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We study the performance of quantum annealing for two sets of problems, namely, 2-satisfiability (2-SAT)
problems represented by Ising-type Hamiltonians and nonstoquastic problems which are obtained by adding
extra couplings to the 2-SAT problem Hamiltonians. In addition, we add to the transverse Ising-type Hamiltonian
used for quantum annealing a third term, the trigger Hamiltonian with ferromagnetic or antiferromagnetic
couplings, which vanishes at the beginning and end of the annealing process. We also analyze some problem
instances using the energy spectrum, average energy or overlap of the state during the evolution with the
instantaneous low-lying eigenstates of the Hamiltonian, and identify some nonadiabatic mechanisms which can
enhance the performance of quantum annealing.
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I. INTRODUCTION

Applications of optimization problems are very diverse and
include, among others, scheduling chemotherapy for cancer
patients [1,2] and aircraft assignment problems [3,4]. Model-
ing these problems to fit real-life applications requires a large
number of variables. Many of these problems are NP-hard,
implying that the time required to solve them grows exponen-
tially with their size [5]. Various physical and computational
techniques have been, therefore, devised and utilized to obtain
the required solution.

One such physical technique is that of simulated anneal-
ing, which requires the problem to be mapped as a classical
Hamiltonian, whose ground state then encodes the solution to
the optimization problem [6]. Adding thermal fluctuations to
the system keeps it from getting trapped in a local minimum.
However, if the energy landscape of the Hamiltonian becomes
too involved, i.e., the global minimum becomes surrounded
by many local minima, with limited computing resources,
simulated annealing can fail to yield the correct ground state
of the Hamiltonian. It was in this spirit that the method of
quantum annealing was first employed to solve an optimiza-
tion problem, aiming to utilize quantum tunneling to obtain
the required solution [7–11].

For quantum annealing, the minimum energy gap that oc-
curs during the annealing process between the ground state
and the first-excited state of the Hamiltonian is of great
importance, in particular in the adiabatic limit of quantum
annealing. However, it has been found that, for the Ising
Hamiltonian, which is used as a standard model Hamiltonian
for encoding optimization problems, the minimum energy gap
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may be accompanied by a quantum phase transition, and for
difficult problems it can close exponentially fast as the system
size grows [12–15]. Therefore, the time required to ascertain
an adiabatic evolution of the state also increases exponentially
for these problems. Thus to utilize quantum annealing well, it
is advantageous to find ways to enlarge the minimum energy
gap. In this work we attempt to do this by introducing a
trigger Hamiltonian to the existing D-Wave-type transverse
Ising-spin Hamiltonian [11,16–19].

We study two types of trigger Hamiltonians: the ferro-
magnetic trigger Hamiltonian and antiferromagnetic trigger
Hamiltonian. While the addition of the former still keeps
the whole Hamiltonian stoquastic (i.e., it has real and non-
positive off-diagonal matrix elements in the computational
basis), the latter makes the Hamiltonian nonstoquastic. It has
been suggested that nonstoquastic Hamiltonians can be more
advantageous for the efficiency of quantum annealing [18,20–
23]. Lastly, we also examine the performance of quantum
annealing for nonstoquastic problems, in contrast with the
Ising problems which are stoquastic (i.e., have only diagonal
matrix elements).

In Sec. II, we briefly discuss the basics of quantum an-
nealing and introduce the trigger Hamiltonian. Section III
describes the problem sets for which the quantum annealing
algorithm will be performed. Sections IV and V showcase the
results and analysis. We finally conclude our observations in
Sec. VI.

II. QUANTUM ANNEALING AND TRIGGER
HAMILTONIANS

The quantum annealing algorithm requires one to start in
the ground state of an initial Hamiltonian HI whose ground
state is easy to determine and prepare. With the help of a
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control parameter s defined as t/TA, where TA is the total
annealing time and t denotes the time, the time-dependent
Hamiltonian is swept towards the problem Hamiltonian HP

whose ground state encodes the solution to the problem at
hand. The time-dependent Hamiltonian H (t ) thus has the fol-
lowing form:

H (t ) = A(s(t ))HI + B(s(t ))HP, (1)

where functions A and B control the sweeping scheme, such
that A(0) ≈ 1 and B(0) ≈ 0, while A(1) ≈ 0 and B(1) ≈ 1.

The problem of finding the optimal solution therefore re-
duces to solving the time-dependent Schrödinger equation for
the resulting H (t ),

i
∂

∂t
|ψ〉 = H (t ) |ψ〉 , (2)

where h̄ is set to 1, making the subsequent quantities involved
in this paper dimensionless.

The problem Hamiltonian is generally chosen to be of Ising
type, i.e.,

HP = −
∑

i

hi
zσi

z −
∑
i, j

Jz
i, jσi

zσ j
z, (3)

while the initial Hamiltonian is chosen to be

HI = −
∑

i

hi
xσi

x, (4)

where σi
x and σi

z are the Pauli matrices acting on the ith spin.
Here, Jz

i, j represents the z coupling between the ith and jth

spins, and hx(z)
i represents the x(z) magnetic field acting on

the ith spin, whereby hx
i is generally chosen to be 1 for all

the spins. The ground state of the initial Hamiltonian is the
uniform superposition state.

The quantum adiabatic theorem assures that if the sweep-
ing from the initial Hamiltonian to the final Hamiltonian is
done slowly enough (as determined by the minimum energy
gap between the ground state and the first-excited state of the
Hamiltonian), the state of the system shall remain close to the
ground state of the instantaneous Hamiltonian, if one starts
in the ground state of the initial Hamiltonian [24–27]. Math-
ematically, for the adiabatic theorem to hold, the annealing
time TA should satisfy

TA � max
0�s�1

|| 〈1(s)| dH
ds |0(s)〉 ||

�(s)2 , (5)

where |0(s)〉 and |1(s)〉 represent the ground state and the first-
excited state of the instantaneous Hamiltonian, respectively,
and �(s) is the energy gap between these states.

Thus, the size and shape of the minimum energy gap that
is encountered during the evolution is crucial for determining
the difficulty (in terms of the annealing time required to ensure
that the evolution is adiabatic, or, equivalently, the probability
for the evolution to stay adiabatic for a given annealing time)
of the problem at hand.

In an attempt to modify this minimum energy gap, we
add a third term, the trigger Hamiltonian HT , to Eq. (1). The
trigger term vanishes at the start and end of the annealing
process to preserve the ground state of the initial and the final
Hamiltonians. We then study the effects that this additional

term might have on the energy spectrum of the Hamiltonian
and the probability of the state staying in the ground state
of the Hamiltonian during the evolution. The time-dependent
Hamiltonian, upon choosing a linear scheme, thus becomes:

H (t ) = (1 − s)HI + s(1 − s)HT + sHP. (6)

The couplings in the trigger Hamiltonian are chosen according
to the graph of the problem Hamiltonian, and thus

HT = −g
∑
i, j

Jx
i, jσi

xσ j
x, (7)

where the parameter g controls the strength of the trigger
Hamiltonian. For a two-spin system it is possible to obtain an
analytical solution for the energy spectrum of the Hamiltonian
(6) and is given in Appendix A.

Furthermore, there are two types of trigger Hamiltonians
chosen for this work, one with ferromagnetic transverse cou-
plings (Jx

i, j = 1), referred to as the ferromagnetic trigger, and
the other with antiferromagnetic transverse couplings (Jx

i, j =
−1), referred to as the antiferromagnetic trigger.

III. THE OPTIMIZATION PROBLEMS

A 2-SAT (satisfiability) problem is a Boolean expression in
the form of a conjunction of M clauses involving N variables
and their negations, where each clause is a disjunction of two
literals. Thus the cost function has the following form:

F = (L1,1 ∨ L1,2) ∧ (L2,1 ∨ L2,2) ∧ · · · ∧ (LM,1 ∨ LM,2), (8)

where literal Lα, j , with α = 1, 2, . . . , M and j = 1, 2, can be
a variable xi or its negation xi. A problem is considered to be
satisfiable if one can find an assignment to the variables such
that the cost function F is true.

These problems can be reformulated as Ising Hamiltonians
[28], where the physical degree of freedom are the spins si,
using the mapping

C2sat =
M∑

α=1

c2sat (εα,1si[α,1], εα,2si[α,2]), (9)

where i[α, j] represents the variable i involved as the jth
term in the clause α of the cost function. If variable xi

is used as this term, εα, j = 1, while for its negation xi,
εα, j = −1. As an example, for clauses (x1 ∨ x2), (x1 ∨ x2),
(x1 ∨ x2), and (x1 ∨ x2), we have c2sat = s1s2 − (s1 + s2) + 1,
−s1s2 − (−s1 + s2) + 1, −s1s2 − (s1 − s2) + 1, and s1s2 +
(s1 + s2) + 1, respectively.

To utilize quantum annealing to find the truth assignment
to the cost function, the classical spin si is replaced by the
quantum spin σi

z.
The Hamiltonians corresponding to 2-SAT problems con-

sist of 2-local coupling terms, as in Eq. (3), which makes
them physically relevant in terms of potential implementa-
tions on real devices. Although the mapping given in Eq. (9)
can be extended to K-SAT problems (K > 2), the resulting
Hamiltonian has K-local coupling terms. There exist methods
that can reduce the K-local couplings to 2-local couplings by
introducing auxiliary variables, but this generally increases
the degeneracy of the ground state. For making the mecha-
nisms accompanied by the quantum evolution of the state of
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the system easily identifiable, we restrict ourselves to 2-SAT
problems with a unique satisfying assignment for this work.

At this point, it should be noted that there are classical
algorithms that can solve 2-SAT problems in polynomial
time using a directed graph and identifying strongly con-
nected components of the problem. On the other hand, these
problems need to be mapped to the Ising model in order
that quantum annealing can be used for solving them. Once
mapped, quantum annealing cannot distinguish between the
problem Hamiltonian from the mapping of a 2-SAT problem
and a spin-glass Ising problem. Furthermore, previous studies
have indicated an exponential scaling of quantum annealing
for solving both 2-SAT and NP-Complete 3-SAT problems
based on the (extended) mapping given in Eq. (9) [13,29]. We
have chosen number of clauses, M = N + 1, as the satisfiabil-
ity threshold for a random set of 2-SAT problems, defined as
the threshold at which the cost functions become unsatisfiable
in the mean with a high probability, occurs approximately at
M/N ≈ 1 [28].

In this work we first consider two sets of 2-SAT problems,
one with 12-variable problems and another with 18-variable
problems, for which the problem Hamiltonian is of the form as
given in Eq. (3). Both sets have 1000 different problems each.
These problems have a unique known ground state (chosen
using the brute force search method) and a highly degenerate
first-excited state [28].

Finally, we extend the set of existing problems to non-
stoquastic problems by adding y couplings with strength 0.5
according to the graph of the problem Hamiltonian. Hence,
the Hamiltonians of these problems read

HP = −
∑

i

hi
zσi

z −
∑
i, j

(
Jz

i, jσi
zσ j

z + 1

2
σi

yσ j
y

)
. (10)

Also for the nonstoquastic problems we consider two sets,
one with 12 variables and one with 18 variables. One major
point of difference observed numerically in the properties of
the nonstoquastic problems is that their minimum energy gaps
are approximately O(10) smaller than those of the 2-SAT
problems. Additionally, some of the nonstoquastic problems
have multiple (maximum of three) anticrossings between the
ground state and the first-excited state. For these problems as
well, we add the ferromagnetic and antiferromagnetic triggers
to the annealing Hamiltonian (1) to study the behavior that
these sets might exhibit as a response to adding the trigger.

IV. QUANTUM ANNEALING FOR 2-SAT PROBLEMS

The first section discusses the results for the 2-SAT data
obtained for the quantum annealing algorithm without using a
trigger Hamiltonian. In the following sections, we address the
effects of adding the two kinds of trigger Hamiltonians with
trigger strengths g = 0.5, 1.0, 2.0.

For implementing the time-dependent Schrödinger equa-
tion to obtain the final state of the system at the end of the
annealing process, we use the second-order Suzuki-Trotter
product formula algorithm [30–34]. We employ the Lanczos
algorithm to determine the energy spectra and the minimum-
energy gaps of the problems [35]. In Appendix B, we give
a review of the second-order Suzuki-Trotter product formula
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1-exp(-416.567 Δ2.19)
1-exp(-4165.67 Δ2.19)

FIG. 1. Success probability pO versus minimum energy gap �O

for 18-variable 2-SAT problems for various annealing times TA. The
Hamiltonian determining the annealing scheme does not contain any
trigger Hamiltonian. The lines are fits to the data.

algorithm. We performed the simulation for systems with 12
variables using workstations equipped with Intel Core i7-
8700 and 32 GB memory, and for larger systems, we used
supercomputers JURECA and JUWELS of the Jülich Super-
computing Centre at Forschungszentrum Jülich [36,37].

Since the exact ground state of the considered problems is
known, we can define the success probability as the squared
overlap of the final state obtained at the end of the annealing
process, with the known ground state. For each problem, we
determine the success probability for the annealing times TA =
10, 100, 1000, 10 000.

We mainly show the results for the 18-variable 2-SAT
problems. The results for the 12-variable problems are very
similar and can be found in Ref. [38].

A. Without the trigger Hamiltonian

We first analyze the performance of the quantum annealing
algorithm for solving the 2-SAT problems without adding any
trigger Hamiltonian to the Hamiltonian (1). Figure 1 shows
the success probability pO as a function of the minimum
energy gap �O (where �O = min0�s�1 �O(s), and similarly
for the following sections), for various TA. We have fit the
data for TA = 10 000 to the function p = 1 − exp(−a�b) and
found the fitting parameters a = 4165.67 and b = 2.19. For
TA = 1000 and TA = 100, a is reduced by a factor of 10
and 100, respectively, without changing b. The fitting curves
match the data well, which implies that the system can be
described by a Landau-Zener-like model for which b = 2,
and the parameter a is inversely proportional to the sweep
speed c [39–41]. Contrary to the conditions under which the
Landau-Zener formula is derived, the system at hand is not a
two-level system, and the annealing process is carried over a
finite amount of time. Nevertheless, the formula predicts the
observations for long annealing times rather well, but with
the parameter b slightly deviating from two. In addition, as
predicted by the Landau-Zener formula, the data show that
an increase in the annealing time leads to an increase of the
success probability.
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ΔO=ΔF

FIG. 2. Minimum energy gap �F for 18-variable 2-SAT prob-
lems after adding the ferromagnetic trigger Hamiltonian to the
Hamiltonian (1) versus minimum energy gap �O without adding the
trigger Hamiltonian, and this for various trigger strengths g.

From Fig. 1 it can be seen that, for TA = 10, the data show
significant scattering, suggesting that the chosen annealing
time is not long enough for the Landau-Zener formula to
explain the success probabilities for a majority of the prob-
lems. As will be explained in more detail in Sec. IV C, in
this case, the nonadiabatic mechanism of fast annealing is
responsible for large success probabilities despite of the small
minimum-energy gaps. Because of this large scattering of
the data for TA = 10, we have omitted fitting for this data.
For an increasing annealing time, the scattering in the data
reduces, and the system can be described by the Landau-Zener
formula.

B. With the ferromagnetic trigger Hamiltonian

Here, we discuss the results for the 2-SAT problems ob-
tained for quantum annealing with the ferromagnetic trigger
Hamiltonian added to the Hamiltonian (1).

The effect of adding the ferromagnetic trigger is an indis-
putable increase in the minimum energy gap of the problems
as shown in Fig. 2. Here, the minimum energy gap with the
ferromagnetic trigger has been marked as �F . The number of
anticrossings between the ground state and the first-excited
state is one. This leads to an expected enhancement in the

resulting success probability after adding the trigger, for all
annealing times as shown in Fig. 3, except for 17 problems
with TA = 10. For convenience, the success probability for the
Hamiltonian after adding the ferromagnetic trigger Hamilto-
nian is labeled pF . The enlargement of the minimum energy
gap and the improvement in the success probability increases
with increasing strength of the ferromagnetic trigger. It is
also noted that adding the trigger shifts the occurrence of the
minimum energy gap to larger s values.

Figure 4 shows the success probability pF as a function
of the minimum energy gap �F for various annealing times
TA for the 18-variable 2-SAT problems, after having added
the ferromagnetic trigger Hamiltonian to the Hamiltonian (1).
As in the previous section, we have fit the data by using
the function p = 1 − exp(−a�b) for the data obtained for
TA = 10 000 for g = 0.5, and TA = 1000 for g = 1.0, 2.0. The
parameter a is successively scaled down by a factor of ten
when the annealing time is scaled down by a factor of ten. The
parameter b is found to lie in the range of 2.20 to 2.37. The
scattering of the data points is relatively large for TA = 10,
hinting at deviations from the Landau-Zener model due to
a short annealing time. The scattering becomes insignificant
for larger annealing times, and the underlying evolution of
the state under the action of the ferromagnetic trigger can be
described by the Landau-Zener model. Since �F becomes in-
creasingly large as the trigger strength is increased, the spread
of the corresponding points decreases successively, such that
for g = 2.0, and TA = 1000, 10 000 almost all the problems
have a success probability close to 1.

C. With the antiferromagnetic trigger Hamiltonian

Adding the antiferromagnetic trigger Hamiltonian to the
Hamiltonian (1) leads to quite distinct and interesting results
for the performance of quantum annealing. The minimum
energy gaps after adding the antiferromagnetic trigger are la-
beled �A, while the resulting success probabilities are referred
to as pA.

The overall result of adding the antiferromagnetic trigger is
a reduction in the minimum energy gap for a majority of the
12-variable problems. As the strength of the trigger increases,
the number of problems with an enlarged minimum energy
gap increases (see Table I). In comparison, there are fewer
cases with reduced minimum energy gaps for the 18-variable
problems, especially for g = 1.0 and g = 2.0. Figure 5 shows
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FIG. 3. Success probability pF for the 18-variable 2-SAT problems after adding the ferromagnetic trigger Hamiltonian to the Hamiltonian
(1) versus success probability po without adding the trigger Hamiltonian and this for trigger strengths (a) g = 0.5, (b) g = 1.0, and (c) g = 2.0.
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FIG. 4. Success probability pF versus minimum energy gap �F for 18-variable 2-SAT problems after adding ferromagnetic trigger
Hamiltonian to the Hamiltonian (1) with trigger strength (a) g = 0.5, (b) g = 1.0, and (c) g = 2.0 and for various annealing times TA. The
lines are fits to the data.

the scatter plots of the minimum energy gaps �A after adding
the antiferromagnetic trigger versus minimum energy gaps
�O without adding the trigger Hamiltonian.

Another result of adding the antiferromagnetic trigger is
a distortion of the energy spectra of the problems in ways
such that the number of anticrossings between the ground
state and the first-excited state of the Hamiltonian increases
with increasing g (see Table II). Moreover, for some prob-
lems, it is observed that the anticrossing between these states
gets stretched [i.e., it extends for a longer range of the an-
nealing parameter s, see, e.g., Fig. 10(a)]. These changes
may give rise to several nonadiabatic transitions that may
increase the chances of success for these problems. Therefore,
in contrast with the ferromagnetic trigger, the antiferromag-
netic trigger induces changes that vary greatly with the
trigger strength, the annealing time, and the specific problem.
Furthermore, the addition of the antiferromagnetic trigger

TABLE I. Number of 12-variable and 18-variable 2-SAT prob-
lems with enlarged minimum energy gaps after adding the antiferro-
magnetic trigger with strengths g to the Hamiltonian (1). Both sets
consist of 1000 problems each.

g 12 variables 18 variables

0.5 1 4
1.0 120 565
2.0 202 792

TABLE II. Number of 12-variable and 18-variable 2-SAT prob-
lems with different numbers of anticrossings, NA, after adding the
antiferromagnetic trigger Hamiltonian with strengths g, to the Hamil-
tonian (1). Both sets consist of 1000 problems each.

12 variables 18 variables

NA g = 0.5 g = 1.0 g = 2.0 g = 0.5 g = 1.0 g = 2.0

1 923 202 1 796 37 0
2 77 705 132 204 394 24
3 0 92 439 0 468 182
4 0 1 33 0 99 424
5 0 0 65 0 2 290
6 0 0 0 0 0 68
7 0 0 0 0 0 12

TABLE III. Number of 12-variable and 18-variable 2-SAT
problems with increased success probabilities after adding the an-
tiferromagnetic trigger with strengths g to the Hamiltonian (1). Both
sets consist of 1000 problems each.

12 variables 18 variables

g TA = 10 TA = 100 TA = 1000 TA = 10 TA = 100 TA = 1000

0.5 439 2 2 732 10 3
1.0 377 215 200 627 798 992
2.0 15 158 225 41 754 844
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FIG. 5. Minimum energy gaps �A of the 18-variable 2-SAT problems after adding the antiferromagnetic trigger Hamiltonian to the
Hamiltonian (1) versus minimum energy gap �O without adding the trigger Hamiltonian and this for trigger strengths (a) g = 0.5, (b) g = 1.0,
and (c) g = 2.0.
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FIG. 6. Success probability pA of the 18-variable 2-SAT problems after adding the antiferromagnetic trigger Hamiltonian to the Hamil-
tonian (1) versus success probability pO without adding the trigger Hamiltonian and this for trigger strengths (a) g = 0.5, (b) g = 1.0, and
(c) g = 2.0 and various annealing times TA.

shifts the occurrence of the minimum energy gaps to smaller
s values.

Table III shows the number of 12-variable and 18-variable
2-SAT problems with a larger success probability after adding
the antiferromagnetic trigger to the Hamiltonian (1). The
scatter plots for the success probability for the 18-variable
problems are shown in Fig. 6. It is seen that, for g = 0.5, a
short annealing time of TA = 10 greatly improves the success
probability for the difficult cases. As the trigger strength g
increases, the resulting enhancements are mainly for longer
annealing times.

To understand these observations, we focus on the scatter
plots shown in Fig. 7 that depict the success probability pA as
a function of the minimum energy gap �A for the 18-variable
2-SAT problems. The fitting curves are obtained by using the
same method as described in the previous section. However,
for some parameter settings we have omitted a fit to the data
because of the large scattering in the data. For g = 0.5 and
TA = 10 the resulting fitted curve (not shown) is rather flat,
indicating that, for these parameters, adding the antiferromag-
netic trigger leads to large deviations from the Landau-Zener
model. This behavior is similar to the one if noise is acting on
a system, e.g., the coupling of the system with a heat bath can
cause transitions between the ground state and higher-energy
states, at points other than the s value corresponding to the
anticrossing.

If the annealing time increases, the success probabilities
follow the Landau-Zener prediction well, as can be observed

from Fig. 7. Upon increasing the trigger strength g, the flat-
ness of the resulting fitted curve (omitted in the figure) for
TA = 10 decreases. This can be explained by the enlarge-
ment of the minimum energy gaps for a larger number of
problems with increasing g values. However, the scattering
of the points around the fitted curves increases with an in-
crease in the trigger strength, which can be attributed to the
increase in the number of anticrossings between the ground
state and the first-excited state of the Hamiltonian, as given in
Table II.

Finally, we discuss the nonadiabatic mechanisms arising
from the distortion of the energy spectrum caused by adding
the antiferromagnetic trigger, which can prove to be beneficial
for enhancing the success probability for some problems.

(i) Even number of comparably small anticrossings. The
most beneficial mechanism is the presence of an even number
of small and comparable anticrossings or crossings between
the ground state and the first-excited state of the Hamiltonian
[11,42]. For our problem sets, most such cases had just two of
these useful anticrossings or crossings, although this combina-
tion was rather rare. In such cases, even if the annealing time
is too short for the state of the system to follow the ground
state, and thus causing it to deviate from the ground state at
the first anticrossing, the presence of the second anticrossing
increases the chances of the state of the system to return to the
ground state.

An example of this can be seen in Fig. 8 for a 12-variable
problem numbered as problem “709” with g = 2.0 and TA =
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FIG. 7. Success probability pA versus minimum energy gap �A for the 18-variable 2-SAT problems after adding the antiferromagnetic
trigger Hamiltonian to the Hamiltonian (1) with strength (a) g = 0.5, (b) g = 1.0, and (c) g = 2.0 and for various annealing times TA. The lines
are fits to the data.
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FIG. 8. (a) Energy spectrum of the lowest lying states represented by solid lines and (b) the overlap of the state of the system with the
instantaneous low-energy states for TA = 100 for the 12-variable 2-SAT problem number 709 and with g = 2.0.

100. In Appendix C, we make available the 2-SAT problem
709 and other individual problem instances discussed in the
paper. As can be observed from Fig. 8(a), there are two
crossings between the ground state and the first-excited state,
namely, at s = 0.165 and s = 0.248. From the overlap of the
state of the system with the three lowest lying eigenstates of
the instantaneous Hamiltonian [Fig. 8(b)] it can be clearly ob-
served that the amplitude in the ground state is transferred to
the first-excited state at s = 0.165, but most of this amplitude
is transferred to the ground state at s = 0.248, increasing the
success probability for this case.

(ii) Fast annealing. For short annealing times, the state
of the system deviates from the ground state even before
reaching the anticrossing [11,43]. Then, upon reaching the
anticrossing, there is a finite possibility that part of the am-
plitude returns to the ground state. Figure 9 shows one such
12-variable problem numbered as “950” for g = 0.5 and TA =
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FIG. 9. Energy spectrum of the lowest lying states for the 12-
variable problem number 950 with g = 0.5. The solid lines represent
the energy spectrum of the lowest lying states of the problem while
the points represent the average energy of the instantaneous state of
the system for TA = 10, 100.

10, 100. It can be observed that, for TA = 100, the state of
the system remains in the ground state until it reaches the
anticrossing, from where it shifts to the first-excited state.
However, for a shorter annealing time, the state of the system
already deviates from the ground state before the anticross-
ing, but comes again close to it at the anticrossing, thereby
increasing the overlap of the final state with the ground state.

This mechanism is also observed in the quantum approx-
imate optimization algorithm (QAOA) with intermediate p
levels for MaxCut problems if the optimal parameters are
interpreted as the scheme for quantum annealing [44]. In
general, using the scheme for quantum annealing as the ini-
tialization parameters for the QAOA can be advantageous
for its performance [45,46] and, similarly, using the optimal
parameters from the QAOA as the annealing scheme for quan-
tum annealing can enhance the success probability for short
annealing times.

(iii) Stretching of the anticrossing. The energy spectrum
changes in such a way that the ground state and the first-
excited state stay in close vicinity for a longer range of the
annealing parameter s. According to Eq. (5), the minimum
time required to ensure that the evolution remains adiabatic
depends on two factors: the minimum energy gap � and the
rate of change of the Hamiltonian with respect to the anneal-
ing parameter. Upon adding the antiferromagnetic trigger to
the Hamiltonian (1), the shape of the anticrossing becomes
distinct from the rest of the problems in the set (which have
sharp anticrossings limited to a small range of s), thus af-
fecting the success probability for the chosen annealing time.
Therefore, despite of a smaller minimum energy gap, in some
cases, the success probability improves due to the stretching
of the anticrossing. Additionally, this stretching can cause the
amplitude of the wave function to oscillate between these
states, which might, coincidentally, result in a larger overlap
of the final state with the ground state at the end of the
annealing process. An example is shown in Fig. 10 for the
problem with 12 variables numbered as “103” with g = 2.0
and TA = 100. In this case, the oscillations of the amplitude
of the state of the Hamiltonian result in a larger success
probability.
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FIG. 10. (a) Energy spectrum of the lowest lying states represented by solid lines and (b) the overlap of the state of the system with the
instantaneous low-energy states for TA = 100 for the 12-variable 2-SAT problem number 103 and with g = 2.0.

V. QUANTUM ANNEALING FOR NONSTOQUASTIC
PROBLEMS

In this section, we address the results obtained for quan-
tum annealing with the nonstoquastic problem Hamiltonian
HP. We perform a similar analysis as we did for the 2-SAT
problems by adding the ferromagnetic and antiferromagnetic
trigger Hamiltonian to the Hamiltonian (1). We used the
Lanczos algorithm for determining ground state of these
nonstoquastic problems. Here we show only the results for
the 18-variable problems. The results for the 12-variable
problems are given in Appendix D. Figure 11 shows the
success probability pO versus minimum energy gap �O for
the quantum annealing algorithm without adding the trigger
Hamiltonian to the Hamiltonian (1). For fitting the data to
p = 1 − exp(−a�b), we used the data points for TA = 1000
and scaled the resulting parameter a as explained in the previ-
ous section. Parameter b was found to be 1.72. It can be seen
that the data for TA = 10 show scattering to such an extent that
the tail, corresponding to the smallest energy gaps, appears
flat. This indicates that these problems show large deviations
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FIG. 11. Success probability pO versus minimum energy gap �O

for 18-variable nonstoquastic problems without adding the trigger
Hamiltonian to the Hamiltonian (1).

from the Landau-Zener model as the annealing time TA = 10
is too short. Thus, we conclude that, for TA = 10, nonadiabatic
mechanisms, as in the case of the 2-SAT problems with anti-
ferromagnetic trigger for short annealing times, are dominant
for these problems. Table IV shows the number of problems
with different number of anticrossings.

We then add the ferromagnetic trigger Hamiltonian to
the Hamiltonian (1) for solving the nonstoquastic problems.
Unlike the set of 2-SAT problems, these problems do not
exhibit an enhanced performance upon adding the trigger for
all the cases, although, as given in Table V, a majority of the
problems have a larger minimum energy gap after adding the
ferromagnetic trigger. This percentage increases with increas-
ing trigger strength. Following a similar trend, the success
probability is also improved for a majority of the cases, and
the number of problems with enhanced success probability
increases with increasing the trigger strength (see Table VI).
However, comparing across different annealing times for a
given g, it can be noted that, in contrast with the implica-
tions of the adiabatic theorem, this number decreases as the
annealing time is increased. Additionally, it also decreases
upon increasing the problem size. To understand the decrease
in the percentage of cases with improved success probability
upon increasing the annealing time, despite of an enlarged
minimum energy gap, we consider one such problem. This
problem is numbered as problem number “99” and the corre-
sponding plots are given in Fig. 12.

For problem 99, the increase in the minimum energy gap,
after adding the ferromagnetic trigger, is accompanied by a

TABLE IV. Number of 12-variable and 18-variable nonstoquas-
tic problems with different numbers of anticrossings, NA, without
adding the trigger Hamiltonian to the Hamiltonian (1). Both sets
consist of 1000 problems each.

NA 12 variables 18 variables

1 972 628
2 28 353
3 0 19
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FIG. 12. (a), (c), (e) Energy of the lowest lying states and overlap of the ground state with the lowest three energy states for quantum
annealing without trigger Hamiltonian and (b), (d), (f) after adding a ferromagnetic trigger with g = 2.0 for the 12-variable 2-SAT problem
with number 99. The solid lines in panels (a) and (b) represent the lowest lying states while the points in panels (a) and (b) represent the
average energy of the instantaneous state of the system for TA = 10, 100. The overlap is calculated for (c), (d) TA = 10 and (e), (f) TA = 100.

change in the slope of the energy of the ground state and the
first-excited state as a function of the annealing parameter s
around the anticrossing [Fig. 12(b)] in the energy spectrum.
Hence, according to Eq. (5), the success probability addition-
ally depends on the rate of change of the Hamiltonian.

For the Hamiltonian without the trigger, the annealing
time TA = 10 leads to the nonadiabatic mechanism of fast

annealing, causing some of the amplitude from the ground
state to shift to the first-excited state before reaching the an-
ticrossing [Fig. 12(c)]. This transferred amplitude is then lost
to the second-excited state, before reaching the anticrossing
between the lowest two states, thus missing the opportunity
to return to the ground state. Upon reaching the anticrossing,
more amplitude is transferred from the ground state to the
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TABLE V. Number of 12-variable and 18-variable nonstoquastic
problems with enlarged minimum energy gaps after adding the ferro-
magnetic trigger with different trigger strengths g to the Hamiltonian
(1). Both sets consist of 1000 problems each.

g 12 variables 18 variables

0.5 830 656
1.0 913 713
2.0 986 837

first-excited state of the Hamiltonian, leaving an even smaller
amplitude in the ground state. On the other hand, due to the
enlarged minimum energy gap upon adding the ferromagnetic
trigger, the state of the system deviates from the ground state
only around the anticrossing [Fig. 12(d)]. This results in a
marginally larger overlap of the final state with the ground
state in this case, compared with that for the Hamiltonian
without trigger.

When the annealing time is increased to TA = 100, the
state of the system for the Hamiltonian without the trigger
Hamiltonian deviates from the ground state only at the anti-
crossing [Fig. 12(e)]. However, for the Hamiltonian with the
ferromagnetic trigger, the amplitude that is transferred from
the ground state to the first-excited state this time, is larger
owing to the shape of the resulting anticrossing, despite of its
larger size [Fig. 12(f)]. In addition, compared with the number
of problems with multiple anticrossings between the ground
state and the first-excited state for the nonstoquastic problems
without adding the trigger (see Table IV), the number after
adding the ferromagnetic trigger decreases successively with
increasing strength of the trigger (see Table VII).

The success probability pF versus minimum energy gap
�F for the nonstoquastic problems upon adding the ferromag-
netic trigger, shown in Fig. 13, can still be well approximated
by p = 1 − exp(−a�b) with b = 1.90, 2.03, 1.97 for g =
0.5, 1.0, 2.0, respectively. However, the scattering of the
data, especially for TA = 10, is larger compared with that for
the 2-SAT problems (see Fig. 4). This can be attributed to the
presence of multiple anticrossings. Similarly, a comparison
with the success probability versus minimum energy gaps
for the nonstoquastic Hamiltonian without any triggers (see
Fig. 11) shows that the scattering in the data for g = 2.0 is

TABLE VI. Number of 12-variable and 18-variable nonstoquas-
tic problems with increased success probabilities after adding the
ferromagnetic trigger Hamiltonian with strengths g to the Hamilto-
nian (1). Both sets consist of 1000 problems each.

12 variables 18 variables

g TA = 10 TA = 100 TA = 1000 TA = 10 TA = 100 TA = 1000

0.5 859 815 738 722 596 592
1.0 925 894 787 851 678 647
2.0 961 957 836 928 815 763

much smaller because the number of problems with multiple
anticrossings has reduced (see Tables IV and VII).

Finally, we add the antiferromagnetic trigger to the nonsto-
quastic problems. The effects of adding this trigger are very
similar to those obtained for the stoquastic 2-SAT problems,
i.e., the minimum energy gap reduces for a majority of the
problems of the set for all chosen values of the coupling
strength g, and the multiple anticrossings emerge between the
ground state and the first-excited state of the Hamiltonian.
Tables VIII and IX give the number of problems with an
enlarged minimum energy gap and with an improved success
probability, respectively.

Table X shows the number of problems with different
number of anticrossings after adding the antiferromagnetic
trigger with coupling strengths g = 0.5, 1.0, 2.0. It can be
noted that, compared with the 2-SAT problems (see Table II),
the nonstoquastic problems have a larger number of problems
with more anticrossings. This explain why more scattering is
seen in the scatter plot of the success probability pA versus
minimum energy gap �A, as shown in Fig. 14.

VI. CONCLUSION

In this work, we studied quantum annealing for two large
sets of problems, namely, 2-SAT problems and nonstoquastic
problems. A third Hamiltonian, namely, a trigger Hamilto-
nian, was added to the conventional transverse Ising spin
Hamiltonian, which describes the quantum annealing process.
This trigger could be of ferromagnetic or antiferromagnetic
type.
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FIG. 13. Success probability pF versus minimum energy gap �F for the 18-variable nonstoquastic problems after adding the ferromagnetic
trigger Hamiltonian to Hamiltonian (1) with strengths (a) g = 0.5, (b) g = 1.0, and (c) g = 2.0 and for various annealing times TA. The lines
are fits to the data.
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TABLE VII. Number of 12-variable and 18-variable nonstoquas-
tic problems with different numbers of anticrossings, NA, after adding
the ferromagnetic trigger Hamiltonian with strengths g to the Hamil-
tonian (1). Both sets consist of 1000 problems each.

12 variables 18 variables

NA g = 0.5 g = 1.0 g = 2.0 g = 0.5 g = 1.0 g = 2.0

1 997 999 996 902 977 995
2 3 1 2 98 23 5

Since for a majority of the problems studied, for a
sufficiently long annealing time, the Hamiltonian can be ap-
proximated by the one of a two-level system, the success
probabilities for these problems can be explained on the basis
of the Landau-Zener model.

For the 2-SAT problems, the addition of the ferromag-
netic trigger Hamiltonian to the Hamiltonian (1) of quantum
annealing, always leads to an enlargement of the minimum
energy gap occurring between the ground state and the first-
excited state of the Hamiltonian, and thus, an enhancement
in the success probability. This enhancement of the suc-
cess probability increases with increasing the strength of the
trigger.

However, upon adding an antiferromagnetic trigger Hamil-
tonian, the minimum energy gap can either increase or
decrease. Moreover, adding the antiferromagnetic trigger
leads to a distortion in the energy spectrum of the Hamilto-
nian, most important of which is the emergence of multiple
anticrossings. Overall, this leads to a decrease in the success
probability upon adding the antiferromagnetic trigger, for a
majority of the problems studied, but in some cases it can lead
to an increase of the success probability, depending on the
nonadiabatic processes that take place.

Thus, adding the ferromagnetic trigger Hamiltonian to the
Hamiltonian (1) guarantees an improvement in the perfor-
mance of quantum annealing for solving the studied 2-SAT
problems. On the other hand, adding the antiferromagnetic
trigger can lead to larger enhancements of the success prob-
ability owing to the nonadiabatic mechanisms (i.e., an even
number of comparably small anticrossings, fast annealing, or
a stretching of the anticrossing), but this improvement is hard

TABLE VIII. Number of 12-variable and 18-variable nonsto-
quastic problems with enlarged minimum energy gaps after adding
the antiferromagnetic trigger with strengths g to the Hamiltonian (1).
Both sets consist of 1000 problems each.

g 12 variables 18 variables

0.5 331 406
1.0 305 442
2.0 249 367

to predict systematically because there is no prior information
about the energy spectrum of the Hamiltonian.

For the nonstoquastic problems, the differences in the
resulting effects of adding the two triggers on the success
probability are not as distinct. For a majority of the prob-
lems, adding the ferromagnetic trigger Hamiltonian leads to
an increase in the minimum energy gap. However, increasing
the annealing time can result in a decrease in the number of
problems with improved success probability, as the change in
the slope of the energy of the ground state and the first-excited
state (around the anticrossing) in the energy spectrum also
becomes relevant. The effects of adding the antiferromagnetic
trigger Hamiltonian, on the other hand, are similar to the
effects seen for the 2-SAT problems.
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APPENDIX A: 2-SPIN SYSTEM

We study a system consisting of only two spins to
investigate if it can show similar modifications in the
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FIG. 14. Success probability pA versus minimum energy gap �A for the 18-variable nonstoquastic problems after adding the antiferromag-
netic trigger Hamiltonian to Hamiltonian (1) with strengths (a) g = 0.5, (b) g = 1.0, and (c) g = 2.0 and for various annealing times TA. The
lines are fits to the data.
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TABLE IX. Number of 12-variable and 18-variable nonstoquastic problems with increased success probabilities after adding the antifer-
romagnetic trigger Hamiltonian with strengths g to the Hamiltonian (1). Both sets consist of 1000 problems each.

12 variables 18 variables

g TA = 10 TA = 100 TA = 1000 TA = 10 TA = 100 TA = 1000

0.5 323 353 356 488 444 467
1.0 240 353 344 393 457 481
2.0 5 150 238 8 240 380

energy spectrum when adding the trigger Hamiltonian to the
Hamiltonian (1), as the problems considered in the main body
of this work. To make the trigger Hamiltonian more general,
a coupling with strength Jy is added so that

HT = g
(
Jx

1,2σ
x
1 σ x

2 + Jy
1,2σ

y
1 σ

y
2

)
. (A1)

The energy spectrum is then determined for the full Hamilto-
nian given in Eq. (6). For simplicity, the bias terms (hz) in the
problem Hamiltonian are set to zero. The eigenvalues of the
full Hamiltonian are given by

λ1 = s2gJx − sgJx − R,

λ2 = −s2gJx + s2gJy + sgJx − sgJy − sJz,

λ3 = −s2gJx − s2gJy + sgJx + sgJy + sJz,

λ4 = s2gJx − sgJx + R,

(A2)

where R = (s4g2J2
y − 2s3g2J2

y + 2s3gJyJz + s2g2J2
y −

2s2gJyJz + s2J2
z + 2s2 − 4s + 2)1/2.

With Jz chosen to be 1, Fig. 15(a) shows the energy
spectrum without the trigger Hamiltonian being added to
Hamiltonian (1), while Figs. 15(b) and 15(c) show the spectra
when adding the ferromagnetic (Jx = Jy = 1) and antiferro-
magnetic trigger Hamiltonians (Jx = Jy = −1), respectively.
Interestingly, for this smaller problem, adding the antiferro-
magnetic trigger with a large trigger strength leads to the
creation of two crossings between the instantaneous ground
and first-excited states, and another crossing between the first-
and second-excited states.

Close to s = 1, the energy gap between the ground state
and the first-excited state is given by |λ2 − λ1| for all the three
cases. Similarly, if Jz < 0, the energy gap is given by |λ4 −

TABLE X. Number of 12-variable and 18-variable nonstoquastic
problems with different numbers of anticrossings, NA, after adding
the antiferromagnetic trigger Hamiltonian with strengths g to the
Hamiltonian (1). Both sets consist of 1000 problems each.

12 variables 18 variables

NA g = 0.5 g = 1.0 g = 2.0 g = 0.5 g = 1.0 g = 2.0

1 671 141 4 276 18 0
2 323 620 88 597 306 25
3 6 231 410 121 494 166
4 0 8 396 6 171 407
5 0 0 101 0 11 310
6 0 0 1 0 0 86
7 0 0 0 0 0 6

λ3|. From Eq. (A2), it is seen that the energy gap between
these states up to leading orders in s is given by

�1,2 = 2(1 − s)

(
(1 − s)

2sJz
+ sgJx − sgJY

)
,

�3,4 = 2(1 − s)

(
− (1 − s)

2sJz
+ sgJx + sgJY

)
. (A3)

This result has a similar form as the one presented in Ref. [47].
According to Eq. (A3), while Jx has similar effects on gaps
�1,2 and �3,4, the Jy term has opposite signs in both formulas.
However, since the ground state of the problem Hamiltonian
is degenerate in this case, the relevant energy gap is no longer
the one between the ground state and the first-excited state,
but the one between the first and the second-excited states of
the Hamiltonian.

The degeneracy of the ground state of the problem Hamil-
tonian can be lifted by adding the bias terms to the problem.
However, the analytical formula for the eigenvalues becomes
lengthy, and is omitted here. Lastly, since the whole spectrum
cannot be well described in the limit s = 1, the model cannot
explain all the alterations in the energy spectrum.

APPENDIX B: SUZUKI TROTTER PRODUCT FORMULA

For solving the time-dependent Schrödinger equation, the
unitary matrix exponential, U (t ), given by

U (t ) = e−itH = eit (H1+···+HK ), (B1)

needs to be computed. The Lie-Suzuki-Trotter product
formula [30,31] can be utilized to construct unitary approx-
imations to the evolution operator, such that

U (t ) = lim
m→∞

K∏
k=1

(
e−itHk/m

)m
. (B2)

Defining τ = t/m, as the time step over which the evolu-
tion operator is applied, the first-order approximation to U (t )
is given by [32]

Ũ1(τ ) = e−iτH1 · · · e−iτHK , (B3)

for sufficiently small τ , such that τ ||H || 
 1. To improve the
accuracy, a second-order approximation to U (t ) is constructed
from ˜U1(t ):

Ũ2(τ ) = Ũ1
†(−τ/2)Ũ1(τ/2)

= e−iτHK /2 · · · e−iτH1/2e−iτH1/2 · · · e−iτHK /2. (B4)
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FIG. 15. Exact energy spectra of the 2-spin model for the case (a) without trigger Hamiltonian being added to Hamiltonian (1), (b) with
a ferromagnetic trigger Hamiltonian with g = 1.0 being added, and (c) with an antiferromagnetic trigger Hamiltonian with g = 3.0 being
added.

The error, calculated using the second norm of the difference
between U (τ ) and Ũ2(τ ), is given by [32]

||U (τ ) − Ũ2(τ )|| � cτ 3, (B5)

for a positive constant c. Since the whole annealing process
requires m such time steps [32],

||U (t ) − Ũ2(mτ )|| � mcτ 3 = ctτ 2, (B6)

since mτ = t .

APPENDIX C: INDIVIDUAL PROBLEM HAMILTONIANS

In Table XI, we provide the magnetic fields and the
couplings constituting the individual problem Hamiltonians
discussed in this work.

APPENDIX D: RESULTS FOR QUANTUM ANNEALING
FOR 12-VARIABLE NONSTOQUASTIC PROBLEMS

For completeness, we show the results obtained for
the analysis of the 12-variable nonstoquastic problems.
Figure 16 shows the plot for the success probability ver-
sus minimum energy gap for the nonstoquastic problems
without adding the trigger Hamiltonian to Hamiltonian

(1). Figure 17 shows the same upon adding the trigger
Hamiltonians.
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1-exp(-2.598 Δ1.92)

1-exp(-25.984 Δ1.92)
1-exp(-259.843 Δ1.92)

FIG. 16. Success probability pO versus minimum energy gap
�O for the 12-variable nonstoquastic problems without adding the
trigger Hamiltonian to the Hamiltonian (1). The lines are fits to the
data.

TABLE XI. Magnetic fields and couplings constituting the individual 12-spin problems discussed in the paper. The top row of the table
corresponds to the labels of the problems in the set.

709 950 103 99

i hz
i i, j Jz

i, j i hz
i i, j Jz

i, j i hz
i i, j Jz

i, j i hz
i i, j Jz

i, j

1 0 1,4 1 1 1 1,11 −1 1 −1 1,4 1 1 1 1,9 1
2 1 1,11 1 2 4 2,4 −1 2 1 1,10 −1 2 1 2,9 1
3 0 2,7 1 3 −1 2,5 1 3 −1 1,11 −1 3 −1 3,4 −1
4 0 3,7 −1 4 1 2,7 1 4 1 2,8 1 4 0 4,11 1
5 −1 3,11 −1 5 −1 2,8 1 5 −1 3,7 −1 5 0 5,6 1
6 0 4,9 −1 6 −1 2,9 1 6 −1 3,8 1 6 1 5,8 −1
7 −4 5,7 −1 7 −1 2,11 1 7 −1 3,9 −1 7 1 7,9 1
8 −1 6,7 −1 8 −1 3,11 1 8 0 5,11 1 8 0 7,10 0
9 −1 6,10 1 9 1 6,9 1 9 1 6,11 1 9 −2 8,12 1
10 −1 7,8 −1 10 1 9,12 −1 10 −1 9,11 1 10 −1 9,10 1
11 1 7,12 1 11 2 10,11 −1 11 2 9,12 1 11 0 10,11 1
12 0 9,11 1 12 1 10,12 0 12 −1 1,2 0 12 0 10,12 −1

9,12 −1 1,2 0 1,3 0 1,2 0
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FIG. 17. Success probability p versus minimum energy gap � for 12-variable nonstoquastic problems after adding the (a)–(c) ferromag-
netic and (d)–(f) antiferromagnetic trigger Hamiltonian to the Hamiltonian (1), with trigger strengths (a), (d) g = 0.5, (b), (e) g = 1.0, and (c),
(f) g = 2.0. The lines are fits to the data.
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