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Focusing of Bragg-outcoupled paraxial atom lasers
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We theoretically study the focusing of a quasicontinuous atom laser beam of rubidium-85 (85Rb). A two-state
model analysis based on the Gross-Pitaevskii equation is used which comprises the effects of two-body atom-
atom interactions and three-body recombination losses. Utilizing optical focusing potentials such as harmonic
potentials, the essential factors such as the width, peak density, and atom loss rate of the focused atom laser
beam profile are investigated. Our analysis predicts that using an atom laser offers a dramatic improvement in
resolutions of up to 8 nm.
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I. INTRODUCTION

The development of laser cooling and trapping of atoms
[1–4] has enabled the observation of coherent, wavelike
properties of neutral atoms. Atomic matter waves can be
manipulated with high precision using optical light fields
for advanced atomic physics experiments. Not only has this
innovation brought outstanding applications in quantum com-
puting [5,6], quantum entanglement [7], nonlinear phenomena
[8], and quantum turbulence [9], but it has also been utilized
in the precision measurement of inertial forces using atom
interferometries, such as state-of-the-art measurements of ac-
celerations [10,11], rotations [12,13], gravity [14–16], gravity
gradients [17,18], and magnetic fields [19].

Nonetheless, the controlling of matter waves using opti-
cal potentials opens doors to the requirements of prospective
experiments in atom lithography and nanofabrication; using
a bright, coherent, almost perfectly collimated (extremely
low divergence) ultracold atomic beam derived from a
Bose-Einstein condensate (BEC) [20] in the production of
nanoscale devices is an emerging area providing superior
structure linewidths. This is deemed to break the limitations of
previous atom lithography studies with traditional oven-based
sources [21–26]. In almost all these efforts, the fabricated
structures suffer from high transverse temperatures leading
to divergence of the incoming beam causing a broadening on
the deposited surface. In addition, the chromatic aberration
resulting from a broad longitudinal velocity distribution while
focusing through an optical potential can, in turn, blur the
resolution. However, atom lithography using a low-divergent
atom laser beam [27,28] has the capability to enhance the res-
olution of the deposition process dramatically as it provides a
high flux and a coherently monochromatic collimated beam of
atoms. In 2009, the possibility of nanolithography using mat-
ter waves for coherent patterning of a two-component 87Rb
BEC was proposed using the subwavelength localization via
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adiabatic passage (SLAP) technique [29]. Later, the trapping
of moving ultracold atoms with surface plasmons on a plane
gold surface was demonstrated [30]. It is also worth noting
that atom deposition using propagating BECs has recently
been theoretically considered [31,32], leading to predicted
resolutions of 20 and 9 nm via various external focusing
potential configurations. Moreover, matter-wave lensing has
applications in atom optics in atomtronic waveguides [33].
Using a delta-kick cooling of BECs, the resultant matter
waves were focused in ring-shaped time-averaged adiabatic
potentials [33].

The examination of the evolution of an atom laser is well
established. Riou et al. [34] introduced the ABCD matrices
formalism as analytical tools [35] to estimate the nonin-
teracting atom laser dynamics at different stages of free
propagation. This analysis has been extended perturbatively
beyond the linear regime of propagation to account for in-
teracting atomic clouds [36]. In 2009, utilizing linear ABCD
matrices, Impens investigated the propagation of a paraxial
interacting atomic beam in time-dependent, cylindrical, and
quadratic potentials [37].

The process of extracting a small fraction of the condensate
in the form of an atomic coherent beam without disturbing the
rest of the condensate is known as an outcoupling technique
[38,39]. There are various outcoupling approaches used from
which radio frequency (rf) [38] and stimulated Raman out-
coupling [40] are the well-studied methods. In a rf outcoupled
atom laser [38,41,42], a low-intensity rf field is transmitted
through the BEC causing some of the cloud atoms to flip
their magnetic substate (Zeeman state) from the trapped state
mF = −1 to the untrapped state mF = 0 exiting the BEC.
However, in a stimulated Raman process [40,43,44], atoms are
transferred from the trapping state to nontrapping state using
a Raman transition by crossing, through the condensate, two
counterpropagating tunable lasers of frequencies ω1, ω2 and
wave vectors k1, k2; atoms can undergo Raman transitions
from the trapped state to the untrapped state by exchanging
photons between two lasers. It was understood in [45] that
the angular divergence of a quasicontinuous, rf-outcoupled,
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and free-falling atom laser is dominated by the condensate-
laser interaction during the outcoupling process. Furthermore,
it was demonstrated by Jeppesen et al. [46] that using an
optical Raman transition rather than rf field can eliminate the
diverging lens effect that the condensate has on the outcoupled
atoms, leading to the improvement of the beam quality [47] of
the atom laser.

In this paper, we use a two-state model [48] based on the
Gross-Pitaevskii equation (GPE) [49,50] formulating, specif-
ically, the focusing dynamics of a 85Rb quasicontinuous atom
laser state. We assume that a BEC is confined inside an optical
dipole trap. Utilizing a Bragg diffraction outcoupling tech-
nique [51], a fraction of atoms is scattered from the BEC,
forming an atom laser state while carrying a momentum kick.
While the model considers two-body interatomic interactions
dominated by s-wave scattering [52–55], it is developed to
account for the three-body recombination losses [56–58] as
well as the external focusing potential field. Our model ex-
ploits a harmonic optical focusing potential, with optimal
focal parameters achieved via a classical trajectories approach
[59]. Then, we examine the focusing of atom laser beams
in the context of a focusing potential, two-body interatomic
interactions, as well as three-body recombination losses. The
characteristic factors of deposited structures such as the reso-
lution and peak density are ultimately estimated over a wide
range of two-body interactions, which can be controlled via
a Feshbach resonance [60] within the beam. The influence of
focusing potential geometries, magnitude of Rabi outcoupling
frequency [43,61], and momentum kicks applied to the beam
is the matter of consideration in the numerical simulations.
Within this model, we obtain the requirements of producing
a structure’s resolution of about 8 nm for a focused atom
laser beam.

II. BRAGG OUTCOUPLING FROM A BEC

One way of applying momentum to a condensate trapped
inside an optical dipole trap is via a two-photon scattering
process supplied by two laser fields. In this scenario, atoms
inside the condensate absorb and reemit photons between two
fields and recoil with a magnitude equal to the momentum
difference of two photons. This process is known as the
Bragg scattering of a BEC in which the scattered condensate
(also referred to as the atom laser) will remain in the same
internal state [62]. Bragg diffraction is an efficient outcou-
pling procedure of producing an atom laser [38], and the
main benefit in this process is producing a directed output
beam with an excellent coherence [63] while carrying a large
momentum transfer. As illustrated in Fig. 1, two laser fields
with frequencies ω1 and ω2, and the wave vectors k1 and
k2 at the angle of α, transfer a momentum to the stationary
condensate and kick a fraction of atoms out of the condensate
into a scattered state. The significant difference between the
Raman outcoupling and Bragg scattering (Bragg-outcoupling)
techniques when using 87Rb or 85Rb is that in the former,
the Raman transitions cause some of the atoms to be located
in |5 2S1/2, F = 1, mF = 0〉, whereas in the latter, the Bragg
transitions transfer the outcoupled atoms to the |5 2S1/2, F =
1〉, which means that the magnetic sublevels for F = 1 are
degenerate in the absence of a magnetic field. On the other

BEC
Sca�ered BEC
 (Atom Laser)

FIG. 1. Schematic of the arrangement of the laser fields in Bragg-
outcoupling event.

hand, the two outcoupling schemes are analogous in imparting
a momentum kick to the outcoupled atoms. It is essential to
select the frequency difference ω = ω1 − ω2, which brings
the scattered condensate resonantly to a particular momen-
tum state. In other words, ω needs to be tuned such that the
scattered condensate momentum state ends up on the atomic
energy-momentum parabola as depicted in Fig. 2, where the
Bragg transitions for the case of n two-photon transitions
bringing the scattered BEC to its final momentum state are
displayed. To derive the resonance condition, we assume a
sequence of n two-photon transitions is incident to the conden-
sate at rest inside a dipole trap. In each two-photon transition,
the momentum and energy delivered to the condensate by the
fields are given by h̄(k1 − k2) and h̄ω, respectively. By the
nth process, the recoil condensate (scattered condensate) in its

FIG. 2. Schematic illustration of n two-photon Bragg scattering
process. The upper and lower solid curves (5 2P3/2 and 5 2S1/2 states)
show the internal states in terms of energy and momentum for 87Rb.
The single black dot on the energy-momentum parabola indicates
the final momentum state arising from the total energy conservation
corresponding to the Bragg resonant transition. The magnitudes of
energy and momentum transferred to atoms in each two-photon event
are dependent on the value of the resultant wave number q and,
consequently, the angle between lasers, α. For every two-photon
process, the associated detuning from resonance is depicted by �i,
where i = 1, . . . , n.
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final momentum state carries the total momentum and energy
of

precoil = nh̄(k1 − k2) = nh̄q, (1)

E = nh̄ω, (2)

where |q| = 2k sin(α/2) for |k1| = |k2| ≈ k, where k =
2π/λ and λ is the wavelength of the light. The recoil action
appears as the kinetic energy of the scattered BEC,

Erecoil = p2
recoil

2m
, (3)

where m is the atomic mass. According to the conservation
of energy and momentum, by equating the energy provided
by the fields in the n two-photon processes, given by Eq. (3),
with the recoil energy, given by Eq. (2), one can obtain the
Bragg resonance condition [62],

ωres = nh̄q2

2m
. (4)

The resonance condition for the case of an n two-photon
transition is shown in Fig. 2. The first n − 1 transitions do not
end up on the energy-momentum parabola curve, and there-
fore are not satisfied energetically by the resonance condition,
given by Eq. (4). However, the last two-photon transition (the
nth transition) allows energy and momentum conservation
satisfying the resonance condition, and hence the transition
|0〉 −→ |nh̄q〉 in momentum space occurs.

III. TWO-STATE MODEL FOR THE BEC
AND ATOM LASER

The incident Bragg pulses to the BEC create a standing
wave potential encapsulating the condensate. The Gross-
Pitaevskii equation for the ground state of a condensate when
exposed to an optical dipole potential produced by Bragg
pulses is estimated [64] as

ih̄
∂ψ (r, t )

∂t
= − h̄2

2m
∇2ψ (r, t ) + VT (r)ψ (r, t )

+Vopt(r, t )ψ (r, t ) + u|ψ (r, t )|2ψ (r, t ), (5)

where h̄ and m are, respectively, Planck’s constant and the
atomic mass for rubidium-85, and VT (r) = m[ω2

x x2 + ω2
y y2 +

ω2
z (z)2]/2 is the harmonic trapping potential. The mean-field

potential term is described by u|ψ (r, t )|2, where u = 4π h̄2as
m

is the interatomic interaction strength, |ψ (r, t )|2 is the atomic
density, and as is the s-wave scattering length [52–55]. The
optical potential for the ground state in an interaction picture
is represented by

Vopt(r, t ) = 2h̄	(t ) cos(q · r − ωt ), (6)

where 	(t ) represents the two-photon Rabi frequency.
Since the magnitude of the recoil momentum of the Bragg

scattering is much larger than the momentum width of the
initial condensate, the scattered states accompanied by dif-
ferent momentum values are distinguishable in momentum
space, φn(k, t ), and consequently in position space, ψn(r, t )
[65]. According to the slow-varying envelope approximation
[66], the total wave function of the system, ψ (r, t ), consisting
of n-wave packets moving with different central momenta,
pn = nh̄q, can be written as

ψ (r, t ) =
∑

n

ψn(r, t ) exp[in(q · r − ωt )], (7)

where ψ0(r, t ) is the stationary “mother” BEC with a momen-
tum wave packet centered at zero, whereas ψ1(r, t ), ψ2(r, t ),
..., ψn(r, t ) are the scattered wave packets (atom laser states)
with the momentum value of |p1| = h̄|q|, |p2| = 2h̄|q|, ...,
|pn| = nh̄|q| in two-photon, four-photon, ..., 2n-photon pro-
cesses, respectively.

The relation between the complete wave function of the
system, ψ (r, t ), and the partitioned wave functions, ψn(r, t ),
is achieved using a number of transforms. First, a direct
Fourier transform F transfers the wave function, ψ (r, t ), into
momentum space forming the total momentum wave function
of the system, φ(k, t ). Second, this becomes restricted to a
specific domain in momentum space, Kn, resulting in the
partitioned momentum wave functions, φn(r, t ). Finally, an
inverse Fourier transform F−1 provides ψn(r, t ) by trans-
ferring back the momentum space into position one. The
procedure is mathematically represented by the following:

F−1{Kn[Fψ (r, t )]}
= 1

(2π )3

∫
Kn

dk eik·r
∫

dr′e−ik·r′
ψ (r′, t ). (8)

Using Eqs. (7) and (8), the serial operators can be acted on
both sides of Eq. (5), resulting in the GPE for the partitioned
position states as

ih̄
∂ψn(r, t )

∂t
=

[
− h̄2

2m
∇2 + VT (r) + nh̄ωres + u|ψ (r, t )|2

]
ψn(r, t ) + h̄	(t )(ei(q·r−ωt )ψn+1 + e−i(q·r−ωt )ψn−1). (9)

Considering the case of Bragg scattering via a two-photon
(n = 1) transition, and choosing ω to satisfy the Bragg res-
onance condition, the coupling between |ψ0〉 ↔ |ψ1〉 (or the
momentum transition |0〉 ↔ |h̄q〉) can be held while all cou-
plings to other |ψn〉 are neglected. In this case, Eq. (9) is
split into a set of two equations for n = 0 (corresponding to
zero momentum) and n = 1 (corresponding to the momentum
value of h̄|q|) which describe the stationary condensate and
atom laser states, respectively. In this instance, using Eq. (7),

the nonlinear term in Eq. (9) can be expanded to

ψn|ψ |2 = ψn(ψ0 + ψ1ei(q·r−ωt ) )(ψ∗
0 + ψ∗

1 e−i(q·r−ωt ) ), (10)

which, for the cases of n = 0 and n = 1, reduces to

ψ0|ψ |2 = (|ψ0|2 + |ψ1|2)ψ0, (11)

ψ1|ψ |2 = (|ψ0|2 + |ψ1|2)ψ1, (12)
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in which the term 2Re(ψ0ψ
∗
1 e−i(q·r−ωt ) ) has been ignored by

making the rotating-wave approximation (RWA). It is also
worth considering the three-body losses component for the
atom laser state indicated by ψn|ψ |4. Similarly, using Eq. (7),
one can write

ψn|ψ |4 = ψn(ψ0 + ψ1ei(q·r−ωt ) )2(ψ∗
0 + ψ∗

1 e−i(q·r−ωt ) )2.

(13)

Expanding Eq. (13) and using the RWA, the fourth-
order nonlinear term for the case of n = 1 can be

written as

ψ1|ψ |4 = (|ψ0|4 + |ψ1|4 + 4|ψ0|2|ψ1|2)ψ1. (14)

We note that the ψ0|ψ |4, i.e., the BEC state, has been ignored
due to the fact that no loss is considered within the BEC over
the evolution time since, in experiments, the BEC is produced
constantly with a fixed flux.

Ultimately, considering Eqs. (11), (12), and (14), and also
extending the problem to the n two-photon case, one can
achieve the evolution equations for the BEC, ψ0, and atom
laser, ψn, states in an n two-photon Bragg process as

ih̄
∂ψ0(r, t )

∂t
=

{
− h̄2

2m
∇2 + VT (r) + u[|ψ0(r, t )|2 + |ψn(r, t )|2]

}
ψ0(r, t ) + h̄	(t )ein(q·r−ωt )ψn(r, t ), (15)

ih̄
∂ψn(r, t )

∂t
=

{
− h̄2

2m
∇2 + Fg + n2h̄2q2

2m
+ Uf (x, z) + u[|ψ0(r, t )|2 + |ψn(r, t )|2]

− iK (|ψ0|4 + |ψn|4 + 4|ψ0|2|ψn|2)

}
ψn(r, t ) + h̄	(t )e−in(q·r−ωt )ψ0(r, t ), (16)

where K indicates the three-body losses rate, which for the
85Rb condensate is 4 × 10−41 m6 s−1 [67–69], and nh̄ωres =
n2 h̄2q2

2m [see Eq. (4)]. Since the atom laser propagates freely
under gravity along the z direction, g = gẑ, the trapping
potential has been replaced by the gravitational potential,
Fg = mg · r = mgz, in the atom laser evolution equation
[Eq. (16)], where g = 9.8 m/s2. The term Uf (x, z), considered
in Eq. (16), represents the external focusing potential, which
will be discussed in Sec. IV. Equations (15) and (16) should be
simultaneously solved to study the dynamics of the “mother”
condensate and resultant atom laser.

IV. THE FOCUSING POTENTIAL

We assume an optical focusing potential, Uf (x, z), created
by two counterpropagating laser lights resulting in a standing
wave. The electric field induces a dipole moment in the atoms
within the atomic beam. The interaction between the dipole
moment and the electric field causes a dipole force [70] with
a gradient towards the nodes or antinodes of the laser light
intensity. The resultant focusing potential [71] is introduced
as

Uf (x, z) = h̄�

2
ln

[
1 + γ 2

γ 2 + 4�2

I (x, z)

Is

]
, (17)

where � denotes the detuning of the laser frequency from
the atomic resonance, γ = 38 MHz the natural linewidth
of the D2 atomic transition of 85Rb, and Is = 1.67 mW/cm2

is the saturation intensity of the associated transition. The
potential intensity profile is chosen to be harmonic shaped
along the x axis (the focusing direction) with a single node
at x = 0, which can be practically structured using a spatial
light modulator [72,73]. Assuming a Gaussian distribution
along the z axis (the direction of the falling atom laser beam),
this leads to I (x, z) = I0 exp(−2z2/σ 2

z )(k2x2), where I0 is the
maximum intensity of the harmonic profile, σz is the radius
of the beam at the 1/e2 value of the maximum intensity,

k = 2π/λ determines the strength of the harmonic focusing,
and λ is the wavelength of the field.

By treating the atom dynamics as classical particle trajecto-
ries, the optimal laser power needed to focus the atoms at any
desired spot along the focal axis (z axis) can be determined
[31,32,59],

P0 = ξ
π

4

E0

h̄�

γ 2 + 4�2

γ 2

Is

k2
, (18)

where E0 is the initial kinetic energy of the atoms and ξ

is a dimensionless parameter. The power relates to the peak
intensity via I0 = 8P0/πσ 2

z . A value of ξ = 5.37 is deter-
mined by solving the classical equations of motion for atomic
trajectories and optimally focuses the atoms onto the plane
located at the center of the focusing potential along the focal
z axis. The selection of lower values of ξ (smaller powers)
leads to focusing on planes below the center of the focusing
potential along the z axis.

V. RESULTS AND DISCUSSION

The dynamics of an atom laser beam can be specifically
analyzed in three individual regions [39] shown in Fig 3: The
Wentzel-Kramers-Brillouin (WKB) zone is the area inside the
BEC between the outcoupling surface [41] and bottom of
the condensate. The early stages of propagation immediately
below the bottom of the BEC are called the Fresnel-Kirchhoff
zone, and the paraxial zone is where the atom laser has
traveled sufficiently below the condensate. We utilize the two-
state model described in Sec. III [see Eqs. (15) and (16)] to
numerically acquire the atom laser wave function over the
entire path considering the two-body interactions and three-
body losses.

In the following, the evolution of a quasicontinuous atom
laser in both the absence and presence of a focusing potential
is discussed.
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FIG. 3. Schematic of the atom laser operation in three differ-
ent regions: (I), (II), and (III) indicate the WKB inside the BEC,
Kirchhoff, and paraxial regimes, respectively. The solid blue sphere
shows the BEC, while the solid dark-blue arrow along the z axis
depicts the atom laser beam. The harmonic focusing potential has
been illustrated from the top view (x − z plane) by the two shaded
oval areas at the bottom of the figure. The intensity of the potential
reaches its maximum value at the black spots, whereas the minimum
intensity occurs between the two peaks.

A. Atom laser properties without focusing

We consider a cigar-shaped 85Rb BEC elongated along
the loose trap axis y, while having a circular symmetry
along the x and z axes, following Refs. [39,74]. The trap-
ping potential providing such a BEC geometry includes the
tight radial frequencies of ωx = ωz = 2π × 70 Hz and axial
frequency of ωy = 2π × 10 Hz. The BEC is set to have a
fixed scattering length of (as)BEC = 100a0 = 5.291 nm and is
loaded with a constant flux such that the number of atoms,
N0 = 105, remains constant. Reaching a steady-state BEC
can be experimentally achieved either through continuously
feeding atoms into a magnetic trap by keeping the rf field
fixed [75] or via optical pumping techniques using the sponta-
neous emission of photons [76]. To produce a quasicontinuous
atom laser beam, we choose two continuous Bragg pulses
of the wavelength λ = 780.027 nm propagating at an angle
of α = 180◦ towards each other, resulting in |q| = 1.611 ×
107 m−1. Second, we adjust the default outcoupling res-
onance width to be �z=50 nm requiring a constant Rabi
frequency of 	 = 0.669 kHz acquired by �z = −2g/ω2

z +
2
√

g2/ω4
z + h̄	/mω2

z , introduced in Ref. [43]. The BEC and
atom laser density profiles in the (x, z) plane, ρ(x, z), in

position space within a two-photon Bragg process when the
s-wave scattering length within the beam is set to (as)Laser =
100a0 and (as)Laser = −100a0 are displayed in Figs. 4(a),
4(b) and 4(c), 4(d), respectively. The beam is Bragg kicked
by p = h̄|q| = 2h̄k, outcoupled from the BEC, and travels
a total distance of dz = 300 μm, from z1 = 150 μm (where
the outcoupling resonance is located) to z2 = −150 μm [see
Figs. 4(b) and 4(d)]. In each simulation, the atom laser
starts propagating at an initial velocity of vi = 1.18 cm/s,
while it completes the traveled path at a final velocity of
v f = 7.76 cm/s.

For a free propagating atom laser, we have provided the
associated results for the beam width �x, beam momentum
width �vx, and beam quality factor [39] M2 = 2

h̄�x�px

(where �px = m�vx) for (as)Laser = 100a0, 0,−100a0 in
Figs. 4(e)–4(g), respectively. As illustrated in the three graphs,
the outcomes of the Fresnel-Kirchhoff and paraxial regions
are distinguished by the blue (0 � z � 140 μm) and red
(−140 � z < 0 μm) curves, respectively. As expected, there
is a striking difference in trend of the results between the
two regions, which justifies the reason for classifying the
beam evolution investigation into these individual regimes.
Although the beam width for a repulsive, (as)Laser = 100a0,
a noninteracting, (as)Laser = 0, and an attractive, (as)Laser =
−100a0, atom laser beam has a universal descending trend
in the Fresnel-Kirchhoff regime, it undergoes a change in the
paraxial zone depending on the beam interaction strength. The
reason for the reduction in the beam width at early stages of
propagation immediately after outcoupling results from the
confinement of the BEC in an optical dipole trap as well
as the imparted momentum kick to the outcoupled atoms
[77]. However, for smaller and negative values of s-wave
interactions [i.e., (as)Laser = 0a0 or −100a0], the beam width
declines more significantly by traveling distance in the Kirch-
hoff regime (blue curves) compared to larger and positive
interactions [i.e., (as)Laser = 100a0] [see Fig. 4(e)]. The solid
black lines provide a linear fit to the curves measuring the
beam divergence angle for each specific interaction strength
such that the sharpest angle, θ = −5.277 mrad, relates to the
most attractive atom laser beam, (as)Laser = −100a0, and the
lowest angle, θ = −3.012 mrad, corresponds to the repulsive
beam, (as)Laser = 100a0. However, the situation is noticeably
different in the paraxial regime. When setting the beam scat-
tering length to (as)Laser = 100a0, the beam starts diverging
once it enters the paraxial region, yielding a beam diver-
gence angle of θ = 0.757 mrad. While this angle decreases to
θ = 0.184 mrad by turning down the beam scattering length
to (as)Laser = 0a0, it is still positive, meaning that the beam
is slightly diverging in the paraxial regime. Nevertheless,
it appears that negative interactions provide a converging
beam as the angular divergence is negative, θ = −0.243
mrad, when (as)Laser = −100a0. The resultant beam widths
at z = −140 μm within the paraxial regime are achieved as
�x = 2.990, 2.332, and 1.741 μm for (as)Laser = 100a0, 0,
and −100a0, respectively.

We now consider the beam momentum width for the same
interaction strengths. Figure 4(f) illustrates the variation of
transverse velocity width �vx against the longitudinal path z.
Overall, one can clearly understand that �vx for the case of
a noninteracting beam, (as)Laser = 0, has the smallest values
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FIG. 4. (a),(c) BEC and (b),(d) atom laser density profiles, indicated by the color map, in position space in the x − z plane (cross-section
view), where (a),(b) (as )Laser = 100a0 and (c),(d) (as )Laser = −100a0. The profile has been integrated over the y axis in position space. The
atom laser is outcoupled from the BEC using two Bragg photons, kicked by p = 2h̄k, and travels for a total distance of dz = 300 μm. (e)
beam width, (f) beam momentum (transverse velocity) width, and (g) beam quality factor as a function of longitudinal path z for three different
s-wave interaction strengths, (as )Laser = 100a0, 0, and −100a0, within the atom laser beam. In (e)–(g), the Fresnel-Kirchhoff (0 � z � 140 μm)
and paraxial (−140 � z < 0 μm) zones are distinguished by the blue and red colors, respectively. Each black solid line in (e) is a linear fit
to the corresponding curve estimating the associated beam divergence, θ , in both zones. Parameters used in the simulations are N0 = 105,
(as )BEC = 100a0, p = 2h̄k, �z = 50 nm, 	 = 0.669 kHz, a0 = 5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.
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over the traveling path (�vx = 0.260 and 0.263 mm/s at
z = 140 and −140 μm, respectively). However, boosting the
interaction strength, whether positively or negatively, results
in an alteration in transverse velocities so that for stronger
interactions [i.e., (as)Laser = 100a0 and −100a0], the variation
of �vx becomes significant. In the Kirchhoff zone, the beam
transverse velocity width has an upward and downward trend
by distance for (as)Laser = −100a0 and (as)Laser = 100a0, re-
spectively, leading to greater values for an attractive atom
laser beam. This implies that larger changes in transverse
velocities occur for an attractive beam than for a repulsive
one over the Kirchhoff region. In the paraxial regime, while
�vx has an ascending trend for (as)Laser = 100a0, it slightly
decreases for an attractive beam so that they almost tend to
the same value, �vx ∼ 0.317 mm/s, at z = −140 μm.

To study the beam spatial mode, the results for the beam
quality factor, M2, as a function of longitudinal distance are
shown in Fig. 4(g) using the associated data from �x and
�px [see Figs. 4(e) and 4(f)]. According to the graph, in the
paraxial zone, the largest and smallest values for the beam
quality parameter are acquired when the interactions are set to
(as)Laser = 100a0 and (as)Laser = −100a0, respectively, mean-
ing that an attractive beam can provide one with a better beam
spatial mode since the related M2 values are closer to the
minimum Heisenberg uncertainty. While the trend is almost
the case at late stages of the Kirchhoff zone (i.e., 0 � z �
50 μm), it is seen that the M2 results for (as)Laser = −100a0

are slightly greater than those of (as)Laser = 0 in a distance
interval of 50 < z � 140 μm. Last but not least, similar to
the beam widths in the paraxial regime, for (as)Laser = 100a0,
0, and −100a0, respectively, a considerable increase (leading
to M2 = 2.62 at z = −140 μm), a slight increase (leading to
M2 = 1.69 at z = −140 μm), and a smooth descent (lead-
ing to M2 = 1.5 at z = −140 μm) are observed in the beam
quality outputs. However, they all decrease in the Kirchhoff
region, signifying that the beam quality improves as it travels
further from the bottom of the condensate within this zone.

B. Atom laser properties with focusing

We now consider the presence of the focusing potential
in estimating the dynamics of a propagating atom laser. Fig-
ures 5(a)–5(c) depict an atom laser that is Bragg kicked by
p = h̄|q| = 2h̄k outcoupled at z = 150 μm from the outcou-
pling surface of a thickness of �z = 40 nm, and is aimed
to be optimally focused at z = −150 μm [see Figs. 5(a) and
5(b), the BEC and atom laser density profiles]. The focus-
ing potential field is red detuned by � = 200 GHz from the
5 2P3/2 level in the 85Rb D2 transition, while it consists of
a wavelength of λ = 400λD2 = 312 μm and a radius size of
σz = 25 μm. Given the values of Is = 16.7 W/m2 and γ =
38 MHz for the 85Rb D2 line, selecting ξ = 5.37 provides
an optimal power of P2h̄k = 2.433 mW for focusing the beam
at the center of potential, z = −150 μm [see Eq. (18)]. The
maximum intensity value at the two adjacent peaks separated
by λ/2 = 156 μm is estimated as I0 = 8P2h̄k/πσ 2

z = 9.91 ×
106 W/m2 [see Fig. 5(c), the focusing potential intensity pro-
file]. In this example, the scattering length within the BEC
and atom laser is chosen as (as)BEC = 100a0 and (as)Laser =
−300a0 such that the latter provides a self-focusing for the

FIG. 5. Simulation of an atom laser beam outcoupled from a
BEC optimally focused by a harmonic optical focusing potential.
(a),(b) The trapped BEC and atom laser density profiles highlighted
by the corresponding color maps. (c) The focusing potential in-
tensity profile determined by the color map. The BEC and atom
laser profiles have been integrated over the y axis. The atom laser
is outcoupled from the BEC at z = 150 μm by a Bragg kick of
p = 2h̄k corresponding to an initial velocity of vi = 1.18 cm/s. It
is then accelerated under gravity and arrives by v f = 7.76 cm/s
at z = −150 μm to be focused by the potential whose maximum
intensity is I0 = 9.91 × 106 W/m2 at x = ±λ/4 = ±78 μm. The
parameters used in the simulation are N0 = 105, �z = 40 nm,
	 = 0.535 kHz, σz = 25 μm, λ = 312 μm, Is = 16.7 W/m2, γ =
38 MHz, � = 200 GHz, (as )BEC = 100a0, (as )Laser = −300a0, a0 =
5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.

beam in addition to the focusing arising from the external
optical potential.

To have a distinct understanding of the self-focusing effect,
we have also carried out simulations for a repulsive beam,
(as)Laser = 100a0, using the same parameters. Figures 6(a)
and 6(b) show a 3D view of the atom laser density profile
focused optimally at z = −150 μm when setting (as)Laser =
100a0 and −300a0, respectively. Applying an appropriate
Gaussian fit to each focused profile at the focal point (z =
−150 μm) along the x axis, one can estimate the value of the
full width at half maximum (FWHM) for both repulsive [see
Fig. 6(c)] and attractive [see Fig. 6(d)] beams. This results
in 13.2 and 8.04 nm linewidths, respectively, which indicates
that an attractive beam provides a superior resolution. Further-
more, as seen through Figs. 6(a)–6(d), focusing a beam with
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FIG. 6. Three-dimensional (3D) view of the (a) [as]Laser = 100a0 and (b) [as]Laser = −300a0 atom laser profiles in the focusing process as
well as their focused profiles along the x axis at z = −150 μm for (c) [as]Laser = 100a0 and (d) [as]Laser = −300a0. In (c) and (d), the solid
blue curves indicate the 1D density profiles and the dashed red curves illustrate the Gaussian fits. The values of peak density and FWHM
for [as]Laser = 100a0 and [as]Laser = −300a0 are, respectively, achieved as 296.3 atoms/μm2, 13.2 nm and 605.1 atoms/μm2, 8.04 nm. The
parameters used in the simulations are N0 = 105, �z = 40 nm, 	 = 0.535 kHz, σz = 25 μm, λ = 312 μm, Is = 16.7 W/m2, γ = 38 MHz,
� = 200 GHz, (as )BEC = 100a0, (as )Laser = −300a0, a0 = 5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.

a high value of negative scattering length results in a signifi-
cantly higher peak density, which for our case is obtained as
605.1 atoms/μm2 for (as)Laser = −300a0 compared to 296.3
atoms/μm2 for (as)Laser = 100a0.

1. Impact of varying the focusing potential parameters

We now investigate the influence of using various fo-
cusing potential parameters such as different potential radii
and wavelengths. Since the potential slit size is estimated by
D = λ/2, varying such a factor enhances focusing. Moreover,
factors such as the potential power and maximum intensity
are dependent on the wave number and radius of the potential.

Hence, evaluating these possibilities would deliver a clear
perspective of an optimal focusing potential.

a. Potential radius size. For this purpose, we first conduct
three simulations associated with different potential radii cho-
sen as σz = 100, 50, and 25 μm while keeping the slit size,
D = 156 μm, fixed. The s-wave interactions within the atom
laser beam are varied over a large range between (as)Laser =
100a0 and = −300a0. Other parameters concerned with the
BEC, Bragg-outcoupling process, and focusing potential are
considered as constant values: (as)BEC = 100a0, �z = 40 nm,
	 = 0.535 kHz, p = 2h̄k, and � = 200 GHz. In spite of
the fact that the optimal power required to focus the beam
at z = −150 μm is independent of the potential radius size
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FIG. 7. Results for (a) FWHM, (b) peak density, and (c) atom
number within the focused atom laser beam as a function of the
atom laser interaction strength. The blue dots, red squares, and green
crosses refer to σz = 100, 50, and 25 μm, respectively. All data for
FWHM and peak density magnitudes are taken at the optimal focus
spot, z = −150 μm, and the values for the beam atom numbers
are obtained by integrating the square absolute value of the density
profile from z = 150 to −150 μm. The simulation parameters are
N0 = 105, �z = 40 nm, 	 = 0.535 kHz, p = 2h̄k, λ = 312 μm,
Is = 16.7 W/m2, γ = 38 MHz, � = 200 GHz, (as )BEC = 100a0,
a0 = 5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.

calculated as P2h̄k = 2.433 mW, the maximum potential inten-
sity takes a unique value for each radius size and is estimated
as Is = 6.19 × 105, 2.47 × 106, and 9.91 × 106 W/m2 for
σz = 100, 50, and 25 μm, respectively.

Figures 7(a)–7(c) depict the outcomes for the beam
FWHM, peak density, and atom number. At a glance, one
can notice that for any atom laser interaction strength, the
leading resolutions (lower FWHMs) and higher peak densi-
ties, indicated by green crosses, are obtained using smaller
potential radii such that the best-case scenario occurs for
σz = 25 μm. This is because lower radius sizes result in rel-
atively higher potential field intensities enhancing the dipole
force. In addition, for every radius size, decreasing the mag-
nitude of interaction from positive to negative values leads to

a better resolution and higher peak density due to the self-
focusing effect. For instance, while utilizing σz = 100, 50,
and 25 μm bring 67.76, 23.38, and 13.2 nm linewidths for
(as)Laser = 100a0, these radii would yield 31.21, 12.33, and
8.04 nm FWHMs for (as)Laser = −300a0. Turning to the peak
density, one can observe that the values for a focused atom
laser of (as)Laser = 100a0 can reach up to 108, 229, and 296
atoms/μm2 for σz = 100, 50, and 25 μm, respectively, while
the peak densities for a focused beam of (as)Laser = −300a0

are acquired as 267.1, 554.9, and 605.1 atoms/μm2, respec-
tively.

In studying the results for the number of atoms within
the beam, one can understand that reducing the scattering
length causes relatively lower atoms to remain in the system
during the focusing event since three-body losses become con-
siderable for attractive atom laser beams in the high-density
regimes (i.e., the focusing regimes). However, for a certain
interaction strength, altering the potential radius does not
considerably impact the total beam atom number. As a case
in point, setting the beam s-wave interaction to (as)Laser =
−100a0 brings 14 113, 14 114, and 14 117 atoms within the
focused beam for σz = 100, 50, and 25 μm, respectively.

b. Potential slit size. For the second category of sim-
ulations, the focusing potential takes a fixed radius value
of σz = 50 μm, whereas its slit size varies over 400λD2/2,
100λD2/2, and 25λD2/2, which are equal to D = 156, 39, and
9.75 μm. Again, applying the same parameters for the BEC,
Bragg scattering process, and laser detuning as used for the
previous case, the resultant optimal powers for focusing at
z = −150 μm given the slit sizes D = 156, 39, and 9.75 μm
are, respectively, estimated as P2h̄k = 2.433 mW, 152 μW,
and 9.5 μW, corresponding to the maximum Gaussian inten-
sity I0 = 2.47 × 106, 1.59 × 105, and 9.68 × 103 W/m2.

The related outcomes for FWHM, peak density, and atom
number of the focused beam are illustrated in Figs. 8(a)–8(c).
As seen, for each atom laser scattering length, the most broad
structure linewidth and the lowest peak density (indicated by
the blue dot points) are caused by the narrowest potential
slit, D = 19.5 μm (λ = 25λD2 ) since this value is associated
with the lowest potential power and intensity compared to
the other two slit sizes resulting in a poorer focus. It is clear
that enlarging the slit size requires an increase in power and,
consequently, in intensity to optimally focus the beam to the
same spot. Furthermore, making the beam more attractive is
the second factor to achieve a better focusing since exerting
relatively low or negative scattering lengths improves the
resolution and peak density for each slit size. For example,
a gap of D = 156 μm (λ = 400λD2 ) leads to 12.33 nm and
554.9 atoms/μm2 in FWHM and peak density for (as)Laser =
−300a0, whereas these values are obtained as 23.38 nm and
227.1 atoms/μm2 for (as)Laser = 100a0.

However, the impact of the slit size is almost negligible on
the number of atoms within the beam. This is similar to the
previous case where changing the potential radius size would
not make much difference to atom numbers for a certain value
of (as)Laser. Hence, one could infer that the beam atom number
is independent of the potential power and intensity value, and
it is only determined by the interaction strength such that
highly negative scattering lengths would yield lower atoms in
the system due to higher loss rate.
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FIG. 8. Results for (a) FWHM, (b) peak density, and (c) atom
number within the focused atom laser beam as a function of the
atom laser interaction strength. The blue dots, red squares, and green
crosses refer to λ = 400λD2 , 100λD2 , and 25λD2 corresponding to
D = 156, 39, and 19.5 μm, respectively. All data for FWHM and
peak density magnitudes are taken at the optimal focus spot, z =
−150 μm, and the values for the beam atom numbers are obtained by
integrating the square absolute value of the density profile from z =
150 to −150 μm. The simulation parameters are N0 = 105, �z = 40
nm, 	 = 0.535 kHz, p = 2h̄k, σz = 50 μm, Is = 16.7 W/m2, γ =
38 MHz, � = 200 GHz, (as )BEC = 100a0, a0 = 5.29 × 10−11 m, and
K = 4 × 10−41 m6 s−1.

2. Impact of varying the BEC and Bragg scattering parameters

It is important to consider the influence of using a range
of different outcoupling strengths and momentum kicks in the
Bragg scattering event as well as various interaction strengths
within the BEC on the dynamics of a focused atom laser. In
this section, we keep the geometrical parameters constant for
the focusing potential, σz = 50 μm and D = 156 μm, while
the factors with regard to the BEC and atom laser are varied.

a. BEC scattering length. We tune the BEC interaction
strength over 50a0 � (as)BEC � 200a0 such that for every
(as)BEC, five different atom laser scattering lengths, (as)Laser =
100a0, 0, −100a0, −200a0, and −300a0, are considered. The
Bragg-outcoupling parameters are kept constant as follows:

FIG. 9. Results for (a) FWHM, (b) peak density, and (c) atom
number within the focused atom laser beam as a function of the
BEC scattering length. The blue dots, red squares, green crosses,
purple stars, and black triangles correspond to (as )Laser = 100a0, 0,
−100a0, −200a0, and −300a0, respectively. All data for FWHM
and peak density magnitudes are evaluated at the optimal focus
spot, z = −150 μm, and the values for the beam atom numbers
are obtained by integrating the square absolute value of the den-
sity profile from z = 150 to −150 μm. The simulation parameters
are N0 = 105, �z = 40 nm, 	 = 0.535 kHz, p = 2h̄k, σz = 50 μm,
λ = 400λD2 , Is = 16.7 W/m2, γ = 38 MHz, � = 200 GHz, a0 =
5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.

�z = 40 nm, 	 = 0.535 kHz, p = 2h̄k. This necessitates the
focusing potential power and maximum intensity to be P2h̄k =
2.433 mW and I0 = 2.47 × 106 W/m2 to optimally bring the
beam at the focal spot, z = −150 μm.

The results of our numerical simulations for the magni-
tudes of beam FWHM, peak density, and atom number are
represented in Figs. 9(a)–9(c). First, one can observe that
the change of BEC interaction strength does not significantly
influence the focal spot sizes as well as the peak densities.
For each atom laser scattering length, there is a very slight re-
duction and rise, respectively, in the FWHM and peak density
from (as)BEC = 50a0 to 200a0, meaning that larger (as)BEC

can negligibly boost the resolution and peak density. Second,
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as expected, lowering the beam interaction strength results
in enhanced resolutions and peak densities for any (as)BEC.
To illustrate, considering (as)Laser = −300a0, the resultant
linewidths for (as)BEC = 50a0 and 200a0 are, respectively,
12.51 nm and 11.99 nm, while the focused peaks are scaled
as 547.1 and 561.5 atoms/μm2.

Nevertheless, various BEC s-wave interactions influence
the number of atoms within the beam such that turning up
(as)Laser yields less atoms within the beam during the focusing
event, implying that more recombination losses occur. That
is to say, for (as)Laser = 100a0, the beam atom number di-
minishes from 16 469 to 12 694 when switching the (as)BEC

value from 50a0 to 200a0. Lastly, the change in atom num-
ber values between different beam interaction strengths for a
certain (as)BEC results from the three-body losses such that
the more attractive the beam, the more atom loss. The change,
however, reduces by expanding the BEC scattering length. All
in all, we can conclude that lowering (as)BEC could be ad-
vantageous only to the number of atoms, whereas the focused
profile is almost independent of a choice of BEC interaction
strength.

b. Bragg-outcoupling factors. Here, the effect of employing
a wide range of outcoupling strengths as well as momentum
kicks is examined on a focused atom laser beam. For the first
group of simulations, we suppose the outcoupling resonance
value to be in the range 30 � �z � 60 nm, corresponding to
the two-photon Rabi frequency of 0.393 � 	 � 0.786 kHz
given that the tight trap frequency along the falling direction
is taken as ωz = 2π × 70 Hz. The atom laser is outcoupled
by a two-photon process being kicked by p = 2h̄k, and the
parameters associated with the interaction strength between
the atoms within the BEC and as well as the potential struc-
tural factors are assumed to be constant: (as)BEC = 100a0,
σz = 50 μm, and D = 156 μm. Likewise, the optimal poten-
tial power and peak intensity are required to be P2h̄k = 2.433
mW and I0 = 2.47 × 106 W/m2 for the best possible focus at
z = −150 μm.

The results for the focusing are displayed in
Figs. 10(a)–10(c). Probing the FWHM outcomes, one
can understand that the resolution has a minimal dependence
on the outcoupling Rabi frequency. In other words, using any
strength of outcoupling for a certain momentum kick results
in almost the same resolution for a specific (as)Laser. However,
this is not the case for the peak density values. Increasing the
outcoupling strength generates higher focused peak densities
as more atoms are extracted from the BEC contributing within
the atom laser beam.

Analyzing the atom number graph, one can notice that the
quantity of beam atoms increases as the outcoupling strength
is increased. While for any particular �z, there exists a slight
difference in atom numbers resulting from various (as)Laser,
these values undergo a significant variation from �z = 30 to
60 nm. As an exemplar, for (as)Laser = 100a0, the beam atom
number rises from 8261 to 30 904.

We now perform the second class of simulations in which
the momentum kick exerted to the beam is varied be-
tween p = 0.5h̄k and 12h̄k. This immediately requires the
potential power to have values from P0.5h̄k = 2.38 mW (cor-
responding to I0 = 2.42 × 106 W/m2) to P12h̄k = 4.48 mW
(corresponding to I0 = 4.57 × 106 W/m2), provided that all

FIG. 10. Results for (a) FWHM, (b) peak density, and (c) atom
number within the focused atom laser beam as a function of the
outcoupling resonance. The blue dots, red squares, green crosses,
purple stars and black triangles correspond to (as )Laser = 100a0, 0,
−100a0, −200a0, and −300a0, respectively. All data for FWHM
and peak density magnitudes are evaluated at the optimal focus
spot, z = −150 μm, and the values for the beam atom numbers
are obtained by integrating the square absolute value of the density
profile from z = 150 to −150 μm. The simulation parameters are
N0 = 105, (as )BEC = 100a0, 	 = 0.535 kHz, p = 2h̄k, σz = 50 μm,
λ = 400λD2 , Is = 16.7 W/m2, γ = 38 MHz, � = 200 GHz, a0 =
5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.

other parameters of the focusing potential are the same as
the previous simulation. By setting the outcoupling strength
to 	 = 0.524 kHz (�z = 40 nm) and considering (as)BEC =
100a0, the associated results are gathered in Figs. 11(a)–11(c).
The first point observed in Figs. 11(a) and 11(b) is that ap-
plying higher momentum kicks causes the FWHMs and peak
densities to tend towards a steady state, regardless of the
magnitude of interaction strength within the beam. This
means that the focused profile of a beam with a high
enough longitudinal velocity becomes independent of the
beam atom-atom interactions. Another point extracted from
Figs. 11(a) and 11(b) is that while a highly attractive beam
[i.e., (as)Laser = −300a0] dramatically improves the resolu-
tion and peak density for relatively small momentum kicks,
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FIG. 11. Results for (a) FWHM, (b) peak density, and (c) atom
number within the focused atom laser beam as a function of the
momentum kick. The blue dots, red squares, green crosses, pur-
ple stars, and black triangles correspond to (as )Laser = 100a0, 0,
−100a0, −200a0, and −300a0, respectively. All data for FWHM
and peak density magnitudes are taken at the optimal focus spot,
z = −150 μm, and the values for the beam atom numbers are ob-
tained by integrating the square absolute value of the density profile
from z = 150 to −150 μm. The simulation parameters are N0 =
105, (as )BEC = 100a0, �z = 40 nm, 	 = 0.535 kHz, σz = 50 μm,
λ = 400λD2 , Is = 16.7 W/m2, γ = 38 MHz, � = 200 GHz, a0 =
5.29 × 10−11 m, and K = 4 × 10−41 m6 s−1.

the consequence of using a highly repulsive beam [i.e.,
(as)Laser = 100a0] is destructive in the focused profile for the
same case. As an instance, for p = 0.5h̄k, tuning the beam
s-wave scattering length to (as)Laser = 100a0 and −300a0

would, respectively, produce the FWHMs and peak densities
of 33.3 nm, 76.96 atoms/μm2 and 9.89 nm, 583 atoms/μm2.

Last but not least, since enhancing the beam initial momen-
tum kick would couple a lower fraction of atoms out of the
condensate for a distinct value of 	, one can see a substantial
drop in the beam atom number in Fig. 11(c) from p = 0.5h̄k
to 12h̄k for each (as)Laser. One example is an atom laser of
(as)Laser = −300a0, where the beam atom number reduces

from 14 503 to 7843. Overall, one could realize that imparting
a relatively low value of momentum kick to a greatly attractive
beam could be beneficial in the atom laser focusing process.

VI. CONCLUSIONS

In this paper, we investigated the focusing dynamics of an
evolving quasicontinuous atom laser beam. We concentrated
our attention on the Bragg-outcoupling method in which the
BEC is initially confined in an optical dipole trap. We pro-
posed the two-state model based on the GPE for the BEC and
atom laser to consider the interatomic interactions, three-body
recombination losses, as well as the focusing potential param-
eters. We examined the parameters of an atom laser such as
the beam width, beam momentum width, beam divergence,
and the beam quality factor in both the Kirchhoff and paraxial
regimes in the absence of a focusing potential. Moreover, the
impact of altering various factors within the focusing poten-
tial, BEC, and Bragg scattering on a focused beam was studied
such as using different potential radius and slit sizes, setting
a range of BEC s-wave scattering lengths, exerting a num-
ber of momentum kicks, and applying diverse outcoupling
strengths.

As a first conclusion, using relatively low or negative
beam scattering lengths brings more convergent and narrower
beams along with better quality factors. We perceived that
lowering the beam scattering length always results in a higher
resolution and peak density since attractive beams self-focus.
However, this action negatively affects the atom number
within the beam due to the three-body recombination losses.
It was then found that smaller radii (i.e., σz = 25 μm) and
larger slits (i.e., D = 156 μm) of the focusing potential create
narrower and higher focused structures since such potential
values necessitate larger optimal powers and peak intensities
providing more robust focusing; specifically, we demonstrated
structures with 8.04 nm and 605.1 atoms/μm2 in resolution
and peak density, respectively. Following the investigation
of a focused beam, we observed that the FWHM and peak
density values are almost independent of the variation of BEC
scattering length. In exploring outcoupling strengths, we con-
cluded that while the resolution of focused profiles may not
have a considerable dependence on the value of 	, their peak
density is strongly affiliated to 	 such that utilizing larger
values is more beneficial, leading to higher structures. Even-
tually, we realized that imparting relatively lower momentum
kicks (i.e., p � 4h̄k) improves the resolution and peak density
of attractive beams [i.e., (as)laser = −300a0]. Nonetheless,
larger momentum kicks (i.e., p = 12h̄k) may cause the
FWHM and peak density values to tend to a steady state for
any (as)Laser.
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