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Verification of joint measurability using phase-space quasiprobability distributions
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Measurement incompatibility is a distinguishing property of quantum physics and an essential resource for
many quantum information processing tasks. We introduce an approach to verify the joint measurability of
measurements based on phase-space quasiprobability distributions. Our results, therefore, establish a connection
between two notions of nonclassicality, namely the negativity of quasiprobability distributions and measurement
incompatibility. We show how our approach can be applied to the study of incompatibility-breaking channels
and derive incompatibility-breaking sufficient conditions for bosonic systems and Gaussian channels. In par-
ticular, these conditions provide useful tools for investigating the effects of errors and imperfections on the
incompatibility of measurements in practice. To illustrate our method, we consider all classes of single-mode
Gaussian channels. We show that pure lossy channels with 50% or more losses break the incompatibility of all
measurements that can be represented by non-negative Wigner functions, which includes the set of Gaussian
measurements.
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I. INTRODUCTION

A fundamentally distinct feature in quantum mechanics
compared to classical physics is the existence of measure-
ments that cannot be performed simultaneously. Examples of
such measurements are those corresponding to observables
that do not commute, such as position and momentum of a
particle [1]. However, commutativity does not entirely capture
the notion of measurement incompatibility: for nonprojective
measurements, described by positive-operator-value measures
(POVMs), one should employ the notion of joint measura-
bility, defined as follows. A set of N measurements, each
of them described by POVM elements Ma|x for outcomes
a and the measurement choice x such that Ma|x � 0 ∀a, x
and

∫
a Ma|xda = I ∀x, with I being the identity operator, is

compatible or jointly measurable if there exists a single mea-
surement described by POVM elements Eλ such that

Ma|x =
∫

λ

π (a|x, λ)Eλdλ, ∀a, x, (1)

where π (a|x, λ) is a probability measure [2]. Otherwise the
set of measurements is called incompatible or nonjointly mea-
surable. Equation (1) implies that all the N measurements
can be implemented by making a single measurement and
classically postprocessing the measurement results according
to the probability π . Measurement with POVM elements Eλ

is known as the mother measurement.

*srahimik@ut.ac.ir

The incompatibility of quantum measurements seems, at
first glance, a limitation. However, with the development of
quantum information science, it was realized that this phe-
nomenon can be used as a resource for applications such
as quantum cryptography [3], quantum state discrimination
[4–6], and quantum communication [7]. Moreover, all the
correlations that can be obtained by making compatible mea-
surements on shared entangled multipartite states can be
classically simulated [8]. This implies that measurement in-
compatibility is a requirement to achieve violations of Bell
inequalities and also steering [9,10]. It is therefore a necessary
resource for the construction of protocols in the one-sided and
fully device-independent scenarios [11–13].

Given the fundamental and applied importance of measure-
ment incompatibility, it is crucial to derive constructions to
identify whether a set of quantum measurements is jointly
measurable and, if this is the case, provide a mother POVM.
A related question concerns the study of measurement incom-
patibility under the action of quantum channels. In general,
noise-free quantum measurements are incompatible. How-
ever, the situation may change significantly in the presence
of imperfections. As shown in Fig. 1, suppose that the mea-
surements described by {Ma|x} are performed at the output
of a fixed quantum channel E . In this case, we can consider
the combination of the channel and the measurements as a
new set of measurements described by measurement opera-
tors {E∗(Ma|x )}. Here, E∗ represents the dual channel, defined
through Tr(E (ρ)Ma|x ) = Tr(ρE∗(Ma|x )) for all ρ. Evidently,
incorporating the quantum channel preserves the joint measur-
ability of the measurements, which can be seen using Eq. (1),
the linearity of the channel, and the fact that {E∗(Eλ)} defines
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FIG. 1. We consider a set of measurements labeled by x, with
POVM elements Ma|x for outcomes a, and a quantum channel E . The
combination of the channel and measurements can be thought of as
a new set of measurements described by POVM elements E∗(Ma|x ).
Using the phase-space formalism, we investigate the effect of the
channel on the incompatibility of measurements.

a valid measurement. However, a quantum channel can have
a destructive effect on the incompatibility of measurements,
and it can make the new set of measurements {E∗(Ma|x )}
jointly measurable. Such channels are known as incompatibil-
ity breaking channels [14], and their characterization is useful
to investigate the effects of noise and errors present in any
realistic experiment on quantum information protocols based
on measurement incompatibility.

So far, most of the existing works studying these ques-
tions have focused on finite-dimensional quantum systems
[15–21]. Much less is known about the compatibility of mea-
surements on infinite-dimensional continuous-variable (CV)
systems, with the exception of the results on particular sets
of measurements such as Gaussian measurements or subsets
of it [22–24]. The question is relevant for a fundamental but
also applied point of view, as these measurements are used
to describe many relevant quantum setups, e.g., CV quantum
optics experiments.

In this work, we present a general method for studying
the joint measurability of a set of measurements based on
phase-space quasiprobability distributions (PQDs) in quan-
tum optics. The method establishes a connection between
two notions of nonclassicality: the negativity of the PQDs
representing the measurement POVM elements, and the in-
compatibility of the measurements. We then show how the
method provides a practical tool for investigating the effects
of noisy channels on the incompatibility of measurements,
and we use it to derive sufficient conditions for a Gaussian
channel to break the incompatibility of different sets of mea-
surements, not necessarily Gaussian. For instance, in the case
of single-mode loss channels, we show that for losses above
or equal to 50%, all measurements with non-negative Wigner
functions become jointly measurable, extending the previous
condition derived only for Gaussian measurements in [23].
Our formalism imposes strong limitations on the usefulness of
sets of measurements on CV systems for quantum information
protocols requiring measurement incompatibility (e.g., one-
side and fully device-independent protocols). Moreover, we
show that our formalism gives an upper bound on the degree
of incompatibility, based on how much noise can destroy
the incompatibility of measurements. This bound is tight for
Gaussian measurements and Gaussian channels.

II. PHASE-SPACE QUASIPROBABILITY DISTRIBUTIONS

We start by recalling the phase-space formalism, which
is at the basis of our results. In this work, we focus on the
well-known class of S-ordered phase-space quasiprobability
distributions [(S)-PQDs] in quantum optics [25–27]. For the
M-mode case, they are defined by the family of operators

�(S)(z) =
∫

d 2My
(2π )2M

D(y) eySyT /4 e−iz�yT
. (2)

Here S is a 2M × 2M symmetric matrix representing the
ordering, and D(y) = exp(−iy�X T ) is the displacement
(Weyl) operator, where X = (x1, p1, . . . , xM , pM ) is the vec-
tor of canonical operators [x j, pk] = iδ j,k , y, z ∈ R2M and

� = ⊕M
j=1

( 0 1
−1 0

)
. Using these operators, the measure-

ment POVM elements can be written as (see [25] and
Appendix A)

Ma|x = (2π )M
∫

d 2Mz W (S)(a|x, z)�(−S)(−z), (3)

where W (S)(a|x, z) = Tr[Ma|x�(S)(z)] is the (S)-PQD repre-
senting the POVM element, and x and a are, in general, vec-
tors of parameters representing the choices of M-mode mea-
surements and their outcomes, respectively. Notice that since
Ma|x is Hermitian, �(−S)(−z) can be replaced with �(−S)(z) in
Eq. (3). Also, the completeness relation for POVM elements
implies (2π )M

∫
daW (S)(a|x, z)=(2π )MTr[�(S)(z)] = 1.

For a given quantum state ρ one can compute the output
probabilities of the measurements using PQDs,

Tr[ρMa|x] = (2π )M
∫

d 2Mz W (−S)(z|ρ)W (S)(a|x, z),

where W (−S)(z|ρ) = Tr[ρ�(−S)(z)] is (−S)-PQD and can be
viewed as the dual of (S)-PQD, representing the state ρ.
W (−S)(z|ρ) is normalized to 1, as

∫
d 2Mz �(−S)(z) = I . For the

special case of S = 0, corresponding to symmetric ordering,
the self-dual PQD is the Wigner function. For S = I2M being
the 2M × 2M identity matrix, PQD becomes the Glauber-
Sudarshan P function [28,29]. For S = −I2M we have the
Husimi Q-function that is always non-negative for all positive
operators [30]. One can verify that if (S̄)-QPD is non-negative,
then all other (S)-QPDs with S � S̄ are given by the convolu-
tion of (S̄)-QPD with a Gaussian function, and hence they are
non-negative as well (see Appendix A).

In general, S can be any matrix, but if the condition S +
i� � 0 holds, then the operators �(−S)(z) are positive and rep-
resent the POVM elements of a Gaussian measurement [31].
To show this, using D(y) exp(−iz�yT ) = D(z)D(y)D†(z) and
Eq. (2), we can write

�(−S)(z) = 1

(2π )M
D(z)MGD†(z), (4)

where MG is an operator with Tr[MG] = 1 and Tr[MGD(y)] =
exp(−ySyT /4). This relation implies that �(−S)(z) � 0 if and
only if MG � 0, which essentially means that MG must be
a Gaussian state, with S being the covariance matrix of the
Wigner function satisfying the uncertainty relation S + i� �
0 [31,32]. Notice that if �(−S)(z) is positive, �(S)(z) cannot be
positive as well because −S + i� � 0 does not hold.
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III. SUFFICIENT CONDITION FOR JOINT
MEASURABILITY

A sufficient condition for a set of measurements to be
jointly measurable follows from the formal analogy between
Eqs. (1) and (3). If for a set of N measurements with opera-
tors {Ma|x}, there exist positive operators �(−S)(−z) such that
W (S)(a|x, z) � 0 ∀a, x, then the set is jointly measurable, as
(2π )MW (S)(a|x, z) can be viewed as the postprocessing of the
outcomes of the mother measurement defined by the operators
�(−S)(−z). We can see that for S = I2M , �(−I2M )(z) is positive
and proportional to the M-mode coherent state. Hence, all
measurements with non-negative P functions, known as clas-
sical measurements, are jointly measurable. This implies that
nonclassicality is an essential feature for the incompatibility
of measurements.

This approach is particularly useful to study which
quantum channels break the incompatibility of a set of mea-
surements. Consider a set of incompatible measurements with
non-negative W (S)(a|x, z) that can be expressed in terms of
operators �(−S)(z), which are not positive. As mentioned
above, the effect of a channel E on these measurements is
described by the dual map E∗, getting

E∗(Ma|x) = (2π )M
∫

d 2Mz W (S)(a|x, z)E∗(�(−S)(z)). (5)

If the channel is such that E∗(�(−S)(z)) become non-
negative bounded operators ∀z, then it breaks the incom-
patibility of the measurements in the set. In this case,
the operators E∗(�(−S)(z)), summing up to the identity∫

d 2Mz E∗(�(−S)(z)) = E∗(I ) = I , form a POVM for the
mother measurement. Notice that if the sufficient condition
is not satisfied, it is not guaranteed that the measurements
remain incompatible. These sufficient conditions for joint
measurability represent our first and most general contribu-
tion, which in particular do not require a Gaussian form of
either the measurements or the channel.

IV. INCOMPATIBILITY BREAKING GAUSSIAN
CHANNELS

We illustrate the power of our approach by considering
the important case of Gaussian channels, which are readily
available in the laboratory and also used to describe errors
in detectors and communication channels. Gaussian channels
transform Gaussian states to Gaussian states and are defined
by two 2M × 2M matrices N and T and a displacement vector
d ∈ R2M [33,34]. Their action can be fully specified by the
application of their dual on the displacement operator

E∗(D(y)) = D(yT )e−yNyT /4−id�yT
. (6)

The complete positivity condition of the channel requires
N + i� − iT�T T � 0.

To study these channels, we make use of the well-known
(S)-PQDs. By inserting Eq. (6) into (2), and using the linearity
of quantum channels, we find that the action of a Gaussian

channel on operators �(−S)(z) is

E∗(�(−S)(z)) =
∫

d 2My
(2π )2M

D(yT )

× exp(−y(N + S)yT /4 − i(d + z)�yT ).
(7)

For the case of S = 0, this operator is positive-definite, cor-
responding to a Gaussian measurement, if N − iT�T T �
0 [31]. Thus, by adding S to this condition, we find that
E∗(�(−S)(z)) define an M-mode Gaussian measurement if

N + S − iT�T T � 0. (8)

This is our second main result, which provides a sufficient
condition for incompatibility breaking Gaussian channels.

Consider a set of incompatible measurements that have
non-negative PQDs W (S̄)(a|x, z), where S̄ � I2M is the or-
dering matrix. The incompatibility of these measurements is
broken by any Gaussian channel with matrices N and T that
satisfy condition (8). Notice that by finding the maximum
ordering matrix S̄ such that the PQDs are non-negative, we
can obtain the minimum N satisfying the condition. The re-
sult is constructive: the positive operators E∗(�(−S)(z)) define
the mother measurement, which corresponds to an M-mode
Gaussian measurement, while the distributions W (S)(a|x, z)
specify the postprocessing of the measurement outputs; see
Eqs. (3) and (5). Conversely, given a Gaussian channel with N
and T matrices, we can see that all measurements whose (S)-
PQDs are non-negative for S � iT�T T − N become jointly
measurable under the action of this channel. This result, in
particular, shows what measurements should be excluded for
steering over noisy channels. In what follows, we focus the
analysis on the important class of single-mode Gaussian chan-
nels, and we use our sufficient condition to investigate their
effects on the incompatibility of measurements.

A. Example I: Single-mode pure loss channels

Consider first the class of lossy channels, which can be
characterized as N = (1 − τ )I2, T = √

τ I2, and d = 0 in
Eq. (6), where τ is the transmissivity of the channel [34,35].
We restrict our analysis to (S)-PQD with S = sI2, which we
denote by (s)-PQD. Then, condition (8) becomes

s � 2τ − 1. (9)

According to this condition, a loss channel with transmissivity
τ breaks the incompatibility of all single-mode measurements
whose W (2τ−1)(a|x, z) are non-negative. Here, to simplify
the notation, we use W (s)(a|x, z) instead of W (sI2 )(a|x, z). In
this case, using Eq. (7), we can see that the mother mea-
surement is heterodyne, E∗(�(1−2τ )(z)) = |z〉〈z|/(2π ), where
|z〉 = D(z)|0〉 is a single-mode coherent state. The case of loss
with excess noise is also discussed in Appendix B.

As an example, let us consider the special class of Gaus-
sian measurements. These measurements have a non-negative
Wigner function, W (0)(a|x, z) � 0. Using the condition (9),
we can see that if the transmissivity τ � 1/2, or in other words
if losses are larger than 50%, all Gaussian measurements
become jointly measurable. The results of [22,24] imply that
this is a necessary and sufficient condition. In fact, our result
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TABLE I. Sufficient criteria for incompatibility breaking of single-mode Gaussian channels. Here, τ is the generalized transmissivity of
the channel, and n̄ � 0 is the thermal occupation number. The matrix Z is the Pauli matrix in the direction of z. The trivial channels A1 and
A2 break incompatibility of all measurements, while the identity channel B2(Id ) does not affect measurement incompatibility. For all the other
channels, our condition (8) sets a lower bound on s for which all measurements with positive (s)-PQD become compatible.

Incompatibility breaking of single-mode Gaussian channels
Class name Consideration The matrix T The matrix N Breaks incompatibility of measurements with positive W (s)(a|x, z) if s satisfies

A1 τ = 0 0 (2n̄ + 1)I2 ∀s
A2 τ = 0 1

2 (Z + I2) (2n̄ + 1)I2 ∀s

B1 τ = 1 I2
1
2 (I2 − Z) s � smin =

√
5−1
2 = 0.618

B2 τ = 1 I2 n̄I2 s � smin = 1 − n̄
B2(Id ) τ = 1 I2 0 ∅
C(Loss) 0 < τ < 1

√
τ I2 (1 − τ )(2n̄ + 1)I2 s � smin = τ (2n̄ + 2) − (2n̄ + 1)

C(Amp) τ � 1
√

τ I2 (τ − 1)(2n̄ + 1)I2 s � smin = 2n̄(1 − τ ) + 1
D τ � 0

√−τZ (1 − τ )(2n̄ + 1)I2 s � smin = 2τ n̄ − (2n̄ + 1)

is more general, as it applies to all measurements with a
non-negative Wigner function, a set that strictly includes the
set of Gaussian measurements. This condition provides a sort
of analog of the detection loophole: when losses are larger
than 50%, no quantum state can violate a steering or Bell
inequality using measurements with a non-negative Wigner
function, such as Gaussian measurements.

It is interesting to note that for measurements whose
(s)-PQDs are non-negative for s � −1 only, such as photon-
counting or photodetection measurements, condition (8) is not
satisfied for any transmissivity 0 < τ � 1. Nonetheless, in a
more realistic scenario, one has to include random counts aris-
ing from dark counts, mode mismatching, and other sources
of noise that affect the measurement [27,36]. Denoting the
probability of the random counts with PD, we can describe
the POVM elements of realistic photodetection (rpd) with
M0|rpd = (1 − PD)|0〉〈0|, and M0̄|rpd = I − M0|rpd, which re-
duces to the ideal photodetection if PD = 0. In Appendix C
we show that the corresponding (s)-PQDs read

W (s)(0|rpd, z) = 1 − PD

π (1 − s)
e−|z|2/(1−s),

W (s)(0̄|rpd, z) = 1

2π
− W (s)(0|rpd, z).

(10)

These (s)-PQDs are both positive for s � 1 − 2(1 − PD).
Comparing with (9), we conclude that the realistic photode-
tection becomes reproducible by heterodyne detection and
classical postprocessing if τ � 1 − (1 − PD). Moreover, this
measurement is compatible with all measurements with a non-
negative Wigner function for τ � min{1/2, 1 − (1 − PD)}.

B. Example II: General single-mode Gaussian channels

Single-mode Gaussian channels can be classified into eight
major groups—up to Gaussian unitaries that will not affect
measurement incompatibility—depending on the matrices
{N, T } which characterize them [34]. By choosing S = sI2,
the condition (8) sets a sufficient criterion for each of these
channels to break incompatibility of measurements whose
(s)-PQD, W (s)(a|x, z), is non-negative. We have summarized
these criteria in Table I.

V. DEGREE OF INCOMPATIBILITY

One can think of measures of incompatibility in terms of
the amount of noise that makes a set of measurements jointly
measurable [16–20]. To define such a measure, one would
need a sufficient and necessary condition for the incompatibil-
ity breaking of a given channel. Our formalism, in general, can
provide an upper bound on the degree of incompatibility of a
set of measurements. However, for a Gaussian channel and a
set of Gaussian measurements, this bound can be tight [23].
For a set of single-mode Gaussian measurements, the maxi-
mum value of the ordering parameter s̄ such that W (s̄)(a|x, z)
are Gaussian functions is 0 � s̄ � 1. Considering a pure loss
channel as an example, and using Eq. (9), we can use the
maximum transmissivity τ̄ = (s̄ + 1)/2 for incompatibility
breaking to define d = 1 − τ̄ = (1 − s̄)/2 as a measure of
incompatibility. For homodyne measurements we have d =
1/2, for heterodyne and other classical measurements d = 0,
and for measurements in the displaced-squeezed vacuum basis
we have 0 < d < 1/2.

VI. DISCUSSION

In this work, we have established a connection between
the negativity of phase-space quasiprobability distributions
and the joint measurability of quantum measurements, both
known as useful resources in quantum information process-
ing. This connection provides a new insight into the problem
of joint measurability and enables us to formalize sufficient
conditions for investigating the effect of quantum channels
on the incompatibility of measurements. Our results are con-
structive in the sense that they specify a mother measurement
and postprocessing for the compatible measurements. The
derived conditions also provide noise thresholds that need to
be satisfied for the observation of Bell or steering inequality
violations using relevant set measurements.

As discussed, the Husimi Q function is non-negative for
all POVM elements, so if E∗(�(I2M )(z)) � 0, the channel
breaks the incompatibility of all measurements. But we know
that Gaussian channels satisfying this condition, i.e., N −
I2M − iT�T T � 0, are also entanglement-breaking channels
[37]. An interesting question is whether there exist quantum
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channels that are not entanglement breaking but break the
incompatibility of all measurements.

Our formalism can be generalized in terms of
other quasiprobability distributions, in particular for
finite-dimensional systems [38,39]. In the general context,
quasiprobability distributions are associated with pairs of
dual frames, {G(λ)} and {F (λ)}, that we can assume to be
normalized:

∫
dλ G(λ) = I and Tr[F (λ)] = 1. Measurement

operators can be expressed as

Ma|x =
∫

dλV (a|x, λ)G(λ), (11)

where V (a|x, λ) = Tr[Ma|xF (λ)] [
∫

daV (a|x, λ) = 1] is a
quasiprobability representation of the POVM elements. Fol-
lowing the same arguments discussed in the paper, if G(λ) are
positive, a set of measurements whose V (a|x, λ) � 0 ∀a, x are
jointly measurable. Likewise, these quasiprobability distribu-
tions can be used to verify incompatibility breaking channels.
The generalization of our formalism and its applications in
quantum protocols deserve further investigation, and we leave
it as a subject for future research.
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APPENDIX A: THE PHASE-SPACE FORMALISM

In the main text, the operators �(S)(z) are used to de-
fine the S-ordered phase-space quasiprobability distributions
[(S)-PQDs], W (S)(O, z) = Tr[O�(S)(z)], corresponding to the
operator O that can be an observable or a density operator.
For a given quantum state ρ and any set of POVM operators
{Ma|x}—with x labeling the specific choice of POVM and a
the different outcomes for that given choice—we are inter-
ested in the outcome probabilities given by the Born rule,

P(a|x) = Tr[ρMa|x]. (A1)

To show how any M-mode operator like ρ can be repre-
sented using (S)-PQDs, we start by expanding the operator in
terms of displacement operators [25]

ρ = 1

(2π )M

∫
d2MyTr[ρD(y)]D(−y), (A2)

where y ∈ R2M . By definition, the (−S)-PQD for the density
operator ρ is given by

W (−S)(z|ρ) = Tr[ρ�(−S)(z)], (A3)

where the operators �(S)(z) are defined as

�(S)(z) =
∫

d 2My
(2π )2M

D(y) eySyT /4 e−iz�yT
, (A4)

with S being a 2M × 2M symmetric matrix that can be asso-
ciated with the ordering of displacement operators. We have

Tr[�(S)(z)] =
∫

d 2My
(2π )2M

Tr[D(y)] eySyT /4 e−iz�yT

= 1

(2π )M
(A5)

since Tr[D(y)] = (2π )Mδ2M (y), and using∫
d2Mze−iz�yT = (2π )2Mδ2M (y), (A6)

we obtain ∫
d2Mz �(S)(z) = I. (A7)

By taking the inverse Fourier transform of Eq. (A3), using
Eq. (A6), one obtains∫

d2Mz W (−S)(z|ρ)eiz�yT = Tr[ρD(y)]e−ySy/4. (A8)

Substituting (A8) into (A2) gives

ρ =
∫

d2MzW (−S)(z|ρ)
∫

d2My
(2π )M

D(−y) eySy/4eiy�yT

= (2π )2M
∫

d2Mz W (−S)(z|ρ)�(S)(z). (A9)

Finally, if we replace this in Eq. (A1), we obtain

P(a|x) = (2π )M
∫

d 2Mz W (−S)(z|ρ)W (S)(a|x, z), (A10)

where (S)-PQDs, W (S)(a|x, z) = Tr[Ma|x�(S)(z)], represent
the POVM elements.

Notice that the relation between two S-ordered and S̄-
ordered PQDs if S̄ − S � 0 can be understood in terms of the
convolution,

�(S)(z) =
∫

d 2Mk
exp (−k(S̄ − S)−1kT )

πM
√

det(S̄ − S)
�(S̄)(z − k).

This implies that (S)-PQD can written as the convolution of
(S̄)-PQD with a Gaussian function, and hence if (S̄)-PQD is
non-negative, all other (S)-PQDs with S � S̄ are non-negative
as well.

APPENDIX B: SINGLE-MODE LOSS CHANNEL
WITH EXCESS NOISE

A more realistic channel compared to pure lossy channels
may also contain some excess noise from the environment.
These channels are characterized by

N = (1 − τ + 2ε)I2, T = √
τ I2, (B1)

with ε � 0 quantifying the excess noise. In this case, our
sufficient condition for incompatibility breaking Gaussian
channels, N + S − iT�T T � 0, now becomes

s � 2τ − 2ε − 1, or τ � s + 2ε + 1

2
. (B2)

Therefore, this channel breaks the incompatibility of all
measurements with a non-negative W (2τ−2ε−1)(a|x, z). As a
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special case, if ε = τ , the incompatibility of all measure-
ments is broken—since the Q-function is always positive.
Nonetheless, for ε = τ one can check that the condition
N − I2M − iT�T T = τ (I2 − i�) � 0 is satisfied, implying
that the channel is also entanglement breaking [37]. To
verify this condition, we can also check when entangle-
ment of two-mode squeezed vacuum states breaks under
the action of such a channel by using the entanglement
criterion for Gaussian quantum systems in [40]. Recall
that the covariance matrix of an M-mode system with
density matrix ρ contains all second-order moments, that
is, σ i j ≡ Tr[ρ{X i , X j}+] − 2Tr[ρX i]Tr[ρX j], where X =
(x1, p1, . . . , xM , pM ), and { , }+ is the anticommutator. In
particular, a two-mode covariance matrix σAB represents a
separable state if and only if LσABL + � � 0 with L =
diag[1 1 1 − 1]. In our case, the covariance matrix of any
two-mode Gaussian state after the application of the channel
on one of the modes is transferred as follows:

σAB → σAB(τ, ε) = (T ⊕ I2) σAB (T T ⊕ I2) + N ⊕ 02,

(B3)

where 02 is the null matrix of dimension 2. Let our input
into the channel be the two-mode squeezed state with the
covariance matrix

σAB =
[

νI2

√
ν2 − 1Z√

ν2 − 1Z νI2

]
, (B4)

where ν � 1 is the squeezing parameter. The output state
reads

σAB(τ, ε) =
[

KI2

√
τ (ν2 − 1)Z√

τ (ν2 − 1)Z νI2

]
, (B5)

with K = 1 + 2ε + τ (ν − 1). One can verify that for η � ε

the smallest eigenvalue of LσAB(η, ε)L + � is always posi-
tive, thus the channel is entanglement breaking. Notice that
separable states cannot be used for quantum steering, which
implies that all local measurements on the party where the
channel is applied become compatible.

APPENDIX C: EXAMPLES OF NON-GAUSSIAN
MEASUREMENTS

1. Ideal and realistic photodetection

The ideal photodetection (ipd) measurement can be de-
scribed by two POVM elements corresponding to no-click or
click:

M0|ipd = |0〉〈0|, M0̄|ipd = I − M0|ipd, (C1)

respectively, where I is the identity operator. By using
Eqs. (A3) and (A4), the (s)-PQD of the POVM element M0|ipd

is given by

W (s)(0|ipd, z) =
∫

d2y
(2π )2

Tr[M0|ipdD(y)]es|y|2/4e−iz�yT

=
∫

dy1dy2

(2π )2
e−(y2

1+y2
2 )/4es(y2

1+y2
2 )2/4

× eiy1z2−iy2z1 = e−|z|2/(1−s)

π (1 − s)
. (C2)

The (s)-PQD of the second POVM element can be obtained as

W (s)(0̄|ipd, z) = Tr[�(s)(z)] − Tr[M0̄|ipd�
(s)(z)]

= 1

2π
− W (s)(0|ipd, z),

(C3)

where in the second line Eq. (A5) is used. Notice that
W (s)(0|ipd, z) is always positive, but W (s)(0̄|ipd, z) has nega-
tivity except for the trivial cases s � −1. Therefore, under the
pure loss channel our sufficient condition of incompatibility
breaking for ideal photodetection and other measurements is
not satisfied.

For the realistic photodetection scenario including the ran-
dom counts, the POVM elements are M0|rpd = (1 − PD)M0|ipd

and M0̄|rpd = I − M0|rpd. The corresponding (s)-PQDs are ob-
tained trivially from the ideal photodetection,

W (s)(0|rpd, z) = (1 − PD)W (s)(0|ipd, z),

W (s)(0̄|rpd, z) = 1

2π
− W (s)(0|rpd, z),

(C4)

as presented in the main text.

2. Thermal photodetection

Here we introduce the thermal photodetection as another
example of non-Gaussian measurements that can become
compatible with all Gaussian measurements under the pure
loss channel. The first POVM element, MT |tpd = e−H/T /Z ,
is a thermal state with H being the Hamiltonian and Z =
Tr[e−H/T ], and the other POVM element is MT̄ |tpd = I −
MT |tpd. The characteristic function of a thermal state, which
is a Gaussian state, can be found using its covariance matrix
σT = coth(1/2T )I2 and reads

Tr[D(y)MT |tpd] = e−ν|y|2/4, (C5)

with ν = coth(1/2T ) � 1. Notice that at zero temperature this
measurement is equivalent to the ideal photodetection. By
using Eqs. (A3) and (A4), the (s)-PQD of MT |tpd is given by

W (s)(T |tpd, z) =
∫

d2y
(2π )2

Tr[MT |tpdD(y)]es|y|2/4−iz�yT

=
∫

dy1dy2

(2π )2
e−ν(y2

1+y2
2 )/4es(y2

1+y2
2 )2/4

× eiy1z2−iy2z1 = e−|z|2/(ν−s)

π (ν − s)
, (C6)

which is always positive. However, the non-negativity of
W (s)(T̄ |tpd, β ) = 1/(2π ) − W (s)(T |tpd, z) requires

2

ν − s
� 1 → s � ν − 2. (C7)

First, notice that, for T = 0, we have ν = 1, hence the
criterion is satisfied only if s � −1. This is indeed what
we found for ideal photodetection. For any other tempera-
ture, however, there exist s > −1 such that the (s)-PQD is
non-negative. To sum up, under the Gaussian channel (B1)
this non-Gaussian measurement becomes compatible with
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Gaussian measurements and all measurements with non-
negative Wigner functions if ν � 2 and τ � (1 + 2ε)/2. More

generally, this measurement becomes compatible with all
Gaussian measurements for τ � min{ 1+2ε

2 , ν−1+2ε
2 }.
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[6] P. Skrzypczyk, I. Šupić, and D. Cavalcanti, Phys. Rev. Lett. 122,
130403 (2019).

[7] L. Guerini, M. T. Quintino, and L. Aolita, Phys. Rev. A 100,
042308 (2019).

[8] A. Fine, Phys. Rev. Lett. 48, 291 (1982).
[9] M. T. Quintino, T. Vértesi, and N. Brunner, Phys. Rev. Lett.

113, 160402 (2014).
[10] R. Uola, T. Moroder, and O. Gühne, Phys. Rev. Lett. 113,

160403 (2014).
[11] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S.

Wehner, Rev. Mod. Phys. 86, 419 (2014).
[12] D. Cavalcanti and P. Skrzypczyk, Rep. Prog. Phys. 80, 024001

(2017).
[13] R. Uola, A. C. S. Costa, H. C. Nguyen, and O. Gühne, Rev.

Mod. Phys. 92, 015001 (2020).
[14] T. Heinosaari, J. Kiukas, D. Reitzner, and J. Schultz, J. Phys. A

48, 435301 (2015).
[15] T. Heinosaari, D. Reitzner, and P. Stano, Found. Phys. 38, 1133

(2008).
[16] T. Heinosaari, J. Kiukas, and D. Reitzner, Phys. Rev. A 92,

022115 (2015).
[17] P. Skrzypczyk and D. Cavalcanti, Phys. Rev. A 92, 022354

(2015).
[18] R. Uola, K. Luoma, T. Moroder, and T. Heinosaari, Phys. Rev.

A 94, 022109 (2016).

[19] J. Bavaresco, M. T. Quintino, L. Guerini, T. O. Maciel, D.
Cavalcanti, and M. T. Cunha, Phys. Rev. A 96, 022110 (2017).

[20] S. Designolle, P. Skrzypczyk, F. Fröwis, and N. Brunner, Phys.
Rev. Lett. 122, 050402 (2019).

[21] A. C. S. Costa, R. Uola, and O. Gühne, Phys. Rev. A 98,
050104(R) (2018).

[22] T. Heinosaari, J. Schultz, A. Toigo, and M. Ziman, Phys. Lett.
A 378, 1695 (2014).

[23] T. Heinosaari, J. Kiukas, and J. Schultz, J. Math. Phys. 56,
082202 (2015).

[24] J. Kiukas, C. Budroni, R. Uola, and J.-P. Pellonpää, Phys. Rev.
A 96, 042331 (2017).

[25] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1882 (1969).
[26] M. Hillery, R. O’Connell, M. Scully, and E. Wigner, Phys. Rep.

106, 121 (1984).
[27] S. Rahimi-Keshari, T. C. Ralph, and C. M. Caves, Phys. Rev. X

6, 021039 (2016).
[28] R. J. Glauber, Phys. Rev. Lett. 10, 84 (1963).
[29] E. C. G. Sudarshan, Phys. Rev. Lett. 10, 277 (1963).
[30] K. Husimi, Proc. Phys. Math. Soc. Jpn. 22, 264 (1940).
[31] J. Kiukas and J. Schultz, J. Phys. A 46, 485303 (2013).
[32] R. Simon, N. Mukunda, and B. Dutta, Phys. Rev. A 49, 1567

(1994).
[33] A. S. Holevo and R. F. Werner, Phys. Rev. A 63, 032312

(2001).
[34] C. Weedbrook, S. Pirandola, R. García-Patrón, N. J. Cerf, T. C.

Ralph, J. H. Shapiro, and S. Lloyd, Rev. Mod. Phys. 84, 621
(2012).

[35] A. S. Holevo, Probl. Inf. Transm. 43, 1 (2007).
[36] S. M. Barnett, L. S. Phillips, and D. T. Pegg, Opt. Commun.

158, 45 (1998).
[37] A. S. Holevo, Probl. Inf. Transm. 44, 171 (2008).
[38] C. Ferrie and J. Emerson, New J. Phys. 11, 063040 (2009).
[39] C. Ferrie, Rep. Prog. Phys. 74, 116001 (2011).
[40] R. Simon, Phys. Rev. Lett. 84, 2726 (2000).

042212-7

https://doi.org/10.1063/1.527487
https://doi.org/10.1103/RevModPhys.74.145
https://doi.org/10.1103/PhysRevLett.122.130402
https://doi.org/10.1103/PhysRevLett.122.130404
https://doi.org/10.1103/PhysRevLett.122.130403
https://doi.org/10.1103/PhysRevA.100.042308
https://doi.org/10.1103/PhysRevLett.48.291
https://doi.org/10.1103/PhysRevLett.113.160402
https://doi.org/10.1103/PhysRevLett.113.160403
https://doi.org/10.1103/RevModPhys.86.419
https://doi.org/10.1088/1361-6633/80/2/024001
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1088/1751-8113/48/43/435301
https://doi.org/10.1007/s10701-008-9256-7
https://doi.org/10.1103/PhysRevA.92.022115
https://doi.org/10.1103/PhysRevA.92.022354
https://doi.org/10.1103/PhysRevA.94.022109
https://doi.org/10.1103/PhysRevA.96.022110
https://doi.org/10.1103/PhysRevLett.122.050402
https://doi.org/10.1103/PhysRevA.98.050104
https://doi.org/10.1016/j.physleta.2014.04.026
https://doi.org/10.1063/1.4928044
https://doi.org/10.1103/PhysRevA.96.042331
https://doi.org/10.1103/PhysRev.177.1882
https://doi.org/10.1016/0370-1573(84)90160-1
https://doi.org/10.1103/PhysRevX.6.021039
https://doi.org/10.1103/PhysRevLett.10.84
https://doi.org/10.1103/PhysRevLett.10.277
https://doi.org/10.11429/ppmsj1919.22.4_264
https://doi.org/10.1088/1751-8113/46/48/485303
https://doi.org/10.1103/PhysRevA.49.1567
https://doi.org/10.1103/PhysRevA.63.032312
https://doi.org/10.1103/RevModPhys.84.621
https://doi.org/10.1134/S0032946007010012
https://doi.org/10.1016/S0030-4018(98)00511-2
https://doi.org/10.1134/S0032946008030010
https://doi.org/10.1088/1367-2630/11/6/063040
https://doi.org/10.1088/0034-4885/74/11/116001
https://doi.org/10.1103/PhysRevLett.84.2726

