(t )}) is given
by

d

dt
f ({Â(t ), B̂(t )}) =

N∑
i=1

∂ f ({Â(t ), B̂(t )})

∂Âi(t )

{
dÂi(t )

dt

}

+
N∑

i=1

∂ f ({Â(t ), B̂(t )})

∂B̂i(t )

{
dB̂i(t )

dt

}
.

(40)

Therefore, one can see that this equation reproduces the
quantum canonical equation when Âi(t ) and B̂i(t ) satisfy the
Heisenberg equations

dÂi(t )

dt
= {Â(t ), Ĥ}({Â(t ),B̂(t )}) = ∂Ĥ

∂B̂i(t )
,

dB̂i(t )

dt
= {B̂(t ), Ĥ}({Â(t ),B̂(t )}) = − ∂Ĥ

∂Âi(t )
.

(41)

The correspondence between classical and quantum behav-
iors is clear in the quantum canonical equation. The Poisson
bracket operator is defined independently of the property of
the commutation relation [Âi(t ), B̂ j (t )] and thus the quan-
tum canonical equation is applicable to the commutative
case [Âi(t ), B̂ j (t )] = 0. Because the Poisson bracket opera-
tor behaves as the Poisson bracket for c-number variables,
the quantum canonical equation reproduces the classical
canonical equation in the application to c-number canonical
variables. In other words, the quantum canonical equation
enables us to describe classical and quantum behaviors in a
unified way.

In the operator derivative (4), the effect of noncommuta-
tivity is represented through δÂ. To see the quantum effect
in the quantum canonical equation clearly, we represent it
in the series expansion of δÂ. As an example, we consider a
single-particle system described by the Hamiltonian operator

Ĥ = p̂2
t

2m
+ V (x̂t ), (42)

where V (x) is the potential energy and the canonical operators
satisfy the standard canonical commutation relation

[x̂t , p̂t ] = ih̄. (43)

The quantum canonical equation for f (x̂t , p̂t ) is given by

d

dt
f (x̂t , p̂t ) = { f (x̂t , p̂t ), Ĥ}(x̂t ,p̂t ) = −{Ĥ, f (x̂t , p̂t )}(x̂t ,p̂t ).

(44)

Here we have used Eq. (35). Then the right-hand side of the
quantum canonical equation can be expanded as

df (x̂t , p̂t )

dt
= p̂t

m

∂ f (x̂t , p̂t )

∂ x̂t
− V (1)(x̂t )

∂ f (x̂t , p̂t )

∂ p̂t

− 1

2m
δp̂t

∂ f (x̂t , p̂t )

∂ x̂t
−

∞∑
m=1

1

(m + 1)!

×V (m+1)(x̂t )(−δx̂t )
m ∂ f (x̂t , p̂t )

∂ p̂t
. (45)

In the classical limit, only the first two terms survive on the
right-hand side and then it is easy to see that the classical
canonical equation is reproduced.

When the standard canonical commutation relation is sat-
isfied, the following relations exist:

δx̂t f (x̂t , p̂t ) = ih̄
∂ f (x̂t , p̂t )

∂ p̂t
,

δp̂t f (x̂t , p̂t ) = −ih̄
∂ f (x̂t , p̂t )

∂ x̂t
.

(46)

Using these, Eq. (45) can be reexpressed in various different
forms. One expression is

ih̄
df (x̂t , p̂t )

dt
=

[
( p̂t − δp̂t )

2

2m
+ V (x̂t − δx̂t ) − p̂2

t

2m
− V (x̂t )

]

× f (x̂t , p̂t ). (47)

See also Eqs. (3.12) and (3.13) in Ref. [8]. This representation
is compact but not suitable to see the classical limit.

The other expression is given by

df (x̂t , p̂t )

dt
= p̂t

m

∂ f (x̂t , p̂t )

∂ x̂t
+ ih̄

2m

∂2 f (x̂t , p̂t )

∂ x̂2
t

−
∞∑

m=0

1

(m + 1)!
V (m+1)(x̂t )(−ih̄)m

× ∂m+1 f (x̂t , p̂t )

∂ p̂m+1
t

, (48)
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where the higher-order operator derivatives are operated to c-
numbers and thus

∂n f (x̂t , p̂t )

∂ x̂n
t

= ∂n f (x̂t , p̂t )

∂ x̂n
t

{1} = ∂n f (x, p̂t )

∂xn

∣∣∣∣
x=x̂t

,

∂n f (x̂t , p̂t )

∂ p̂n
t

= ∂n f (x̂t , p̂t )

∂ p̂n
t

{1} = ∂n f (x̂t , p)

∂ pn

∣∣∣∣
p=p̂t

.

(49)

For the definition of the higher-order operator derivative as a
hyperoperator, see Eq. (2.16) in Ref. [9]. In this expression, δx̂t

and δp̂t are replaced with the operator derivatives. We see that
the order of the quantum correction and that of the operator
derivative are correlated.

This expansion is reminiscent of the evolution equation of
the Wigner function [17]. To see this, we choose

f (x̂t , p̂t ) = δ

(
x − x̂t + δx̂t

2

)
δ(p − p̂t ), (50)

where

δ(z) = 1

2π

∫
dk eikz. (51)

Then the Wigner function is defined by

W (x, p, t ) = 〈ψ |δ
(

x − x̂t + δx̂t

2

)
δ(p − p̂t )|ψ〉

= 1

2π h̄

∫
dq ψ∗

(
x + q

2
, t

)
ψ

(
x − q

2
, t

)

× eipq/h̄, (52)

where |ψ〉 is an initial wave function and ψ (x, t ) =
〈x|e−iĤt/h̄|ψ〉. Using these definitions in Eq. (48), the
well-known evolution equation of the Wigner function is re-
produced,

∂tW (x, p, t ) = − p

m
∂xW (x, p, t ) + V (1)(x)∂pW (x, p, t )

+
∞∑

l=1

V (2l+1)(x)

(2l + 1)!

(
− h̄2

4

)l

∂2l+1
p W (x, p, t ) (53)

(see also the discussion in Refs. [11,12]). Differently from
Eq. (48), Eq. (53) is given by c-numbers and only the
odd-order terms of the momentum derivative appear on the
right-hand side because of the property of Eq. (50). The
constant factor ( 1

4 )l in Eq. (53) is reproduced when the op-
erator derivatives are replaced with the c-number derivatives
in Eq. (48). Therefore, Eq. (48) can be regarded as the
operator-derivative representation of the Moyal bracket in the
Heisenberg equation when it is applied to the Wigner function.

In our approach, the classical derivatives with respect to
position and momentum are replaced with the corresponding
operator derivatives in the quantization of the Poisson bracket.
This picture may be utilized to extend the idea of quanti-
zation. The diffusion equation describes a typical dissipative
phenomenon in classical systems,

∂

∂t
ρ = D

∂2

∂x2
ρ, (54)

where ρ is a conserved density normalized by one and D
is a diffusion constant. Suppose that this equation can be

quantized by replacing ρ and ∂/∂x with the density matrix
ρ̂ and the operator derivative ∂/∂ x̂, respectively. The derived
equation is given by

∂

∂t
ρ̂ = D

∂2

∂ x̂2
ρ̂ = − D

h̄2 δ2
p̂ρ̂. (55)

In the second equality, we used Eq. (46). This equation can be
reexpressed as

∂t ρ̂ = − 1
2 (L̂2ρ̂ + ρ̂L̂2) + L̂ρ̂L̂, (56)

where

L̂ =
√

2D

h̄
p̂. (57)

That is, Eq. (55) reproduces the Lindblad equation [18,19].
Note that higher-order operator-derivative terms can be

induced in the quantization of the Poisson bracket as seen
from Eq. (48). This, however, is not necessarily applicable
to the diffusion equation because the canonical equations
are not established in dissipative systems [20–22] (see also
Refs. [23–26] to find other interesting relations between the
classical diffusion and quantum mechanics).

VI. APPLICATION TO THE NONSTANDARD SYSTEM

As was shown in the preceding section, the Poisson bracket
operator is equivalent to the commutator when canonical vari-
ables satisfy the standard canonical commutation relations
(38). The quantum canonical equation is definable indepen-
dently of the behaviors of commutation relations and thus
is applicable to a system where the Heisenberg equation is
not defined. As an example, we consider a system where
c-number and q-number particles coexist.

A. Model and application of the quantum canonical equation

As an example of the nonstandard application, we consider
a system where two pairs of canonical variables satisfy differ-
ent commutation relations (i, j = 1, 2)

[Âi(t ), B̂ j (t )] = ci(t )δi j, (58)

where c1(t ) and c2(t ) are c-numbers and c1(t ) �= c2(t ). Sup-
pose that system 1 described by (Â1(t ), B̂1(t )) is separated
from system 2 by (Â2(t ), B̂2(t )) and these systems do not
interact each other. The Heisenberg equations for system 1
and for system 2 will be characterized by c1(t ) and c2(t ),
respectively,

d

dt
f (Â1(t ), B̂1(t )) = 1

c1(t )
[ f (Â1(t ), B̂1(t )), Ĥ1], (59)

d

dt
f (Â2(t ), B̂2(t )) = 1

c2(t )
[ f (Â2(t ), B̂2(t )), Ĥ2]. (60)

Here Ĥ1 and Ĥ2 are the Hamiltonian operators for each
system. When an interaction between the two systems is in-
troduced, we have to generalize the Heisenberg equations so
that the generalized equation reproduces Eqs. (59) and (60) in
the vanishing limit of the interaction. Such a generalization is
not trivial.

By contrast, the quantum canonical equation is applicable
to such a system systematically. As an extreme case of the
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above system, we consider a toy model where two particles
coexist: One is described by a c-number and the other by a
q-number when there is no interaction between the particles.
The canonical variables for the former particle are denoted
by (x(t ), p(t )) and those for the latter by (X̂ (t ), P̂(t )). The
commutation relations are thus given by

[x(t ), p(t )] = 0, [X̂ (t ), P̂(t )] = ih̄, (61)

respectively. For the sake of simplicity, we assume free par-
ticles. Then the c-number canonical variables satisfy the
classical canonical equations

d

dt
x(t ) = {x(t ), Hc}PB = p(t )

m
,

d

dt
p(t ) = {p(t ), Hc}PB = 0,

(62)

where the c-number Hamiltonian with mass m is defined by

Hc = p2(t )

2m
. (63)

The q-number canonical variables satisfy the Heisenberg
equations

d

dt
X̂ (t ) = − i

h̄
[X̂ (t ), Ĥq] = P̂(t )

M
,

d

dt
P̂(t ) = − i

h̄
[P̂(t ), Ĥq] = 0,

(64)

where the q-number Hamiltonian with mass M is

Ĥq = P̂2(t )

2M
. (65)

Equations (62) and (64) are described by the common
quantum canonical equation

d

dt
f (x(t ), p(t ), X̂ (t ), P̂(t ))

= { f (x(t ), p(t ), X̂ (t ), P̂(t )), Ĥ}(x(t ),p(t ))

+{ f (x(t ), p(t ), X̂ (t ), P̂(t )), Ĥ}(X̂ (t ),P̂(t ))

≡ { f (x(t ), p(t ), X̂ (t ), P̂(t )), Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )), (66)

where Ĥ is the total Hamiltonian defined by Ĥ = Hc + Ĥq and
f (x(t ), p(t ), X̂ (t ), P̂(t )) is a smooth function of the canonical
variables which can be expanded as Eq. (25). As pointed out
earlier, the Poisson bracket operator behaves as the Poisson
bracket for c-number variables. In the following calculation,
we suppose that the quantum canonical equation is applicable
to any Hamiltonian operator.

Let us consider the interaction Hamiltonian defined by

ĤI = α

2
[x(t ) − X̂ (t )][x(t ) − X̂ (t )], (67)

where α is a coupling constant. It should be noted that
the canonical variables (x(t ), p(t )) become noncommutative
and behave as operators by the influence of this interaction.
Therefore, the commutation relations (61) are modified. The
modifications are obtained only after solving the quantum
canonical equations as shown later.

Using the total Hamiltonian defined by

Ĥ = Hc + Ĥq + ĤI , (68)

the quantum canonical equations are given by

dx(t )

dt
= {x(t ), Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )) = p(t )

m
,

d p(t )

dt
= {p(t ), Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )) = −α[x(t ) − X̂ (t )],

dX̂ (t )

dt
= {X̂ (t ), Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )) = P̂(t )

M
,

dP̂(t )

dt
= {P̂(t ), Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )) = α[x(t ) − X̂ (t )].

(69)

To solve these equations, suppose that the two particles
start to interact with each other at an initial time t = 0. Then
the initial canonical variables x(0) = x0 and p(0) = p0, and
X̂ (0) = X̂0 and P̂(0) = P̂0 satisfy the standard commutation
relations

[x0, p0] = 0, [X̂0, P̂0] = ih̄,

[x0, X̂0] = 0, [p0, P̂0] = 0.
(70)

The canonical operators X̂0 and P̂0 operate to an initial wave
function |�〉 normalized by

〈�|�〉 = 1. (71)

To solve the differential equations, we further introduce
new canonical variables associated with the center of mass
and relative motions,

(X̂C (t ), P̂C (t )) =
(

mx(t ) + MX̂ (t )

m + M
, p(t ) + P̂(t )

)
, (72)

(q̂(t ), p̂q(t )) =
(

x(t ) − X̂ (t ),
M p(t ) − mP̂(t )

m + M

)
. (73)

The quantum canonical equations are simplified for these new
canonical variables. Solving the equations, the motions for the
center-of-mass coordinates are described by

X̂C (t ) = mx0 + MX̂0

m + M
+ 1

m + M
(p0 + P̂0)t,

P̂C (t ) = p0 + P̂0

(74)

and those for the relative coordinates are

q̂(t ) = (x0 − X̂0) cos

(√
α

μ
t

)

+
√

μ

α

(
p0

m
− P̂0

M

)
sin

(√
α

μ
t

)
,

p̂q(t ) = −√
αμ(x0 − X̂0) sin

(√
α

μ
t

)

+
(

M p0 − mP̂0

m + M

)
cos

(√
α

μ
t

)
. (75)

Here the reduced mass is defined by

μ = mM

m + M
. (76)

The Ehrenfest theorem and the noninteracting limit of this
model are discussed in Appendix D. The momentum con-
servation is easily seen from Eq. (74). The total energy of
the system is defined by the expectation value of the total
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Hamiltonian operator (68) and this quantity is conserved, as
shown in Appendix E.

B. Commutation relations

At the initial time t = 0, the c-number and q-number
particles behave as independent particles, satisfying the com-
mutation relations (70). Because of the interaction, however,
these commutation relations are modified.

The modified commutation relations are obtained from the
solutions of the quantum canonical equations (74) and (75).
The commutation relations for the pairs of the canonical vari-
ables are given by

[X̂G(t ), P̂G(t )] = M

m + M
ih̄, (77)

[q̂(t ), p̂q(t )] = m

m + M
ih̄. (78)

The right-hand sides are characterized by different constants.
The commutation relations for the positions and for the

momenta are

[q̂(t ), X̂G(t )] = −ih̄

m + M

[
t cos

(√
α

μ
t

)
−

√
μ

α
sin

(√
α

μ
t

)]
,

(79)

[ p̂q(t ), P̂G(t )] = ih̄
√

αμ sin

(√
α

μ
t

)
, (80)

respectively. One can easily see that the condition (24) is not
satisfied in this toy model. Thus the Poisson bracket operator
cannot be represented by the commutator and the quantum
canonical equation does not coincide with the Heisenberg
equation. This means that the time evolution of operators can-
not be represented by using the unitary operator. Therefore,
this toy model is described only in the Heisenberg picture and
the corresponding Schrödinger picture is not defined.

We now focus attention on the interpretation of these
commutation relations. In quantum mechanics, simultaneous
observables are represented by commutative self-adjoint op-
erators. If this interpretation is applied to our model, Eq. (79)
means that the center of mass and relative coordinates are
not simultaneously observable. This is difficult to understand
because both coordinates are known to be simultaneous ob-
servables in classical and quantum mechanics. However, the
quantum-mechanical relation between observables and com-
mutativity is not directly applicable to the present toy model,
because wave functions and simultaneous eigenstates are not
defined at t > 0. Thus we need further study to define the
simultaneous measurement in this model.

VII. CONCLUSION

We have introduced the Poisson bracket operator using the
operator derivative defined in quantum analysis. This operator
is an alternative quantum counterpart of the Poisson bracket
in classical mechanics and there are at least three advantages
compared to the commutator. The operator derivative behaves
as the standard derivative in the application to c-numbers and
thus the Poisson bracket operator coincides with the Poisson
bracket in the classical limit. We further showed that the time

differential equation of operators is represented by using the
Poisson bracket operator. This is called the quantum canonical
equation and agrees with the classical canonical equation in
the classical limit. This clear correspondence to classical me-
chanics is the first advantage of the introduction of the Poisson
bracket operator.

In the standard applications of quantum mechanics, the
Poisson bracket operator is expressed in terms of the commu-
tator and then the quantum canonical equation is equivalent
to the Heisenberg equation. At the same time, the quantum
canonical equation is applicable to c-number canonical vari-
ables and then coincides with the classical canonical equation.
That is, the Poisson bracket operator enables us to describe
classical and quantum behaviors in a unified way and this is
the second advantage.

The third advantage is that the quantum canonical equation
is applicable to the system where the Heisenberg equation is
not defined. As an example, we considered a toy model where
c-number and q-number particles start to interact at an initial
time. The differential equations for the two particles satisfy
the Ehrenfest theorem and are decomposed into the classical
canonical equation for the c-number particle and the Heisen-
berg equation for the q-number particle in the noninteracting
case. Moreover, the conserved energy of the system is defined
by the expectation value of the Hamiltonian operator.

If we identify the c-number and q-number particles of
our toy model with the classical and quantum particles,
respectively, this model may be regarded as one of the
quantum-classical hybrids [27–30]. The description of our
model is however incomplete and its consistency is still
controversial. For example, our model is described in the
Heisenberg picture but the corresponding Schrödinger pic-
ture is not defined. This is because the quantum canonical
equations do not agree with the Heisenberg equations and the
time evolution of operators is not represented by the unitary
operator. As a result, the conservation of probability is not
confirmed and simultaneous observables are not defined.

The Poisson bracket in classical mechanics is a canoni-
cal invariant, but the corresponding property in the Poisson
bracket operator is not yet known. As a matter of fact, the
property of the canonical transformation in quantum mechan-
ics is not well understood (see, for example, Ref. [2] and
references therein). One of the reasons for this difficulty is
attributed to the fact that quantum mechanics is not necessar-
ily defined for arbitrary generalized coordinate systems. For
example, in polar coordinates, we need the operator repre-
sentation of an angle to describe the position of a particle.
However, it is difficult to define the angle operator because
there is no self-adjoint multiplicative operator which satisfies
the periodicity and the canonical commutation relation simul-
taneously. This difficulty is the origin of the famous paradox
in the angular uncertainty relation in the standard operator
formulation of quantum mechanics (see Refs. [31–33] and
references therein).

We have focused on quantized systems which are described
by the commutator (15) and did not consider the fermionic
system which is characterized by the anticommutator. The
generalization of the present approach to the anticommutator
will be helpful to understand the classical correspondence of
the anticommutator.

042213-8



POISSON BRACKET OPERATOR PHYSICAL REVIEW A 104, 042213 (2021)

By extending the procedure developed in this paper, the
formulation of quantum mechanics would be described with
the operator derivatives. The derivative has a geometrical
meaning and thus its role is easier to understand than that
of the commutator. Therefore, such a reformulation would be
useful to find the possible generalization of quantum mechan-
ics. For example, the definition of the standard derivative is
affected by the curvature of geometry and thus a similar mod-
ification is expected to appear in the operator derivative. This
perspective should be of assistance in developing quantum
mechanics in curved geometry [33–36].

The semiclassical method has been used in various ap-
plications of quantum mechanics such as quantum chaos
[37], quantum-to-classical transition [38], semiclassical grav-
ity [39], non-Hermitian generalization of quantum mechanics
[40], and so on [41]. Such an approach will be helpful
even to understand a macroscopic matter wave interference
observed in extremely massive and complex molecules

[42,43]. The formulation of the semiclassical theory, however,
is not straightforward because of the singular behavior in
the vanishing limit of h̄ [44]. In the operator derivative (4),
quantum effects appear through the operator δÂ. Therefore,
by introducing the systematic expansion with respect to δÂ
as discussed in Sec. V, it may be possible to develop an
approach which sheds light on the semiclassical behavior of
quantum mechanics. The applications to these problems are
left to future work.
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APPENDIX A: PROOF OF FORMULA 1

This is proved by mathematical induction. It is easy to confirm that Eq. (12) is satisfied for n = 1,∫ 1

0
dλ(Â − λδÂ)B̂ = 1

2
(ÂB̂ + B̂Â). (A1)

Suppose that Eq. (12) is satisfied for n = L (L � 1). Then the left-hand side of Eq. (12) for n = L + 1 is calculated as
∫ 1

0
dλ(Â − λδÂ)L+1B̂ = (−1)L+1

L + 2
(δÂ)L+1B̂ + L + 1

L + 2

L∑
m=0

LCm(−1)m

(
1

m + 1
+ 1

L + 1 − m

)
ÂL+1−m(δÂ)mB̂

= L + 1

L + 2
Â

∫ 1

0
dλ(Â − λδÂ)LB̂ + 1

L + 2

L+1∑
m=0

L+1Cm(−1)mÂL+1−m(δÂ)mB̂

= 1

L + 2
Â(ÂLB̂ + ÂL−1B̂Â + · · · + B̂ÂL ) + 1

L + 2
(Â − δÂ)L+1B̂

= 1

L + 2
Â(ÂLB̂ + ÂL−1B̂Â + · · · + B̂ÂL ) + 1

L + 2
B̂ÂL+1. (A2)

The last equality is the right-hand side of Eq. (12) for n = L + 1. Therefore, Eq. (12) is satisfied for any integer n � 1. �

APPENDIX B: PROOF OF FORMULA 2

The operator B̂nÂm is reexpressed as

B̂nÂm = B̂n−1(δB̂Â + ÂB̂)Âm−1 = (δB̂Â)B̂n−1Âm−1 + B̂n−1ÂB̂Âm−1 = m(δB̂Â)B̂n−1Âm−1 + B̂n−1ÂmB̂. (B1)

Here we have used δB̂Â = −c. Applying this result to the operator B̂n−1Âm which appears in the second term on the right-hand
side of Eq. (B1), we find

B̂nÂm = m(δB̂Â)B̂n−1Âm−1 + {m(δB̂Â)B̂n−2Âm−1 + B̂n−2ÂmB̂}B̂
= m(δB̂Â){B̂n−1Âm−1 + B̂n−2Âm−1B̂} + B̂n−2ÂmB̂2

= m(δB̂Â){B̂n−1Âm−1 + B̂n−2Âm−1B̂ + · · · + B̂Âm−1B̂n−2 + Âm−1B̂n−1} + ÂmB̂n

= mn(δB̂Â)
∫ 1

0
dλ(B̂ − λδB̂)n−1Âm−1 + ÂmB̂n. (B2)

In the last line, the formula (12) was used. This is Eq. (14). �
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APPENDIX C: PROOF OF FORMULA 3

By the interchange between (m, Â) and (n, B̂) in the for-
mula (14), we obtain

ÂmB̂n − B̂nÂm = mn(δÂB̂)
∫ 1

0
dλ(Â − λδÂ)m−1B̂n−1. (C1)

Using this and Eq. (14) itself, we find

mn(δB̂Â)
∫ 1

0
dλ(B̂ − λδB̂)n−1Âm−1

= −mn(δÂB̂)
∫ 1

0
dλ(Â − λδÂ)m−1B̂n−1. (C2)

It is easy to obtain Eq. (16) from this because δB̂Â = −δÂB̂. �

APPENDIX D: EHRENFEST THEOREM AND
NONINTERACTING LIMIT

The quantum canonical equations (69) satisfy the Ehrenfest
theorem. Indeed, we derive classical canonical equations from
the classical Hamiltonian which is obtained by replacing q-
numbers with the corresponding c-numbers in Eq. (68). The
structures of these classical canonical equations coincide with
our quantum canonical equations (69) when the noncommu-
tativity of q-numbers is ignored.

Below Eq. (60) we discussed the desirable property which
should be satisfied in the case of no interaction α = 0. This
property holds in our model. Then the solutions of Eqs. (74)
and (75) are reduced to

x(t ) = X̂C (t ) + M

m + M
q̂(t ) = x0 + p0

m
t,

p(t ) = p̂q(t ) + m

m + M
P̂C (t ) = p0,

X̂ (t ) = X̂C (t ) − M

m + M
q̂(t ) = X̂0 + P̂0

M
t,

P̂(t ) = −p̂q(t ) + M

m + M
P̂C (t ) = P̂(t ).

(D1)

It is easy to confirm that these are the solutions of the clas-
sical canonical equations (62) and the Heisenberg equations

(64). Moreover, the commutation relations of these canonical
variables satisfy Eq. (61) and thus the canonical variables
(x(t ), p(t )) recover commutativity as we expected in the case
of no interaction.

APPENDIX E: CONSERVATION LAWS

In this Appendix the conservation laws of the model in
Sec. VI are discussed. The total momentum conservation is
easily seen from the behavior of P̂C (t ) shown in Eq. (74).

The total energy of this system is defined by the expecta-
tion value of the total Hamiltonian operator 〈�|Ĥ |�〉, where
� is the initial wave function. The time evolution of the
Hamiltonian operator (68) is determined by

d

dt
Ĥ = {Ĥ , Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )). (E1)

Thus, to conserve the energy, {Ĥ , Ĥ}(x(t ),p(t );X̂ (t ),P̂(t )) should
vanish. This however is not trivial because the Poisson bracket
operator is not equivalent to the commutator in the present toy
model, as shown later in Sec. VI B.

To show the energy conservation, we need to calculate
directly the Poisson bracket operators using the Hamiltonian
(68). We then find

{Ĥ , Ĥ}(x(t ),p(t )) = {Ĥ , Ĥ}(X̂ (t ),P̂(t )) = 0. (E2)

In this calculation, we used

∂Ĥ

∂x(t )

{
∂Ĥ

∂ p(t )

}

= α

2

(∫ 1

0
dλ2[x(t ) − λδx̂(t )]

p(t )

m
− X̂ (t )

p(t )

m
− p(t )

m
X̂ (t )

)

= α

2m
{p(t )[x(t ) − X̂ (t )] + [x(t ) − X̂ (t )]p(t )}. (E3)

Therefore, the total energy of this model is conserved.
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