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Quantifying non-Gaussianity of a quantum state by the negative entropy of quadrature distributions
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We propose a non-Gaussianity measure of a multimode quantum state based on the negentropy of quadra-
ture distributions. Our measure satisfies desirable properties as a non-Gaussianity measure, i.e., faithfulness,
invariance under Gaussian unitary operations, and monotonicity under Gaussian channels. Furthermore, we find
a quantitative relation between our measure and the previously proposed non-Gaussianity measures defined
via quantum relative entropy and the quantum Hilbert-Schmidt distance. This allows us to estimate the non-
Gaussianity measures readily by homodyne detection, which would otherwise require a full quantum-state
tomography.
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I. INTRODUCTION

In continuous-variable (CV) quantum information [1,2],
non-Gaussian resources are essential as there exist quantum
information tasks not achievable by Gaussian counterparts
only. For example, it is impossible to distill entanglement
of Gaussian states by Gaussian operations and measure-
ments [3–6], to manifest nonlocality of Gaussian states with
Gaussian measurements [7,8], and to correct quantum errors
in Gaussian quantum communication protocols [9]. Fur-
thermore, non-Gaussian resources can be used to provide
substantial advantages over Gaussian counterparts. Non-
Gaussian entanglement can survive under Gaussian noises
longer than Gaussian entanglement [10–14]. Non-Gaussian
operations can enhance the nonclassical properties, e.g., op-
tical nonclassicality [15,16], quantum entanglement [17–24],
nonlocality [25], as well as the performance in quantum in-
formation protocols including quantum teleportation [26–30],
quantum dense coding [31], quantum linear amplification
[32–34], quantum key distribution [35], and quantum illumi-
nation [36].

For the purpose of addressing the role of non-Gaussianity
in CV quantum information rigorously, it is desirable to quan-
tify the non-Gaussianity of quantum resources. There have
been several proposals to characterize the non-Gaussianity of
quantum states, e.g., by means of quantum Hilbert-Schmidt
distance [37,38], quantum relative entropy [37,39], Wehrl
entropy [40], quantum Rényi relative entropy [41],
Wigner-Yanase skew information [42], and trace overlap [43]
(see Table I). On the other hand, quantum non-Gaussianity
has been introduced as a stronger form of non-Gaussianity
considering a convex mixture of Gaussian states as a free
state in quantum resource theory. It has been quantified by
employing negative volume in phase space [44,45], quantum
relative entropy [46], the number of zeros in Husimi-Q
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function [47], and robustness [48] (see Table II). We here
focus on non-Gaussianity measures that quantify the deviation
of a quantum state from its reference Gaussian state. While the
previously proposed measures have provided a useful basis for
analyzing non-Gaussian resources, it is difficult to determine
the values of those measures without full information on the
state under examination. With this in mind, for the case of
non-Gaussianity measure via quantum relative entropy, an
observable lower bound was provided using the statistics
from a photon-number-resolving detector in [37]. However, it
works when there is a priori information, i.e., the covariance
matrix of a quantum state. It is thus natural to ask whether
the non-Gaussianity of a quantum state can be estimated
by a readily accessible measurement setup, e.g., homodyne
detection. Qualitatively speaking, if a quadrature distribution
of a quantum state measured by homodyne detection has a
non-Gaussian profile, it is evident that the quantum state is
non-Gaussian. But it is worth investigating in what rigorous
context the non-Gaussianity manifested by a quadrature
distribution can be adopted to define a desirable non-
Gaussianity measure for a general multi-mode quantum state.

Here we propose a non-Gaussianity measure of a quantum
state in terms of the maximum negentropy of quadrature dis-
tributions. Our measure fulfills several desirable properties,
i.e., non-negativity, faithfulness, invariance under Gaussian
unitary operations, nonincreasing under Gaussian channels.
Furthermore, we show that our measure provides lower
bounds for the non-Gaussianity measures based on quantum
relative entropy [39] and quantum Hilbert-Schmidt distance
[38], respectively. These quantitative connections make our
approach useful to address a general quantum non-Gaussian
state by a highly efficient homodyne detection.

II. NON-GAUSSIANITY MEASURE BY CLASSICAL
RELATIVE ENTROPY

In classical information theory, a representative mea-
sure for the non-Gaussianity of a probability distribution is
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TABLE I. Comparison table for the non-Gaussianity measures. A non-Gaussianity measure N (ρ ) satisfies the faithfulness condition when
the measure becomes zero if and only if the state ρ is Gaussian. N (ÛGρÛ †

G ) = N (ρ ) and N (TG[ρ]) � N (ρ ) indicate that the non-Gaussianity
measure N (ρ ) is invariant under a Gaussian unitary operation ÛG and nonincreasing under a Gaussian channel TG, respectively.

Measure Faithfulness N (ÛGρÛ †
G ) = N (ρ ) N (TG[ρ]) � N (ρ ) Observable lower bound

Quantum Hilbert-Schmidt distance [38]
√ √

? This paper
Quantum relative entropy [39]

√ √ √
This paper and Ref. [37]

Wehrl entropy [40]
√

✗ ✗

Quantum Rényi relative entropy [41]
√ √ √

This paper for α � 1
Wigner-Yanase skew information [42]

√
✗ ✗

Trace overlap [43] ✗
√

✗ This paper for upper bound
Kullback-Leibler divergence

√ √ √
This paper

negentropy [49]. It quantifies the relative entropy between a
given probability distribution X and its reference Gaussian
distribution XG having the same mean and variance as X ,

J (X ) ≡ DKL(X ||XG), (1)

where DKL(X ||Y ) = ∫
dμX (μ)[ln X (μ) − ln Y (μ)] is the

Kullback-Leibler divergence [50], also known as classical
relative entropy, between two probability distributions X and
Y . It is known that Eq. (1) can be rewritten simply as

J (X ) = H (XG) − H (X ), (2)

where H (X ) = − ∫
dμX (μ) ln X (μ) is the differential en-

tropy of a probability distribution X [51].

A. Our measure

We here define a non-Gaussianity measure of an N-mode
quantum state ρ by means of negentropy as

NKL(ρ) = max
�,�

Jρ (Q�,�), (3)

where Q�,� denotes a probability distribution for an N-mode
quadrature operator Q̂�,� given by

Q̂�,� =
N∑

j=1

c j q̂ j,φ j . (4)

Here q̂ j,φ j = 1√
2
(â jeiφ j + â†

j e
−iφ j ) is a quadrature amplitude

for the jth mode, � = (φ1, φ2, . . . , φN )T the set of quadra-
ture phases φ j , and � = (θ1, θ2, . . . θN−1)T the set of angular
coordinates that determines the superposition coefficient c j in

Eq. (4) as

c j =

⎧⎪⎨
⎪⎩

cos θ1 for j = 1,

cos θ j
∏ j−1

k=1 sin θk for 1 < j < N ,∏N−1
k=1 sin θk for j = N .

(5)

Before introducing the properties of our measure, we briefly
explain how the probability distribution Q�,� can be experi-
mentally accessible. Using a Heisenberg picture, we see that
the N-mode quadrature Q̂�,� in Eq. (4) can be addressed via a
linear optical network composed of beam splitters and phase
shifters as

Q̂�,� = L̂†q̂1,0L̂, (6)

where the Gaussian unitary operation L̂ for the linear optical
network is given by

L̂ = B̂1,2(θ1) · · · B̂N−1,N (θN−1)R̂1(φ1) · · · R̂N (φN ), (7)

with R̂ j (φ) = exp(iφâ†
j â j ) and B̂ j,k (θ ) = exp(θ â†

j âk −
θ â†

k â j ) representing the phase rotation on the jth
mode and the beam-splitting operation between the
jth and kth modes with the transmittance T = cos2 θ ,
respectively (see Fig. 1). Using R̂†

j (φ)q̂ j,0R̂ j (φ) = q̂ j,φ and

B̂†
jk (θ )q j,0B̂ jk (θ ) = cos θ q̂ j,0 + sin θ q̂k,0 [52,53], Eq. (6)

gives the result in Eq. (4). The relation in Eq. (6) implies that
we obtain the probability distribution Q�,� by a single-mode
homodyne detection using a linear optical network. Note that
one can fully reconstruct the N-mode quantum state ρ by
examining the whole set of Q�,� [54].

TABLE II. Comparison table for the quantum non-Gaussianity measures. A quantum non-Gaussianity measure Q(ρ ) satisfies the faith-
fulness condition when the measure becomes zero if and only if the state ρ is a probabilistic mixture of Gaussian states. Q(ÛGρÛ †

G ) = N (ρ )
and N (TG[ρ]) � N (ρ ) indicate that the quantum non-Gaussianity measure Q(ρ ) is invariant under a Gaussian unitary operation ÛG and
nonincreasing under a Gaussian channel TG, respectively. Making a distinction between the measures in Tables I and II, we refer to a measure
as a non-Gaussianity and quantum non-Gaussianity measure if it deals with the deviation of a quantum state from its reference Gaussian state
and a convex set of Gaussian states, respectively.

Measure Faithfulness Q(ÛGρÛ †
G ) = Q(ρ ) Q(TG[ρ]) � Q(ρ ) Observable lower bound

Negative volume in phase space [44,45] ✗
√ √

Quantum relative entropy [46]
√ √ √

Number of zeros in Husimi-Q function [47]
√ √

?
Robustness [48]

√ √ √
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FIG. 1. Linear optical network for measuring the probability dis-
tribution Q�,�. R j and BSk represent the phase rotation on the jth
mode and the beam-splitting operation between the kth and (k + 1)th
modes, respectively. Applying these Gaussian unitary operations and
performing homodyne detection (HD) on the first mode, we obtain
the probability distribution Q�,� for the input state.

B. Properties

Our measure has the following properties:
1. The measure is non-negative. NKL(ρ) � 0.
Proof. It is a direct consequence of the fact that the

Kullback-Leibler divergence is non-negative [51].
2. The measure is faithful. That is, NKL(ρ) is zero if and

only if the state ρ is Gaussian.
Proof. An N-mode Gaussian state σ is uniquely determined

only by local position and momentum averages for each mode,
i.e., 〈x̂ j〉σ ≡ 〈q̂ j,0〉σ and 〈p̂ j〉σ ≡ 〈q̂ j,π/2〉σ , respectively, for
j ∈ {1, . . . , N} with 〈ô〉ρ = tr[ρô], and the 2N × 2N covari-
ance matrix 
(σ ) whose elements are given by 
 jk (σ ) =
〈Q̂ jQ̂k〉σ − 〈Q̂ j〉σ 〈Q̂k〉σ with Q̂ = (x̂1, p̂1, . . . , x̂N , p̂N )T [2].

If the state ρ is Gaussian, NKL(ρ) = 0, as the probability
distributions are Gaussian for all quadrature amplitudes Q̂�,�.
Its converse is also true. We may introduce the reference
Gaussian state ρG having the same means and covariance
with the given state ρ, i.e., 〈Q̂〉ρ = 〈Q̂〉ρG and 
(ρ) = 
(ρG).
Note that the reference Gaussian state provides the refer-
ence Gaussian probability distribution for all quadratures
Q̂�,� as 〈Q̂�,�〉ρG = 〈Q̂�,�〉ρ and 〈Q̂2

�,�〉ρ = 〈Q̂2
�,�〉ρG al-

ways hold. In this respect we obtain an alternative expression
for Eq. (3) as

NKL(ρ) = max
�,�

DKL(Q�,�,ρ ||Q�,�,ρG ). (8)

If NKL(ρ) = 0, the state ρ and its reference Gaussian state
ρG have the identical probability distributions for all Q�,�.
Because the whole set of Q�,� determines a quantum state
[54], ρ = ρG, i.e., the state ρ must be Gaussian.

3. The measure is invariant under Gaussian unitary opera-
tions, i.e., NKL(ÛGρÛ †

G) = NKL(ρ), where ÛG is a Gaussian
unitary operation.

Proof. In the Heisenberg picture, a Gaussian unitary oper-
ation yields an affine transformation of quadrature operators

[2] as

Û †
GQ̂ÛG = AQ̂ + B, (9)

where A and B correspond to linear transformation and
translation, respectively. It indicates that a Gaussian unitary
operation on an N-mode quadrature operator gives

Û †
GQ̂�,�ÛG = aQ̂�′,�′ + b, (10)

where a and b are scaling factor and translation, respectively.
It is important to note that the sets of {�,�} and {�′,�′} have
one-to-one correspondence, as the inverse of the Gaussian
unitary operation ÛG is another Gaussian unitary operation,
i.e., (ÛG)−1 = Û †

G.
A key for the proof is that the negentropy is invariant under

scaling and translation, i.e., L[X (μ)] = aX (aμ + b) gives

J (L[X ]) = J (X ), (11)

which can be readily shown as

DKL(L[X ]||L[X ]G) = DKL(L[X ]||L[XG])

=
∫

dμL[X (μ)] ln
L[X (μ)]

L[XG(μ)]

=
∫

dμaX (aμ + b) ln
X (aμ + b)

XG(aμ + b)

=
∫

dμ′X (μ′) ln
X (μ′)
XG(μ′)

= DKL(X ||XG), (12)

where we have used the fact that the reference Gaussian dis-
tribution of L[X ] becomes L[XG], due to the linearity of the
transformation L.

Equipped with Eqs. (10) and (11), we have

NKL(ÛGρÛG) = max
�,�

JÛGρÛ †
G
(Q�,�)

= max
�′,�′

Jρ (Q�′,�′ )

= NKL(ρ). (13)

4. The measure is nonincreasing under partial trace.
NKL(ρAB) � NKL(ρA).

Proof. It is a direct consequence of the fact that the set of
Q̂�,� for ρAB contains the one for ρA.

5. The measure is invariant under the addition of Gaussian
ancilla, i.e., NKL(ρ ⊗ σ ) = NKL(ρ) with a Gaussian state σ .

Proof. We can recast a multimode quadrature operator
Q̂�,� for ρ ⊗ σ in the form of

√
ηX̂ρ + √

1 − ηX̂σ . Thus the
quadrature distributions to consider for ρ ⊗ σ and its refer-
ence Gaussian state ρG ⊗ σ are given by

Xρ⊗σ (x) =
∫

dy√
η(1 − η)

Xρ

(
y√
η

)
Xσ

(
x − y√
1 − η

)
,

XρG⊗σ (x) =
∫

dy√
η(1 − η)

XρG

(
y√
η

)
Xσ

(
x − y√
1 − η

)
, (14)

respectively. Using the data processing inequality for the
Kullback-Leibler divergence [50], we have

DKL(Xρ⊗σ |XρG⊗σ ) � DKL(Xρ |XρG ), (15)
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FIG. 2. Our non-Gaussianity measure NKL(ρ ) for Fock states
(black dots), even cat states (gray solid line), odd cat states (red
dashed line), and phase-averaged coherent state (blue dot-dashed
line) against the mean photon number E = tr(ρâ†â) for each state.

which yields

NKL(ρ ⊗ σ ) = max
�,�

Jρ⊗σ (Q�,�)

� max
�,�

Jρ (Q�,�)

= NKL(ρ). (16)

Combining it with the property 4, i.e., NKL(ρ ⊗ σ ) �
NKL(ρ), we finally obtain NKL(ρ ⊗ σ ) = NKL(ρ).

6. The measure is nonincreasing under a Gaussian channel
TG, i.e., NKL(TG[ρ]) � NKL(ρ).

Proof. The action of a Gaussian channel TG is generally
described by a Gaussian unitary interaction between a sys-
tem and a Gaussian environment E , i.e., TG[ρ] = trE[ÛG(ρ ⊗
σ )Û †

G], with σ the state of the environment [2]. Combining
properties 3, 4, and 5, we have

NKL(TG[ρ]) � NKL(ÛG[ρ ⊗ σ ]Û †
G)

= NKL(ρ ⊗ σ )

= NKL(ρ). (17)

C. Examples

In this section, we investigate the non-Gaussianity measure
for some single-mode and two-mode non-Gaussian states as
examples.

1. Fock states

The quadrature distribution of a Fock state |n〉〈n|
is given by

P|n〉〈n|(xφ ) = 1

2nn!
√

π
e−x2

φ Hn(xφ )2, (18)

where Hn(x) is the Hermite polynomial of degree n. For
the single-mode quantum states with rotationally symmetric
Wigner function, e.g., Fock states, the quadrature distribution
is the same for all phase angles. It is thus straightforward to
obtain the value of our non-Gaussianity measure (Fig. 2).

2. Phase-averaged coherent states

The quadrature distribution of a phase-averaged coherent
state ρ = exp(−γ 2)

∑∞
n=0

γ 2

n! |n〉〈n| is given by

Pρ (xφ ) = exp(−γ 2)
∞∑

n=0

γ 2

n!
P|n〉〈n|(xφ ), (19)

with its mean photon number γ 2. The purity of the phase-
averaged coherent state is given by

μ = exp(−2γ 2)I0(2γ 2), (20)

where In(z) is the modified Bessel function of the first
kind of order n. The phase-averaged coherent state becomes
non-Gaussian and mixed for nonzero γ . Also, its purity μ

decreases as the coherent amplitude γ increases. Examining
the non-Gaussianity of phase-averaged coherent states, we
show that our formalism is not limited to pure states (Fig. 2).

3. Cat states

The quadrature distribution of a cat state |ψ±〉 ∝ |γ 〉 ± | −
γ 〉 is given by

P|ψ±〉〈ψ±|(xφ ) = 1√
π

e−x2
φ−2γ 2 cos2 φ2

1 ± e−2γ 2 {cosh(2
√

2γ xφ cos φ)

± cos(2
√

2γ xφ sin φ)}, (21)

with its mean photon number given by

〈ψ±|â†â|ψ±〉 = γ 2 e2γ 2 ∓ 1

e2γ 2 ± 1
. (22)

In Fig. 2, we plot NKL(ρ) for Fock states and cat states
with respect to the mean photon number E = tr(ρâ†â). All of
the states under our consideration become more non-Gaussian
as the mean photon number increases. We also note that the
difference in the non-Gaussianity measure between even and
odd cat states becomes negligible when the mean photon
number is sufficiently large.

4. Photon number entangled states

The quadrature distribution of a photon number entangled
state in the form of |�〉 = √

1 − f |0〉1|0〉2 + √
f |1〉1|1〉2 [55]

is given by

P|�〉〈�|(x�,�) = e−x2
�,�

8
√

π

{
8 + f

( − 5 + 4x2
�,� + 4x4

�,�

)
+ f

( − 3 + 12x2
�,� − 4x4

�,�

)
cos(4θ1)

+ 8
√

f (1 − f )
(
1 − 2x2

�,�

)
× cos(φ1 + φ2) sin(2θ1)

}
. (23)

In Fig. 3, we show the result NKL(ρ) for the photon num-
ber entangled state

√
1 − f |0〉1|0〉2 + √

f |1〉1|1〉2 against the
fraction f .

Note that a photon subtracted two-mode squeezed vacuum
â1â2Ŝ12(ζ )|0〉1|0〉2 can be expressed as

â1â2Ŝ12(ζ )|0〉1|0〉2

= â1Ŝ12(ζ )(− sinh seiϕa†
1 + cosh sâ2)|0〉1|0〉2

032415-4
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FIG. 3. Our non-Gaussianity measure NKL(ρ ) for the photon
number entangled state in the form of

√
1 − f |0〉1|0〉2 + √

f |1〉1|1〉2

against the fraction f (black solid line). Red dashed and blue
dot-dashed lines represent the negentropies of the quadrature dis-
tributions with the maximum and minimum kurtosis, i.e.., Jρ,Kmax

and Jρ,Kmin in Sec. II D, respectively. The black solid line coincides
with the red dashed one for f < 0.71 and blue dot-dashed one for
f > 0.71.

∝ Ŝ12(ζ )(cosh sâ1 − sinh seiϕa†
2)|1〉1|0〉2

= Ŝ12(ζ )(cosh s|0〉1|0〉2 − sinh seiϕ|1〉1|1〉2)

= Ŝ12(ζ )R̂1(ϕ + π )(cosh s|0〉1|0〉2 + sinh s|1〉1|1〉2), (24)

where we have used the transformation Ŝ†
12(ζ )â1Ŝ12(ζ ) =

â1 cosh s − â†
2 exp(iϕ) sinh s and Ŝ†

12(ζ )â2Ŝ12(ζ ) =
â2 cosh s − â†

1 exp(iϕ) sinh s for the two-mode squeezing
operator Ŝ12(ζ ) = exp(−ζ â†

1â†
2 + ζ ∗â1â2) with squeezing

parameter ζ = s exp(iϕ) [53]. As our non-Gaussianity
measure is invariant under Gaussian unitary operation, the
result in Fig. 3 also provides the amount of non-Gaussianity
generated by the photon subtraction â1â2. That is, the photon
number entangled state |�〉 with f = sinh2 s

cosh(2s) has the same

non-Gaussianity with â1â2Ŝ12(ζ )|0〉1|0〉2. Note that the
non-Gaussianity of the photon-subtracted two-mode state is
bounded due to 0 � sinh2 s

cosh(2s) � 1
2 for all s.

D. Experimental feasibility

Our non-Gaussianity measure NKL(ρ) in Eq. (3) is defined
as the maximum of the negentropy Jρ (Q�,�) over the whole
set of Q�,�. It may require a huge amount of experimental
efforts to determine the exact value of the non-Gaussianity
measure. We here propose a strategy for estimating NKL(ρ)
efficiently.

In Figs. 3 and 4, we plot NKL(ρ) and the negentropies
Jρ (Q�,�) of the quadrature distributions maximizing or min-

imizing the kurtosis K = 〈�Q̂4
�,�〉

〈�Q̂2
�,�〉2 [56] for the photon number

entangled state and the cat states, respectively. From now on,
we refer to Jρ,Kmax and Jρ,Kmin as the negentropy of the quadra-
ture distribution maximizing and minimizing the kurtosis,
respectively. We observe that NKL(ρ) always coincides with
one of Jρ,Kmax and Jρ,Kmin for the photon number entangled
state and the cat states.

Our strategy goes as follows. We are to obtain the moments
of all quadrature distributions up to fourth order in order
to find the maximum and the minimum kurtosis. This can

FIG. 4. Non-Gaussianity measure NKL(ρ ) (black solid line) and
the negentropies of the quadrature distributions with the maximum
and minimum kurtosis, i.e., Jρ,Kmax (red dashed line) and Jρ,Kmin

(blue dot-dashed line), for (a) even cat states and (b) odd cat states
against the mean photon number E = tr(ρâ†â). The black solid line
in (a) coincides with the red dashed and the blue dot-dashed ones for
E < 1.47 and E > 1.47, respectively. In (b), the blue dot-dashed line
is not discernible form the black solid line.

be done by measuring only a finite number of quadratures.
For instance, the quadrature moments 〈q̂n

φ〉 for an arbitrary φ

can be determined by measuring the quadrature distributions
fixed at n + 1 different phase angles as φ j = φ0 + jπ

n+1 with an
arbitrary φ0 and j ∈ {0, 1, . . . , n} [57,58]. By then analyzing
〈q̂n

φ〉 for all φ’s, we can identify the quadratures maximizing
and minimizing the kurtosis, which eventually yields the can-
didates for NKL(ρ), i.e., Jρ,Kmax and Jρ,Kmin .

To test our strategy, we examine random pure states. First
we pick 103 random pure states in the form of

∑5
n=0 cn|n〉

with real coefficients cn. Then we investigate the discrepancy
� = min[|φJmax − φKmax |, |φJmax − φKmin |] between the phase
angles minimizing (maximizing) the kurtosis φKmin (φKmax ) and
maximizing the negentropy φJmax . In Fig. 5(a), we plot a
histogram for the discrepancy � with the bin size π

50 . It shows
that � is less than π

100 for 65.5% of the samples. Investigating
more precisely, we observe that the optimal phase angle φJmax

becomes φKmax or φKmin for 30.3% and 33.9% of the pure states,
respectively. This indicates that our strategy immediately
yields NKL(ρ) for 63.9% of random pure states. In Fig. 5(b),
we also examine the ratio R between max[Jρ,Kmax , Jρ,Kmin ] and
NKL(ρ) to addressing the performance of our approach. We
observe that the ratio becomes greater than 0.95 for 75.4% of
pure states and the average ratio turns out to be 0.931. This
result supports that our strategy is efficient for a wide range of
quantum states.

We also extend our examination to 103 random mixed
states in the form of f |χ1〉〈χ1| + (1 − f )|χ2〉〈χ2|, where both
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FIG. 5. (a), (c) Histogram of the discrepancy � = min[|φJmax −
φKmax |, |φJmax − φKmin |] between the optimal parameters, i.e., the
phase angles maximizing (minimizing) the kurtosis φKmax (φKmin )
and the negentropy φJmax , respectively. (b), (d) The ratio R =
max[Jρ,Kmax ,Jρ,Kmin ]

NKL (ρ ) between the estimated non-Gaussianity by the
strategy described in Sec. II D, i.e., max[Jρ,Kmax ,Jρ,Kmin ] and the
non-Gaussianity measure NKL(ρ ). For the histograms, we have sam-
pled 103 random pure states in the form of

∑5
n=0 cn|n〉 with real

coefficients for (a) and (b), and 103 random mixed states in the form
of f |χ1〉〈χ1| + (1 − f )|χ2〉〈χ2| for (c) and (d), where both of the
pure states are in the form of

∑5
n=0 cn|n〉 with real coefficients.

of the pure states |χ1〉 and |χ2〉 are randomly generated as
a superposition of Fock states

∑5
n=0 cn|n〉 with real coeffi-

cients cn. In Figs. 5(c) and 5(d), we see that the histogram
of the discrepancy � defined above is less peaked than that of
Fig. 5(a), while the histogram of the ratio R looks similar to
Fig. 5(b). In addition, the average ratio is obtained to be 0.928,
which is very close to 0.931 for the pure states addressed in
the previous paragraph. This is because the mixing of pure
states smooths the phase-space distributions and reduces the
fluctuation of negentropy with respect to phase angle. This
result illustrates how our strategy can be robust against the
mixedness of state to some extent.

Furthermore, we address the performance of our strategy
more for pure states by varying the dimension of Fock space,
i.e.,

∑nmax
n=0 cn|n〉 with nmax = {1, 2, 3, 4, 5}. Investigating 103

random pure states for each nmax, we observe that the average
ratio R is given by 0.878, 0.968, 0.966, 0.955, 0.931 for
nmax = 1, 2, 3, 4, and 5, respectively, which suggests that our
strategy may be suitable for a moderate size of dimension in
Fock space. The performance can potentially be improved by
coming up with more candidates than kurtosis. For instance,
if we choose the phase angles maximizing and minimizing the
variance as additional candidates, the average ratio increases
to 0.975, 0.993, 0.987, 0.986, and 0.975 for nmax = 1, 2, 3, 4,
and 5, respectively.

III. ESTIMATING NON-GAUSSIANITY MEASURE
DEFINED BY QUANTUM RELATIVE ENTROPY

In Secs. III and IV, we address how our non-Gaussianity
measure can be related to other non-Gaussianity measures.
In [39], a non-Gaussianity measure of a quantum state was
proposed by employing quantum relative entropy as

NQR(ρ) ≡ S(ρ||ρG), (25)

where S(ρ||ρG) = tr[ρ(ln ρ − ln ρG)] is the quantum relative
entropy between ρ and its reference Gaussian state ρG with
the same first- and second-order quadrature moments as the
state ρ. Note that we have used the subscript QR to imply that
the measure is based on quantum relative entropy. Similar to
the negentropy, i.e., J (X ) ≡ DKL(X ||XG) = H (XG) − H (X ),
the measure based on the quantum relative entropy can also be
given by the difference between the von Neumann entropies
of ρ and ρG,

NQR(ρ) = S1(ρG) − S1(ρ), (26)

where S1(τ ) = −tr[τ ln τ ] is the von Neumann entropy of a
quantum state τ .

We here show that our measure NKL(ρ) provides a lower
bound for NQR(ρ), i.e.,

NQR(ρ) � NKL(ρ). (27)

We first note that every N-mode state must fulfill Eq. (27)
if it is true for an arbitrary single-mode state. As we have
stated in the previous section, the N-mode quadrature op-
erator Q̂ maximizing the negentropy can be measured by
using a single-mode homodyne detection and a Gaussian uni-
tary operation, i.e., a linear optical network, so the N-mode
quadrature operator can be transformed to a single-mode
one by the help of a Gaussian unitary operation, e.g., Q̂1 =
ÛGQ̂NÛ †

G, which yields NKL(ρ) = NKL(tr2,...,N [ÛGρÛ †
G]).

We also note NQR(ρ) � NQR(tr2,...,N [ÛGρÛ †
G]), as the non-

Gaussianity measure NQR(ρ) is invariant under Gaussian
unitary operation and nonincreasing under partial trace [39].

We now focus on the derivation of Eq. (27) for a single-
mode state ρ and introduce a quantum-to-classical channel T
[59] as

ρ 
→ T [ρ] =
∞∑

n=−∞
tr
[
ρ�̂σ

φ,n

]|ψn〉〈ψn|, (28)

where the set of |ψn〉 forms an orthonormal basis and �̂σ
φ,n

represents a coarse-grained homodyne detection with the bin-
ning size σ as

�̂σ
φ,n =

∫ (n+ 1
2 )σ

(n− 1
2 )σ

dxφ|xφ〉〈xφ|, (29)

with |xφ〉 denoting the eigenstate for a quadrature operator x̂φ .
Using the fact that the quantum relative entropy is nonincreas-
ing under any positive trace-preserving linear map [60], we
have

S(ρ||ρG) � S(T [ρ]||T [ρG])

= H
(
X σ

φ,ρ

∣∣∣∣X σ
φ,ρG

)
, (30)

where the coarse-grained quadrature distribution X σ
φ,ρ is

given by

X σ
φ,ρ (x) =

∞∑
n=−∞

tr[ρ�̂n]
1

σ
rect

[ x

σ
− n

]
(31)

with

rect[x] =
{

1 for |x| � 1
2 ,

0 for |x| > 1
2 .

(32)
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FIG. 6. Non-Gaussianity measures based on quantum relative
entropy NQR(ρ ) (black solid line) and Kullback-Leibler divergence
NKL(ρ ) (red dashed line) and a lower bound of NQR(ρ ) in [37] (blue
dot-dashed line) for (a) even cat states and (b) odd cat states with
respect to the energy of the state.

Note that

H (Xφ,ρ ||Xφ,ρG ) =
∞∑

n=−∞
tr[ρ�n] ln

tr[ρ�n]

tr[ρG�n]
. (33)

Using the log sum inequality [51], i.e.,∑
k

ak ln
ak

bk
� a ln

a

b
, (34)

with a = ∑
k ak and b = ∑

k bk , we observe that

H
(
X σ

φ,ρ

∣∣∣∣X σ
φ,ρG

)
� H

(
X

σ
M

φ,ρ

∣∣∣∣X σ
M

φ,ρG

)
, (35)

for any positive integer M. It indicates that the relative entropy
increases with the decrease of coarse-graining size, so

sup
σ

H
(
X σ

φ,ρ

∣∣∣∣X σ
φ,ρG

) = lim
σ→0

H
(
X σ

φ,ρ

∣∣∣∣X σ
φ,ρG

)
= H (Xφ,ρ ||Xφ,ρG ). (36)

Combining Eqs. (8), (30), and (36), we finally obtain

S(ρ||ρG) � max
φ

sup
σ

H
(
X σ

φ,ρ

∣∣∣∣X σ
φ,ρG

)
= max

φ
H

(
Xφ,ρ

∣∣∣∣Xφ,ρG

)
= NKL(ρ). (37)

In Fig. 6 we plot NQR(ρ), NKL(ρ) and a lower bound of
NQR(ρ) proposed in [37] for even and odd cat states. The
lower bound in [37] can be obtained by measuring covari-
ance matrix and photon number distribution, i.e., NQR(ρ) �
L(ρ) ≡ S(ρG) − ∑

k=0 Pn ln Pn with Pn = 〈n|ρ|n〉. We find
that NKL(ρ) provides a greater lower bound for NQR(ρ) than

L(ρ) for all even cat states and odd cat states with E > 2.28
(γ > 1.49). The result shows that our non-Gaussianity mea-
sure NKL(ρ) provides an efficient tool to estimate NQR(ρ)
without quantum-state tomography, especially for quantum
states without rotational symmetry in phase space. Note that
the odd cat state approaches a single-photon state, i.e., a
quantum state with rotational symmetry in phase space, as the
coherent amplitude γ decreases.

A. Application in entanglement detection

It is worth noting that the inequality (27) can be used to de-
rive a new uncertainty relation whose bound is determined by
the non-Gaussianity and the entropy of the state (cf. [41]). For
a Gaussian state, we have the identity S1(ρG) = h(

√
det 
),

where h(x) = (x + 1
2 ) ln(x + 1

2 ) − (x − 1
2 ) ln(x − 1

2 ). That is,
the von Neumann entropy of a Gaussian state is completely
determined by the covariance matrix. The inequality (27),
which can be written as S1(ρG) � S1(ρ) + NKL(ρ), then leads
to h(

√
det 
(ρ)) � NKL(ρ) + S1(ρ). Therefore we obtain√

det 
(ρ) � h−1(NKL(ρ) + S1(ρ)), (38)

where h−1(y) is the inverse of the monotonically increasing
function h(x). This uncertainty relation can be considered as
a generalization of the Robertson-Schrödinger (RS) uncer-
tainty relation

√
det 
 � 1

2 , because the relation (38) gives a
stronger bound, particularly for non-Gaussian or mixed states,
i.e., when NKL(ρ) > 0 or S1(ρ) > 0, respectively.

Non-Gaussianity- and entropy-bounded uncertainty rela-
tions such as Eq. (38) are potentially applicable to improve
Simon-Duan entanglement criterion [61,62], which is a nec-
essary and sufficient criterion for Gaussian states only. For
example, if the inequality Eq. (38) is violated under partial
transposition, it is a direct signature of quantum entanglement.
The inequality, Eq. (38), thus leads to improved entanglement
criteria, particularly for non-Gaussian entangled states, like
those in [41].

Let us explain how it works in detail. We first follow the
procedure of positive partial transposition (PPT) criterion for
Gaussian entanglement. The Gaussian PPT criterion identi-
fies a quantum state ρ as entangled if the covariance matrix
becomes unphysical under partial transposition (PT). Check-
ing whether the covariance matrix of the partially transposed
quantum state ρPT is physical or not, we use a symplectic
transformation Ŝ which diagonalizes the covariance matrix
of ρPT. Because of the Williamson theorem [63], such sym-
plectic transformation always exists. If there exists a local
mode violating the RS uncertainty relation

√
det 
 � 1

2 , it
signifies that ρPT is unphysical and the Gaussian PPT criterion
detects the entanglement of ρ. In summary, the Gaussian PPT
criterion can be written as

min
i

√
det 
(ρ i ) � 1

2 , (39)

where ρ i denotes the ith local mode of ρ = ŜρPTŜ†. We here
employ Eq. (38) instead of the RS uncertainty relation:

min
i

√
det 
(ρ i ) � h−1(NKL(ρ i )) � 1

2 , (40)

which is strictly stronger than the Gaussian PPT criterion.
One may doubt that NKL(ρ i ) is experimentally accessible
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FIG. 7. The entropic quantities h(
√

det 
(ρ2)) and NKL(ρ2) for
an entangled coherent state |�〉 = √

N (|γ 〉1|γ 〉2 − | − γ 〉1| − γ 〉2)
are plotted as black thick and red dashed curves, respectively, with
respect to the coherent amplitude γ . As Eq. (40) is satisfied for
every separable quantum state, its violation, i.e., h(

√
det 
(ρ2)) <

NKL(ρ2), witnesses quantum entanglement. The shaded region indi-
cates that Eq. (40) can detect the quantum entanglement of |�〉 with
γ > 0.82 that is impossible to detect by Gaussian PPT criterion. Note
that ln 2 nats is equivalent to 1 bit.

because PT cannot be directly implemented. We stress that
it is possible to estimate NKL(ρ i ), as a multimode quadrature
operator transforms to another one under partial transposition
always.

For a concrete example, we here examine an entangled
coherent state |�〉 = √

N (|γ 〉1|γ 〉2 − | − γ 〉1| − γ 〉2)
with N = {2 − 2 exp(−4γ 2)}−1, whose entanglement
cannot be detectable by the Gaussian PPT criterion for
all nonzero γ . If we apply partial transposition on the
second mode of ρ = |�〉〈�|, the partially transposed
quantum state ρPT is expressed by ρPT = N (|γ 〉〈γ |1 ⊗
|γ 〉〈γ |2 + | − γ 〉〈−γ |1 ⊗ | − γ 〉〈−γ |2 − |γ 〉〈−γ |1 ⊗
| − γ 〉〈γ |2 − | − γ 〉〈γ |1 ⊗ |γ 〉〈−γ |2). Its covariance
matrix can be diagonalized by a 50:50 beam-splitting
operation ÛBS. If we look into the local states of ρ ≡
ÛBSρ

PTÛ †
BS = N {(|√2γ 〉〈√2γ |1 + | − √

2γ 〉〈−√
2γ |1) ⊗

|0〉〈0|2 + |0〉〈0|1 ⊗ (|√2γ 〉〈−√
2γ |2 + | − √

2γ 〉〈√2γ |2)},
we find that the local state for the mode 1 is physical,
i.e., ρ1 = N {|√2γ 〉〈√2γ | + | − √

2γ 〉〈−√
2γ | +

2 exp(−4γ 2)|0〉〈0|}, but the one for mode 2 is unphysical,
i.e., ρ2 = N (2|0〉〈0| − |√2γ 〉〈−√

2γ | − | − √
2γ 〉〈√2γ |).

In Fig. 7 we compare h(
√

det 
(ρ2)) and NKL(ρ2) to check
whether Eq. (40) is violated or not. The result shows that our
entanglement criterion can detect the entanglement of |�〉 for
γ > 0.82.

IV. ESTIMATION OF NON-GAUSSIANITY MEASURE
BY HILBERT-SCHMIDT DISTANCE

In [38], a non-Gaussianity measure of a quantum state was
proposed by using Hilbert-Schmidt distance as

NHS(ρ) = DHS(ρ, ρG)

2trρ2
, (41)

where DHS(ρ, ρG) = tr(ρ − ρG)2 is the Hilbert-Schmidt dis-
tance between ρ and ρG.

Using a Cauchy-Schwarz inequality, we first have

tr(AB) =
∑

i

∑
j

Ai jB ji

�
√∑

i

∑
j

Ai jA∗
i j

√∑
i

∑
j

B jiB∗
ji

=
√∑

i

∑
j

Ai jA ji

√∑
i

∑
j

B jiBi j

=
√

trA2
√

trB2 (42)

for two Hermitian matrices A and B. Employing this inequal-
ity, we obtain

NHS(ρ) = 1

2

trρ2 + trρ2
G − 2tr(ρρG)

trρ2

� 1

2

trρ2 + trρ2
G − 2

√
trρ2

√
trρ2

G

trρ2

= 1

2

(
1 −

√
trρ2

G

trρ2

)2

= 1

2

{
1 − exp

(
S2(ρ) − S2(ρG)

2

)}2

, (43)

where the quantum Rényi-2 entropy of a quantum state ρ is
given by S2(ρ) = − ln trρ2. For an N-mode Gaussian state σ ,
we have

S2(σ ) − S1(σ ) � N ln
2

e
, (44)

with its proof given in the Appendix. Due to the ordering
relation of quantum Rényi entropies, S1(ρ) � S2(ρ), with
Eq. (44), we obtain

S2(ρG) − S2(ρ) � S1(ρG) + N ln
2

e
− S2(ρ)

� S1(ρG) + N ln
2

e
− S1(ρ)

� NQR(ρ) + N ln
2

e
. (45)

Using Eqs. (27) and (45), we obtain

NHS(ρ) � 1
2 {1 − FN (ρ)}2, (46)

with

FN (ρ) = min

[
1, exp

{
− NKL(ρ)

2
+ N

2
ln

e

2

}]
. (47)

Note that S2(ρG) − S2(ρ) can be negative while NQR(ρ) =
S1(ρG) − S1(ρ) is always non-negative. It means that the
quantum Rényi-2 entropy has no Gaussian extremality [64].
Furthermore, Eq. (45) reveals that S2(ρG) − S2(ρ) < 0 hap-
pens only if the non-Gaussianity of the quantum state ρ is
sufficiently small, i.e., NKL(ρ) � NQR(ρ) � N ln e

2 . For ex-

032415-8



QUANTIFYING NON-GAUSSIANITY OF A QUANTUM … PHYSICAL REVIEW A 104, 032415 (2021)

FIG. 8. Quantum Rényi-2 entropy for noisy single-photon state
(1 − f )|0〉〈0| + f |1〉〈1| (red dashed line) and its reference Gaussian
state (black solid line). It is clear that quantum Rényi-2 entropy has
no Gaussian extremality.

ample, a noisy single-photon state in the form of f |1〉〈1| +
(1 − f )|0〉〈0| shows S2(ρG) < S2(ρ) for 0 < f < 1

2 , as plot-
ted in Fig. 8.

We remark that Eq. (45) also yields a relation between
NQR(ρ) and the trace overlap O(ρ) = tr(ρρG) between a state
ρ and its reference Gaussian state ρG [43] as

O(ρ)

μ(ρ)
�

(
e

2

) N
2

exp

{
−NQR(ρ)

2

}
, (48)

which implies that NQR(ρ) provides an upper bound for the
ratio of the overlap O(ρ) to the purity μ(ρ) = trρ2. The over-
lap O(ρ) becomes identical to the purity μ(ρ) for ρ = ρG,
and the deviation between the overlap O(ρ) and the purity
μ(ρ) can be seen as a degree of non-Gaussianity [43]. For
instance, if a quantum state ρ satisfies O(ρ) � μ(ρ), it wit-
nesses that the quantum state ρ is highly non-Gaussian in
terms of the ratio O(ρ)

μ(ρ) . Therefore Eq. (48) indicates that a
larger NQR(ρ) guarantees a higher non-Gaussianity in terms
of the ratio, i.e., a smaller upper bound of O(ρ)

μ(ρ) . Note that we
can derive Eq. (48) by using the Cauchy-Schwarz inequality
in Eq. (42), i.e., O(ρ) � √

μ(ρ)μ(ρG), and Eq. (45), i.e.,
− ln μ(ρG )

μ(ρ) � NQR(ρ) + N ln 2
e as

O(ρ)

μ(ρ)
�

√
μ(ρG)

μ(ρ)

� exp

{
−NQR(ρ)

2
− N

2
ln

2

e

}

=
(

e

2

) N
2

exp

{
− NQR(ρ)

2

}
. (49)

V. CONCLUDING REMARKS

We have proposed the maximum negentropy of quadrature
distributions as a non-Gaussianity measure of a general N-
mode quantum state. Our measure fulfills desirable properties,
i.e., it is faithful, invariant under a Gaussian unitary operation,
and nonincreasing under a trace-preserving Gaussian chan-
nel. Furthermore, we have shown that our measure provides

lower bounds for other non-Gaussianity measures based on
quantum relative entropy and Hilbert-Schmidt distance, re-
spectively. As our measure is experimentally accessible by a
highly efficient homodyne detection, the connection between
our measure and others makes it possible to address the is-
sue of non-Gaussianity in an experimentally friendly form.
Therefore we hope our approach could be broadly adopted in
assessing the role of non-Gaussianity in continuous-variable
quantum information protocols.

Recently, quantum non-Gaussianity, i.e., a stronger form of
non-Gaussianity, has attracted much attention in continuous-
variable quantum information. It is because non-Gaussian
states generated by mixing Gaussian states can fail to be gen-
uine quantum resources in various quantum tasks [44,45,65–
67]. For instance, a quantum circuit composed of quantum
states, operations, and measurements with positive Wigner
functions cannot show quantum advantage as it is classically
simulable [68]. It will be truly significant if one finds an effi-
cient way to assess the more robust forms of non-Gaussianity,
i.e., quantum non-Gaussianity and negativity in Wigner phase
space. In addition, it would be interesting to further extend our
approach to quantify the non-Gaussianity of correlation [69],
which we leave as future work.
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APPENDIX

An N-mode Gaussian state σ can be transformed to an N-
mode thermal state by a Gaussian unitary operation ÛS [2]:

ÛSσÛ †
S = τn̄1 ⊗ τn̄2 ⊗ · · · ⊗ τn̄N , (A1)

where τn̄ = ∑∞
k=0

n̄k

(n̄+1)k+1 |k〉〈k| represents the thermal state
with the mean photon number n̄. As quantum Rényi entropies
are invariant under unitary operations and additive for product
states, i.e., Sα (ρ) = Sα (ÛρÛ †) and Sα (ρA ⊗ ρB) = Sα (ρA) +
Sα (ρB), respectively, we have

S2(σ ) − S1(σ ) = S2(ÛSσÛ †
S ) − S1(ÛSσÛ †

S )

=
N∑

j=1

{S2(τn̄ j ) − S1(τn̄ j )}, (A2)

with S1(τn̄) = (n̄ + 1) ln(n̄ + 1) − n̄ ln n̄ and S2(τn̄) = ln(1 +
2n̄). Investigating the first and second derivatives of
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D(n̄) ≡ S1(τn̄) − S2(τn̄),

lim
n̄→∞

d

dn̄
D(n̄) = lim

n̄→∞

[
ln

1 + n̄

n̄
− 2

1 + 2n̄

]
= 0, (A3)

and

d2

dn̄2
D(n̄) = − 1

n̄(1 + n̄)(1 + 2n̄)2
, (A4)

we find that the difference is monotonically increasing with
respect to n̄. It yields

D(n̄) � lim
n̄→∞D(n̄)

= lim
n̄→∞

[
ln

(
1 + 1

n̄

)n̄

+ ln
1 + n̄

1 + 2n̄

]

= ln
e

2
. (A5)

Using Eqs. (A2) and (A5), we have

S2(σ ) � S1(σ ) + N ln
2

e
. (A6)
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