
PHYSICAL REVIEW A 104, 033118 (2021)

Two-pulse interference and correlation in an attoclock
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We study cross correlation of a single-cycle circularly polarized laser pulse with its delayed and/or attenuated
replica in the attoclock field configuration. In this configuration, tunneling ionization of the target atom is ob-
served in the polarization plane of the driving laser pulse. The two-pulse attoclock displays a robust interference
pattern in the photoelectron energy spectrum and the real time correlation between the photon absorption rates
from the two pulses. This interference and correlation can be used for characterization of single-cycle laser pulses
and monitoring the target population dynamics during the ionization process.
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I. INTRODUCTION

Electron interference goes to the core of wave-particle
duality. Electrons driven by strong laser pulses follow dif-
ferent trajectories and their multiple quantum paths interfere
[1]. Quintessential strong field ionization phenomena, such as
high-order harmonics generation [2–4] and above threshold
ionization (ATI) [5–7] give ample examples of such interfer-
ence. ATI by itself arises from interference between electrons
emitted during different cycles of a long laser pulse [8]. When
the driving pulse becomes short, the ATI interference fringes
are washed out. This is typical in attoclock experiments aim-
ing to resolve tunneling time [9–13].

The attoclock employs a slightly elliptical multicycle laser
pulse to tunnel ionize an atom. When the laser field is at its
maximum (here we assume it directed vertically along the
ŷ axis), the initially bound atomic electron enters the tunnel
at t = tin to traverse the potential barrier. This electron exits
the tunnel at t = tout with zero velocity. At this instant, it
records the vector potential of the laser field and carries it
to the detector. If the tunneling is instantaneous, the vector
potential at the exit point is directed horizontally (along the
x̂ axis). If the tunneling takes real time τT = tout − tin, the
vector potential and the photoelectron momentum at the de-
tector kt→∞ rotate by the angle θA = ωτT . Thus, the attoclock
performs a time-to-angle conversion with the proportionality
coefficient being the carrier frequency. An alternative inter-
pretation [8,14] suggests a purely imaginary tunneling time
tin = tout + iτT , τT = γ /ω, γ � 1 is the Keldysh parameter
in the tunneling regime. Meanwhile the attoclock rotation
angle is entirely due to the Coulomb field of the ion remainder
[15]. A finite tunneling time is a subject of considerable debate
at present [16–18].
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The attoclock setup can be used to study photoelectron
interference caused by a sequence of two circularly polarized
laser pulses. Bicircular fields of the same or different colors
cause intricate vortex structures in the photoelectron momen-
tum distribution projected on the polarization plane. These
structures have been predicted theoretically [19–21] and later
observed experimentally [22,23].

In the present paper we employ a sequence of two
single-cycle circular pulses to revive the ATI fringes in the
photoelectron spectrum and to build an attoclock interfer-
ometer. Such an interferometer is very robust and can be
used to characterize single-cycle laser pulses by cross corre-
lation of the master and delayed replica pulses. An additional
correlation of these two pulses can be studied directly by de-
tecting the rates at which the photons are absorbed at different
times. These two methods provide the means for accurate
characterization of single-cycle laser pulses. Multiple useful
applications of such pulses are well documented [24,25]. In
addition, the two-pulse attoclock interference can be used for
monitoring the target population dynamics during the ioniza-
tion process.

The rest of the paper is organized into the following sec-
tions. In Sec. II we outline the basic theory of two-pulse
interference. In this section we follow closely the discussion
and the formalism developed by Della Picca et al. in Ref. [26].
In Sec. III we describe our simulations based on the numerical
solution of the time-dependent Schrödinger equation (TDSE)
(III A), utilizing the saddle-point method (III B) and employ-
ing the time-correlation analysis (III C). Our numerical results
are presented in Sec. IV. Finally, we conclude in Sec. V by
outlining further possible extensions of the present study.

II. TWO-PULSE INTERFERENCE

The two photoelectron wave packets emitted by a sequence
of two laser pulses interfere at the detector with the resulting
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probability,

P = |T1|2 + |T2|2 + 2|T1||T2| cos �. (1)

Here T1 and T2 are the magnitudes of the two photoelectron
wave packets, and � is their relative phase shift expressed as
[26]

� = N1π

ω

(
Ip + k2

2
+ Up1

)
+ N2π
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(
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2
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)

+�t

(
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)
+ k

ω2
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Here k is the photoelectron momentum, Ip is the ionization
potential of the target atom, ω is the base laser frequency, and
N1, N2 are the number of cycles in the first and second flattop
pulses. The time separation between the two pulses is denoted
by �t . The quantity,

Up = 1

T

∫ t+T

t

|A(t ′)|2
2

dt ′ = F 2

(2ω)2
(3)

is known as the ponderomotive energy which can be expressed
via the peak electric-field strength F . Here and throughout, we
adopt the atomic units and set e = m = h̄ = 1. For a long flat-
top laser pulse, Up becomes the cycle-averaged kinetic energy
of the laser-driven electron. For a pulse with a rapidly varying
envelope, Up is dependent on time. This effect requires a
special consideration as was shown experimentally [6] and
theoretically [27].

In the present paper, we consider the special case of two
single-cycle pulses N1 = N2 = 1. In this case, Eq. (2) is re-
duced to

� =
(

E + Ip + Up1 + Up2

2

)
T + (E + Ip)�t

+ k

ω2
(F1 − F2), E = k2/2, T = 2π/ω. (4)

For the two equal strength laser pulses, the last term in Eq. (4)
drops out. The phase (4) and the two-pulse ionization proba-
bility (1) are then simplified to

� = (E + Ip)(T + �t ) + UpT, (5)

P ∝ 1 + cos � ∝ cos2 �/2. (6)

The physical meaning of Eq. (5) is particularly simple. In
a semiclassical picture, the photoelectron phase can be ex-
pressed via the action,

φ = S(tin ) =
∫

tin

[ |k + A(t ′)|2
2

+ Ip

]
dt ′, (7)

where ti marks the birth time of the photoelectron. The phase
difference � = φ(tin 1) − φ(tin 2) is acquired during the free
propagation of the first electron between the pulses and its
laser driven propagation during the first pulse. The time in-
tegral of the linear term

∫
[k · A(t ′)]dt ′ = 0 for a single-cycle

pulse (see Chap. 2 of Joachain et al. [28]).
When the time interval between the pulses tends to zero,

Eq. (5) reduces further to

� = (E + Ip + Up)T . (8)

The peaks of the two-pulse ionization probability (6) corre-
spond to phase (8) reaching 2nπ . Positions of these peaks in
the photoelectron spectrum mark the integer numbers of the
absorbed photons,

En = nω − Ip − Up. (9)

Noteworthy, Eq. (9) defines the conventional ATI spectrum.
Thus, the interpulse interference of two identical single-cycle
pulses is similar to the intercycle interference of a flattop
multicycle pulse.

III. METHODS

A. Time-dependent Schrödinger equation

We solve numerically a one-electron TDSE,

i ∂�(r, t )/∂t = [Ĥatom + Ĥint (t )]�(r, t ), (10)

where Ĥatom describes a field-free atom and contains the
Coulomb potential (hydrogen), a screened Coulomb potential
−1.908e−r/r (Yukawa) and a localized one-electron potential
(argon). Equation (10) is exact for the hydrogen and Yukawa
atoms and relies on the single active electron approximation
for argon. The interaction Hamiltonian is written in the veloc-
ity gauge,

Ĥint (t ) = A(t ) · p̂, E(t ) = −∂A/∂t . (11)

The vector potential in Eq. (11) is defined via the classical
coordinate of the elliptical motion A(t ) = r′(t ), where

r(t ) = E0

ω2
√

ε2 + 1
sin4

( ωt

2N

)[
ε cos(ωt ) ex

sin(ωt ) ey

]
. (12)

The TDSE (10) was solved by two different numerical
techniques [29,30] cross-checked against each other. The pho-
toelectron momentum distribution (PMD) was obtained by
projecting the solution of Eq. (10) on the basis of scattering
states,

P(k) = |〈ϕk(r)|�(r, t → ∞)|〉|2 . (13)

In attoclock measurements, the experimentally observed
quantity is the PMD (13) projected on the polarization (x, y)
plane,

P(kx, ky) =
∫ ∞

−∞
dkzP(k). (14)

We also analyze the photoelectron energy spectrum collected
from all the emission directions,

P(E ) =
∫

k d�kP(k), E = k2/2. (15)

B. Strong-field approximation and saddle-point method

We adopt the saddle-point method (SPM) [8] which relates
the photoelectron momentum at the detector kt→∞ with a
specific instant of tunneling tin such that the semiclassical
action along the photoelectron trajectory starting from this
instant,

Sk(t ) =
∫ t

tin

dt ′{[k + A(t ′)]2/2 + Ip} (16)

033118-2



TWO-PULSE INTERFERENCE AND CORRELATION IN AN … PHYSICAL REVIEW A 104, 033118 (2021)

is stationary,

∂Sk(tin )/∂t = [k + A(tin )]2/2 + Ip = 0. (17)

In a general case, several solutions of Eq. (17) lead to the final
photoelectron momentum k, and the PMD is given by the sum
over the corresponding tunneling ionization times [31]. With
exponential accuracy,

P(k) ∝
NSP∑
tin

|[S′′
k (tin )]−1 exp[iSk(tin )]|2. (18)

For few-cycle circularly or elliptically polarized laser pulses,
the number of saddle points for a given momentum is NSP =
N + 1 [32]. The solving of Eq. (17) and the evaluation of
Eq. (18) was carried out using the nonlinear optimization
program suite [33].

C. Time-correlation analysis

We define the time-correlation function for the Heisenberg
operator of the number of absorbed photons N̂ (t ) acting on
the initial atomic state φ0 as [34]

C(t2, t1) = 〈φ0|N̂ (t2)N̂ (t1)|φ0〉. (19)

A similar Heisenberg representation was employed in our
earlier works to study auto-correlation functions of the co-
ordinate and momentum operators [35] and the operator of
the instantaneous ionization rate [36]. Actual computations
of the autocorrelation function (19) are conducted in the
Schrödinger representation,

C(t2, t1) = 〈Û (t2, 0)φ0|N̂Û (t2, t1)N̂ |Û (t1, 0)φ0〉, (20)

where U (t2, t1) is the propagator driving the atom and the
field from t1 to t2. These computations are reduced to multiple
solutions of the TDSE (10) as explained in Ref. [35]. The cor-
relation between the rates at which the photons are absorbed at
different times is obtained from C(t2, t1) by taking derivatives
with respect to t1 and t2.

For the presently employed circularly polarized pulses, the
photon number operator N̂ can be replaced with the operator l̂z
of the angular momentum projection on the propagation axis.
Since each photon absorption event results in an increment
of lz by one unit, the operator l̂z can be used to count the
number of absorbed photons if we neglect the photon emis-
sion process. Thus, the replacement of N̂ with l̂z amounts to
the well-known rotating-wave approximation. In the present
settings, this approximation is fully equivalent to the ab initio
quantum electrodynamics approach [37].

IV. RESULTS

A. Single pulse attoclock

The attoclock principles are illustrated in the top row of
panels in Fig. 1. Panel 1(a) displays a multicycle elliptical
pulse which is used to tunnel ionize the two atomic targets: the
hydrogen and the Yukawa atoms. In the latter model atom, the
long-range Coulomb potential is screened whereas keeping
the same binding energy as in hydrogen. Fig. 1 displays the
photoelectron momentum distribution (PMD) of the Yukawa
(1b) and hydrogen (1c) atoms projected onto the polarization

plane. The PMD of the Yukawa atom is perfectly aligned in
the horizontal direction whereas that of the hydrogen atom
is offset by a significant angle. This confirms the Coulom-
bic origin of the attoclock offset angle. Both PMDs display
very distinct ATI fringes. In the multicycle pulse shown in
Fig. 1(a), the tunneling ionization takes place at several in-
stances (peaks of the electric field), and the photoelectrons are
emitted in both directions. The electrons emitted from neigh-
boring electric-field peaks interfere with the phase difference
given by Eq. (8). The maxima of the interference fringes occur
when � = 2nπ which corresponds to an integer number of
photons absorbed from the laser field as specified by Eq. (9).

The photoelectron spectrum obtained by the angular in-
tegration of the PMD of hydrogen exhibited in Fig. 1(c) is
shown in Fig. 2(a). The interference structure matches the
expected pattern defined by Eqs. (6) and (8),

cos2[(E + Up + Ip)T/2] . (21)

However, the predicted interference minima are not fully filled
which reflects a finite spectral width of the pulse. In Fig. 2(a)
we also display a photoelectron spectrum produced by a
shorter pulse with a smaller number of cycles Nc = 3, com-
pared to the original Nc = 10. The ATI interference structure
is completely washed out with this shorter pulse due to its
larger spectral width.

B. Two-pulse attoclock

1. Identical pulses

On the bottom row of panels in Fig. 1 we display the
results of our simulations with a sequence of two identical
single-cycle pulses at a variable delay �t shown in panel
Fig. 1(d). The Nc = 1 pulses are so short that photoelectrons
are emitted only once during the pulse length. Accordingly,
the PMD contains only one lobe of intensity in comparison
with two symmetric lobes for a longer pulse. This single
lobe is perfectly aligned with the vector potential in the x̂
direction for Fig. 1(e) the Yukawa atom whereas it is offset
by a considerable angle for Fig. 1(f) the hydrogen atom. Both
PMDs in panels (e) and (f) contain a very distinct interference
pattern which is displayed in more detail for the hydrogen
atom in Fig. 2. Here the pulse separation is �t = 0 in Fig. 2(b)
and T/2 in Fig. 2(c). The interference pattern is matched very
accurately by Eqs. (6) and (5),

cos2[(E + Ip)(T + �t )/2 + UpT/2]. (22)

Although the interference pattern becomes washed out for
a single short pulse even for a modest number of cycles
Nc = 3, it is perfectly clear for the two single-cycle pulses.
Comparison of Figs. 2(b) and 2(c) shows that the number
of interference fringes increases with �t as expected from
Eq. (22) whereas the clarity of the pattern remains the same.

2. Orbital structure effect

The two-pulse interference is insensitive to the orbital
structure of the target atom. Here we demonstrate this in-
sensitivity by considering various m projections of the initial
3pm state of the Ar atom. It is known that 3pm photoelectron
spectra with various m projections differ significantly. The
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FIG. 1. The electric field of the driving pulse (a) and (d) and the photoelectron momentum distribution in the polarization plane for the
model Yukawa atom (b) and (e) and the hydrogen atom (c) and (f). The top panels (a) and (c) correspond to a long Nc = 10 pulse with
I = 1 × 1014 W/cm2, ε = 0.84, and λ = 790 nm. In the bottom panels (d)–(f), a sequence of two identical single-cycle pulses is used with
I = 0.86 × 1014 W/cm2, ε = 1, and λ = 800 nm separated by �t = 0. The red circles and blue squares, respectively, on (a) highlight the
peak values of the electric field where emission of the photoelectron wave packets takes place receding to the right (kx > 0) and left (kx < 0)
in the PMD plot (b). Only the right emission direction is highlighted in (d). The TDSE calculations are used in the PMD plots (b), (c), (e), and
(f) whereas for the Yukawa atom (b) and (e) they are indistinguishable (up to a scaling factor) from the SPM calculations.

ionization rate for circularly polarized light counter-rotating
with the electron cloud is greatest [31]. Additionally, the or-
bital momentum projection of the bound electron supplements
the total number of photons absorbed from the laser field

causing the photoelectron spectra with different m’s to peak
at different energies [38]. Both these effects can be seen in
Fig. 3 where we exhibit the photoelectron spectra of Ar 3pm

produced by a single-cycle pulse and a sequence of two pulses
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FIG. 2. Photoelectron energy spectra of hydrogen with (a) a long Nc = 10 pulse and (b) two single-oscillation Nc = 1 pulses with an
extra separation �t = 0, and (c) �t = T/2. The pulse parameters are the same as in Fig. 1. For the long pulse (a), the interference pattern
is fitted with a smooth Gaussian function representing the Nc = 3 spectrum and is modulated by Eq. (21). The number of absorbed photons
(E + Ip + Up)/ω is marked on the top axis. For the sequence of two single-cycle pulses, the interference pattern is fitted with a smooth
Gaussian envelope of a single Nc = 1 pulse modulated by Eq. (22).
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FIG. 3. Photoelectron energy spectra of the argon 3p shell driven by two single-oscillation pulses with I = 0.86 × 1014 W/cm2, ε = 1,
and λ = 800 nm separated by �t = 0. The interference pattern is fitted with a smooth Gaussian envelope of a single pulse modulated by
Eq. (22). The panels (a)–(c) correspond to the 3pm initial states with m = 0, 1, and −1, respectively. The corresponding Up’s are marked in
each panel.

separated from peak to peak by a period with �t = 0. Despite
the clear distinctions between the individual m spectra, the
interference pattern is invariably the same as described by
Eq. (22). This was verified by using Up as a fitting parameter
and the resulting values for various m’s (marked in Fig. 3)
differ only in the third significant figure.

3. Reduced second pulse

So far we analyzed the two-pulse attoclock results with two
identical pulses whereas delaying the trailing pulse. Equations
(1) and (4) allow us to consider a more general case of the two
pulses of different intensity. This case is illustrated in Fig. 4
where the intensity of the leading pulse at 0.86 × 1014 W/cm2

is scaled down by a factor of ν � 1 in the trailing pulse.
The effect of the second pulse reduction is very bold. Not
only do the interference maxima shift away from the integer
number of absorbed photons, more vividly, the interference
minima become only partially filled. This effect is obvious
from Eq. (1) in which |T1|2 + |T2|2 � 2|T1||T2| whereas the
equal sign corresponds to the special case of the two pulses
of the same intensity. When applying Eq. (1), we assume an
exponential reduction in the tunneling ionization rate.

4. Inverted second pulse

So far we demonstrated the sensitivity of the two-
pulse interference to the individual pulse intensities which
affect their corresponding ionization amplitudes and the
ponderomotive energies. The effect of the electric-field wave-

form on the two-pulse interference is more subtle. In this
section we demonstrate this effect by inverting the polarity
of the trailing pulse as is displayed in Fig. 5(a). By doing
so we allow the photoelectrons to be ejected both to the left
and to the right in a similar way to the long multicycle pulse
exhibited in Fig. 1(b). Accordingly, the PMDs displayed in
Fig. 5(b) at �t = 0 acquires two symmetric lobes. Not only
that, a sizable probability exists for the photoelectron to be
emitted along the ŷ axis. Although the interference pattern is
very weak along the x̂ axis, it is strongly pronounced along
the ŷ axis. This can be seen more clearly from the momentum
density cut P(kx = 0, ky) exhibited in Fig. 5(c). Such behavior
can be explained by the electric-field diagram of Fig. 5(a).
Indeed, the photoelectrons emitted to the left and right hardly
interfere. At the same time, the electrons emitted in the verti-
cal directions are produced during the two peaks of the field
which are separated by noticeably different �tEx>0 < �tEx<0.
Accordingly, the spacing of the interference fringes is changed
as prescribed by Eq. (22). It is always greater for ky < 0 than
for ky > 0 as is illustrated in Fig. 5(c) for �t = 0. A similar
effect can be seen in the hydrogen atom (not shown here)
whose PMD is offset from the x̂ axis as in panels (c) and (f)
of Fig. 1.

5. Two-pulse time correlation

Another cross-correlation technique that can be used in
the attoclock settings is a real time correlation between the
photon absorption rates from the two single-cycle pulses. This

FIG. 4. Two-pulse interference in the Yukawa atom with the two scaled pulses. Intensity of the leading pulse at 0.86 × 1014 W/cm2 is
scaled down in the trailing pulse by (a) the factor ν = 1, (b) 0.64, and (c) 0.36. The delay between the pulses �t = 0.
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FIG. 5. Two-pulse interference in the Yukawa atom with the inverted trailing pulse. Both pulses have intensity of 0.86 × 1014 W/cm2.
Panel (a) shows the electric-field diagram. The arrows indicate the peak-to-peak separation of the electric-field Ex > 0 and Ex < 0. Panel
(b) displays the PMD obtained with the pulse separation �t = 0. Panel (c) exhibits the momentum density cut P(kx = 0, ky ). The envelopes
are derived from the corresponding cut of the PMD obtained from a single pulse which is interference free.

correlation is exhibited in Fig. 6 on the absolute scale. The
conspicuous maxima lying on the t1 = t2 diagonal are the triv-
ial same time self-correlation. Less obvious are the maxima at
t1,2 ≈ 0.5T, t2,1 ≈ t1 + �t . These maxima reflect correlation
between the ionization events occurring at the maximum field
strength of each pulse. An electron ionized at the peak field
strength of the first pulse at t1 ≈ T/2 experiences another
boost when the electric field of the second pulse reaches its
maximum at t2 = t1 + �t . This is reflected in the observed
correlation pattern.

V. SUMMARY AND OUTLOOK

In this article, we demonstrate the photoelectron inter-
ference and the photon absorption rate correlation in the
attoclock driven by two circularly polarized single-cycle
pulses. The observed two-pulse interference is purely kine-
matic and only depends on the essential pulse and target
parameters: T, �t, Up, and Ip. It is insensitive to the orbital
structure of the target atom as was demonstrated for various
3pm initial states of the Ar atom. Reduction of the strength
of the trailing pulse relative to its leading master changes the
interference pattern profoundly. In addition, the relative phase
of the leading and trailing (master and replica) pulses can be

FIG. 6. Correlation between the photon absorption rates at dif-
ferent times in the Yukawa atom driven by two short Nc = 1 pulses
with I = 0.86 × 1014 W/cm2, ε = 1, λ = 800 nm and a fixed sep-
aration �t = 0 (left) and T/2 (right).

inverted to create an asymmetric interference pattern which is
very sensitive to the electric-field waveform.

Our technique does not provide a complete shot-to-shot
pulse reconstruction that was recently demonstrated in the
attoclock setting [39,40]. Nevertheless, it allows to gain some
useful information on several important pulse parameters. In
particular, it allows for an accurate determination of the pon-
deromotive energy or, equivalently, the pulse intensity which
otherwise is difficult to determine for very short and intense
pulses.

Besides the single-cycle pulse characterization, the two-
pulse attoclock can be used to monitor the population
dynamics in the target during the ionization process. Figure 7
displays the population depletion in the hydrogen atom sub-
jected by the sequence of two identical single-cycle pulses
at varying intensities. Although the weakest pulses at 0.86 ×
1014 W/cm2 hardly change the population of the initial 1s
state, the intensity increase to 2.58 × 1014 W/cm2 depletes
this population significantly. As the result, the ionization am-
plitudes entering Eq. (1) would differ substantially, and the
two-pulse interference pattern would evolve from the fully

FIG. 7. The population depletion of the hydrogen atom by the
sequence of two single-cycle pulses at various intensities I (in units
of PW/cm2 = 1 × 1015 W/cm2). The pulse separation �t = T/2.
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filled minima of Fig. 4(a) to the partially filled ones of
Figs. 4(b) and 4(c). This provides a very direct way of moni-
toring the target repopulation evolution during the ionization
process.

As a further direction, we studied the two-pulse attoclock
interference in the H2 molecule. Even though the photoelec-
tron spectra differ for various molecular orientations [41],
the same universal interference pattern was detected irre-
spective of the molecular alignment. This universal pattern,
however, could have been distorted had we included the prop-
agation time of the laser pulse reaching the two constituent
atoms at different instances. This effect has already been

observed in a synchrotron driven interference experiment on
H2 [42,43]. We hope we will be able to demonstrate this
effect in the H2 attoclock. A relativistic extension of the
present techniques beyond the dipole approximation is needed
to reach this goal. This development is currently underway
[44].
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