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Spin-orbit splitting of Ar+, Kr+, and Kr2+ determined by strong-field ultrahigh-resolution
Fourier-transform spectroscopy
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By the Fourier transform of the yields of Ar2+ and Kr2+ obtained by the pump-probe measurements using
intense near-infrared few-cycle laser pulses, we determined the spin-orbit splitting energies in the electronic
ground states of Ar+, Kr+, and Kr2+ with high precision. For Ar+ and 84Kr+, the spin-orbit splitting energies
for 2P1/2 − 2P3/2 were determined to be 1431.583 33(12) and 5370.296 42(50) cm–1 and the isotope effect was
examined for 83Kr+, 84Kr+, and 86Kr+. For 84Kr2+, the spin-orbit splitting energies for 3P1 − 3P2 and 3P0 − 3P2

were determined to be 4548.2144(40) and 5312.8059(40) cm–1, respectively.

DOI: 10.1103/PhysRevA.104.033516

I. INTRODUCTION

Determination of the splitting energy between the spin-
orbit sublevels of the electronic ground states of rare-gas atom
cations with high precision has been a challenging problem in
high-resolution spectroscopy. Because the optical transitions
between the spin-orbit sublevels are forbidden, the splitting
energies of Ne+ [1], Ar+ [2], Kr+ [3], and Xe+ [4] were
determined by the measurements of the emission transitions
from the electronically highly excited states to the spin-orbit
sublevels. The resolutions achieved by the spectroscopic mea-
surements were on the order of 0.1 cm–1.

In 1985, Yamada et al. recorded the 2P1/2 − 2P3/2 transi-
tions of Ne+ and Ar+ in the IR wavelength region by Zeeman
modulation spectroscopy [5], and determined the spin-orbit
splitting energies of Ne+ and Ar+ to be 780.4240(11) cm–1

and 1431.5831(7) cm–1, respectively. In the 2000s, by high-
resolution photoionization spectroscopy, the energy levels of
the high-lying Rydberg states of the neutral isotope species
of Kr and Xe were determined with uncertainty as small as
10–2 cm–1 [6–12] and the fine-structure splitting energies and
the hyperfine-structure energies of Kr+ [9–12] and Xe+ [7,8]
were determined by Merkt and his co-workers by the analysis
based on multichannel quantum defect theory.

On the other hand, recent advances in ultrashort-pulsed
laser technology enabled us to create an electronic wave
packet composed of the spin-orbit sublevels of rare-gas atom
cations by strong-field ionization [13–19]. Goulielmakis et al.
observed the coherent oscillatory motion of an electron wave
packet created by the strong-field ionization of Kr+ by at-
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tosecond transient absorption spectroscopy [15]. Because
such oscillation appearing in the time domain carries the in-
formation of the spin-orbit levels, the Fourier transform of the
oscillation will give us spectroscopic information with high
precision if the oscillation is recorded for a sufficiently long
period of time.

As has been demonstrated for CH3OH and CH3OH+
[20,21] and D2 and D2

+ [22], spectroscopic information of
atoms and molecules in the frequency domain can also be ex-
tracted with high resolution by the pump-probe measurements
in the time domain in which ultrashort intense laser pulses
are employed. In 2018, we determined the rovibrational level
structure of D2

+ with uncertainty as small as 0.0002 cm–1

by strong-field ultrahigh-resolution Fourier transform (SURF)
spectroscopy [22], in which the yields of D2

+ and D+ created
by the irradiation of the ultrashort pump laser pulse were
probed by the ultrashort probe laser pulse.

In the present study, by SURF spectroscopy using intense
few-cycle near-IR pump and probe laser pulses, we determine
the energy separation between the lowest spin-orbit sublevels
of 2P1/2 and 2P3/2 of Ar+ and that of the Kr+ with uncer-
tainties of 1.2 × 10–4 and 5 × 10–4 cm–1, respectively, and the
energy separation of the lowest spin-orbit sublevels between
3P0 and 3P2 and that between 3P1 and 3P2 of Kr2+ with an un-
certainty of 0.004 cm–1. These uncertainties are significantly
smaller than those reported before by high-resolution Zeeman
modulation spectroscopy (for Ar+) and high-resolution pho-
toionization spectroscopy (for Kr+ and Kr2+).

II. EXPERIMENT

The details of the experimental setup can be found in
Ref. [22]. We introduce linearly polarized near-infrared few-
cycle intense laser pulses (5 fs, 780 nm) into a Michelson
interferometer to produce pump and probe laser pulses and
record the time delay created by the interferometer using a
frequency-stabilized He-Ne laser (HRS015B, Thorlabs, Inc.).
We focus these pulses with the focal intensity of 4.5 ×
1014 W/cm2 onto an effusive molecular beam of a mixture of
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FIG. 1. TOF spectra of Ar (a) and Kr (b) on a logarithmic scale.
The inset in (b) shows the expanded TOF spectrum of Kr2+. The
peaks with an asterisk in (a) are ringing signals of Ar+ and Ar2+

and those in (a) are ringing signals of 84Kr2+ and 86Kr2+ in (b),
originating from the impedance mismatch in the electric circuit in
the detection system.

Ar and D2 with the partial pressure ratio of p(Ar) : p(D2) =
3 : 7 for the measurements of Ar+ and that of a mixture of
Kr and D2 [p(Kr) : p(D2) = 1 : 1] for the measurements of
Kr+ and Kr2+ in a time-of-flight (TOF) mass spectrometer.
We record the yields of doubly charged atomic ions, that
is, Ar2+ for the measurements of Ar+ and 83Kr2+, 84Kr2+,
and 86Kr2+ for the measurements of Kr+, to determine the
energy separations between a pair of the spin-orbit sublevels.
Simultaneously, we record the yield of D2

+ as a function
of the pump-probe time delay for the frequency calibra-
tion of the Fourier transform spectrum of the rare-gas atom
cations.

III. RESULTS AND DISCUSSION

A. Ar+ and Kr+

1. TOF spectra and time-dependent ion yields

Figures 1(a) and 1(b) show, respectively, the TOF spectra
obtained when sample gases of Ar and Kr are irradiated with
few-cycle laser pulses. The highly charged cations up to n = 3
can be seen for Arn+ and those up to n = 4 can be seen for
Krn+. In the inset of Fig. 1, the TOF spectrum for the isotopes
AKr2+ (A = 78, 80, 82, 83, 84, and 86) is shown. The peak

intensities of the isotopes reflect the natural abundance of Kr,
0.35, 2.25, 11.6, 11.5, 57.0, and 17.3% for A = 78, 80, 82, 83,
84, and 86, respectively [23].

As shown in Fig. 2(a), the yields of Ar2+ and 84Kr2+ vary
as a function of the pump-probe delay. The oscillation in the
yield of Ar2+ exhibits the period of ∼23.3 fs, corresponding
to the energy separation of the two spin-orbit levels of 2P1/2

and 2P3/2 of Ar+. The oscillation in the yield of D2
+ exhibits

the period of ∼11.2 fs, which corresponds to the fundamental
vibrational frequency of neutral D2 [24].

The Fourier transform spectra of the ion yields of Ar2+,
84Kr2+, and D2

+ in the pump-probe time-delay range of
∼1 ps < �t <∼ 500 ps are shown in Figs. 2(b)–2(d), respec-
tively. A sharp peak appearing at ∼1430 cm–1 shown in
Fig. 2(b) corresponds to the spin-orbit splitting energy of Ar+.
In the Fourier transform spectrum of 84Kr+ shown in Fig. 2(c),
a sharp peak appears at ∼5370 cm–1 corresponding to the
spin-orbit splitting of 84Kr+, even though the correspond-
ing oscillation in the time domain is not clearly identified
in Fig. 2(a). In Fig. 2(d), the rotational energy separations
assigned to D2 and D2

+ appear in the low-frequency region
(<700 cm–1) and the fundamental vibrational energy separa-
tions of D2

+ can be seen in the range of 1000–1600 cm–1 [22].
In the inset of Fig. 2(d), a well-resolved rotational structure
can be seen at the fundamental vibrational energy separation
of neutral D2.

2. The origin of the yield oscillations

A strong-field ionization of rare-gas atoms induced by
the irradiation of few-cycle laser pulses creates an electron
hole in the outermost valence p orbital as schematically
shown in Fig. 3. Because an electron in the mL = 0 orbital
is preferentially ejected upon the ionization induced by a
pump laser pulse, an electron hole is created in the mL = 0
orbital just after the ionization. According to the Ammosov-
Delone-Krainov (ADK) theory [25,26], the probability of the
ionization from the mL = 0 orbital of Ar and Kr is 11 times
and 9.2 times as large as that of the ionization from mL =
±1, respectively. Because of the existence of the spin-orbit
interaction, the created electronic state, 2P (mL = 0), is not
a stationary state and expressed as a coherent superposition
of the two spin-orbit sublevels, that is, the 2P1/2 and 2P3/2

states. Therefore, the populations in the 2P (mL = 0) state as
well as that in the 2P (mL = 1) state oscillate with the period
corresponding to the energy separation ESO between the 2P1/2

and 2P3/2 state. The oscillation of the populations in the 2P
(mL = 0) and 2P (mL = 1) states appears as the oscillation
of the yield of doubly charged rare-gas atoms produced by
the irradiation of the probe laser pulse. This is because the
ionization probabilities of the 2P (mL = ±1) states to the
doubly charged ions, �±1, are larger than those of the 2P
(mL = 0) states, �0. The ratio �±1/�0 for Ar+ and that for
Kr+ are calculated to be 8.2 and 6.8, respectively, when the
light-field intensity is 4.5 × 1014 W/cm2 as explained below.

The motion of the electron wave packet in a rare-gas atom
cation produced after photoionization can be characterized in
terms of the reduced density matrix [27]. The wave function
of a rare-gas atom ionized to the 2P states and a photoelectron
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FIG. 2. (a) The time-delay dependent ion yield of Ar2+ (black
curve) and 84Kr2+ (red curve) at �t ∼ 500 ps. The ion yield of D2

+

(blue broken line) was used for the fine calibration of the Fourier
transform spectra. Fourier transform spectra of the ion yields are
shown for (b) Ar2+, (c) 84Kr2+, and (d) D2

+. An inset in each
spectrum shows an expanded view of the peak profiles.

FIG. 3. Energy diagram of a rare-gas atom and its cation. The
pump pulse creates 2P (mL = 0) state through a strong-field ioniza-
tion of neutral atoms and the population of the 2P (mL = 0) state
oscillates by the spin-orbit interaction with the period corresponding
to the spin-orbit energy separation of ESO.

can be expressed using the expansion coefficients, aJmJ k , as

|�(t )〉 =
∑
JmJ k

aJmJ kexp

(
− i(EJ + Ek )t

h̄

)
|J, mJ〉|φk〉, (1)

where |J, mJ〉 is the wave function of an electronic eigenstate
of the resultant rare-gas atom cation, EJ is the eigenenergy
for the rare-gas atom cation, |φk〉 is the eigenstate of the pho-
toelectron, and Ek is the eigenenergy for the photoelectron.
The reduced density matrix elements of the rare-gas atom
cation, ρ

mJ ,mJ
′

J,J ′ (t ), are written as

ρ
mJ ,m′

J
J,J ′ (t ) =

∑
k

〈J, mJ |φk|�(t )〉〈�(t )|φk〉|J ′, m′
J〉

= exp

(
i(EJ ′ − EJ )t

h̄

)∑
k

a∗
JmJ kaJ ′m′

J k

= exp

(
i(EJ ′ − EJ )t

h̄

)
ρ

mJ ,m′
J

J,J ′ . (2)

Because the ionization rate of the rare-gas atom cation
can be expressed as a sum of the ionization rate from all
the valence orbitals as proposed in Ref [28], the ionization
probability depends on the electron configuration. When we
denote the ionization rate from the |L, mL, S, mS〉 state as
�+

L,mL,S,mS
, the operator for the ionization rate can be expressed

as

�̂+ =
∑

mL,mS

|L, mL, S, mS〉�+
L,mL,S,mS

〈L, mL, S, mS|, (3)

and the time-dependent rate of the ionization of the cation to
its dication by the pump pulse is given by

�+(t ) =
∑

J,J ′,mJ ,m′
J

〈J, mJ |�̂+|J ′, m′
J〉ρmJ ,m′

J
J,J ′ (t ). (4)

Under the electric dipole approximation, the linearly po-
larized pump pulse introduces the coherence between the
states having the same mL value, and therefore, only the
matrix elements, ρ±3/2,±3/2

3/2, 3/2 , ρ±1/2,±1/2
3/2, 3/2 , ρ±1/2,±1/2

1/2,1/2 , ρ±1/2,±1/2
3/2,1/2 ,

and ρ
±1/2,±1/2
1/2,3/2 can take nonzero values. Therefore, the
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time-dependent ionization rate can be rewritten simply as

�+(t ) =
∑
J,mJ

〈J, mJ |�̂+|J, mJ〉ρmJ ,mJ
J,J

+ 4
√

2

3
(�+

1,1,1/2,1/2 − �+
1,0,1/2,1/2)

× Re

(
ρ

1/2,1/2
3/2,1/2 exp

(
i(E1/2 − E3/2)t

h̄

))
. (5)

Therefore, the ion yield of the dication oscillates with the
period of h

E1/2−E3/2
= h

ESO
when the pump-probe time delay is

scanned, and the amplitude of the oscillation is governed by
the difference between the ionization rate �+

1,1,1/2,1/2 and the
ionization rate �+

1,0,1/2,1/2.
The ionization rate of the |L, mL, S, mS〉 state is represented

as

�+
L,mL,S,mS

=
∑
i, j

(
cL,M

i j

)2
�

j
li,mi

, (6)

where cL,M
i j is the expansion coefficient representing the pro-

jection of the doubly charged rare-gas atom created by the
ejection of the ith electron in a valence p orbital specified by a
set of quantum numbers {li, mi, si, mSi} to the electronic state
j,

cL,M
i j = 〈L′

j, M ′
j |li,−mi, L, M〉〈S′

j, Ms′
j |si,−mSi, S, Ms〉,

(7)
and �

j
li,mi

is the ADK ionization rate for the ejection of the
ith electron to the electronic state j. When the laser inten-
sity is 4.5 × 1014 W/cm2, the ionization enhancement factor
defined as �+

1,1,1/2,1/2/�
+
1,0,1/2,1/2 for Ar+ is calculated to be

�+
1,1,1/2,1/2/�

+
1,0,1/2,1/2 ∼ 8.2 and the ionization enhancement

factor for Kr+ is calculated to be �+
1,1,1/2,1/2/�

+
1,0,1/2,1/2 ∼ 6.8.

As for 83Kr, the ion yields of 83Kr2+ reflects the hyperfine
splitting because of the existence of the nuclear spin. The
oscillation of the ion yield is explained in a similar manner
as in the case of 84Kr as will be discussed in Sec. V.

3. Determination of the spin-orbit splitting

The peaks appearing in the inset of Fig. 2(d) representing
the energy separation among the rotational levels in the vi-
brational ground state of D2 (N = 0, 1, 2) were used for the
calibration of the Fourier transform (FT) spectra as discussed
in Ref. [22]. These peaks were fitted with a function expressed
as

F (ω) = Aeiθ

[
exp

(
−

(
t0
α

)2)
erfcw

(
πα

ω − ω0

�ω
+ t0

α
i
)

− exp

(
−

(
t0 − 1

α

)2

− 2π i
ω − ω0

�ω

)

× erfcw

(
πα

ω − ω0

�ω
− t0 − 1

α
i

)]
, (8)

where

erfcw(z) = 2√
π

e−z2
∫ ∞

iz
e−x2

dx (9)

FIG. 4. The spin-orbit splitting energy, ESO, of (a) Ar+ and
(b) 84Kr+. The gray area indicates the 1σ uncertainty of the averaged
value.

is a scaled complex complementary error function, ω is the
frequency of the Fourier transform spectrum, ω0 is the center
frequency of the peak, �ω is the resolution of the spectrum,
t0 is the center of the Gaussian function in the time domain,
α is the width of the Gaussian function in the time domain, A
corresponds to the amplitude of the peak, and θ is the phase
of the peak (see Appendix A). The frequencies of these three
peaks determined from the least-squares fit were used for the
fine calibration of the wave number of the Fourier transform
spectra using the literature values [29].

The peak appearing in Fig. 2(b) for Ar2+ and the peak
appearing in Fig. 2(c) for 84Kr2+ were also fitted with
the function F (ω) and the spin-orbit splitting energies of
ESO(Ar+) and ESO(84Kr+) were determined.

These measurements were performed 13 times for Ar+

and 14 times for 84Kr+ and the results are plotted as
shown in Fig. 4. The spin-orbit splitting energies were
determined to be ESO(Ar+) = 1431.583 327 cm–1 with the
statistical uncertainty of 8.8 × 10–5 cm–1 and ESO(84Kr+) =
5370.296 42 cm–1 with the statistical uncertainty of 3.8 ×
10–4 cm–1. The origins of the systematic uncertainties asso-
ciated with these spin-orbit splitting values are examined in
the next subsection.

4. Estimation of the uncertainties

The origins of the systematic uncertainty associated with
the determined spin-orbit splitting energies are considered to
be originated from (i) the calibration of the Fourier transform
spectra, (ii) the first-order Doppler shift, (iii) the AC Stark
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TABLE I. Summary of the source of the uncertainty on the spin-orbit splitting of Ar+, Kr+, and Kr2+(10–4 cm–1).

Ar+ 84Kr+ 86Kr+ 84Kr2+

Level 2P1/2 − 2P3/2
2P1/2 − 2P3/2

2P1/2 − 2P3/2
3P1 − 3P2

3P0 − 3P2

Statistical uncertainty, σstat ±0.88 ±3.8 ±5.7 ±40 ±40
Calibration, σcalib ±0.72 ±2.7 ±5.0 ±4.2 ±4.9
First-order Doppler shift, σdop ±0.41 ±1.8 ±0.006 0 0
AC Stark shift, σAC <0.06 <0.3 <0.3 <0.3 <0.4
Zeeman shift 0 0 0 0 0
Total,a σtotal ±1.2 ±5.0 ±7.6 ±40 ±40

aSquare root of the sum of the square of the statistical uncertainty and the systematic uncertainties except for σAC, that is, σtotal =√
σ 2

stat + σ 2
calib + σ 2

dop.

shift, and (iv) the Zeeman shift. Their respective contributions
are described below and are summarized in Table I.

(i) Calibration: The relative uncertainty (�E/E) of the lit-
erature values of the fundamental vibrations of D2 is 5.0 ×
10–8, from which the calibration uncertainty in the spin-
orbit spitting value given by Eso × �E/E can be calculated.
The calibration uncertainties are 7.2 × 10–5 cm–1 for Ar+ and
2.7 × 10–4 cm–1 for 84Kr+.

(ii) The first-order Doppler shift: The first-order Doppler
shift can be expressed as

�E

E
= v̄Calib − v̄Rg

c
sinθ, (10)

where v̄Calib, v̄Rg, c, and θ represent, respectively, the mean
velocity of the calibration gas of D2, the mean velocity of the
rare-gas atoms, the speed of light, and the misalignment angle
between the laser beam and sample beam (<0.01). At room
temperature (300 K), the first-order Doppler shift is estimated
to be <4.1 × 10–5 cm–1 for Ar+ and <1.8 × 10–4 cm–1 for
84Kr+.

(iii) AC Stark shift: The AC Stark shift can be written as

�EStark = −1

2
�αRg+Felec

2 − fRg+

2 fD2

�αD2 Felec
2, (11)

where Felec represents the residual electric-field amplitude and
�α represents the difference between the polarizability in the
upper level and the polarizability in the lower level. The first
term in the right-hand side represents the AC Stark shift of a
rare-gas atom cation and the second term represents the effect
of the AC stark shift of D2. The residual laser-field amplitude
can be estimated to be at most ∼3 × 10–5 a.u., corresponding
to the picosecond pulse contrast of ∼1 × 10–7, and the AC
Stark shift on the FT spectrum is at most ∼6 × 10–6 cm–1 for
Ar+ and ∼3 × 10–5 cm–1 for 84Kr+.

(iv) Zeeman shift: In the present measurement, the geo-
magnetism was not shielded, and the Zeeman shift induced
by the geomagnetism can be estimated to be ∼ ± 1.4 ×
10–5 cm–1 for 2P3/2(MJ = ±1/2). This effect is much smaller
than the resolution of the spectrum, and the center of gravity of
the Zeeman components is not changed by the Zeeman effect
under the first-order approximation. (See Appendix B.)

5. Isotope effects on Kr+

The isotope effect of Kr+ was examined as shown in Fig. 5.
In the case of 86Kr+, the peak position seems to be the same as

that of 84Kr+ as shown in Fig. 5(a) and the peak amplitudes re-
flect their natural abundances. The FT spectrum of 86Kr2+ was
calibrated by using the peak corresponding to the spin-orbit
splitting energy of 84Kr+ in the FT spectrum of 84Kr2+ and the
spin-orbit splitting energy of 86Kr+ is obtained by the fitting to
be ESO(86Kr+) = 5370.295 73(76) cm–1. The sources of the
uncertainty are summarized in Table I. Because the spin-orbit
energy of 84Kr+ is used for the calibration, the first-order
Doppler shift is only 6 × 10–7 cm–1, and the uncertainty of the
spin-orbit splitting energy of 84Kr+ is the uncertainty of the
calibration. The difference between the spin-orbit splitting en-
ergy for 86Kr+ and that for 84Kr+, ESO(86Kr+)−ESO(84Kr+),
is obtained to be −0.00069(57) cm–1 and only the statistical
uncertainty of the measurement of 86Kr+ is the source of the
uncertainty because the calibration was conducted by using
the peak position of 84Kr+ in the spectrum.

This small difference in the energy can be ascribed to the
normal mass shift, δENMS, given by

δENMS = ESOme
(
M−1

86 − M−1
84

)
, (12)

where me and MA are the mass of electron and the mass
of nuclei with a mass number of A, respectively [30]. The
normal mass shift calculated using Eq. (12) becomes δENMS =
−0.0008 cm–1, which is consistent with the experimental
value of −0.000 69(57) cm–1.

For 83Kr, having the nuclear spin of I = 9/2, the peak
of 83Kr+ exhibits a complex structure originating from the
hyperfine splitting. The time evolution of the eigenstate
|J, mJ , I, mI〉 at t = 0 is expressed as

|φJ,mJ,I,mI (t )〉 = exp

(
− iHt

h̄

)
|J, mJ , I, mI〉

=
∑
F,mF

exp

(
− iEJ,Ft

h̄

)
|J, F, mF 〉

× 〈J, F, mF |J, mJ , I, mI〉. (13)

Because the interaction between the nuclear spin and the
laser field is considered to be so small that the magnetic
quantum number of the nuclear spin is not changed by
the interaction, the time-dependent reduced density matrix
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FIG. 5. (a) Fourier transform of the ion yields of 86Kr2+ (black
curve) and 84Kr2+ (red broken curve) for a comparison. (b) Fourier
transform of the ion yields of 83Kr2+. Black circles: The experimen-
tal results. Blue and red sticks: the line strengths of the hyperfine
components, (J = 1/2, F ′ = 5)–(J = 3/2, F) and (J = 1/2, F ′ =
4)–(J = 3/2, F), calculated by using Eq. (16). Blue broken curve:
theoretically obtained spectrum of 83Kr2+, which is a convolution
of the theoretical line strengths and a sinc function. Purple curve:
theoretical spectrum including the effect of the ringing signal of
82Kr2+. (c) The hyperfine structure of 83Kr+. The hyperfine splitting
energies of J = 3/2 and J = 1/2 were taken from Refs. [9] and [12],
respectively.

elements, ρ
mF ,mF

′
J,F,J ′,F ′ (t ), can be expressed as

ρ
mF ,m′

F
J,F,J ′,F ′ (t ) = 1

2I + 1
exp

(
i(EJ ′,F ′ − EJ,F )t

h̄

)

×
∑

mI ,mJ ,m′
J

ρ
mJ ,m′

J
J,J ′ 〈J, F, mF |J, mJ , mI〉

× 〈J ′, m′
J , mI |J ′, F ′, m′

F 〉, (14)

and the time-dependent ionization rate can be described as

�+(t ) =
∑

J,J ′,mJ ,m′
J ,mI

〈J, mJ , I, mI |�̂+|J ′, m′
J , I, mI〉ρmJ ,m′

J
J,J ′,mI

(t ).

(15)
The oscillatory component of Eq. (15) can be described as

�+
AC(t ) = 2

√
2

3(2I + 1)
(�+

1,1,1/2,1/2 − �+
1,0,1/2,1/2)

×
∑

mI ,F,F ′
Re

(
ρ

1/2,1/2
3/2,1/2 exp

(
i(E1/2,F ′ − E3/2,F )t

h̄

))

×
(〈

3

2 J
, F,

(
mI + 1

2

)
mF

∣∣∣∣3

2 J
,

1

2 mJ

, I, mI

〉

×
〈

1

2 J
,

1

2 mJ

, I, mI

∣∣∣∣1

2 J
, F ′,

(
mI + 1

2

)
mF

〉

−
〈

3

2 J
, F,

(
mI + 1

2

)
mF

∣∣∣∣3

2 J
,−1

2 mJ

, I, mI + 1

〉

×
〈

1

2 J
,−1

2 mJ

, I, mI + 1

∣∣∣∣1

2 J
, F ′,

(
mI + 1

2

)
mF

〉)2

.

(16)

The line strengths of the hyperfine components were cal-
culated by using Eq. (16) as shown in Fig. 5(b). The line
positions of the hyperfine components are obtained from the
energy diagram shown in Fig. 5(c). The hyperfine splitting
energies were those reported in Refs. [9,12] and the spin-orbit
splitting energy of 83Kr+ was estimated to be 5370.2968 from
that of 84Kr+ obtained in the present measurement including
the normal mass shift of 0.0004 cm–1. The line strengths were
scaled based on the intensity of the peak in the FT spectrum
of 84Kr2+ and the natural abundances of 83Kr and 84Kr. The
hyperfine line spectrum was convoluted by a sinc function,
which is an instrumental function of FT spectrum, and is com-
pared with the experimental spectrum as shown in Fig. 5(b).
The peaks appearing at 5370.16 and 5370.43 cm–1 in the
convoluted spectrum, corresponding to the quantum beats of
(J = 1/2, F ′ = 5)–(J = 3/2, F) and (J = 1/2, F ′ = 4)–(J =
3/2, F), respectively, can also be seen in the experimental
spectrum.

On the other hand, there is a large discrepancy between
the peak position in the calculated spectrum and that in
the observed spectrum at 5370.3 cm–1. The strong signal at
5370.3 cm–1 in the observed spectrum may be ascribed to a
ringing signal of 82Kr2+. As shown in Fig. 1(b), the signal of
84Kr2+ (M/Z = 42) has also a ringing structure at M/Z∼42.5,
whose peak intensity is 10% of the main peak. Therefore,
it is probable that the ringing signal of 82Kr2+ (M/Z = 41)
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FIG. 6. Energy diagram of Kr2+. The pump pulse creates 3P
(mL = ±1) and the populations of 3P (mL = ±1) state and 3P (mL =
0) state oscillate by spin-orbit interaction with the periods corre-
sponding to E++

SO and E ′++
SO .

overlaps with the main signal of 83Kr2+ (M/Z = 41.5). The
purple curve exhibiting a local maximum at 5370.3 cm–1

shows the convoluted spectrum of 83Kr2+ including 10% of
the spectrum of 82Kr2+, representing the expected ringing
signal of 82Kr2+.

We have examined whether the experimentally obtained
spin-orbit splitting energy of 84Kr+ is affected by the ringing
signal of 83Kr2+ by subtracting 10% of the calculated spec-
trum of 83Kr+ from the experimental Fourier spectrum of the
ion yield of 84Kr2+, and confirmed that the ringing signal can
induce only a negligibly small shift of 5 × 10–5 cm–1 in the
spin-orbit splitting energy obtained by the least-squares fits,
which is one order of magnitude smaller than the uncertainty
(5 × 10–4 cm–1).

B. Kr2+

1. The origin of the yield oscillations associated
with the electron motion in Kr2+

The ionization of Kr by the pump pulse also creates Kr2+

in the lowest electronic 3P states. Because the tunneling
ionization preferentially take place from mL = 0 orbital, the
population of Kr2+ having the orbital angular momentum of
mL = ±1 is much larger than that having mL = 0 just after
the ionization as shown in Fig. 6. The 3P (mL = ±1) state
and the 3P (mL = 0) state are not a stationary state and must
be expressed as a superposition of 3P1 and 3P2 or a super-
position of 3P0 and 3P2. Therefore, the population of the 3P
(mL = ±1) state prepared by the pump pulse is transferred to
the 3P (mL = 0) state and the population of the 3P (mL = ±1)
state and the 3P (mL = 0) state oscillate with the periods
corresponding to the energy separation between 3P1 and 3P2

and the energy separation between 3P0 and 3P2. Because the
ionization probability of 3P (mL = ±1) state by the probe
pulse is lower than that of the 3P (mL = 0) state, the ion yields
of Kr2+ reflects the population of the 3P (mL = ±1) state at
the moment of the irradiation by the probe pulse.

In a similar manner as in Sec. III A 2, the motion of an
electronic wave packet in Kr2+ can be described by using the

FIG. 7. The sum of the FT spectra obtained by the measurement
sets of 84Kr from 5250 to 5450 cm–1 (a) and from 4450 to 4650 cm–1

(b).

reduced density matrix. The ionization rate of Kr2+ to Kr3+

can be written as

�2+(t ) =
∑

J,J ′,mJ ,m′
J

〈
ϕ

mJ
J

∣∣�̂2+∣∣ϕm′
J

J ′
〉
ρ

mJ ,m′
J

J,J ′ (t ), (17)

where

�̂2+ =
∑

mL,mS

|L, mL, S, mS〉�2+
L,mL,S,mS

〈L, mL, S, mS|. (18)

By the ionization of Kr to the doubly charged 3P states, two
coherent pairs of the states, 3P0

0 − 3P0
2 and 3P±1

1 − 3P±1
2 , are

prepared [18]. Therefore, only the matrix elements, ρ0,0
0,2 , ρ0,0

2,0 ,

ρ±1,±1
1,2 , and ρ±1,±1

2,1 have nonzero value in the off-diagonal
elements in Eq. (17). Equation (17) can be expressed as

�̂2+(t ) =
∑
J,mJ

〈
ϕ

mJ
J

∣∣�̂2+∣∣ϕmJ
J

〉
ρ

mJ ,mJ
J,J

+ 2
√

2

3

(
�2+

1,1,1,−1 + �2+
1,−1,1,1 − 2�2+

1,0,1,0

)
× Re

(
ρ0,0

2,0 exp

(
i(E0 − E2)t

h̄

))

+ 2
(
�2+

1,0,1,1−�2+
1,1,1,0

)
Re

(
ρ1,1

2,1 exp

(
i(E1−E2)t

h̄

))
.

(19)

Similar to the case of the singly charged atom, �2+
1,0,1,0 	

�2+
1,1,1,−1 and �2+

1,0,1,1 	 �2+
1,1,1,0. Therefore, the ionization rate

of Kr2+ oscillates with the periods of h
E1/2−E3/2

and h
E1/2−E3/2

,

leading to the oscillation of the yield of Kr3+ by the probe
pulse.
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TABLE II. Comparison of the ESO value of Ar+, Kr+, and Kr2+ (cm–1).

Ar+ 84Kr+ 86Kr+ 84Kr2+

Level 2P1/2 − 2P3/2
2P1/2 − 2P3/2

2P1/2 − 2P3/2
3P1 − 3P2

3P0 − 3P2

This work 1431.583 33(12) 5370.296 42(50) 5370.295 73(76) 4548.2144(40) 5312.8059(40)
Previous studies 1431.583 1(7)a 5370.270(25)b 5370.272(25)b 4548.4c 5312.9c

5370.10c 5370.10c

aReference [5].
bObtained from the ionization energy of Kr to Kr+(2P3/2) [10] and that to Kr+(2P1/2) [12]. The uncertainty was estimated by σ =

√
σ 2

3/2 + σ 2
1/2,

where σJ is the uncertainty of the ionization energy to Kr+(2PJ ).
cReference [3].

2. Determination of the spin-orbit splitting of Kr2+

Figure 7 shows the FT spectrum obtained by the summa-
tion of all the 14 FT spectra used for the determination of the
spin-orbit splitting energies of Kr+ shown in Fig. 4(b). The
peaks corresponding to the energy separations of 3P0 − 3P2

and 3P1 − 3P2 can be seen at ∼5312 cm–1 and 4548 cm–1,
respectively, with the strong peak of the separation of
2P1/2 − 2P3/2 of Kr+ at ∼5370 cm–1. The spectrum was cal-
ibrated by using the peak of Kr+ at 5370.296 42(50) cm–1

determined above. The peaks of Kr2+ were fitted by a sinc
function and the spin-orbit splitting energies were determined
to be E ′

SO(Kr2+) = 5312.8059(40) cm–1 for 3P0 − 3P2 and
E ′

SO(Kr2+) = 4548.2144(40) cm–1 for 3P1 − 3P2. The uncer-
tainties include the statistical uncertainty and the systematic
uncertainties as summarized in Table I. In the case of Ar, the
spin-orbit splitting of Ar2+ was not observed. This is because
the ionization probability of Ar2+ to Ar3+ by the probe pulse
is low.

C. Comparison with the previous values

The spin-orbit splitting energies obtained by the present
study are compared with the literature values in Table II. In
our present measurements, the uncertainties associated with
the spin-orbit splitting energies of Ar+, 84Kr+, and 86Kr+

are of the order of 10–4 cm–1 and the uncertainties have been
reduced by a factor of 6 for Ar+, a factor of 50 for 84Kr+,
and a factor of 33 for 86Kr+. For 84Kr2+, the uncertainties in
the spin-orbit splitting energies are of the order of 10–3 cm–1,
which is two orders of magnitude smaller than those of the
previously reported values.

IV. SUMMARY

We conducted a strong-field ultrahigh-resolution Fourier
transform spectroscopy of Ar+, Kr+, and Kr2+. For Ar+,
84Kr+, and 86Kr+, the spin-orbit splitting energies have been
determined with the relative uncertainties of 1 × 10–7. The
uncertainties have been reduced by a factor of 6 for Ar+ and
by a factor of 50 and 33 respectively for 84Kr+ and 86Kr+

relative to previous determinations.
By comparing the spin-orbit splitting energies of 84Kr+ and

86Kr+, we found that the spin-orbit splitting energy of 84Kr+

is 0.000 69(57) cm–1 larger than that of 86Kr+ and this isotope

shift is consistent with the normal mass shift. In the case of
83Kr+, the peak exhibits complex structure originating from
the hyperfine splitting of 83Kr+ and the split peak structure
was reproduced well by the calculation in which the electronic
wave packet represented by ρ

mJ ,mJ
J,J created by the strong-field

ionization is assumed to be the same as that of 84Kr+.
The spin-orbit splitting of Kr2+ also appears in the FT

spectrum and the energy interval of 3P1 − 3P2 and that of
3P0 − 3P2 are determined with the relative uncertainty of 1 ×
10–6. The present results have revealed that the energy inter-
vals of atomic ions can be determined with ultrahigh precision
by SURF spectroscopy using few-cycle intense laser pulses.
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APPENDIX A: LEAST-SQUARE FITTING
OF THE PEAKS IN FT SPECTRA

When the amplitude of the oscillation component in the
pump-probe signal is constant, a peak in the Fourier trans-
form of the pump-probe signal can be fitted with a sinc
function, which is a Fourier transform of a rectangular func-
tion. However, in the pump-probe measurement of Ar and
D2, the amplitude of the oscillation component monotoni-
cally increases as the time delay increases. The oscillation
amplitude at 400 ps < �t < 500 ps is 20% larger than that at
1 ps < �t < 100 ps in the case of Ar2+ and 10% larger in the
case of D2

+. The increase in the amplitude can be ascribed to
the time-delay dependent pulse duration of the probe pulse. As
the time delay increases, the propagation distance in air of the
probe pulse increases, and the pulse duration can be changed
by ∼0.5 fs by the dispersion of the air [31]. As a result, the
peak intensity of the probe pulse varies.

In order to fit the peaks of the FT spectra, we derived a fit-
ting function. When the oscillation component in time domain
has a slowly varying envelope, G(t ), the fitting function F (ω)
can be obtained by the Fourier transform of a single-frequency
component, Aexp(iω0t + θ ), with the envelope function,

F (ω) =
∫

Aexp(iω0t + θ )G(t )e−iωt dt . (A1)
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FIG. 8. Best-fit curves obtained by the least-squares fit to the peaks assigned to the spin-orbit splitting in the Fourier transform of the ion
yields of (a) Ar2+, (b) 84Kr2+, and (c) 86Kr2+. The residuals of the least-squares fits of the peak profiles of (d) Ar2+, (e) 84Kr2+, and (f) 86Kr2+.
The black and red circles in (a)–(c) represent the real and imaginary components of the FT spectra, respectively. The black and red curves
represent the real and imaginary components of the fitting function given by Eq. (A3). The black and red circles in (d)–(f) represent the real
and imaginary components of the residuals of the least-squares fits with their uncertainties (σ ).

We adopted a truncated Gaussian function as the envelope function,

G(ω) =
{

exp
(−( t−t0T

αT

)2)
(0 � t � T )

0 otherwise
, (A2)

where T is a stroke of the pump-probe delay (∼500 ps). Equation (A1) leads to

F (ω) = Aα
√

π

2
eiθ

[
exp

(
−

(
t0
α

)2)
erfcw

(
πα

ω − ω0

�ω
+ t0

α
i
)

− exp

(
−

(
t0 − 1

α

)2

− 2π i
ω − ω0

�ω

)

× erfcw

(
πα

ω − ω0

�ω
− t0 − 1

α
i

)]
, (A3)

where �ω = 2π/T is a resolution of the Fourier spectrum and erfcw(z) is a scaled complex complementary error function
expressed as Eq. (9). Examples of the least-squares fits of the peaks in the FT spectra and the residual of the least-squares fits are
shown in Fig. 8. The uncertainty in the peak energy and the uncertainty in the residuals were estimated from the root-mean-square
of the spectral intensities in the frequency ranges in which there are no peaks.

APPENDIX B: ZEEMAN EFFECT

Under the magnetic field, the time evolution of the rare-gas atom cations can be written as

|J, mJ〉t = exp

(
− iHt

h̄

)
|J, mJ〉

=
∑

m′′
J ,m′

J

|J, m′′
J〉dJ

m′′
J ,m′

J
(−φ) exp

(
− iEJ,m′

J
t

h̄

)
dJ

m′
J ,mJ

(φ)

EJ,m′
J
= EJ + μBgJBm′

J , (B1)

where dJ
m′

J ,mJ
(φ) is an element of Wigner d matrices, φ is the angle between the laser polarization direction and the direction of

the geomagnetic field, and gJ is the Landé g factor. By adopting Eqs. (B1) to (4), the time-dependent component at ∼5370 cm–1,
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�̂+
AC, is written as

�̂+
AC = 2

√
2

3
(�1,1 − �1,0)

∑
mJ, mJ ′

(
d3/2

m′
J ,1/2(φ)d1/2

mJ ,1/2(φ) − d3/2
m′

J ,−1/2(φ)d1/2
mJ ,−1/2(φ)

)2
Re

(
exp

(
− i

(
E1/2,mJ − E3/2,m′

J

)
t

h̄

)
ρ

1/2,1/2
3/2,1/2

)
.

(B2)

According to Eq. (B2), the Zeeman components (J, mJ ) − (J ′, m′
J ) and (J,−mJ ) − (J ′,−m′

J ) have the same peak amplitudes.
Therefore, the center of the gravity of the Zeeman components is E1/2 − E3/2, which is the same as the spin-orbit splitting energy.
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