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We investigate lasing of a nitrogen gas induced by intense femtosecond laser pulses at around 400 nm. By
examining both the self-induced and externally seeded forward emission spectra, we unambiguously identify the
N2

+ lasing actions at 427.8 and 423.6 nm assigned respectively to the B 2�u
+−X 2� +

g (0, 1) and (1, 2) emissions
and show that the lasing mechanism is totally different from the lasing induced by near-infrared (800 nm) laser
pulses, in which the population transfer from X 2� +

g to A 2�u proceeds through the resonant X 2� +
g −A 2�u

transition, facilitating the population inversion between the B 2�u
+−X 2� +

g states [Phys. Rev. Lett. 123, 203201
(2019)]. We simulate the population distributions among the vibrational levels in the three lowest electronic
states of N2

+ by the 400-nm laser pumping and find that the population is efficiently transferred between the
X 2� +

g state and the B 2�u
+ state by a Rabi oscillation combined with a Raman-type transition, leading to the

population inversion so that the lasing occurs at the B 2�u
+−X 2� +

g (0, 1) and (1, 2) emissions.

DOI: 10.1103/PhysRevA.104.032823

I. INTRODUCTION

Optical amplification produced during the nonlinear prop-
agation of ultrashort laser pulses in air is promising in
identifying and quantifying atmospheric pollutants for en-
vironmental monitoring [1–5]. It was demonstrated that in
ultrashort intense laser fields the two major atmospheric
constitutes, i.e., N2 and O2, can be excited, ionized, and dis-
sociated, producing population-inverted O and N atoms, N2

molecules and N2
+ molecular ions, and inducing lasing emis-

sions in air called “air lasing” [2,3,5–12]. In particular, the
lasing actions in N2

+ have gained special interests because of
the complex mechanism by which the lasing action is realized.

So far, a variety of different mechanisms have been
proposed such as population inversion [13–18], rotational co-
herence [19,20], and lasing without inversion [21,22]. When
it comes to the lasing at 391 nm of N2

+, recent publications
revealed that the first electronically excited A 2�u state of
N2

+ plays a crucial role in creating the inverted population
between the B 2�u

+ and X 2� +
g states in an near-IR (800 nm)

ultrashort laser field, leading to the B 2�u
+−X 2� +

g (0, 0)
lasing emission at 391 nm [14,16,21,23–31] through the res-
onant population transfer from the X 2� +

g state to the A 2�u

state via the X 2� +
g −A 2�u transition [23]. Indeed, by mod-

*These authors contributed equally to this work.
†kaoru@chem.s.u-tokyo.ac.jp
‡huailiang@jlu.edu.cn

ulating the population transfer process from the X 2� +
g state

to the A 2�u state, we showed that the lasing intensity at 391
nm, corresponding to the B 2�u

+ (υ ′ = 0)-X 2� +
g (υ ′′ = 0)

transition, can be enhanced by a few orders of magnitude or
more [23,25,30]. It is now commonly understood that the N2

+

lasing in a near-IR ultrashort intense laser field is realized by
the coherent coupling of the three electronic states via the
B 2�u

+−X 2� +
g −A 2�u scheme [23].

On the other hand, it was reported that the N2
+ lasing at

391 nm can also be generated in air by the irradiation with
intense laser pulses at wavelengths of 400 nm [32], 1 μm
[20], and 3.9 μm [20], by which the resonant optical coupling
between the X 2� +

g and A 2�u states cannot be achieved. In
the cases of 1 μm and 3.9 μm [20], it was proposed that the
transient inversion between the rotation levels of the electron-
ically exited B 2�u

+ state and those in the X 2� +
g state of

N2 plays a key role in the lasing at 391 nm. However, no
detailed explanation of the mechanism of the lasing at 391
nm induced by the irradiation of intense 400-nm laser pulses
has been made so far. Because the photon energy at 400 nm
is twice as large as the energy gap between the X 2� +

g and
A 2�u states and is almost equal to the energy gap between
the X 2� +

g and B 2�u
+ states, it is worthy to examine how the

population inversion between the B 2�u
+ and X 2� +

g states
can be achieved without the participation of the A 2�u state.

In the present study, by irradiating a N2 gas with an
intense near-UV field at around 400 nm, we observe two
lasing lines of N2

+ at 423.6 and 427.8 nm, corresponding,
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respectively, to the B 2�u
+(υ ′ = 1)−X 2� +

g (υ ′′ = 2) and
B 2�u

+(υ ′ = 0)−X 2� +
g (υ ′′ = 1) emissions. We further ex-

amine the two lasing lines by shooting a seed beam in a
cross angle of 4° with respect to the pumping beam in a
noncollinear scheme to achieve the externally seeded lasing
actions at the two lasing lines. By solving the time-dependent
Schrödinger equation, we simulate the population distribu-
tions of the vibrational levels in the B 2�u

+, A 2�u, X 2� +
g

states of N2
+ and reveal that the population inversion in

N2
+ can be achieved by the light-induced B 2�u

+−X 2� +
g

coupling after the ionization of neutral N2 by the resonance
Rabi oscillation mediated by Raman-type vibrational pump-
ing. This is a mechanism characteristic to molecular systems
in which the vibrational motion is coupled with the Rabi
oscillation between two electronic states. Our experimental
and theoretical study confirms that the population inversion
between the B 2�u

+ state and the X 2� +
g state in N2

+ can
be created by an ultrashort intense 400-nm laser pulse even
in the absence of the population depletion in the X 2� +

g

state by the optical pumping to the A 2�u state through the
A 2�u −X 2� +

g transition.

II. EXPERIMENT

A. Experimental setup

The experiments were performed by using a Ti:sapphire
laser system (Spectra Physics, Spitfire ACE), which produced
femtosecond laser pulses at a repetition rate of 200 Hz, a
central wavelength of 800 nm, a pulse energy of up to 8 mJ, a
pulse duration of ∼40 fs, and a beam diameter of 7 mm. The
laser beam was split into two arms by a 9:1 beam splitter. The
higher-energy beam first passed through a beta-barium-borate
(β-BBO) crystal (thickness 200 μm; diameter 10 mm) to
be frequency doubled, producing laser pulses at around 395
nm, which is hereafter called 400-nm pulses. The resultant
pulse was separated from the fundamental 800-nm laser by
a dichroic mirror with high reflectivity at around 400 nm
and high transmission at around 800 nm. The energy of the
400-nm pulses was controlled by adjusting the fundamental
laser energy using a half-wave plate and a polarizer. The
maximum energy of the 400-nm pulses was 1.3 mJ, which
were adopted as the pump pulses, generating the population
inversion in N2

+.
The pump beam was focused by a fused silica lens of f =

30 cm into a chamber filled with a pure N2 gas at 200 mbar,
as shown in Fig. 1(a). In the pump-probe measurements, the
weaker energy beam was also frequency doubled in another
β-BBO crystal to generate the seed pulse at around 400 nm
with an energy of ∼2 μJ. We adopted a noncolinear scheme
with the external seeding to avoid possible nonlinear inter-
action processes of the two laser pulses. The seed pulse was
focused by another fused silica lens of f = 30 cm and crossed
the pump pulse at an angle of 4 °, as shown in Fig. 1(b). The
temporal delay between the pump and seed pulses was finely
controlled by a motorized delay line installed in the seed arm
with a temporal resolution of about 10 fs. The polarization
direction of the seed pulse was tuned to be parallel with that
of the pump pulse by a half-wave plate for 400 nm.

FIG. 1. Schematics of the experimental setups for (a) self-
seeding and (b) external-seeding lasing actions with the pumping by
400-nm ultrashort laser pulses.

The forward light generated either along the pump beam
in the self-seeding scheme [see Fig. 1(a)] or along the probe
beam in the pump-seed scheme [see Fig. 1(b)] was collimated
using a fused silica lens of f = 40 cm. Two mirrors with
high reflectivity at around 400 nm were used to reflect the
pump/probe pulse(s) while transmitting the generated lasing
signal at 422–428 nm. For the self-seeding scheme shown
in Fig. 1(a), the light was further attenuated using a neutral
density filter. In both schemes shown in Figs. 1(a) and 1(b),
the lasing light was focused by a fused silica lens of f = 6 cm
onto the entrance slit of a spectrometer (Andor Shamrock
SR-303i) equipped with a 1200-grooves/mm grating, and the
dispersed spectrum was recorded by an ICCD camera (Andor
iStar). The slit width of the spectrometer was set at 150 μm,
and the ICCD gate delay was opened at t = −10 ns before the
laser pulse arrives at the interaction zone, and the ICCD gate
width was set at �t = 50 ns to eliminate the signals originat-
ing from the scattering light. For all the measurements, the
data were accumulated over 400 laser shots.

B. Experimental results

In Fig. 2(a) we show the forward emission spectrum in
the wavelength range of 421–430 nm obtained by the scheme
in Fig. 1(a). In the measurement, the laser energy was set at
0.6 mJ and the laser spectrum was centered at 394.5 nm with
the bandwidth of ∼4.5 nm at full-width at half-maximum as
shown in the inset of Fig. 2(a). The pulse duration was esti-
mated to be about 50 fs from the measured laser bandwidth,
assuming that the pulse had a transform-limited Gaussian
distribution. The shortest pulse duration was determined by
the analysis of the pump-laser-induced fluorescence intensity
of N2

+ [33]. It can be seen in Fig. 2(a) that two lasing lines
at around 423.6 and 427.8 nm appear, which can be assigned
respectively to the B 2�u

+−X 2� +
g (1, 2) and (0, 1) emission

transitions, as explained in Fig. 2(b). The B 2�u
+−X 2� +

g (0,
0) lasing emission expected to appear at 391 nm cannot be
identified in the present experiment because of the spectral
overlap with the pump laser pulses. We examined the lasing
actions at different laser energies from 0.6 to 1.3 mJ. As
shown in Fig. 2(c), both of the signal intensities at 423.6 and
427.8 nm increase as the laser energy increases. We also plot
the intensities of the two lasing lines as a function of the
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FIG. 2. (a) Self-seeded lasing spectrum of N2
+ induced by a

394.5-nm pump laser field. Inset: the pump laser spectrum. (b)
Energy-level diagrams of N2

+ and N2, and the corresponding las-
ing transitions. (c) Lasing spectra of N2

+ measured at the different
laser energies. (d) Integrated 423-nm (red square) and 428-nm (blue
triangle) intensities as a function of the pump laser energy, which are
respectively fitted to an exponential function.

pump laser energy as shown in Fig. 2(d). The signal intensities
were accumulated over the spectral ranges of 421.9–424.3
nm and 424.7–428.7 nm, covering the respective rotational
structures of the lasing lines at 423.6 and 427.8 nm. It can
be seen in Fig. 2(d) that these two plots are well fitted to an
exponential function. The results shown in Figs. 2(a), 2(c),
and 2(d) indicate that the population inversion in N2

+ can be
achieved by the 400-nm laser field even in the absence of the
X 2� +

g −A 2�u coupling. It should be noted that the lasing
action at 423.6 nm, induced by the 400-nm excitation, is not
realized by the 800-nm excitation, and that the intensity of the
lasing at 423.6 nm is stronger than that at 427.8 nm.

As one of the mechanisms of the air lasing, the las-
ing without population inversion was proposed [21]. In
order that the lasing without population inversion between
the B 2�u

+ and X 2� +
g states is achieved, the V-shaped

B 2�u
+−X 2� +

g −A 2�u coupling of the three electronic
states of N2

+ is required. However, the V-shaped coupling
cannot be realized at 400 nm because the A 2�u and X 2� +

g
states cannot be coupled optically. Therefore we can exclude
the mechanism of the lasing without population inversion in
the present case. Another possible mechanism of the popu-
lation inversion is that called rotational quantum beat lasing
without inversion [22]. However, considering that the rota-
tional quantum beat lasing can only be achieved at around the
half and quarter revivals of the molecular alignment and that
the pump-seed delay of 420 fs in the present case does not
match the quarter revival of N2

+ at ∼2 ps [24], we can also
exclude this possibility.

In the self-seeding amplification scheme, the lasing inten-
sity Ilaser can be described by Ilaser = Iseedexp(gL), where g
is the optical gain coefficient of the medium and L is the
length of the gain medium. As the input laser energy increases,
the plasma length, i.e., the gain medium length L, increases,
which induces an increase in the energy of the white light
generated by the self-phase modulation effect, resulting in a

FIG. 3. The rotationally resolved lasing lines assigned to the
B 2�u

+−X 2� +
g (1, 2) and (0, 1) transitions at around 423.6 and

427.8 nm in the forward spectra recorded in the seed arm with (red
solid line) and without (blue dashed line) the 400-nm pump laser
field. The rotational assignments of the R-branches are shown, in
which J" stands for the rotational quantum number in the X 2� +

g

state.

higher-intensity self-seed pulse, Iseed [34]. The gain coefficient
g = σ × �n, where σ is the cross section of the stimulated
emission and �n is the population difference between the
upper and lower states, can be regarded as a constant because
σ is a constant for a given type of transition and �n is also
a constant under the current experimental conditions due to
the intensity clamping of the laser field [35]. Therefore the
exponential increase in the intensities of the 423- and 428-nm
lasing shown in Fig. 2(d) can be ascribed to the increase in L.

In the self-seeded scheme or a collinear pump-seed
scheme, it is difficult to exclude other nonlinear effects such
as stimulated Raman scattering [13] and lasing without popu-
lation inversion [21]. Therefore we carried out a pump-seed
measurement in a noncollinear scheme [see Fig. 1(b)] to
verify the population inversion mechanism of N2

+ in the
intense 400-nm laser pumping. Figure 3 shows the forward
spectra of the seed arm in the presence (solid red line) and
absence (dashed blue line) of the pump laser pulses. In the
measurement, the energies of the pump and seed laser pulses
were set at 1 mJ and 2 μJ, respectively. The very weak seed
pulse can guarantee that it cannot induce ionization of neutral
N2 molecules and its spectrum extends to about 430 nm.
Therefore this weak pulse can serve as the seed to be ampli-
fied. The polarization directions of the pump and seed pulses
were set to be parallel with each other. The pump pulse was
introduced about 420 fs prior to the probe pulse to avoid the
interference effect between the pump and seed pulses and the
effect of molecular alignment on the N2

+ lasing induced by
the pump pulses, because at the delay of 420 fs, which is
sufficiently earlier than the quarter revival time of ∼2 ps [24],
the N2

+ ensemble exhibits an isotropic alignment distribution
of 〈cos2θ〉 ∼ 0.33, that is, the N2

+ ensemble is neither aligned
nor antialigned.

It can be seen in Fig. 3 that when the pump pulse is
turned on, rotationally resolved lasing emissions assigned to
the B 2�u

+−X 2� +
g (1, 2) and (0, 1) transitions appear at

around 423.6 and 427.8 nm, which can be regarded as clear
evidence of the building-up of the population inversion in
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N2
+ in the intense 400-nm field. The sharp peaks appearing

at 423.6 and 427.8 nm are assigned to the P-branch heads of
the rotational structure of the respective electronic transitions,
in which the rotational transitions with �J = J ′–J ′′ = −1 ap-
pear close to each other, and the weaker and broader structures
appearing at around 423.6 and 427.8 nm in the higher-energy
side of the respective P-branch transitions are assigned to the
rotational structure of the R-branch transitions with �J =
J ′–J ′′ = 1. The assignment of the rotational quantum num-
bers, J ′′, are shown in Fig. 3. The rotational assignment of
the R-branch transitions were made based on the simulation
of the rotational structures using the spectroscopic con-
stants of N2

+: B′′
e = 1.9318 cm−1, α′′

e = 0.0190 cm−1, B′
e =

2.0845 cm−1, and α′
e = 0.0213 cm−1 [36].

In order to interpret the population inversion mechanism
and provide the information necessary for numerical simula-
tions, we estimate the laser intensity in the experiment. First,
we estimate the energy threshold for the self-focusing effect
of the 400-nm laser pulses when the filamentation occurs. The
critical power Pcr for the self-focusing of the laser pulse is
related to λ2/n2, where λ is the input laser wavelength and
n2 the Kerr nonlinear index [37]. The critical power Pcr for
a 42-fs and 800-nm laser pulse in air was measured to be 10
GW [37], and under the focusing condition of our experiment
where the f number is about 43, the clamping intensity at
800 nm was estimated to be 200–400 TW/cm2 [38]. The Kerr
nonlinear index n2 for a 400-nm laser pulse in air is about
1.3 times larger than that for an 800-nm laser pulse [33].
By scaling the above results, the critical power Pcr for the
self-focusing in a N2 gas at 200 mbar achieved by a 50-fs
and 400-nm laser pulse is estimated to be (400/800)2/(1.3 ×
200/1000) × 10 GW = 9.6 GW, and consequently, we obtain
the energy threshold for the self-focusing of the laser pulse
at around 400 nm to be about 0.5 mJ. We have confirmed
experimentally that the energy threshold of the self-focusing
is about 0.5 mJ by observing the shift of the focal position
of the pumping laser pulses towards the direction opposite
to the laser propagation direction in a similar manner as that
adopted in [39]. This means that, in the pulse energy range of
0.6–1.3 mJ in our experiment, filamentation occurs and that
the laser intensity inside the filament core is clamped at a
constant value. Because the clamping intensity of the filament
generated at 800 nm was about 2.5 times higher than that of
the filament generated at 400 nm [33], the clamping intensity
in our experiment is estimated to be about 80–160 TW/cm2.

III. THEORY

A. Theoretical model

In order to interpret theoretically the experimental find-
ing that population inversion can be simultaneously achieved
for the B 2�u

+−X 2� +
g (1, 2) and (0, 1) lasing emissions,

we conduct numerical simulations based on the postioniza-
tion three-state coupling model introduced in [14]. We solve
the time-dependent Schrödinger equation for the amplitudes
cαv (t ) of the vibronic states of N2

+,

ih̄
dcαv (t )

dt
= Eαvcαv (t ) − F (t )

∑
α′=X,A,B

vmax∑
v′=0

μαvα′v′cα′v′ (t ),

(1)

where α (= X, A, or B) labels the electronic state, v the vibra-
tional state, Eαv denotes the energy of the vibronic state α(v),
and μαvα′v′ is the transition dipole moment between the states
α(v) and α′(v′). The numerical values of Eαv are obtained
from the experimentally determined Morse parameters of the
potential energy curves of the X 2�g

+, A 2�u, and B 2�u
+

states [40], and the numerical values of μαvα′v′ were calculated
based on the data in [41,42]. We include vibrational states up
to vmax = 4 in each of the three potential energy curves and
assume that the direction of the molecular axis is fixed at an
angle θ with respect to the polarization direction of the laser
field. The amplitude of the laser electric field F (t ) is defined
as F (t ) = F0e−t2/τ 2

cos(ωt ). We adopt the experimental
parameters ω = 4.77 rad/fs corresponding to a wavelength
of 394.5 nm and τ = 42.5 fs corresponding to an intensity
FWHM of τFWHM = 50 fs. The simulation is started at t = 0,
assuming prompt ionization N2

+(X 2� +
g ) ← N2(X 1� +

g ) at
the peak of the pulse, and the time propagation is continued
until tfinal = 150 fs. The initial values of the amplitudes
cX0(t = 0) = 0.972, cX1(t = 0) = 0.229, cX2(t = 0) =
0.0441, cX3(t = 0) = 0.0081, and cX4(t = 0) = 0.0016 in
the X 2� +

g state are given by the square roots of the Franck-
Condon factors of the ionization process, and cAv (t = 0) =
cBv (t = 0) = 0. It has been known that electronically excited
states can be populated by the strong-field ionization [43]. In
order to examine the contribution of the strong-field ionization
to the formation of the electronically excited states of N2

+,
we have estimated the rate 
(α) of the multiphoton ionization
process, N+

2 (α) ← N2(X 1� +
g ), by the length gauge MO-SFA

formula [44]. At θ = 0◦, we obtain the relative ionization
probabilities of 
(X 2� +

g ) = 95.3%, 
(A 2�u) = 0.9%, and

(B 2� +

g ) = 3.8%, where the rates are normalized according
to 
(X 2�g

+) + 
(A 2�u) + 
(B 2�g
+) = 1, which clearly

shows that N2
+ is dominantly created in the electronic ground

X 2� +
g state and that the contribution of the strong-field

ionization to the formation of the inverted population between
the B 2�u

+ and X 2� +
g states of N2

+ is negligibly small.

B. Time-dependent populations

In Fig. 4 we show the time-dependent populations
pαv (t ) = |cαv (t )|2 obtained when the peak laser field intensity
is I = 8 × 1013 W/cm2 and the alignment angles are θ = 0◦
and θ = 65◦. The initial populations are pX0(t = 0) = 94.6%,
pX1(t = 0) = 5.2%, and pB0(t = 0) = pB1(t = 0) = 0. In
Fig. 4(a) we can see that the population dynamics can
be understood as a simultaneous Rabi oscillation in the
resonant B 2�u

+(0)−X 2� +
g (0) and B 2�u

+(1)−X 2� +
g (1)

transitions. The energy differences are EB0 − EX0 = 3.17 eV
and EB1 − EX1 = 3.19 eV, both of which are very close to the
laser photon energy of h̄ω = 3.14 eV. The Rabi frequencies
are calculated to be �B0X0 = F0μB0X0/2h̄ = 0.59 rad/fs
and �B1X1 = F0μB1X1/2h̄ = 0.35 rad/fs, corresponding
to the Rabi periods of TB0X0 = 2π/�B0X0 = 10.6 fs
and TB1X1 = 2π/�B1X1 = 18.0 fs. Because of the
presence of the off-resonant B 2�u

+(0)−X 2� +
g (1) and

B 2�u
+(1)−X 2� +

g (0) couplings, the population can also
be transferred from X 2� +

g (0) to X 2� +
g (1) by a Raman-

type X 2� +
g (0)−B 2�u

+(0 or 1)−X 2� +
g (1) transition.
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FIG. 4. Time-dependent populations in the X 2� +
g (υ = 0, 1, 2)

and B 2�u
+ (υ = 0, 1) states for the alignment angles at (a) θ = 0◦

and (b) θ = 65◦. (c) The laser electric field adopted in the simulation.
The peak laser intensity is I = 8 × 1013 W/cm2.

By the combination of this Raman-type X 2� +
g (0)-B 2�u

+(0
or 1)-X 2� +

g (1) transition and the resonant Rabi oscillation
X 2� +

g (1)−B 2�u
+(1), the population can be transferred

from the X 2� +
g (0) state to the B 2�u

+(1) state. As shown
in Fig. 4(a), the final population in the B 2�u

+(1) state is
pB1(tfinal ) = 4.6%. The population of the X 2� +

g (2) state is
smaller than 5% when t < 150 fs, and the final population
is calculated to be pX2(tfinal ) = 0.27%. The reason for
the small value of pX2 is that the B 2�u

+(0)−X 2� +
g (2)

transition is off resonance (EB0 − EX2 = 2.63 eV) and that its
Franck-Condon factor is small. Indeed, the Franck-Condon
factor, |〈B(0)|X (2)〉|2 = 0.068, is much smaller than
|〈B(0)|X (1)〉|2 = 0.26 for the B 2�u

+(0)−X 2� +
g (1) transi-

tion and |〈B(0)|X (0)〉|2 = 0.66 for the B 2�u
+(0)−X 2� +

g (0)
transition. As a result of the small population in the
X 2� +

g (2) state and the population transfer to the B 2�u
+(1)

state by the combination of the Rabi oscillation and the
Raman-type transition, a final population inversion of
�pB1X2 = pB1(tfinal ) − pX2(tfinal ) = 4.3% is achieved, which
explains the experimentally recorded lasing at 423.6 nm.

In Fig. 4(b) we show the time-dependent populations when
θ = 65◦. Because the molecular axis is not aligned along
the laser field polarization direction, the Rabi frequencies
of the parallel B 2�u

+−X 2� +
g transitions become smaller

by a factor of cos 65◦ = 0.42, so that the Rabi periods be-
come TB0X0 = 25.0 fs and TB1X1 = 42.6 fs. As can be seen
in Fig. 4(b), this longer Rabi period leads to a population
inversion both between the B 2�u

+(0) and X 2� +
g (1) states

and between the B 2�u
+(1) and X 2� +

g (2) states, and con-
sequently, the final population differences become �pB0X1 =
5.6% and �pB1X2 = 8.3%. This means that population inver-
sion can occur simultaneously between the B 2�u

+(0) and

X 2� +
g (1) states and between the B 2�u

+(1) and X 2� +
g (2)

states.
In both cases (θ = 0◦ and θ = 65◦) shown in Fig. 4, the

population in the A 2�u state is negligibly small. In Fig. 4(a),
pAv (t ) = 0 for all the five vibrational levels in the A 2�u

state, because the molecular axis is parallel to the polariza-
tion direction of the laser field, reflecting the fact that the
transition dipole moment of the A 2�u −X 2� +

g transition is
perpendicular to the molecular axis. In Fig. 4(b), the total
population in the A 2�u state is smaller than 3% in the entire
range of t , and the final total population summed over all the
vibrational states is

∑vmax
v=0 pAv (100 fs) = 0.33%. In this case

of θ = 65◦, the small A 2�u state population is ascribed to the
fact that the laser photon energy h̄ω = 3.14 eV is much larger
than the energy gap between the A 2�u state and the X 2� +

g
state (for example, EA0 − EX0 = 1.12 eV), and consequently,
the A 2�u −X 2� +

g transition cannot proceed efficiently.

C. Conditions for population inversion

In order to investigate further the conditions with which
the population inversion between the B 2�u

+(0) state and the
X 2� +

g (1) state and that between the B 2�u
+(1) state and

the X 2� +
g (2) state are achieved, we calculate the final pop-

ulations in the X 2� +
g (υ ′′ = 0, 1, 2) and B 2�u

+ (υ ′ = 0, 1)
states at different sets of the laser parameters.

The final populations in the vibrational levels in the
X 2� +

g , B 2�u
+ and A 2�u states depend on the laser

intensity I, the alignment angle θ , and the pulse width τFWHM.
However, because the A 2�u state has a negligible effect on
the population transfer dynamics, a change in the alignment
angle θ is equivalent to a change in the B 2�u

+−X 2� +
g

coupling strength by a factor of cos θ . This means that the
final population difference �pBvXv′ (I, θ, τFWHM) between
the B 2�u

+ and X 2� +
g states calculated at an intensity

I, an alignment angle θ , and a pulse width τFWHM is
equal to the final population difference calculated at an
intensity I ′ = Icos2θ and an alignment angle θ ′ = 0 to
a good approximation, that is, �pBvXv′ (I, θ, τFWHM) ≈
�pBvXv′ (Icos2θ, 0, τFWHM). Therefore when investigating
the dependence of �pBvXv′ on I, θ , and τFWHM, it is
sufficient to calculate �pBvXv′ as a function of I and τFWHM

at θ = 0. After obtaining �pBvXv′ (I, θ = 0, τFWHM), the
θ dependence of �pBvXv′ can be calculated according to
�pBvXv′ (I, θ, τFWHM) ≈ �pBvXv′ (Icos2θ, 0, τFWHM). In order
to confirm that the approximation of �pBvXv′ (I, θ, τFWHM) ≈
�pBvXv′ (Icos2θ, 0, τFWHM) holds, we have performed
a numerical simulation at τFWHM = 50 fs, θ = 0◦, and
I = cos2 65◦ × 8 × 1013 W/cm2 = 1.4 × 1013 W/cm2 and
compared the results with the simulation conducted
at τFWHM = 50 fs, θ = 65◦, and I = 8 × 1013 W/cm2

shown in Fig. 4(b). The final population differences
between the B 2�u

+(1) state and the X 2� +
g (2) state

are �pB1X2(8 × 1013 W/cm2, 65◦, 50 fs) = 8.3% and
�pB1X2(1.4 × 1013 W/cm2, 0◦, 50 fs) = 9.3%, and those
for the B 2�u

+(0) state and the X 2� +
g (1) state are �pB0X1

(8 × 1013 W/cm2, 65◦, 50 fs) = 5.6% and �pB0X1

(1.4 × 1013 W/cm2, 0◦, 50 fs) = 7.3%, both of which show
that �pBvXv′ (I, θ, τFWHM) ≈ �pBvXv′ (Icos2θ, 0, τFWHM) is a
good approximation.
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FIG. 5. Final difference of the populations in (a) the B 2�u
+(0)

state and the X 2� +
g (1) state, �pB0X 1 = pB0(tfinal ) − pX 1(tfinal ),

and (b) the B 2�u
+(1) state and the X 2� +

g (2) state, �pB1X 2 =
pB1(tfinal ) − pX 2(tfinal ), as a function of the pulse width and the laser
intensity. The alignment angle is set to be θ = 0◦ in both (a) and (b).
The numerical values of the population differences are shown by the
color bars. The same color range is used in both (a) and (b). The
population inversion is achieved in the red regions (�pBvXv′ > 0),
and no population inversion is achieved in the blue regions.

In Fig. 5(a) we show the final population difference
�pB0X1 = pB0(tfinal ) − pX1(tfinal ) between the B 2�u

+(0) state
and the X 2� +

g (1) state as a function of the pulse width
τFWHM and the laser intensity I . In Fig. 5(b) we show the
final population difference �pB1X2 = pB1(tfinal ) − pX2(tfinal )
between the B 2�u

+(1) state and the X 2� +
g (2) state. We

can see in Fig. 5(a) that �pB0X1 < 0 in the large parame-
ter ranges of I > 3 × 1013 W/cm2 and τFWHM > 25 fs, and
that population inversion (�pB0X1 > 0) can be achieved only
when τFWHM < 25 fs or when I < 2 × 1013 W/cm2. On the
other hand, the final population difference �pB1X2 between
the B 2�u

+(1) state and the X 2� +
g (2) state shown in Fig. 5(b)

is always positive except for very small laser intensities
I < 5 × 1012 W/cm2. We conclude that the population inver-
sion between the B 2�u

+(1) state and the X 2� +
g (2) state

can be achieved in the broad ranges in laser intensity and
the laser pulse duration, that is, 5 × 1012 W/cm2 < I < 2 ×
1014 W/cm2 and 5 fs < τFWHM < 100 fs.

We also investigate the influence of variations in the
ionization time t0 on the final populations. We have per-
formed simulations for the case of τFWHM = 50 fs and I =
8 × 1013 W/cm2 where the simulation is started at different
timings of t = t0. We denote the final population in state α(v)
obtained at an ionization time t0 and an alignment angle θ as
pfinal

αv (t0, θ ). The θ -dependent final population averaged over t0
is defined as

pav
αv (θ ) = N

∫ ∞

−∞
dt0
MOSFA[ f (t0), θ ]pfinal

αv (t0, θ ), (2)

FIG. 6. (a) The final population difference between the
B 2�u

+(0) state and the X 2�u
+(1) state and (b) that between the

B 2�u
+(1) state and the X 2�u

+(2) state. Two approximations are
compared: (i) the population calculated by averaging over the ion-
ization time t0 in the range of −98 < t0 < 98 fs as defined in Eq. (2)
(labeled “t0-averaged”) and (ii) the population obtained by including
the contribution only from t0 = 0 (labeled “t0 = 0”). The laser field
intensity is 8 × 1013 W/cm2, and the pulse duration is 50 fs.

where N is a normalization constant defined so that∑
α,v ∫π

0 dθ sin θ pav
αv (θ ) = 1, 
MOSFA[ f (t0), θ ] is the length

gauge MO-SFA ionization rate [44], and f (t0) = F0e−t2
0 /σ 2

is
the envelope of the laser pulse. In the numerical evaluation
of Eq. (2), we approximate the integral over t0 by a discrete
sum over t0n = nπ/2ω with integer n in the range −300 �
n � 300, corresponding to the time range of −98 < t0 < 98
fs, and neglect the A 2�u −X 2� +

g coupling in the calculation
of pfinal

αv (t0, θ ).
In Fig. 6 we show the population differences �pav

B0X1(θ ) =
pav

B0(θ ) − pav
X1(θ ) and �pav

B1X2(θ ) = pav
B1(θ ) − pav

X2(θ ) and
compare the two cases of (i) the population differences cal-
culated by the averaging over t0 in the range of −98 < t0 <

98 fs as defined in Eq. (2), and (ii) the population differences
achieved only by the ionization at t0 = 0. As can be seen in
Fig. 6, even though the final population difference for the case
of t0 = 0 oscillates as a function of the alignment angle and
this oscillation is averaged out by the averaging over t0, the
overall behavior of the θ dependence for the case of t0 = 0 is
consistent with that obtained by the averaging over t0.

If we consider an isotropic rotational distribution of the
molecular axis at the delay time of 420 fs, the total final
population difference �ptot

αvα′v′ can be obtained by integrating
�pav

αvα′v′ over θ :

�ptot
αvα′v′ =

∫ π

0
dθ sin θ�pav

αvα′v′ (θ ). (3)

We obtain �ptot
B0X1 = −11% and �ptot

B1X2 = 4.0% for the
population differences averaged over t0, which means that
at I = 8 × 1013 W/cm2, population inversion between the
B 2�u

+(1) state and the X 2�g
+(2) state is also achieved when
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we consider the contributions from all alignment angles θ ,
which is consistent with the experimental observation of the
423.6-nm lasing line. On the other hand, �ptot

B0X1 is negative,
suggesting that population inversion between the B 2�u

+(0)
state and the X 2�g

+(1) state is not achieved at the inten-
sity of I = 8 × 1013 W/cm2. Because the simulation results
shown in Fig. 5(a) suggest that population inversion between
the B 2�u

+(0) state and the X 2�g
+(1) state is achieved for

intensities smaller than 2 × 1013 W/cm2, one possibility is
that the lasing at 427.8 nm is emitted from the peripheral
parts of the filament column where the intensity is smaller
than the clamping intensity estimated to be in the range of
8 × 1013–16 × 1013 W/cm2.

IV. SUMMARY

We have investigated both experimentally and theoretically
the B 2�u

+−X 2� +
g (0, 1) and (1, 2) lasing actions of N2

+ at
427.8 nm and 423.6 induced by a 400-nm laser field. By ex-
amining both the self-induced and externally seeded forward
emission spectra, we have unambiguously identified that the
population-inverted N2

+ can be created by the intense 400-
nm laser pulse. The numerical simulations have revealed that
the population in N2

+ can be efficiently transferred between
the X 2� +

g state and the B 2�u
+ state by the Rabi oscilla-

tion combined with the simultaneous Raman-type transitions,
leading to the population-inverted N2

+. This mechanism of
the lasing of N2

+ at 400 nm, that is, the lasing achieved

by the vibrationally mediated Rabi oscillation, is the lasing
action characteristic of molecular species in which molecu-
lar vibration plays a crucial role in a different manner from
the lasing induced by an intense 800-nm laser field where
the A 2�u state plays an important role [23]. We have also
demonstrated that in the 400-nm laser pumping scheme, the
population inversion occurs between the B 2�u

+(1) state and
the X 2� +

g (2) state in the broad ranges of the laser field
intensity (5 × 1012 W/cm2 < I < 2 × 1014 W/cm2) and the
pulse duration (5 fs < τFWHM < 100 fs), that is, the population
inversion is not sensitive to the variations in the laser parame-
ters, which exhibits marked differences from the population
inversion between the B 2�u

+(0) state and the X 2� +
g (1)

state, which occurs only in the specific ranges of the laser
parameters. The theoretical simulations have shown that in
order for the population inversion between the B 2�u

+(0) state
and the X 2� +

g (1) state to be realized, at least one of the
following conditions need to be satisfied: (i) the laser intensity
should be smaller than 2 × 1013 W/cm2, and (ii) the laser
pulse width has to be smaller than 25 fs.
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