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Differential study of proton-helium collisions at intermediate energies:
Elastic scattering, excitation, and electron capture
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In a series of papers we present a comprehensive investigation of the four-body proton-helium differential
scattering problem using the two-center wave-packet convergent close-coupling approach in the intermediate
energy region where coupling between various channels is important. The approach uses correlated two-electron
wave functions for the helium target. For comparison, a recently developed method that reduces the target to an
effective single-electron system is also used. In this paper we present calculations of angular differential cross
sections for elastic-scattering, target excitation, and electron-capture processes. The results of the two-electron
and effective single-electron methods exhibit a good level of agreement. They also agree well with available
experimental data. It is concluded that both versions of the wave-packet convergent close-coupling approach
are capable of providing a realistic differential picture of all interdependent and interconnected binary processes
taking place in proton-helium collisions at intermediate energies.
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I. INTRODUCTION

The study of ion-atom collisions has been, and still is,
one of the most intensive areas of research within atomic
physics. A complete understanding of processes of excitation,
ionization, and charge exchange occurring in collisions is
essential for applications in areas such as astrophysics [1]
and plasma physics [2]. Such collisional phenomena are also
relevant to hadron therapy [3]. Many approaches to modeling
such collisions have been developed [4]. For a recent review of
energetic ion-atom and ion-molecule collisions, see Ref. [5].

The simplest four-body ion-atom scattering problem is
represented by collisions of protons with helium atoms. The
proton-helium system has been extensively investigated both
experimentally [6–23] and theoretically [24–41] to obtain
total and differential cross sections for excitation, electron
capture, and ionization. While various theoretical approaches
result in the integrated cross sections, e.g., for electron cap-
ture, in good agreement with experiment (see [40,41] and
references therein), they may lead to quantitatively and quali-
tatively different predictions of the corresponding differential
cross sections. Thus the differential cross sections represent
a more stringent test of the theoretical models. Calculations
of various differential cross sections provide a complete dif-
ferential picture of all the interrelated processes occurring
in a collision simultaneously. We consider the intermediate
energy region where the projectile speed is either compara-
ble to, or somewhat larger than, the electron’s orbital speed.
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Accordingly, at these energies coupling between various chan-
nels cannot be ignored.

A number of methods have been applied to the differential
scattering problem. Optical potential methods were employed
by Potvliege et al. [33] to investigate elastic scattering and by
Henne et al. [29] to investigate elastic scattering and excita-
tion into 2s and 2p states at an incident projectile energy of
100 keV. Both methods consistently overestimated the exper-
imental data of Peacher et al. [14] for elastic scattering, while
reasonable agreement between the results of Henne et al. [29]
and the experiment of Kvale et al. [9] was found for excitation.

Classical-trajectory Monte Carlo (CTMC) calculations of
Schultz et al. [35] and Lundy et al. [30] produced results in
good agreement with the experiment of Martin et al. [10]
for differential electron-capture cross sections into all pro-
jectile states at 100 keV. However, the calculation of Lundy
et al. [30] deviated from the experiment of Seely et al. [23] for
electron transfer into the 2p state as scattering angle increased.

The classical static-potential method employed by
Kobayashi and Ishihara [27] was applied to elastic scattering
at 25, 50, and 100 keV. Kobayashi and Ishihara [27] found
a large discrepancy between the experimental data [14] and
their results at 100 keV. These authors also used the Glauber
approximation to calculate the differential elastic-scattering
cross section. This method gave better agreement with the
experimental data in shape, however, the discrepancy in the
magnitude remained.

Methods based on the first Born approximation [25,27,31],
better suited to higher-energy collisions, achieved certain
success in the narrow forward-scattering cone but displayed
unphysical dips and disagreement at larger angles. In these
works, the results for electron capture into all states were
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obtained from the calculations into only the 1s state by using
the Oppenheimer scaling rule.

A number of other perturbative methods, namely the
continuum distorted wave-eikonal initial state (CDW-EIS)
method of Abufager et al. [24], the four-body final channel
distorted-wave method of Halder et al. [26], the boundary-
corrected four-body continuum-intermediate-state (BCIS)
method of Mančev et al. [32], the symmetric eikonal two-
electron distorted-wave (SE2) method of Rodríguez et al. [34],
and the distorted-wave Hartree-Fock (DWHF) method of
Wong et al. [37], have employed the distorted-wave formal-
ism in their calculations for elastic scattering [37], electron
capture into the 1s state [24,26,32], and excitation into the 2p
state [34]. All these methods resulted in good agreement with
experiments for the particular processes they were applied to,
except for the partial-wave method of Wong et al. [37] which
gave reasonable agreement only after scaling by a factor of
0.1. No justification for such scaling was given.

The perturbative methods mentioned above are applicable
at sufficiently high energies. In the intermediate energy range,
various reaction channels are interdependent. Therefore, cou-
pling between these channels is important. These effects
can be accounted for in the close-coupling formalism. In a
two-center atomic-orbital close-coupling (AOCC) approach
of Slim et al. [36], it was found that the effect of electron ex-
change has increasing importance with decreasing projectile
impact energy. The approach is found to be in good agreement
with experimental data for electron capture into all projectile
states [10] and excitation into 2s and 2p states of the target [9],
but it showed poor agreement for elastic scattering [14] at
a projectile energy of 100 keV. Another coupled-channel ap-
proach is the two-center basis generator method (BGM) using
an independent-electron model (IEM) and one-active-electron
(OAE) model of the helium target by Zapukhlyak et al. [39].
The BGM is a nonperturbative coupled-channel method for
solving the time-dependent Schrödinger equation where the
included basis states gradually adapt to the dynamics of the
individual collision system. For comparison they also used
the one-active-electron model for helium with a screening
potential. Both implementations of the method were used to
calculate electron capture into all states of hydrogen over
projectile energies ranging from 25 to 200 keV and the re-
sults of the calculations were compared with the experimental
data. Good agreement was found between the basis generator
method results and measurements of Schulz et al. [22] at all
energies. Good agreement was found also with the experimen-
tal data by Schöffler et al. [19] and Martin et al. [10]; however,
agreement was poor with the experiment of Mergel et al. [11].
There was a slight difference between the two-electron and
one-active-electron basis generator method results, but as pro-
jectile energy increases, the results appear to merge.

The close-coupling approaches have certain challenges.
In the high-energy regime, the interaction matrix elements
become highly oscillatory making numerical evaluations
extremely difficult. This may prevent the close-coupling ap-
proaches from reaching convergence in terms of the number
of the included basis states. There are also challenges with
modeling the continuum, restricting the applicability of the
close-coupling method, particularly in the energy range con-
sidered herein where the probability of capture into the

continuum of the projectile cannot be ignored. The convergent
close-coupling approach has been developed to circumvent
these difficulties using the fully quantum-mechanical [42,43],
standard semiclassical [44], and wave-packet [45,46] imple-
mentations for the fundamental proton-hydrogen collision
system. The wave-packet convergent close-coupling (WP-
CCC) method has most recently been applied to the cal-
culation of various singly differential cross sections for the
proton-hydrogen system [47] leading to excellent agreement
with experiment. The method has also been extended to the
proton-helium system in Refs. [48] and [41]. Calculations of
the integrated cross sections using this approach agreed very
well with experiment in a wide energy range including low,
intermediate, and high energies [41].

A brief overview of the theoretical approaches to the differ-
ential proton-helium scattering problem given above indicates
that different approaches have been applied to isolated re-
action channels. Some of them gave very good results for
electron capture; however, they cannot provide information
on other concurrent channels. There has been no attempt to
calculate all the interconnected processes on equal footing at
the same time and in a systematic fashion. Our aim here is
to fill this gap. We present comprehensive investigation of
the four-body proton-helium differential scattering problem
using the two-center wave-packet convergent close-coupling
approach. The approach uses correlated two-electron wave
functions for the helium target. In this paper we focus on the
angular differential cross sections for elastic-scattering, target
excitation, and electron-capture processes in the intermediate
energy (75–300 keV) region where coupling between various
channels is important. The aim is to test if the WP-CCC
approach is capable of providing a complete differential pic-
ture of all the simultaneous interrelated processes occurring
during the collision. For comparison, we also use a recently
developed approach [49] that allows one to reduce the two-
electron helium atom to an effectively single-electron system
convenient for scattering calculations. Here we report results
for angular differential cross sections for elastic scattering,
excitation into the n = 2 states (where n is the principal quan-
tum number of the atom in the final state), and state-selective
electron capture obtained using both methods. Unless spec-
ified otherwise, atomic units (a.u.) are used throughout this
manuscript.

II. TWO-CENTER WAVE-PACKET CONVERGENT
CLOSE-COUPLING METHOD

A. Correlated two-electron treatment of the helium target

Various aspects of the two-center wave-packet convergent
close-coupling method for ion-atom collisions are described
in detail in our earlier works [41,46,48,50,51]. The approach
has been extended to multicharged projectiles in [52,53] and
to two-electron targets in [41]. A brief description of the
method is given here with emphasis on the parts relevant to
the present calculations.

We apply the frozen-core approximation for the helium
target and the semiclassical approximation for the scattering,
which are valid at the energies we perform our present calcula-
tions. The exact nonrelativistic time-independent Schrödinger
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equation for the total scattering wave function � is

(H − E )� = 0, (1)

where H is the full four-body Hamiltonian and E is the total
energy of the collision system. The total Hamiltonian can be
split into kinetic-energy and Coulomb interaction potential
operators to be

H = Kσ + HT1 + HT2 + VP + V12, (2)

= Kρ1 + HP1 + HT2 + V1 + V12, (3)

= Kρ2 + HP2 + HT1 + V2 + V12, (4)

where

Kσ = − ∇2
σ

2μT
, Kρi = − ∇2

ρi

2μP
, i = 1, 2, (5)

μT is the reduced mass of the p-He system, and μP is the
reduced mass of the H-He+ system. Note that the mass po-
larization term in the total Hamiltonian is neglected since
μT � 1 and μP � 1. The interaction potentials are written
as

VP = 2

R
− 1

x1
− 1

x2
, (6)

V1 = 2

R
− 2

r2
− 1

x1
, (7)

V2 = 2

R
− 2

r1
− 1

x2
, (8)

V12 = 1

|r1 − r2| . (9)

Here, the position vectors of the incident proton and the two
electrons relative to the helium nucleus are R, r1, and r2,
respectively, and the position vectors of the electrons relative
to the incident proton are x1 and x2. The position vector of
the proton relative to the center of mass of the helium atom
is σ and the position vector of the proton and first (second)
electron system relative to the helium ion is ρ1 (ρ2).

The Hamiltonians of the hydrogen atom formed after elec-
tron transfer and the residual helium ion can be written as

HPi = −∇2
xi

2
− 1

xi
, i = 1, 2, (10)

HTi = −∇2
ri

2
− 2

ri
, i = 1, 2. (11)

Using these equations the helium atom Hamiltonian becomes

HT = HT1 + HT2 + V12. (12)

We assume the target nucleus is located at the origin and
the projectile is moving along the trajectory R ≡ R(t ) = b +
vt , where b is the impact parameter and v is the initial velocity
of the projectile relative to the target. The impact parame-
ter vector is perpendicular to the velocity vector, such that
b · v = 0. Then assuming the total electronic spin of helium is
conserved throughout the collision, the total scattering wave
function is expanded in terms of N target-centered and M

projectile-centered pseudostates as

� =
N∑

α=1

aα (t, b)ψHe
α (r1, r2)eikασ

+ 1√
2

M∑
β=1

bβ (t, b)
[
ψH

β (x1)ψHe+
1s (r2)eik1βρ1

+ψH
β (x2)ψHe+

1s (r1)eik2βρ2
]
, (13)

where the indices α and β denote, respectively, a quantum
state in the p-He channel and the H-He+ rearrangement
channel, formed after electron capture by the projectile. Ac-
cordingly, kα is the momentum of the projectile relative to
the helium atom in the α channel. Similarly, k1β (k2β) is
the momentum of the hydrogen atom relative to the residual
helium ion in the 1β (2β) channel. Channels 1β and 2β are
the same but have the electron of the hydrogen atom and
the electron of the residual helium ion exchanged. Thus our
method accounts for the exchange effects between the cap-
tured electron and the electron of the residual He+ ion. In
the above equation, ψHe

α and ψH
β are the wave functions of

the helium and hydrogen atoms, respectively, and ψHe+
1s is the

ground-state wave function for the helium ion. The expansion
coefficients aα (t, b) and bβ (t, b) represent the transition am-
plitudes into the corresponding final channel as t → +∞.

We substitute the expansion in Eq. (13) into Eq. (1)
and successively multiply all terms of the resulting
equation by ψHe∗

α′ (r1, r2)e−ikα′σ for α′ = 1, . . . , N and
ψH∗

β ′ (x1)ψHe+
1s (r2)e−ik1β′ρ1 + ψH∗

β ′ (x2)ψHe+
1s (r1)e−ik2β′ρ2 for

β ′ = 1, . . . , M. Then using the semiclassical approximation,
where the action of the ∇2 operator on the expansion
coefficients aα and bβ is neglected as they vary slowly with
σ and ρi, respectively, and integrating over all variables
except for σ, ρ1, and ρ2, we obtain a set of coupled first-order
differential equations for the time-dependent coefficients:

iȧα′ + i
M∑

β=1

ḃβKT
α′β =

N∑
α=1

aαDT
α′α +

M∑
β=1

bβQT
α′β,

i
N∑

α=1

ȧαKP
β ′α + i

M∑
β=1

ḃβLP
β ′β =

N∑
α=1

aαQP
β ′α +

M∑
β=1

bβDP
β ′β,

α′ = 1, 2, . . . , N, β ′ = 1, 2, . . . , M. (14)

The direct scattering (collectively referring to elastic scatter-
ing and target excitation) matrix elements are given by

LP
β ′β = 1

2

∑
i, j=1,2

〈
kiβ ′ , ψH

β ′ , ψ
He+
1s

∣∣ψH
β , ψHe+

1s , k jβ
〉
, (15)

DT
α′α = 〈

kα′ , ψHe
α′

∣∣HT − EHe
α + VP

∣∣ψHe
α , kα

〉
, (16)

DP
β ′β = 1

2

∑
i, j=1,2

〈
kiβ ′ , ψH

β ′ , ψ
He+
1s

∣∣HPi − εH
β

∣∣ψH
β , ψHe+

1s , k jβ
〉

+ 1

2

∑
i, j=1,2

〈
kiβ ′ , ψH

β ′ , ψ
He+
1s

∣∣Vi

∣∣ψH
β , ψHe+

1s , k jβ
〉
. (17)
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Rearrangement (i.e., electron transfer) matrix elements are
given as

KP
β ′α = 1√

2

∑
i=1,2

〈
kiβ ′ , ψH

β ′ , ψ
He+
1s

∣∣ψHe
α , kα

〉
, (18)

KT
α′β = 1√

2

∑
i=1,2

〈
kα′ , ψHe

α′
∣∣ψH

β , ψHe+
1s , kiβ

〉
, (19)

QP
β ′α = 1√

2

∑
i=1,2

〈
kiβ ′ , ψH

β ′ , ψ
He+
1s

∣∣HT − EHe
α + VP

∣∣ψHe
α , kα

〉
,

(20)

QT
α′β = 1√

2

∑
i=1,2

〈
kα′ , ψHe

α′
∣∣HPi − εH

β + Vi

∣∣ψH
β , ψHe+

1s , kiβ
〉
.

(21)

Here, EHe
α is the total energy of He in state α and εH

β is the
energy of hydrogen in state β. Further details can be found in
Ref. [41].

The system of equations (14) is solved subject to the initial
boundary condition

aα (−∞, b) = δα,1s, α = 1, . . . , N,

bβ (−∞, b) = 0, β = 1, . . . , M, (22)

which assumes that the active target electron is initially in the
1s orbital.

Once the time-dependent expansion coefficients are found,
the differential cross sections for direct scattering (DS) and
electron capture (EC) from the initial state i to the final state
f are calculated as

dσ
DS(EC)
f i

d

= μT μ f

(2π )2

q f

qi

∣∣T DS(EC)
f i (q f , qi )

∣∣2
, (23)

where 
 = (θ, φ) is the solid angle of q f (relative to qi).
We choose the target to be in its ground state in the initial
channel. Therefore, we set qi = k1; however, q f = kα′ or q f =
k1β ′ ≡ k2β ′ depending on the type of scattering. Accordingly,
reduced mass μ f = μT for the p-He channel and μ f = μP for
the H-He+ channel. The direct scattering (elastic scattering or
excitation) amplitudes T DS

f i and electron-capture amplitudes
T EC

f i are calculated from the impact-parameter space transition
probability amplitudes as follows:

T DS
f i (q f , qi )=2π iv eimφ f

∫ ∞

0
db b[ã f (+∞, b) − δ f i]Jm(q⊥b)

(24)

and

T EC
f i (q f , qi ) = 2π iv eimφ f

∫ ∞

0
db b b̃ f (+∞, b)Jm(q⊥b),

(25)

where q⊥ is the magnitude of the perpendicular component
of the momentum transfer q = qi − q f , m is the magnetic
quantum number of the bound state in the final channel, φ f

is the azimuthal angle of q f , and Jm is the Bessel function of
the mth order. For details of the above procedures we refer to
Sec. 3.8 of Ref. [4]. The probability amplitudes are related to
the expansion coefficient as

ã f (t, b) = eimφba f (t, b) (26)

and

b̃ f (t, b) = eimφbb f (t, b), (27)

where φb is the azimuthal angle of b.

B. Effective single-electron treatment of the helium target

Proton scattering on a two-electron system is a complex
problem to solve due to the electron-electron correlations
and exchange effects between the captured electron and the
electron of the residual helium ion which belong to differ-
ent centers. A comprehensive two-electron treatment of the
problem, similar to the one described in the previous section,
is very involved theoretically and time consuming computa-
tionally. On the other hand, there are no such complications
in the case of bare-ion collisions with a hydrogenlike sys-
tem. Therefore, for comparison we also perform calculations
using a recently developed method [49] that allows one to
reduce the two-electron target to an effective single-electron
system. Then we can take advantage of our existing numerical
methods that have been implemented for bare-ion collisions
with one-electron targets and reduce the amount of required
computational resources when calculating cross sections.

Below we briefly summarize the effective single-electron
(E1E) technique. First we utilize a computational atomic-
structure package based on the multiconfiguration Hartree-
Fock approximation to produce an accurate multielectron
wave function for the ground state of a particular atom. Us-
ing the obtained ground-state wave function we calculate the
probability density for the whole atom. Next we average this
density function over the spatial coordinates and spin vari-
ables of all the target electrons except for the distance of any
one electron from the nucleus. The resulting single-electron
density function represents the probability of finding one
electron of the target at a certain distance from the target nu-
cleus. For the ground state this function is generally nodeless
and, therefore, its positive (or, equivalently, negative) square
root defines the corresponding single-electron wave function.
Inserting the latter into the multielectron Schrödinger equa-
tion for the target reduces it to effectively a single-electron
equation and allows us to calculate an effective potential rep-
resenting the collective field produced by the target nucleus
and all the other target electrons. With the known ground-state
radial wave function, the effective potential can be found by
inversely solving the reduced Schrödinger equation. Then the
reduced Schrödinger equation is used to find radial wave func-
tions for the excited bound states and the continuum state of
the active electron. In the next step, following the wave-packet
continuum discretization approach, the resulting continuum
is used to construct wave-packet pseudostates. These pseu-
dostates are square integrable and well suited for scattering
calculations. Eventually, radial functions of the ground state,
several excited states, and wave-packet pseudostates form a
basis which describes the multielectron atomic target. One
should note that the effective potential of the target core
found this way takes into account the possibility of excitations
of not only the outermost electron but all electrons of the
multielectron atom. In this work we apply this procedure to
the two-electron helium atom. The wave-packet continuum
discretization for hydrogenlike ions is described in Ref. [45].
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FIG. 1. Effective potential Ueff (r) weighted by radius r as a func-
tion of r for helium.

Thus, in our case, the effective potential represents the
collective field produced by the target nucleus and the second
electron of the target. Figure 1 shows the radial dependence
of the effective potential Ueff (r) multiplied by radius r for
the helium atom. Here Ueff (r) is the potential which is felt by
any one of the electrons in the field produced by the nucleus
and the remaining electron of the atom. As we can see the
potential is attractive, and tends to the expected functional
form of −2/r near the origin and has the asymptotic −1/r
tail at large distances.

The radial wave functions and corresponding energies for
the excited states and continuum states of the multielec-
tron atom are found by solving the reduced single-electron
Schrödinger equation for each angular momentum l using the
Numerov method. The bound states are found by utilizing
a standard shooting method. The resulting states form a set
of negative-energy pseudostates approximately representing
the target space, including the ground state that is accurate
by construction. For the continuum states, the radial wave
function is matched to the Coulomb function at large r, which
is also used to derive the continuum phase shift. The radial
functions for the bound states are normalized. The contin-
uum wave function is normalized to the Dirac delta function.
Finally, we use the wave-packet continuum-discretization ap-
proach to generate pseudostates. The procedure is similar to
the one recently applied to describe the structure of atomic
hydrogen [45]; however, the continuum solution comes in a
numerical form.

III. CALCULATIONS OF ANGULAR DIFFERENTIAL
CROSS SECTIONS

Below we present the differential cross sections for binary
reactions (elastic scattering, target excitation, and electron
capture) at four intermediate incident energies: 75, 100, 150,
and 300 keV. Our main results obtained using the cor-
related two-electron wave-packet convergent close-coupling
approach are denoted as WP-CCC. For comparison we also
present results obtained using the effective single-electron
treatment of the helium target described in Sec. II B. In both

approaches the number of included negative- and positive-
energy pseudostates are increased until adequate convergence
is achieved in the predicted cross sections for the collision
process that we are interested in.

The set of equations (14) for the expansion coefficients,
representing the transition amplitudes, was solved using the
Runge-Kutta method by incrementing the position of the pro-
jectile along the z = v0t axis in the scattering plane from
zmin = −100 a.u. to zmax = 100 a.u. for all impact parame-
ters. The exponential z grid, with denser discretization around
z = 0, contains 200 points. Checks showed that the difference
between the 200-point and 400-point results was insignifi-
cant. The numerical quadrature used in Eqs. (24) and (25)
for integration over the impact parameter was the Gauss-
Legendre quadrature. The impact parameters ranged from 0
up to 30 a.u., which was sufficient to allow for the probability
of all the processes being investigated to fall off several orders
of magnitude. The maximum impact parameter was increased
to 40 a.u. to remove oscillations for excitation into the 2p
state. Increasing the maximum impact parameter further made
no significant contribution to the results. Integration over the
impact parameter was performed with 128 quadrature points.
The results were checked for accuracy using 16, 32, and 64
points. There was no difference between the 64-point and
128-point results reported in this work.

For discretization of the continuum, the maximum momen-
tum of the ejected electron κmax was increased systematically
until no further change in the results was observed. Maximum
momentum κmax = 5 a.u. was verified to be sufficient for
all the angular differential cross sections considered in this
work to converge at intermediate energies. This corresponds
to the maximum energy of the ejected electrons εmax to be
about 340 eV, where the singly differential cross sections for
ionization at all considered impact energies fall off at least
three orders of magnitude.

To achieve convergence in all the cross sections calculated,
it was found that a basis containing the bound states up to the
principal quantum number 5 and 20 bin states on both centers
was more than sufficient. The maximum orbital angular mo-
mentum for both negative-energy and positive-energy states
was 3. Angular differential cross sections are calculated from
the transition amplitudes for the corresponding states using
Eq. (25).

A. Differential cross sections for elastic scattering
and target excitation

The angular differential cross sections for elastic scattering
(denoted as 1s), target excitation into the 2s and 2p states,
and the n = 2 shell obtained with the two-electron WP-CCC
approach are presented in Fig. 2 in comparison with exper-
imental data [9,14,20] and other calculations [27,34,36,37].
The results are presented in the center-of-mass frame (where
the center of mass of the proton-helium system is at rest).
As seen from the figure, the two-electron WP-CCC results
agree very well with the experimental data, where available,
for all processes except for elastic scattering. For comparison
results obtained using the effective single-electron treatment
of the helium target are also shown. As one can see, the
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FIG. 2. State-selective angular differential cross sections for elastic (1s) scattering and target excitation in proton-helium collisions as
functions of scattering angle in the center-of-mass frame. Projectile energies are 75, 100, 150, and 300 keV. Experimental data by Peacher
et al. [14], Kvale et al. [9], and Schulz et al. [20] are shown in the corresponding panels. Theoretical results are the present two-electron
WP-CCC approach, the distorted-wave Hartree-Fock (DWHF) approach of Wong et al. [37], the atomic-orbital close-coupling (AOCC) method
of Slim et al. [36], the symmetric eikonal distorted-wave (SE2) approach by Rodríguez et al. [34], and the Glauber approximation and the
classical static-potential methods by Kobayashi and Ishihara [27]. The present E1E WP-CCC results are also shown.

E1E WP-CCC results also show reasonable agreement, again
except for elastic scattering.

For elastic scattering at 100 keV, the two-electron WP-
CCC results come closer to the experimental data by Peacher

et al. [14] than the other calculations [36,37] including
the present E1E WP-CCC ones. Our two-electron WP-CCC
results agree with the calculations by Kobayashi and Ishi-
hara [27] based on the Glauber approximation within the
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angular range from 0.5 to 1.5 mrad. Overall, there is still sig-
nificant disagreement between experiment and theory (theory
in general). Previously, the failure of the theoretical treatments
to adequately account for the effects of the various inelastic
channels, particularly ionization and charge transfer, was sug-
gested to be a possible source of the discrepancy between the
theoretical results and the only experiment available on elas-
tic scattering by Peacher et al. [14]. Therefore, we expected
that including a sufficient number of negative-energy and
positive-energy pseudostates would resolve the discrepancy
as such a large basis correctly accounts for the polarizability
of the target. However, as we can see from the figure, this
is not the case. As Peacher et al. [14] mentioned, relative
data from their experimental chamber, the interaction length
of which was uncertain, were normalized to the absolute dif-
ferential cross sections using a single normalizing constant.
Given the two-electron WP-CCC method is based on the
very accurate correlated two-electron target structure and the
obtained results are convergent in terms of the included target-
and projectile-centered states, one can cautiously suggest that
there could be a normalization error in the experiment. In-
deed, agreement in shape between the experiment and the
two-electron WP-CCC results is excellent. Note that there was
no such disagreement in similar calculations for the proton-
hydrogen system [47].

Excitation into the 2s state sees greater similarity between
the E1E and two-electron WP-CCC methods. The two sets of
results are very close to each other near the forward direc-
tion across all energies. However, the E1E WP-CCC results
overestimate the two-electron WP-CCC calculations for larger
scattering angles with the difference between the two meth-
ods decreasing as projectile energy increases. Nevertheless,
both two-electron and E1E WP-CCC calculations agree very
well with the experimental results by Kvale et al. [9] avail-
able at 75 and 100 keV and for scattering angles up to 1.07
and 0.83 mrad, respectively. The AOCC calculation by Slim
et al. [36] at 100 keV also agrees well with the experiment,
following a very similar pattern as the two-electron WP-CCC
method within the angular range where the data are avail-
able. The cross section for 2p excitation is the combination
of the cross sections for excitation into the 2p−1, 2p0, and
2p1 states. Here, the situation is very similar to that of 2s
excitation. Rodríguez et al. [34] performed symmetric eikonal
distorted-wave calculations at 75 and 100 keV for scattering
angles up to 0.5 mrad. Their results agree very well with our
two-electron WP-CCC calculations. Again, the E1E WP-CCC
2p angular cross section is somewhat higher than the more
accurate two-electron one away from the forward direction,
but the difference between the E1E and two-electron results is
still within the experimental uncertainties. For excitation into
all the states of the n = 2 shell combined, there is another set
of measurements by Schulz et al. [20] at 100 and 150 keV. The
two-electron WP-CCC results describe the Schulz et al. [20]
data very well.

B. Differential cross sections for electron capture

The angular differential cross sections for electron cap-
ture into 1s, 2s, and 2p states of the projectile as well
as those summed over all the included bound states on

the projectile center are shown in Fig. 3. We present the
results obtained with the two-electron WP-CCC approach
together with experimental data [8,10,11,19,22,23] and other
calculations [24,32,35,39]. Similar to elastic scattering and
target excitation, results are presented in the center-of-mass
frame. For comparison results obtained using the effective
single-electron treatment of the helium target are also shown.
Generally, the state-selective and total electron-capture cross
sections obtained using both two-electron and E1E WP-CCC
methods agree well with the experimental results, where
available.

Schöffler et al. [19] reported the angular-differential cross
section for electron capture into the ground state of helium
using the cold target recoil ion momentum spectroscopy tech-
nique. The E1E and two-electron WP-CCC methods are in
excellent agreement with their data over the entire angular
and energy ranges, especially for small scattering angles less
than 0.5 mrad. At very small scattering angles our results
agree with the CTMC calculation of Schultz et al. [35] avail-
able at 100 keV. Agreement is reasonably good also at larger
angles with some deviation between 0.4 and 1.2 mrad. The
boundary-corrected first Born approximation (CB1) and the
BCIS methods of Mančev et al. [32], being perturbative in
nature, predict unphysical dips around 0.4 and 0.8 mrad, re-
spectively. They agree with the data in the narrow forward
cone which should ensure the resulting integrated cross sec-
tion is accurate.

For capture into the 2s state of hydrogen, the two-electron
and E1E WP-CCC methods are very close to each other over
the entire angular range. No experimental data is available for
this process. The CTMC calculations by Schultz et al. [35]
are available at 100 keV. The difference between the CTMC
results and the WP-CCC ones is somewhat similar to the sit-
uation with ground-state capture. For capture into the 2p state
of hydrogen, the two-electron and E1E WP-CCC methods are
in agreement for scattering angles less than ∼0.5 mrad after
which they slightly deviate from each other. The experiment
was conducted by Seely et al. [23] for 100 keV. The two-
electron and E1E WP-CCC results do not agree well with the
experiment [23], overestimating it for scattering angles near
the forward direction and underestimating it at larger angles.
The CTMC results by Schultz et al. [35] are in somewhat
better agreement with the experiment but still do not correctly
reproduce the shape of the cross section, underestimating the
experiment at small angles and overestimating it at larger
angles. As a matter of fact, we note that the two-electron
WP-CCC results at 25 keV are in very good agreement with
the corresponding measurements by Seely et al. [23], but at
50 keV agreement is already not good, just like at 100 keV
(not shown).

The two-electron and E1E WP-CCC results for the total
cross sections for electron capture into all included projectile
states are compared with the experiments of Guo et al. [8],
Schulz et al. [22], Mergel et al. [11], and Martin et al. [10],
along with the CTMC calculations of Schultz et al. [35],
and the CDW-EIS method of Abufager et al. [24], the CB1
and BCIS results of Mančev et al. [32], and the BGM IEM
results of Zapukhlyak et al. [39]. At 100 keV, the CTMC
results of Schultz et al. [35] are in very good agreement
with the experiment at all angles. Our results are in excel-
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FIG. 3. State-selective and total angular differential cross sections for electron capture in proton-helium collisions as functions of scattering
angle in the center-of-mass frame. Projectile energies are 75, 100, 150, and 300 keV. Experimental data by Schöffler et al. [19], Mergel
et al. [11], Seely et al. [23], Guo et al. [8], Schulz et al. [22], Martin et al. [10], and Loftager (reported in Ref. [31]) are shown in the respective
panels. Theoretical results are the present two-electron WP-CCC approach, the classical trajectory Monte Carlo (CTMC) method by Schultz
et al. [35], the corrected first Born (CB1) and boundary-corrected intermediate-state (BCIS) methods of Mančev et al. [32], the continuum
distorted wave-eikonal initial state (CDW-EIS) method of Abufager et al. [24], and the two-center basis generator method (BGM) using the
independent-electron model (IEM) and one-active-electron model (OAE) for He by Zapukhlyak et al. [39]. The present E1E WP-CCC results
are also shown.
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lent agreement with the most recent measurements by Guo
et al. [8]. They also agree well with the earlier data by Mar-
tin et al. [10] and Schulz et al. [22]. However, they do not
support the Mergel et al. [11] data. For comparison we plot
the ground-state capture cross sections by Schöffler et al. [19]
believed to be more accurate. Given the fact the ground-state
capture cross section gives about 80% of the total, we see
a possible problem with the Mergel et al. [11] data. The
latter significantly underestimates the ground-state data in a
narrow cone around the forward direction (that defines the
integrated capture cross section) and predicts a different slope.
One can notice that the difference between the two-electron
and E1E WP-CCC results is quite small meaning that the
effective one-electron treatment of the He target is acceptable
for total electron capture at least in the intermediate energy
range considered here. A similar conclusion was drawn [39]
based on the IEM and OAE implementations of the BGM
method. Furthermore, we observe generally good agreement
between the WP-CCC and IEM BGM results. We should
note that the BGM approach with the OAE model of He is
conceptually similar to our E1E WP-CCC approach. At the
same time, comparison of the present two-electron WP-CCC
cross sections with the results of the BGM approach based on
the independent-electron model should give information about
the role of electron correlation effects. However, we should
also consider differences in the methodology that contribute
to observed deviation.

Overall, nonperturbative methods describe the experiment
well. Note that our calculations show no evidence of any
significant contribution to electron capture from the Thomas
double-scattering mechanism in the energy range considered
here. However, this mechanism is expected to become impor-
tant as the incident energy increases and this should show up
in the differential cross sections for electron capture [54,55]
and ionization. We consider this case elsewhere.

We note that our method includes all interaction poten-
tials. Some authors mentioned above solve the semiclassical
Schrödinger equation without the internuclear potential and
incorporate the latter in the form of a phase factor. The WP-
CCC method is based on the full Schrödinger equation with
the full four-body Hamiltonian. Finally, we remark that in all
cases the differential cross sections display somewhat similar
behavior. They fall off fast at small angles. This changes
around 0.5–0.75 mrad beyond which the fall off is slower.
Larger scattering angles correspond to smaller impact parame-
ters and vice versa. Accordingly, scattering into large angles is
mostly due to the heavy-particle interaction at short distances
while the electron interaction with the projectile and the target
nucleus is responsible for scattering into small angles where
collision takes place at relatively long distances.

IV. CONCLUSION

The two-center wave-packet convergent close-coupling ap-
proach based on the correlated two-electron treatment of
the target was applied to calculate angular differential cross
sections for elastic scattering, target excitation, and electron
capture in proton-helium collisions at intermediate projectile
energies. Results for the angular differential cross sections of
excitation and electron capture agree well with experiment.
For elastic scattering, there is significant disagreement be-
tween the only available experiment at 100 keV and theory,
though agreement in shape between the experiment and the
two-electron WP-CCC results is excellent. We cannot explain
the discrepancy. New experiments and independent calcula-
tions would shed more light on the situation. We also present
results using a recently developed effective single-electron
description of the target. Results from this alternative, com-
putationally more efficient, treatment of the target structure
exhibit generally good agreement with the experimental data,
however, not as good as the correlated two-electron WP-CCC
calculations. This must be due to the electron-electron correla-
tion effects accurately included in the two-electron approach.
These correlations are included only approximately in the ef-
fective one-electron approach. We also find that the difference
between the E1E and two-electron WP-CCC results are largest
in the elastic-scattering channel. This reflects the fact that the
elastic-scattering cross section requires accurate polarizabil-
ity of the target. The target polarizability is best reproduced
in the two-electron WP-CCC approach based on the corre-
lated two-electron target wave function. Other channels are
slightly less sensitive to the polarizability. It is concluded that
both the correlated two-electron and less expensive effective
single-electron WP-CCC approaches are capable of providing
a complete and reasonably accurate differential picture of
the binary processes taking place in proton-helium collisions.
We will next turn our attention to proton-helium differential
ionization where there is an abundance of experimental data
with which to compare.
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