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We offer a consistent dynamical formulation of stationary scattering in two and three dimensions (2D and
3D) that is based on a suitable multidimensional generalization of the transfer matrix. This is a linear operator
acting in an infinite-dimensional function space which we can represent as a 2 x 2 matrix with operator entries.

This operator encodes the information about the scattering properties of the potential and enjoys an analog
of the composition property of its one-dimensional ancestor. Our results improve an earlier attempt in this
direction [Phys. Rev. A 93, 042707 (2016)] by elucidating the role of the evanescent waves. We show that a
proper formulation of this approach requires the introduction of a pair of intertwined transfer matrices, each

related to the time-evolution operator for an effective nonunitary quantum system. We study the application
of our findings in the treatment of the scattering problem for §-function potentials in 2D and 3D and clarify
its implicit regularization property which circumvents the singular terms appearing in the standard treatments of
these potentials. We also discuss the utility of our approach in characterizing invisible (scattering-free) potentials
and potentials for which the first Born approximation provides the exact expression for the scattering amplitude.
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I. INTRODUCTION

Scattering of waves is a natural phenomenon of great im-
portance. This was recognized quite early and has led to a
comprehensive study of this phenomenon in the 19th and 20th
centuries. The formulation of quantum scattering theory by
Born [1], the introduction of the concept of the scattering (S)
matrix by Wheeler [2], and the developments of the Green’s
function methods for treating scattering problems by Lipp-
mann and Schwinger [3] are the milestones of our present
understanding of the subject. The study and applications of
the Born series, the S-matrix, and the Lippman-Schwinger
equation constitute an integral part of the standard textbook
treatments of scattering theory [4,5]. They have also provided
the main impetus for developing rigorous mathematical the-
ories of scattering [6—8]. There is essentially no conceptual
difference between the utility of these concepts and theories
in dealing with the scattering of waves in different dimen-
sions. However, in one dimension (1D), one has the option
of employing an alternative tool, called the transfer matrix
[9-11]. This is an object which, like the S-matrix, stores the
information about the scattering features of the system and
enjoys a composition property that makes it an ideal tool for
dealing with multilayer and locally periodic systems [12—15].

Consider a short-range potential in 1D v : R — C, so that
|v(x)| tends to zero faster than |x|~! as x — Zo0c. Then every
solution of the stationary Schrédinger equation

—y"(x) +v() Y (x) = kY (x) xeR, (1)
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satisfies

A_eikx + B_efikx

A+eikx + B+67ikx

for x — —o0,

v(x) — {

for x — 400,

where k € R" is a wave number, and A+ and B are complex
coefficients. The transfer matrix of the potential v is a 2 x 2
matrix M that relates Ay and By according to

Al A_
=M . 2)
B, B_
This equation determines M in a unique manner, provided that

it is independent of A_ and B_ [16]. We can also identify the
S-matrix for v by the 2 x 2 matrix S that satisfies [17,18]

Ay A_
=S . 3)
B_ B,
If we enforce (2) and (3) for the coefficients AL and B of

the left- and right-incident scattering solutions ;. of (1), i.e.,
those fulfilling

e* 4 Rle=kx  for x - —o0,

Vi) = {T’ etkx for x — 400,
() {T’ etk for x - —o0, @

" e R 4 Rre**  for x — 400,

we can express the left/right reflection and transmission am-
plitudes R"/" and T'/" of the potential in terms of the entries of
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M and S [15,17,18]:

M M 1
R=-22 R="2 T=——07>P (5

M» M> M
R'=5Sy, R =Sp, T =S8=5. (6)

These relations show that both M and S contain the informa-
tion about the scattering properties of the potential. Therefore,
their determination is equivalent to the solution of the scatter-
ing problem.

The advantage of the transfer matrix over the S-matrix is its
composition property. If we divide R into »n adjacent intervals
of the form

I := (—00, a1), L = la, ay),

L = las, a3), L1 = lay,—2, ay-1),
In = [anflv 00)1

where ay,a,,...,a,—1 € R such that a; <ay < ---
let v; : R — C be the truncation of v given by

< anfla

v(x) forxelj,

v;(x) 1= {0 forx ¢ I,

and M; be the transfer matrix of v;, then the following com-
position rule holds [15]:

M=MM,_;---M;. (N

This relation is the main reason for the wide range of ap-
plications of the transfer matrix [12,19-33]. It has provided
the main guideline for the development of the multichannel
[34-38] and higher-dimensional [39—45] generalizations of
the transfer matrix (2). The latter generalizations involve dis-
cretization of the configuration or momentum space variables
along the normal direction(s) to the scattering/propagation
axis of the wave and yield large numerical transfer matri-
ces whose treatment requires appropriate numerical schemes.
Therefore, unlike the S-matrix, they do not arise from a fun-
damental concept with a universal definition.

Reference [46] pursues a different route and arrives at a
higher-dimensional notion of transfer matrix whose definition
does not involve any discretization or approximation scheme.
This is a linear operator acting in an infinite-dimensional func-
tion space. It admits a suitable realization in terms of a 2 x 2
matrix with operator entries that has the same structure as the
transfer matrix in 1D. It also shares the basic properties of the
latter; namely, it carries the information about the scattering
features of the potential and possesses a similar composition
property. Another appealing feature of this transfer matrix is
that it admits a Dyson series expansion. This follows from
a higher-dimensional generalization of a dynamical formula-
tion of stationary scattering in 1D [47], where the standard
transfer matrix is identified with the S-matrix of an effective
nonunitary two-level quantum system [48]. This observation
has interesting applications in constructing tunable unidirec-
tionally invisible potentials [15], extending the notion of the
transfer matrix to long-range potentials [49] and perform-
ing low-energy scattering calculations in 1D [50]. See also
Ref. [51].

The application of the transfer matrix of Ref. [46] to §-
function potentials in two and three dimensions (2D and 3D)

turns out not to involve the unwanted singularities of the
standard treatments of these potentials [52—60]. Furthermore,
this approach to scattering theory opens up a line of attack on
the problem of identifying invisible (scattering-free) complex
potentials [61-64] and admits a useful electromagnetic coun-
terpart [65].

A careful examination of the analysis of Ref. [46] reveals
certain underlying assumptions and implicit rules of calcula-
tion that require further justification. These shortcomings may
be traced back to an inadequate treatment of the role of the
evanescent waves. These waves do not enter the general ex-
pression for the transfer matrix in an explicit manner, but their
contribution to the scattering phenomenon cannot be ignored
in general. They play an important role in the identification of
the correct form of the composition property of the transfer
matrix which makes it into a powerful practical tool. The
purpose of this paper is to offer a comprehensive refinement
of the concept of a fundamental transfer matrix in 2D and
3D that eliminates the shortcomings of Ref. [46] and yields
a consistent alternative to the standard treatment of stationary
scattering.

The organization of this paper is as follows. In Sec. II, we
introduce a variant of the transfer matrix of Ref. [46] in 2D,
called the fundamental transfer matrix, which considers the
contribution of the evanescent waves. In Sec. III, we identify
a Hamiltonian operator whose evolution operator yields the
fundamental transfer matrix. In Sec. IV, we derive the compo-
sition rule for the fundamental transfer matrix. This turns out
to require the introduction of an alternative (auxiliary) transfer
matrix which is also related to the evolution operator of an
effective quantum system. In Sec. V, we examine the utility
of the auxiliary transfer matrix in the solution of the scattering
problem and derive a basic formula describing its relationship
to the fundamental transfer matrix. In Sec. VI, we present the
application of our general results to 5-function potentials in
2D. Here, we elucidate the conceptual basis for the implicit
regularization property of the fundamental transfer matrix that
makes it avoid the singularities of the standard treatments
of these potentials. In Sec. VII, we discuss the application
of the fundamental transfer matrix in constructing potentials
that display perfect broadband omnidirectional invisibility in
2D. Here, we also present a characterization theorem for
potentials for which the first Born approximation gives the
exact expression for the scattering amplitude. In Sec. VIII,
we generalize the results of Secs. II-VII to 3D. Section IX
provides a summary of our findings, and the Appendixes
include the derivation of some of the results we present in
the text.

II. FUNDAMENTAL TRANSFER MATRIX IN 2D

Consider the stationary Schrodinger equation in 2D:

(x,y) € R?,
(8)

[~82 — 82 + v, Y (x,y) = K2y (x, y),

for a short-range potential v : R> — C and a wave number
k € R*. This equation has a unique solution possessing the
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FIG. 1. Schematic view of the scattering setup for a left-incident wave (on the left) and a right-incident wave (on the right). ko and k are,
respectively, the incident and scattered wave vectors. For the left- and right-incident waves, the incidence angle 6 takes values in (-7, 7) and

(£3l

3 ) Dashed lines represent x = a..

following asymptotic expression [8]:

W(Y)Z% |:€'k°'r + \/ge”"f(G)} +o(r~'%) forr — oo,
9

where ko € R? is the incident wave vector, r := x e, + ve,,
e; is the unit vector along the j axis for j € {x,y}, (r, 0) are
the polar coordinates of r, ko - r := krcos(6@ — 6p), 6y is the
incidence angle which determines ky/k according to ko/k =
cos 6 e, + sin O e, f is a complex-valued function called the
scattering amplitude, and o(r~'/?) stands for a function of r
and 6 such that

lim rl/zo(r_l/z) =0.

r—00
By solving the scattering problem for the potential v, we mean
determining () for every wave number k and incidence angle
6o.

Let us adopt a coordinate system in which the source of the
incident wave and the detectors used to observe the scattered
wave lie on the planes x = Foc0. If the source of the incident
wave lies at x = —00, 6 € (—%, %), and we speak of a left-
incident wave. If the source lies at x = +00, 6 € (%, 37”), and
we have a right-incident wave. See Fig. 1. We use § and §" to
label the scattering amplitudes for the left- and right-incident
waves, respectively:

i(0)
9 =
1) {f’(G)

Let Fy ) and F i denote the Fourier transformation of a
function of y and its inverse, i.e.,

for 6y € (—%, %),

for 6y € (%, 37”)

(10)

Pt = fp = [ ave o0 an
1>
e = o [ apemep. a2

where f,g:R — C are functions.! Performing the Fourier
transform of both sides of (8) with respect to y, we find

—9"(x, p)+ [P @), p)

=w(p)’¥(x,p), (x,p)eR? (13)

"Throughout this paper, we use the term function to mean a classi-
cal function or a tempered distribution [66].

where a prime stands for differentiation with respect to x,

F(x, p) = Fyplr (e, ),
[7 () F1(p) := Fyplvx, ) )}

o0

=5- | davwp-af@, 14
T J-co
and
Vk? —p*  for |p| <k,
w(p) = (15)
{i,/p2 — k% for |p| > k.

An important feature of potential scattering in 2D (and
higher dimensions), which has no counterpart in 1D, is the
presence of evanescent waves. To elucidate their role, in the
following, we confine our attention to the class of potentials
whose supports lie between a pair of lines that are parallel
to the y axis. In other words, we suppose that there are real
numbers a+ such that a_ < a, and

v(x,y) =0 forx ¢ [a_,ay]. (16)
Then 9(x, p) = 0 forx ¢ [a_, a,], and (13) gives
[02+ @ (pP]F(x.p) =0 forx ¢ [a_,a.].

Solving this equation and performing the inverse Fourier
transform with respect to p, we can write ¥ in the form

1# = wos + wev’ o))

where Vo5, Yoy : R2 — C are, respectively, functions rep-
resenting the oscillating and evanescent waves outside the
region defined by a_ < x < a, in R?. This means that

1 [k 4 . .
Yos(x,y) = _271' / dp [Ai(p)elw(P)x +Bi(p)eflw(p)x]e'p’»
—k

for £x > +ay, (13)
Veu(x,y) = i/ dp Cs(p)e™™ PV for +x > +ay,
27 Jipizk
(19)
where Ay, By, Cy : R — C are functions such that?
Ai(p) =B+(p)=0 for|p| >k,
Ci(p)=0 for|p| <k. (20)

2More precisely, Ay and B (respectively, Cy) are tempered dis-
tributions supported in the open interval (—k, k) [respectively, R \
(—k, k)].

032222-3



FARHANG LORAN AND ALI MOSTAFAZADEH PHYSICAL REVIEW A 104, 032222 (2021)

In the following, we use .%; to denote the vector space of
functions ¢ such that ¢(p) = O for |p| = k. Then (20) states

for future use and employ (11) and (17)—(22) to conclude that

iw (p)x —iw (p)x
that Ay, By € F;. Jep) = {A(P)e' + B_(pe | for x < a_,
We also introduce Ay (p)e™P* £ B (p)e™™@PX  for x > ay.
(23)
B_(p) for |p| <k, According to (19), ¥ey(x,y) = 0 as x — =£oo. In light of
B_(p) :=B_(p)+C_(p) = {C (p) for |p| >k (21) (9) and (17), this means that the scattering properties of the
-\ prz5 potential are encoded in the functions Ay and B.. To see this,
we examine the scattering of the left- and right-incident waves
Ai(p) for |p| <k, 1r Ur o g .
2 (p) :=AL(p)+Ci(p) = (22) separately, use A" and B/ to identify the functions A; and
Cy(p) for |pl =k, B. associated with left/right-incident waves, and set
J
p:=ksinf, py:=ksin6y. 24)
For a left-indecent wave, 6 € (—%, %), and as we show in Ref. [46, Appendix A],
2w 5(sinf — sin6y) 2w 8(6 — 6y)
AL (p)=2m8(p— po) = = . B.(p)=0, (25)
k k| cos 6|
; k|cos@|AL (ksin@) — 2780 — 6,) for6 e (=%, %),
f’(@):—Lx{l |AL ! o (-%.%) 26)
27 k| cos@|B" (ksin@) for 6 € (%, 7”)
Similarly, for a right-incident wave, where 6, € (%, 37”), we have [61]
. . 2 8(60 — 6p)
AZ(p)=0, B (p)=2nd(p—po)=——">"7" (27)
k| cos 6|
j k| cosO|A” (ksin6) for0 € (%, %),
f,(e):_Lx{i 4% (ks ( 232) 8)
N2 k| cos@|B" (ksinf) —2m8(6 — 60y) for 6 € (% =)

In view of Egs. (26) and (28) and the fact that k| cos 6| = @ (p), we can express the scattering amplitudes /" in terms of the
dimensionless coefficient functions:

Ai = wAi, é:ﬁ: = ZD'Bi, (29)
which also belong to .%;. This gives
B (p)=A"(p)=0, A.(p)=B,(p)=2nw(po)S(p — po), (30)
#) i Al (ksing) — 2780 —6y) for6 e (—%, %), a1
= — X o
V2r | B.(ksin®) for 0 € (%, ),
v 6) i A" (ksin6) for 0 € (—%, %), 32)
= — —— X o
V2r | B (ksin®) —2w8(0 — 6p) for 0 € (%, ).

(

a linear operator acting in the infinite-dimensional space of
two-component functions:

ykle — 2! ® .7 = {[i*—]

Notice that §/7(9) for 6 € (=%, %) and 6 € (%, &) respec-
tively correspond to the scattering amplitudes measured by
detectors placed at x = 400 and x = —oo. Equations (31)
and (32) identify these with certain linear combinations of the
scaled amplitudes A, and B, and the § function. This is the
main reason for our use of these amplitudes.

As seen from (30)—(32), the scattering problem for the
potential has a solution if there is a procedure to determine
A, and B_ for the A_ and B, given by (30). The scattering

operator, more commonly known as the S-ma/tgix, achieves

o+ € ﬁk},

where C2*! stands for the vector space of 2 x 1 complex
matrices.

Reference [46] uses a direct extension of the definition of
the transfer matrix in 1D, namely, (2), to arrive at a multidi-
mensional notion of the transfer matrix. In 2D, this 1/5\ done
by identifying the transfer matrix with a 2 x 2 matrix M with

this goal. We can represent it by a 2 x 2 matrix S that fulfills

JA_ A
15 =[s]
B B_
This is the 2D analog of the definition of the S-matrix in
1D, namely, (3). Notice however that, unlike the latter, S is

(33)

operator entries M;; : %, — % such that

_[A_ A
MU =T
B_ B,
The utility of this transfer matrix in potential scattering relies
on the following relations which, in conjunction with (26) and

(34)
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(28), allow for the determination of the scattering amplitudes

fl/r:

Al =2aMy, 8, + MpB., (35)
MyB' = —27My; 5, (36)
Al = MpB', (37)
MyB' =276, (38)

where §,, stands for the Dirac § function centered at py, i.e.,
8po(p) :==8(p — po), and |pg| < k. Equations (35)—(38) fol-
low from (34) once we substitute (25) and (27) for A+ and B+
[46,61]. Notice that (35) and (37) reduce the determination of
AT to that of B'/", while (36) and (38) provide linear integral
equations for the latter.?

The above procedure for determining the scattering ampli-
tudes using the entries of the transfer matrix admits a slightly
simpler variation if we employ the dimensionless coefficient
functions A4 and B instead of AL and By and make use of
(30)—(32). In light of (29), the role of M is now played by

o~

M:=o(P)Ma(p), (39)

where for every pair of functions f, g : R — C, we define the
function f(p)g by

Lf(P)elp) := f(p)e(p).

It is easy to see that M is a transfer matrix (with operator
entries M ;1 acting in %) that satisfies

< Avf A+
M[v ] - [u }' (40)
B LB,

With the help of this equation, we can express (35)—(38) as

AL =2ma (po) My 8,y + MBS 1)
1\7[221?2 = — 27tw(p0)1\/221 Spys (42)
X =Mb, 43)

MonB' =270 (py) 8. (44)

Again, (42) and (44) are linear integral equations for B
Solving them and using the result in Eqgs. (41) and (43), we
can determine AT. This yields a solution for the scattering
problem by virtue of (31) and (32).

It is important to note that, unlike its /Predecessors [39-45],
the definition of the transfer matrix M does not involve a
slicing or discretization of the configuration or momentum
space variables. The same holds for the transfer matrix M.

*In general, we can associate integral kernels M;;(p, q) to M,-j
and express (36) and (38) as the integral equations ffk dq My (p, q)
B (q) = —27Ma(p, po) and  [*, dq Ma(p, 9)B" (q) = 27 8(p —
Do), respectively. This follows from Egs. (59) and (60) below and
the fact that ¥/(x) is the integral operator given by (14).

However, M turns out to be more convenient to use.* For this
reason, we will refer to it as the fundamental transfer matrix.

The introduction of the fundamental transfer matrix offers
an alternative to the traditional methods of solving scattering
problems. Its utility for this purpose involves the following
steps: R

(1) Find the fundamental transfer matrix M.

(2) Solve (42) and (44) for El_/r.

(3) Substitute B" in Egs. (41) and (43) to find A"/".

(4) Substitute B/ and Avlf in Egs. (31) and (32) to deter-
mine the scattering amplitudes /"

In Sec. III, we derive a dynamical equation that yields a

Dyson series expansion of M. The solution of (42) and (44)
requires the knowledge of the potential. These equations have

a unique solution if M, has a trivial kernel (null space). The
operator M, is the 2D counterpart of the My, entry of /Ehe

transfer matrix M in 1D. Therefore, the condition that M,
has a nontrivial kernel is the 2D counterpart of M,, = 0. This
equation is of particular interest because the wave numbers k
for which it holds correspond to the spectral singularities of
the potential [67]. This suggests a characterization of spectral
singularities in 2D in terms of the nontriviality of the kernel
of M 22.

It is also worth mentioning that (41)—(44) reproduce their
1D counterparts, namely, (5), if we replace 27w @ (pg)d,, with
1 and identify Aﬂ_, Bﬂr, Avi, and Ei, respectively, with the left
transmission amplitude T, left reflection amplitude R’, right
reflection amplitude R, and right transmission amplitude 7.

III. DYNAMICAL EQUATION FOR FUNDAMENTAL
TRANSFER MATRIX

The formulation of the stationary scattering in terms of the

fundamental transfer matrix M is useful, provided that we can
evaluate it andAsolve the integral equations (42) and (44) for

B"". Because M and M are related by a similarity transforma-
tion, the determination of any of these transfer matrices will
yield the other. Reference [46] shows that, like its 1D analog
[47,48], we can relate M to the time-evolution operator for
an effective nonunitary quantum system and derive a Dyson
series expansion for it. In what follows, we pursue a similar
route that considers the role of the evanescent waves. This
leads to a slightly different dynamical equation and Dyson
series expansion for M than those obtained in Ref. [46]. As
we show in the next section, an implicit assumption employed
in Ref. [46] corrects the discrepancy, and the prescription
proposed in Ref. [46] for calculating the scattering amplitudes
§1/r produces the correct result for the applications considered
therein.

Let i be the general bounded solution i of the stationary
Schrodinger equation (8) that we consider in Sec. II, and for

4This is because the entries of M enter the equations for scaled
amplitudes Ay and B and that the scattering amplitudes /" have
simpler expressions in terms of these amplitudes than A, and B
(which are related by ﬁ).
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eachx € R,let Wy(x) : R — C and ¥(x) : R — C>*! be the
functions defined by

1 B ~
[(Wi@)](p) := 5 &P (i, (p)x][w ()Y (x, p) £iY (x, p)l.
W(x) [q"(x)] (45)
Xx) = ,
Wy (x)
where

Vk* —p?  for |p| <k

r =R =
@,(p) :=Re[w (p)] :0 for |p| > k

{w(p) for |p| < k,

0 for |p| > k
Then in view of (21)—(23) and (29),
A_(p)
B_(p)+ C_(p)el

AL (p) + Ci(pe1m@lx
[wx)](p):[ +P)+Calple
B (p)

[Y()](p) = [ j| forx <a_, (46)

} forx > ay, (47)

where
éi = Ci. (48)
Equations (46) and (47) imply
i _ A,
c |, lim o) =1|. | (49)
B_ X—+00 B+

We can also use (20), (46), and (47) to show that, for |p| < k,

lim W¥(x) =

X—>—00

[W()](p )—[ - )} forx <a..
B_(p)
A
(W)l(p) = [ Biz H forx > ay. (50)

Next, we observe that (13) is equivalent to

iV (x) = ﬁ(x)\P(x), xeR, (51)

1 —~
H(x) := S expl—im,(p)xas]7 (1)K exp liw, (p)xos3la ()~

— iwi(p)os, (52)
e 53)
-1 -1
where o3 is the diagonal Pauli matrix, and
for |p| < k
@i(p) == Im[w (p)] = {\/Tkz for p] >
0 for |p| <k,
- {|w<p>| for |p| > k

We may view (51) as the time-dependent Schrodinger equa-
tion for a nonstationary quantum system with the Hamiltonian
operator (52) and x playing the role of time.

Let U(x, xo) denote the evolution operator for the Hamilto-
nian (52) and an initial time xq. This is the operator satisfying

9,00, x0) = AU, x0),  Uooxo) =L, (54)

V(o) = UCx, x0)¥(xo), (55)

where Tis the identity operator for the space #2*! := C>*! ®
Z of two-component state vectors, where .# is the space of
complex-valued functions of p.> In view of (34), (49), and
(55),

M= lim U(r.,x ). (56)

X4 —>F00

We can express (54) in the form of the following Dyson series
[4]:

Xn

Txm) = I+Z(—z>" [ [ s

y / dx B (o) - ()
=: 7 exp |:—i/x dx’ Ic-i(x’)j|, (57)

where 7 denotes the time-ordering operation with x playing
the role of time. Substituting (57) in Eq. (56) yields the Dyson
series expansion of the fundamental transfer matrix:

o0 [e9) Xn
V[ — I+Z(—i)”/ dx,,[ dx,_
n=1 —0oQ —0oQ

y / " o RO G -

—0Q

A(n)

= T exp |:—i / dx ﬁ(x):|. (58)

o]

In view of (39), we can use (58) to derive the following
Dyson series expansion for the transfer matrix M:

o 00 Xy
M=I+Z(—i)”/ dxn/ dx,_1
n=1 —00 —00

y f Cdn BB ) H),  (59)

—00
where
H(x) == (p)" Hx) @ (p)
=1 @ (p)" exp[—im, (p)xo3] 7 (0K
X exp [iw,(p)xos] — iw;(p)os. (60)
IV. COMPOSITION RULE FOR FUNDAMENTAL
TRANSFER MATRIX

In the absence of the potential, i.e., v(x, y) = 0, we have
”I/(x) =0, where 0 is the zero operator acting in .%, and

5We can write 1 as the product of the 2 x 2 identity matrix I and
the identity operator 1 for .7
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ﬁ(x) = ﬁo = —iw;(p)o3. We identify the latter with the free
Hamiltonian and examine the dynamics of the system in the
interaction picture [4], where the evolving state vectors are
given by

P(x) = exp(iﬁox)\ll(x) = exp [w;(p)xo3]¥(x). 61)

These satisfy the time-dependent Schrodinger equation
i®'(x) = 7:t(x)<I>(x) for the interaction-picture Hamiltonian:

’ft(x) = exp(iﬁox)ﬁ(x) exp(—iﬁox) — ﬁo
= Sexp [—iw (p)xas] ¥ (K exp [im (P)xoslar (p) .
(62)

We can use the interaction-picture evolution operator
U(x, xo), which is given by

U(x, x0) == exp(iHox)U(x, xo) exp(—iHoxo)

= exp [@:(p)x03]0(x, x0) exp [ i (P)xoos]. (63)

to define the operator:

-~

-~ o0 -~
M = lim UG, x )= T exp |:—i/ dx 7:t(x)j|.
X4 —>F00 — 00
(64)
We call this the auxiliary transfer matrix. It is related to the

transfer matrix 9T constructed in Ref. [46] according to

o]

M= o (p) ' Mo (p) = T exp [—i/

—00

dx ’;L(x)i|,
(©63)

where

He) = o () Heo(p)

= L (p) ' exp [~ (p)xa3]V (DK exp [iw (p)xo3].
(66)

Note however that 9t # M.

Next, consider slicing the space along a finite set of lines
that are parallel to the y axis. Let £ be a positive integer and
ap, ay, az, - - - , ag and x4 are arbitrary real numbers such that

x,§a7=a0<a1<a2<~--<ag,1<ag=a+§x+.

(67)
Then the interaction-picture evolution operator has the follow-
ing semigroup property:

Uy, x_) = Uy, a) Ulag, ag—1) Ulag—1, ar—)
- Ulay, ag) Ulag, x-). (68)

I/f\v(x, y) vanishes for a range of values of x, 4 (x) = 0 and
H(x) = 6,Awhere 0 is the zero operator acting in .% 2!, This

feature of 7V-L(x) together with (68) is responsible for the com-
position property of the auxiliary transfer matrix [46]. To see
this, we let v; : R — C be truncations of the potential v given

by
Gy {v(x,y) for x € [ag, a1],
VIS Y=g for x ¢ [ao, a1],
v(x, for x € (ap, am+11,
T
0 for x ¢ (am, Ami1],

with m € {1,2,--- £ —1}, so that vy +v2 + -+ v = .
Let 7(x). H;(x), Uj(x.x0). H;(x), U(x, xp), and 93, be,
respectively, the analogs of 7 (x), Hx), Ulx, xg), H(x),
u (x, x9), and T for the potentials v;. Then

> 71-\1 f elai_1,a;l,
=17 (x) forxelaj_1,a;] (70)
0 fOI'X¢ [aj_],aj],
T fOI')C()g)Cgaj_l,
U;j(x,x0) = U, xp) for aj1 <xp<x<aj;, 7D
1 for a; < xp < x.

This together with 5.7\1_,' = 1limy, 400 Z:t_,- (x4, x_) implies
M, =Uaj, aj-1). (72)

Furthermore, because Z:l(er, ag) = Z:l(ao, x_) :f, we can ex-
press (68) as

a()ﬁr, x_)= az(ae, ae—1) affl(afflv ar—2)
al(al,ao) for £ x4 > Fay. (73)
Equations (64), (67), (72), and (73) lead to
M = MDY, - M. (74)

Next, we use the analog of (63) for v;, namely,

U, (x, x0) = exp [@i(p)xo3]U; (x, x0) exp [~ (P)xoo3],
and (56), (63), (72), and (74) to establish the following com-
position property of the fundamental transfer matrix:

M = lirg exp [~ (p)x;03]9T, My
Xp—>F00

. D, exp [@i(P)x_o3]. (75)

In view of (74), this equation implies
M= lim_exp[-@i(p)x; 031D exp [@i(p)x-o3]. (76)
X4 —F00

Notice also that we can use (56) and the semigroup property

of the evolution operator fJ(x, Xo) to express the fundamental
transfer matrix in the form

o~

M= lim U(xy,ar) Uglae, ag—1) Ue—i(ae—1, ae—2)
x4 —+o0

e Ijl(alv a()) Ij(a07 x—)7

= lim exp[—@i(p)x;1051U¢(ar, ar—1)
X4 —Fo0

- Ui(ar. ap) exp [mi(P)x_o]. (77)
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where we have made use of Ij(x+, ag) = exp[—m;(p)(xy —
ag)os] and U(ao,x ) = expl@;(Pp)(x— — ap)o3]. These fol-
low from the fact that, for x < a¢ and x > ay, Y (x) = 0, and
H(x) = Hy = —imi(p)os.

The composition rule (77) reduces the problem of obtain-
ing the fundamental transfer matrix for the potential v to the

calculatlon of U j(xy, x_). Alternatively, one may compute
im and utilize (75).

V. SOLUTION OF THE SCATTERING PROBLEM USING
AUXILIARY TRANSFER MATRIX

Because of the presence of the second term on the
right-hand side of (52), the Dyson series expansion for the

Hamiltonian 7:t(x) has a simpler structure than that for ﬁ(x).
This in turn suggests that it should be easier to compute 9t

and use it to determine the fundamental transfer matrix M
using (76). Alternative/lz, we may try to express (35)—(38) in
terms of the entries of 91 and obtain a solution for the scatter-
ing problem by solving these equations. In the following, we
examine the latter approach.

First, consider an arbitrary function ¢ : R — C such that
|¢(p)| does not diverge as p — Foo faster than a polynomial,
i.e., there is some n € Z* such that lim, ., |p(p)/(1 +
[pI™) = 0.° Let ¢os, ¢y : R — C be defined by

| for|p| <k,
$os(p) := {0 for [p| > k
¢ev(p) =¢(P) - ¢os(p)-
Then by virtue of (15),

lim exp [~@i(P)x1p = Pos,
lim exp[—ai(p)xlges = 0. (78)
These equations identify the operator:
[, := lim exp[~w(p)x] = lim_expl@i(pl.  (79)
with the projection operator that acts in .% according to
Mk = dos (80)
In view of (20), (78), and (79), we have

AL =Ay, TBr =By, ILCi=0. (81
These in turn imply
% =B, o =A., I =0, (82)
where
B = (PP, A =P, (83)

and we have made use of (21), (22), (29), and (48).

®This allows for identifying ¢ and its Fourier transform with tem-
pered distributions.

Next, we use (46), (47), and (61) to show that

lim & d(a_) A
LM EO =)= g |
. Zef;]
lim ®(x)=®@)=|. | (84)
x—+00 L +

In view of (64), these imply

mi =" (85)
%] | B.]

This relation together with (31) and (32) provides a route to
the solution of the scattering problem. If we replace the role

of B_, A, and M in the derivation of (41)~(44) with Z_, /..,
and 1 and employ (85), we are led to

' =21 (po) My 8y + M, (86)
9’5122 B = - 27Tw(170)53:?21 3po>» (87
o =M, (88)

Flor B =2 (po) Sy, (89)

Determination of %g’l_/r requires the solution of (87) and
(89). Solving these equations and substituting the result in
(86) and (88) yield szz/ ". We can obtain the coefficient func-
tions AVT and B'” entering the formulas (26) and (28) for the
scattering amplitudes /" by affecting the projection operator
M; on %" and 7", respectively:

Brr=mAr, A=t (90)
In practice, this means that we can obtain El_/r(p) and AT(P)

by evaluating Z'/"(p) and ,Q%:i/ "(p) at the values of p such that
|p| < k. This is simply because

By = | B @) forpl <k
- 0 for |p| > k

A () = " (p) for |p| <k, o
* 0 for |p| > k

Next, we pursue an alternative approach for using M as
a tool for solving the scattering problem for the potential v.
With the help of (34), (76), (79), (82), and (85), we can show
that

A, =TA-
0= U+ _M[v }
B

=5 |~ lim exp[— w,(p)x03]5m|:

B_
-A+- . ( |:AI :| ’T ])
=|. | — lim exp[—@i(p)xo3]
_B+_ xX—>00

I_l
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- Ay li A JZZr 55\,‘ 0
= [&]—Xgroloem[—wl(p)xos] B, - [C}

—[A+] Ml + lim exp[—m;(p) ]ﬂﬁ[o}
= 5. 3, im exp [—@i(p)xos 3

—

=70
= lim exp[—wi(ﬁ)xa3]9ﬁ|:é ]

According to the latter equation,

lim exp [~ (HxIMl =0,

lim exp i (AxIManC =0, 92)
which mean that

A MCo =0, Mynl =0, 93)

In view of the latter relation, we can write (85) as
—TA1 [ — D
Qﬁl: . :| ="t 3 12 . (94)
B_ B,

0, := T1, (95)

If we apply

to both sides of this equation and use (82) and (93), we can
show that

~ =~ [A7 .~ =TA_ A,
ORI, |=ILM . [=]. | (96)
B_ B_ B,
Equations (34) and (96) suggest
M = I, M 10, 97)

provided that we identify M as an operator acting in L%f“.
With the help of this identification and (94), we can also check
the consistency of (76) and (97). Furthermore, because I1; and
@ (p) commute, we can use (39), (65), and (97) to infer

M =, Dt 0,. 98)

__ Reference [46] advocates the utility of the transfer matrix
M as a tool for solving scattering problems but fails to rec-
ognize its difference with 1. For this reason, it proposes
to solve the scattering problem by employing (86)—(89) with
/" and A" changed to A"/ and B"". This discrepancy has
escaped various analytical and numerical tests performed on
the specific applications considered in Refs. [46,61,62,64,68]
because the final result of the calculation of the scattering
amplitudes turns out to be correct. A careful analysis shows
that, for all of these applications, the expression for M can be
recovered from that of 91 by replacing ¥ (x) with the operator
Hk “I/(x)l'lk In view of (98), it is not difficult to see that letting
I'Ik“// (x)l'[k play the role of “I/(x) in the Dyson series for 20t
will produce M if this series terminates after its second term,
ie.,

PM=1-— ifoo dx H(x). (99)

[ee]

As we show in Sec. VI, this happens for the §-function po-
tential in 2D. In general, (99) does not hold, and one cannot
obtain M from the expression for 91 by replacing #(x) with
l'[k”f/(x)l'lk.

For v =0, M = I, and (93) implies C_ = 0. At first
sight, this seems unjustified because there is no reason
why one should not be able to construct a solution ¥
of the free Schrodinger equation (8) such that ¥ (x,y) =
C_(p)explkw (k)x + ipy] for x < a_, where p is a real num-
ber such that |p| > k, and C_ is a nonzero function. Note
however that, because v = 0, this solution satisfies ¥ (x, y) =
C_(k) explkw (k)x + ipy] for all x € R. It diverges exponen-
tially as x — +o00. The fact that (93) reduces to C_ = 0 for
v = 0 is a direct consequence of the requirement that v is a
bounded solution of (8).

The application of the auxiliary and fundamental transfer
matrices in solving the scattering problem for short-range po-
tentials satisfying (16) does not seem to encounter any serious
problems when we deal with short-range potentials violating
(16) or potentials v with an infinite range such that, for each
y € R, vy(x) ;== v(x,y) is a short-range potential in 1D. A
typical example is an infinite-range potential of the form:
iy

je for x € [a_, a4],

v y) = {O for x ¢ [a_, a;],

where « is a positive real parameter, and 3 is a real or com-
plex coupling constant [63,69]. This is an exactly solvable
potential that fails to satisfy (99). A careful examination of
the solution of its scattering problem shows that one cannot
use l'[k”//(x)l'[k in place of “//(x) to compute its scattering
amplitude.

VI. IMPLICIT REGULARIZATION OF §-FUNCTION
POTENTIAL IN 2D

Consider the potentials of the form:

v(x, y) = 8(x)g(y), (100)

where g : R — C is a function with Fourier transform g [68].
Then (14) and (62) give

T =smd. Hw=1s0Tw@p K, (101
where
—~ 1 o0
GO =5 [ daio-av@. a0
and ¢ € 7.7 Because K? =0, (101) implies %(Xz)ﬁ(X[) =

6, the Dyson series (65) for m terminates, and we find

752(1) gives the convolution of g and ¢.
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Substituting this equation in Eq. (97), we have

= l

M=T1 - -, 9w(p) 'K

[\

— i, — % 0,9 0,0 () K. (104)
Because M acts in 9,{2“, we can replace the first ﬁk on the

right-hand side of this equation byj and observe that we can
obtain it from (103) by replacing ¢ with I1;¥ I1y. In view of
(101) and (103), this shows that we can obtain M by lettirlg
ﬁk”i?(x) ﬁk play the role of f(x) in the calculation of 233
Similarly, we can determine M from the expression for 1.
This is the procedure used in Ref. [68] to obtain M for the
class of potentials given by (100).

For a variety of different choices for the function g, it
is possible to find analytic closed-form expressions for the
solutions of (36) and (38). These together with (26), (28), (35),
and (37) lead to an exact solution of the scattering problem
for these potentials. Among these are the multi-§-function
potentials:

N
oy (x,y) = 8(x) Zan(y — ap), (105)

n=1

for arbitrary N € Z*, 3, € C, and a,, € R, as well as the Dirac
comb potential:

vpe(x, ) = 38(x))_ 8(y — na),

n=—00

where 3 € C and a € R [68].

The standard treatment of the scattering problem for the
8-function potentials (105) leads to divergent terms, and
there are well-known regularization and renormalization pro-
cedures to derive a physically sensible expression for the
scattering problem for these potentials [52-56,58—60]. The
application of the fundamental transfer matrix to these po-
tentials does not involve any divergent terms and produces
the expression obtained by the standard approach. In the re-
mainder of this section, we examine the implicit regularization
property of the fundamental transfer matrix. For simplicity
of presentation, we confine our attention to the §-function
potentials:

v(x,y) =56(x)8(y — a), (106)

with 3 € C and a € R, which corresponds to setting g(y) =
36(y —a). ‘

For this choice of g, we have §(p) := F, ,{g(y)} = 3¢ .
Substituting this equation in Eq. (102) and making use of (12),
we have

D) (p) =3P F H{o(q)).

In view of (103) and (107), the entries of the auxiliary transfer
matrix satisfy

(107)

(=1 i3 fy(a) e "
2 9

T 1d)(p) = $(p) 81 + (108)

where §;; is the Kronecker § symbol, and

-1 -1 L ee(q)
fo(a) .= F (@ (@) ¢(@)} = [W dq —

o . (109)

Because the §-function potential (106) is invariant under
the reflection about the y axis, its left and right scattering
amplitudes coincide: f* = §". This allows us to confine our
attention to the study of its scattering problem for a right-
incident wave. Having determined auxiliary transfer matrix

M, we first try to use it to calculate the right scattering
amplitude §". This requires the solution of (89), which in view
of (108) takes the following explicit form:

B (p) = 21w (po)8(p — po) — % fl@e o, (110)

where

1 [ % (q)
fla) = fg(a) = E/ —_— a1

—o0 1 @ (q)

We can try to determine f(a) by substituting (110) in
Eq. (111). This gives

eiapo

fla) = T3 57w @ ) (112)
However,
Feolm (@)™} = /00 94 a3
SN

This is the same logarithmic singularity that arises in the stan-
dard treatment of the §-function potentials in 2D [52-56,58—
60]. We can remove it by a regularization of the integral
in Eq. (113) followed by a renormalization of the coupling
constant 3.

The above calculation shows that, at least for the §-function
potential (106), the application of the auxiliary transfer matrix
faces the same complications as the standard methods based
on the Lippmann-Schwinger equation.

Next, we examine the application of the fundamental trans-
fer matrix (104) in addressing the scattering problem for the
8-function potential (106). To do this, first, we use (80) and
(107) to show that

PN ( )efiap k m
(MG ) (p) = 2 — / dge“g(q),  (114)
—k
where
) : {1 for |p| <k, (115)
XEPTZ00 0 for [p) > k.

Employing (114) in Eq. (104) and assuming that |p| < k, we
obtain

= — 1)/ i3 gy e i
(M ;1 $)(p) = Xk(P)|:¢(P)5jl + %} (116)
where
L dg(g)
8= LY T
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Now we are in a position to solve (44) for B’ . In view of
(116), this equation reads

nDr l3 —ia
B (p) = Xk(P)|:27Tw(PO)5(P = po) — 5 8 € ”},
where

¢“B' (q)

(117)
. 1 kd
84 = on /_k )

Again, we substitute (117) in Eq. (118) to determine g .
Because ffk dq/\Jk* — q* = 7, this gives

4 glapo
T4t
Inserting this equation in Eq. (117) and making use of (32),
(43), (116), and (119), we find

(118)

2o (119)

B (p)= xk(p){MW(po)S(p - po)

243 exp[—ia(p — po)]
4+i3 '

Ar(p) = —% Xe(p) g@)e™ P

_ 285 xx(p)exp [—ia(p — po)]
B 4+1i3 '

2
7(6) = —\/; 2 j - expl—iak(sind — sindo)].

This expression for the scattering amplitude agrees with the
one obtained in Refs. [46,68]. The standard coupling constant
normalization scheme also produces the same result, albeit
with 3 replaced with the renormalized coupling constant [60].

Comparing the application of the auxiliary and funda-
mental transfer matrices for the treatment of the §-function
potential (106), we can explain the source of the implicit
regularization feature of the latter. The presence of the pro-
jection operator IT; in Eq. (97) has the effect of imposing
a cutoff on p, namely, |p| < k. Therefore, the application of
the fundamental transfer matrix involves an implicit cutoff
regularization of the §-function potentials (106). The same
holds for the multi-§-function potentials (105).

VII. PERFECT BROADBAND INVISIBILITY IN 2D

References [61,62,64] use the transfer-matrix formulation
of potential scattering proposed in Ref. [46] to construct com-
plex potentials displaying perfect broadband omnidirectional
and unidirectional invisibility. In this section, we discuss the
application of the fundamental transfer matrix for the same
purpose.

We have treated the scattering amplitudes f and §/” as
functions of the scattering angle 6, but they also depend on
the incidence angle 6, and the wave number k. Making the
6o and k dependence of the scattering amplitudes explicit, we
can express (10) as

1(0; 6o, k)
§7(0; 60, k)

s

for —Z <6y < Z,
2R T (100
for 7 < 6y < .

(6560, k) = {

If §(6; 60, k) = 0 for all 6, € [0, 27r), we say that the potential
has omnidirectional invisibility for wave number k. Similarly,
we speak of unidirectional invisibility for a wave number k
when one and only one of the following conditions holds [61]:

(660, k) = 0 forall g, € (— T f),
2°2
. (JT 371)
§7(6;60,k) =0 forall pe | =, — ).
2 2

We refer to these cases as left and right unidirectional invisi-
bility at k, respectively. We qualify these invisibility properties
as being broadband if they hold for a continuous range of val-
ues of k. We call them perfect if we can realize them without
invoking any approximation scheme. For example, if there
is some as € RT such that o_ < a, for all k € [o_, o],
§7(0;60, k) = 0 for all 6y € (%, 37”), and fI(G;GO, k) # 0 for
some 6y € (%, 37”), and we can verify these conditions with-
out relying on an approximation scheme, we say that v has
perfect broadband unidirectional invisibility from the right
[61,64].

The fundamental transfer matrix provides a convenient
characterization of invisible potentials. For example, accord-
ing to (31), (32), and (41)—(44), omnidirectional invisibility
for a wave number k corresponds to the requirement that

M=T, (121)
for thi/s\ particular value of k.8 Here, and in what follows, we

view M as an operator acting in ﬂkzﬂ and interpret I as the

identity operator for szx L
In view of (64) and (97), (121) holds if, for all n € Z* and
X1, X2, ..., %, €R,

A HG ) HoA, =0, (122)

According to (62), the entries of 7:t(x) are given by

—1)/*! . ~
expli(—1)xa@ (P)]V (x)

o =

I+1
)+

x expli(—1) " xa ()lw(p) .

This together with (95) and the fact that functions of p com-
mute with the projection operator I1; shows that (122) holds

if, for arbitrary complex-valued functions fi, f2, ..., fu—1 of
p,
L7 () fot ()Y Con ) fora (P (52)
------ A@Y (e =0. (123)
For n = 1, this is equivalent to
I, 7 (x) T, = 0. (124)

We can use (14) and (79) to express (124) as

k
f dqi(x,p—q)p(q) =0 for|p| <k and ¢ € F.
—k
(125)

$M and O depend on k but not on 6.
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In light of the identity:

k p+k
/k dqv(x,p—q)p(q) = / dRv(x, R)p(p — R),
- P

B (126)
and the fact that |p| < kand p — k < K < p+ kimply |R| <
2k, we can satisfy (125) by demanding that 9 (x, &) = 0 for
|R| < 2k. If there is some o € R™ such that

(x,R) =0 for R < 2«, (127)

(125) and consequently (124) hold for all wave numbers k in
the range (0, o] [62].

A less obvious consequence of (127) is that it implies
(123). This follows from a more general result. As we show in
Appendix A, if there are positive real numbers « and 8 such
that k < « and

B(x, R) =0 for & < B, (128)

then
V) a1 (DY Cone) f2(PYV (n2) -+~ 1(PYV (xp) T = 0
forn > k’;“. (129)

Because o > k, (123) and consequently (122) hold for n >
2/ B. This together with (64) and (97) proves the following
theorem:

Theorem I: Leta, B € RT, and v be a short-range potential
such that 9(x, R) = 0 for K < B. Then the following asser-
tions hold for k € (0, «]:

() Forf >20,M=1.

(b) For0 < 8 < 2a,

M2a/p-11

X X
(i)’ f dx, / dxo
1 X0 X0

/ dxy ) H 1) - - Hee)T,,

0

M=T+

n=

(130)

where T is to be interpreted as the identity operator acting in
ﬁ’kzx ! and [x] stands for the smallest integer not smaller than
x

For a potential satisfying (127), 8 = 2a, and Theorem 1

implies that M =T for ke (0, a]. This proves the follow-
ing theorem on perfect broadband omnidirectional invisibility
[62]:

Theorem 2: Let o be a positive real number and v be a
short-range potential such that 9(x, &) = 0 for & < 2. Then
v is omnidirectionally invisible for every wave number k that
does not exceed «.

Reference [62] provides concrete examples of potentials
satisfying the hypothesis of Theorem 2 and discusses their
optical realizations in effectively 2D isotropic media. This
provides the first examples of complex permittivity profiles
that display perfect broadband omnidirectional invisibility for
transverse electric or transverse magnetic incident waves. Ref-
erence [65] reports a 3D extension of this result that allows
for the construction of isotropic media possessing perfect
broadband omnidirectional invisibility for incident waves of
arbitrary polarization.

Next, consider a potential satisfying (128) for 8 = «, i.e.,

i(x,R) =0 forR <o, (131)
and suppose that k € (0, o]. Then (129) implies
7 ) i)Y (xp) =0, (132)

and Theorem 1 gives the following expression for the funda-
mental transfer matrix:

o~ ~ ¢} ~ ~
M:I—i/ dx T H(x) T

o0

: poo
I— %/ dx exp [—iw (p)xas |17 (0TI
—00

x exp [iw (p)xos]w (p) . (133)

This relation justifies the use of WA (x)ﬁ instead of 7 (x) in
Ref. [64].

In view of (132) and (133), for all ¢ € %, and
i1, iz, j1, j2 € {1, 2},

— 5[1/1 i)(Mizjz - 8i2jzi)¢ =0

As noted in Ref. [64], we can use (134) to obtain a
closed-form expression for the scattering amplitudes f//". For
completeness, we summarize the derivation of this expression.
First, we write (42) and (44) as

(Mim (134)

B = —(My — DB —2nw (po) M2 8,,,  (135)

B = —(My — DB + 21w (po)8,,. (136)

We can then use (134) and the fact that El_/r, 8p,, and M3, 3p,
belong to .7, to check that

B = —2nw (py) M2 8y,

B = —2nw(po) (M — 21)8,,. (137)
to solve (135) and (136). Substituting (137) in Egs. (41) and
(43) and employing (134), we obtain

AL = 2w (po) M1 5y,

AJ:_ ZZﬂZD'(po)M]z(SpU. (138)
If we insert (137) and (138) in Egs. (31) and (32) and use (133)

to evaluate the M ji 8p, that appear in the resulting expressions
for the scattering amplitudes, we are led to the following most
remarkable formula [64]:

D[k(cos @ — cos8y), k(sin® — sin6y)]

221
(139)

where D(&,, R,) stands for the 2D Fourier transform of
v(x,y),ie.,

/76 60, k) =

B8R 8y) = / dx [ dy exp[—i(Rux + R)lv, y).

Because the right-hand side of (139) is precisely the formula
one obtains for the scattering amplitude in the first Born
approximation, the above calculation proves the following
theorem that was originally reported in Ref. [64]:
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Theorem 3: Let « be a positive real number and v be a
short-range potential such that 9(x, &) = 0 for & < «. Then
the first Born approximation gives the exact expression for the
scattering amplitude of v for wave numbers k not exceeding
a.

Reference [64] provides concrete examples of potentials
fulfilling the hypothesis of this theorem and characterizes
particular classes of such potentials that display perfect broad-
band unidirectional invisibility.

VIII. GENERALIZATION TO 3D

The developments we report in Secs. II-V admit a straight-
forward 3D generalization, where the scattering phenomenon
is defined through the stationary Schrodinger equation:

[—V2 + oY (r) = KY (1),

where V2 stands for the 3D Laplacian, v : R3 — C is a short-
range potential, r = x e, + y e, + z e, is the position vector, e;
is the unit vector along the j axis, and j € {x, y, z}. Following
the standard convention, we consider situations where the
source of the incident wave is located on either of the planes
z = —00 or z = +o00. These respectively correspond to the
scattering of left- and right-incident waves.

The standard formulation of stationary scattering [8] relies
on the existence of the so-called scattering solutions of (140).

(140)

J

2—>
1//(7,z)—>/ Ly
9, 412w ()

where

. . . k2_ =212
D= {p e R*||p| < k), w(p):={V ld

eEPTIAL(P)e™ P% + Bo(p)e ™ =] for z — oo,

By definition, these satisfy

+o(r " forr — oo,

ikr
ey = ey 100
where K is the incident wave vector, (r, ¥, ) are the spherical
coordinates of r, and f(¢, ¢) is the scattering amplitude. We
can quantify the direction of k( by the spherical angles %, and
@o. Because |ko| = k, (k, ¥, ¢o) are the spherical coordinates
of k. For left- and right-incident waves, ¥, takes values in the
intervals [0, Z) and (%, 7], and we label the corresponding
scattering amplitudes by ' and ", respectively. In other words,

for ¥y € [0, %)

1w.¢)= for ¥y € (% n].

i
ﬁa
(2, ¢) (141)
f (2, @)

Given a vector u € R? with components uy, Uy, and u_, let ii
denote the projection of u onto the x-y plane, i.e., ii := u,e; +
uye,. In the following, we identify # and u, respectively, with
(ux, uy) and (i, u;), e.g.,

F=(xy), r=(F2).

Suppose that, for z — £o00, |v(7, z)| tends to zero with

such a rate that every bounded solution of (140) satisfies

(142)

for |p| < k,
for |p| > k,

iV1pI* — k*

and A, and B are functions of j € R? that vanish for || > k. In analogy to 2D, we use . to denote the set of functions of D,

and let % := {¢ € F | $(p) = 0 for || > k}. Then Ay, B. € %, and we identify the fundamental transfer matrix M with the
linear operator acting in #2*! := C?*! ® .7 that relates A, and B via (40). This equation leads to the following analogs of
(41)—(44):

A =4n2w (5o) My 85 + MpBL, (143)
1‘712231, = - 47T2w(l30)1\321 850 (144)
A =Ml (145)
Ml =dn’w (5o) 85, (146)
where
Do = ksin ¥y(cos ¢g e, + sin ¢ e,), (147)

and &, stands for the § function centered at py in 2D, i.e., §;,(P) := 6(p — Po).
The link between the fundamental transfer matrix and the left/right scattering amplitudes is provided by Eqgs. (143)—(146)
and the following identity which follows from an argument given in Ref. [46, Appendix FJ:

i [AL(P) 4@ (po)S(F— Po) for ¥ € [0, %),

F@,9) = =7 % {v,* ﬂ [,, ) (148)
T B (p) for ¥ € (5’”]’

. i A" (p) for ¥ € [0, Z),

F@,e)=—=x1."" N [n ?) (149)
2r | BL(P) — 4n @ (Po)d(p — po) for v € (3, 7],
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where pj and p are respectively given by (147) and
(150)

In practice, it is easier to determine the auxiliary transfer

p:=ksind(cospe, +singpe,).

matrix 931 and obtain the fundamental transfer matrix M using
M l'[kSJT Hk, where Hk = l'IkI and I'Ik is the projection
operator mapping .% onto .%; via
f(p)
0 for |p| > k

—~ for |p k,
() (p) = { or Ipl <

We identify the auxiliary transfer matrix with the operator:

lim U(zy,z-) = T exp [—i/
z+—>*+00

—00

[ee]

e~
©

(151)

where U(z, zo) is the evolution operator for a quantum system
with Hamiltonian operator:

H) = 4 expl—ior (P 0317 (K
x expliz (P )zo3lw (5)~", (152)

where z plays the role of time, zo is an initial value of z, for all
f.g € F, wehave [f(P)gl(p) = f(P)g(P)s

~ . 1 . :
@D =35 [ 40 -3.9f@.  (53)
and ¥(p, z) := fdezr ePTy(F, z) is the 2D Fourier transform
of v(#, z) over F.
The application of the fundamental transfer matrix for the
solution of the scattering problem for the §-function potential
in 3D:

v(r) =34(r),

avoids the singularities arising in the standard treatment of
this potential and produces the same result for the scattering
amplitudes '/ as the one obtained by a regularization of the
singularities and the renormalization of the coupling constant
in the standard treatment. To see this, we consider the follow-
ing 3D analog of (100):

(154)

v(x, y,2) = 59(F) 8(2), (155)
where g : R? — C is a function with (2D) Fourier transform
g.

Pursuing the approach of Sec. VI, we can verify that the

fundamental transfer matrix for the potential (155) is given by
(104), where

(LG ) () = X"(p ) [ 2q55-pe@.  (156)
and
o 1 for |p| <k,
X(p) = {o for || > k

For g(F) = 3§(F), (155) reduces to (154), and (156) be-
comes (kY ;) () = (47°) "' xi(P) [, d*G $(g). Substi-
tuting this equation in Eq. (104), we find the following
expression for the entries of the fundamental transfer matrix:

(=1) iz hy

M 19)(5) = xk@)[w(ﬁ) +

i|, (157)

where
1 -
hy :=-— | d°G &‘{). (158)
4 D W(CI)
Next, we use (157) to express (146) as
Dro= 2 = = = 15 hér—
BZ.(p) = 4n @ (po)d(P — Po) — (159)

We can compute /- by substituting this equation in Eq. (158).
The result is

hy = —F (160)
B4 ik
where we have used the identity f@k d*q/\Jk? — q* = 2nk.
Inserting (160) in Eq. (159) and using (145), (149), (157),
(160), and f* = §", which follows from the invariance of the
potential (154) under the transformation z — —z, we have

B(5) = )| 47 (5o)d (G — o) —
-p) = Xkp Po)o(p — Po dr +ik; |

- 2mi3 xe(P)

Ar =,

+(P) 4 + ik 3

L9, 0) = F (%, ¢) = N
F (0, 0) =1, ¢) P

The standard treatment of the §-function potential (154),
which involves a regularization of a polynomial singularity
and the renormalization of the coupling constant, gives the
same expression for f// with 3 changed to the renormalized
coupling constant. For the cases where 3 is real, there is an
argument due to Rajeev which leads to the same result [57].
Again our treatment avoids singular terms, for the solution of
the scattering problem using the fundamental transfer matrix
has a built-in cutoff regularization property.

We conclude this section by pointing out that we can easily
generalize the results of Sec. VII to 3D and establish the
following 3D analogs of Theorems 2 and 3:

Theorem 4: Let « be a positive real number, € be a unit
vector lying in the x-y plane and v:R?* — C be a short-
range potential such that 3(R,z) = 0for R - & < 2. Then v is
omnidirectionally invisible for every wave number k that does
not exceed o.

Theorem 5: Let « be a positive real number, € be a unit
vector lying in the x-y plane, and v be a short-range poten-
tial such that f)(.é, z) = 0 for R-e < «. Then the first Born
approximation gives the exact expression for the scattering
amplitude of v for wave numbers k < «.

We outline the proofs of these theorems in Appendix B.

IX. CONCLUDING REMARKS

The idea of making use of an analog of the transfer ma-
trix to describe the propagation and scattering of waves in
dimensions higher than one dates back to the 1980s [39]. The
transfer matrices used for this purpose are obtained by slic-
ing the space along one direction, discretizing the spatial or
momentum variable(s) along the normal directions, assigning
a transfer matrix for each slice, and multiplying the transfer
matrices for the slices according to an analog of the composi-
tion rule for the transfer matrix in 1D [45]. The outcome is a
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large numerical transfer matrix whose manipulation requires
appropriate numerical schemes. This is in sharp contrast to
the notion of the S-matrix which is identified with a linear op-
erator mapping between infinite-dimensional function spaces
[5] and leads to a rigorous mathematical theory of scattering
[6,8]. We proposed a different notion of the transfer matrix
in 2D and 3D, which shared this feature of the S-matrix [46].
The main theoretical input leading to the introduction of this
notion is the idea of expressing it in terms of the evolution op-
erator for a nonunitary effective quantum system [47], hence
the name dynamical formulation of stationary scattering.

A more detailed examination of the developments reported
in Ref. [46] revealed an ambiguity whose resolution required
a more careful treatment of the evanescent waves. In this
paper, we propose a refinement of the conceptual framework
offered in Ref. [46] that addresses this issue. It turns out
that a proper implementation of this approach to stationary
scattering entails the introduction of two different transfer
matrices, which we call auxiliary and fundamental transfer
matrices. Like the S-matrix, these are linear operators map-
ping between infinite-dimensional function spaces. We have
derived their basic properties and explored their utility in
solving scattering problems. We have established and eluci-
dated the origin of an implicit regularization property of the
fundamental transfer matrix for §-function potentials in 2D
and 3D. We have also offered proper derivations of a couple of
basic results on achieving perfect broadband omnidirectional
invisibility (Theorem 2) and constructing potentials for which
the first Born approximation yields the exact expression for
the scattering amplitude (Theorem 3) in 2D. The results we
have obtained for 2D admit straightforward extensions to 3D.
We have obtained 3D analogs of Theorems 2 and 3.
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APPENDIX A: PROOF OF EQ. (129)

First, we introduce the function spaces

Se:={feZIf(p)=0forp< s}l ceR,
and prove a couple of lemmas.
Lemma 1: Let 8,y € R, v be a short-range potential satis-

fying

i(x, ) =0 for R B, (A1)
and g € .% be an arbitrary function such that
gp)=0 forp<y, (A2)

ic., for all x € R, 5(x,-) € Sy and g€ S,. Then ¥ (x)g €
Sﬁ+y.

Proof. According to (14) and (A2),

~ 1 [*
[7 (x)gl(p) = o / dq v(x, p—q)g(q)
T Jy

p—v
= L / dRv(x, R)gp — R). (A3)
27 J_wo

For p< B+ vy, p—y < B, and (Al) implies that the inte-
grand on the right-hand side of (A3) vanishes. Therefore,
YV (x)g € Spty- ]

Lemma 2: Let a e RY, BeR, ke (0,a], ¢ €. F,
v be a short-range potential satisfying (Al), ne€ Z™,
X1, X2, , X, €R, f1, fo, -+, fu be functions of p, and

bn = Lo (DY ) ot PV o) for2 (P (n2)

AT (5. (A4)
Then ¢, (p) =0 for p < nf —a,ie.,
¢n € Snﬂ—a' (AS)

Proof (by induction on n): Because ¢ € % and —a < —k,
¢(p) =0 for p < —k. This implies ¢(p) =0 for p < —«.
Hence, ¢ € S_,. In view of this observation and (A1), which
means ¥(x,.) € Sg, we can use Lemma 1 with g = ¢ and
y = —a to conclude that ¥ (x)¢ € Sg_q. This together with
the identity:

$1(p) = LAY (x1)PI(p) = fL(PIY (x1)1(p).

imply ¢; € Sg_q. Therefore, (A5) holds for n = 1. Next,
we suppose that there is a positive integer m such that
(A5) holds for n = m and prove it for n = m + 1. Clearly,

Gmt1 = fns1(P)Y (Ximt1)Pm- According to (Al), T(x, -) € Sp,
and induction hypothesis states that ¢,, € S,p—q. By virtue of

Lemma 1, these imply ¥ (Xpt1)@m € Snt1)p—o. Combining

this relation with ¢41(p) = fiut1 (P (Xt1)Pm1(p), we are
led t0 ¢y1 € Sint1)g—a- This proves (AS) forn=m+1. B

Now suppose that (A1) holds for some g > 0, k € (0, «],
and & € .% is arbitrary. Then applying Lemma 2 for ¢ := I1;&
and f,(p) = 1, we find

[V ) et BV o) fr2 (DY Y (R2)
- fi(PY cDILEN(p) = 0 for p < nf —a.
This relation together with the fact that (ITz£)(p) = O for p >
k implies
V) fut DYV Conet) frea(PYV (2

N k+a
i)Y (x)IE =0 forn > )

This establishes (129) because & is an arbitrary element of .%.

APPENDIX B: PROOFS OF THEOREMS 4 AND 5

Let e; be a unit vector belonging to the x-y plane, and
e, := e, x e, where x stands for the cross product of vectors
belonging to R>. Then {e, e;} forms an orthonormal basis
of the x-y plane, and we can use it to introduce a Cartesian
coordinate system for this plane. Let x' and y’ denote the
coordinates along the axes defined by e; and e,, respectively.
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Clearly, there is a rotation angle ¢ € [0, 2 ) such that

X =cospx—singy, y =sinpx-+cosgy.

Similarly, if 5 = p, e, + py e, for some (p,, p,) € R?, we can
express the components of p in the coordinate frame {e;, e}
as

D1 =COSQ py —SiN@ py, pr =Sing px -+ cos g p,.

Next, for each ¢ € [0,27) and ¢ € R, we use %, to

denote the subset of the x-y plane defined by x’ < ¢, i.e.,
<

Ky =1{(x,y) € R?*|cospx —singpy < ¢},

and
Spc i ={feZIf(P)=0 forpeZ,.}

where .7 denotes the set of functions of j. We are now in a po-
sition to state 3D analogs of Lemmas 1 and 2 of Appendix A
and Theorem 1.

Lemma 3: Let ¢ € [0,27), B,y € R, v:R3 — C be a
short-range potential such that, for all z € R, §(-,z) € Sy.p5
and g€ S, . Then f(z)g € Sy pty-

Proof: Using g € S, , in Eq. (153), we have

[V (2)gl(P)

1 Do o n
= d*G (5 —§)e(q)
47T Rz\%vﬂ»y

1 [ ©
=12 2/ dqz/ dq1v(p1 — q1, p2 — 2, 2)8(q1. 42)
T° J_oo y

1 o0 1=y ~
= m/ dlh/ dR10(8R1, p2 — 92, 2)

x g(q1 — &1, ).

The integrand on the right-hand side of this equation vanishes
for py < B+ y because ¥(-,z) € S, p and & < p; —y <
B. [ |

Lemma 4: Let ¢ € [0,27), « €e RT, B eR, k € (0, ],
¢ e, v: R?®— C be a short-range potential such that,
for all zeR, ¥(-,2) € Spps NELT, z1,20,....20 €R,
fl,fz, ...,fn (S} f,and

bu = LoDV @) frdt BV ) fua(P)Y (2n2)
AP (2.
Then ¢, € Sy np—a-

Proof: This follows from the inductive argument used in
the proof of Lemma 2 and the fact that k € (0, «] and ¢ € %
imply ¢ € Sy 4. ]

The following 3D analog of Theorem 1 is an immediate
consequence of Lemmas 3 and 4:

Theorem 6: Let ¢ € [0,27), 0, B € RT, k € (0, o], and v :
R?®— C be a short-range potgptial such that, for all z € R,

5(&,7) = 0for & < B.ThenM =1 for 8 > 2, and

[2a/B—11

o~ —~ Zz Zn
M=To Y o dz [ an
0 0

n=1

2 L < < -
/ o AR ) - HeDT (B
Z

0
for0 < B8 < 2a.

Theorems 4 and 5 follow as corollaries of Theorem 6; their
hypotheses imply that of Theorem 6 with 8 = 2o and 8 = «,
respectively. This shows that R

(1) if 1:)(.??1, z) =0for & <20, M =Tand the potential is
omnidirectionally invisible for k < «;

(2) if B(R, z) =0 for & < «, we have g = «a, [20/8 —
17 =1, and only the first two terms on the right-hand side of
(B1) survive for k < «. .

In the latter case, we have a closed-form expression for M
which, like 2D, allows for the determination of B/, AT, and
/7. Specifically, we obtain 8" and A" by multiplying the
right-hand sides of (137) and (138) by 27 and replacing py
with py. Substituting these in Egs. (148) and (149) and making
use of (141), we arrive at

~BIk(?, ¢) — kol

[0, 9) = e

(B2)

where ¥ stands for the 3D Fourier transform of v, i.e., 1(f) =
fR3 d*r e="®7y(r), and k and kq are, respectively, the scat-
tered and incident wave vectors, i.e.,

k(¥ ¢) = k(sin ¥ cos ¢, sin ¥ sin ¢, cos 1),
ko = k(sin 9y cos ¢y, sin B sin ¢g, cos Jy).
This completes the proof of Theorem 5 because (B2), which
provides an exact expression for the scattering amplitude of

the potential, coincides with the outcome of applying the first
Born approximation [4, §7.2].

[1] M. Born, Quantenmechanik der stossvorgénge, Z. Phys. 38, 803
(1926).

[2] J. A. Wheeler, On the mathematical description of light nuclei
by the method of resonating group structure, Phys. Rev. 52,
1107 (1937).

[3] B. A. Lippmann and J. Schwinger, Variational principles for
scattering processes. I, Phys. Rev. 79, 469 (1950).

[4] J. J. Sakurai, Modern Quantum Mechanics (Addison-Wessley,
New York, 1994).

[5] R. G. Newton, Scattering Theory of Waves and Particles,
2nd ed. (Dover, New York, 2013).

[6] M. Reed and B. Simon, Methods of Modern Mathematical
Physics IlI: Scattering Theory (Academic Press, San Diego,
1979).

[7] P.D. Lax and R. S. Phillips, Scattering Theory (Academic Press,
London, 1989).

[8] D. R. Yafaev, Mathematical Scattering Theory (AMS, Provi-
dence, 2010).

032222-16


https://doi.org/10.1007/BF01397184
https://doi.org/10.1103/PhysRev.52.1107
https://doi.org/10.1103/PhysRev.79.469

FUNDAMENTAL TRANSFER MATRIX AND DYNAMICAL ...

PHYSICAL REVIEW A 104, 032222 (2021)

[9] R. C. Jones, A new calculus for the treatment of optical systems.
I. Description and discussion of the Calculus, J. Opt. Soc. Am.
31, 488 (1941).

[10] F. Abeles, Recherches sur la propagation des ondes élec-
tromagnétiques sinusoidales dans les milieux stratifiés. Ap-
plication aux couches minces, Ann. Phys. (Paris) 12, 596
(1950).

[11] W. T. Thompson, Transmission of elastic waves through a strat-
ified solid medium, J. Appl. Phys. 21, 89 (1950).

[12] P. Yeh, A. Yariv, and C.-S. Hong, Electromagnetic propagation
in periodic stratified media. I. General theory, J. Opt. Soc. Am.
67,423 (1977).

[13] D. J. Griffiths and C. A. Steinke, Waves in locally periodic
media, Am. J. Phys. 69, 137 (2001).

[14] P. Yeh, Optical Waves in Layered Media (Wiley, Hoboken,
2005).

[15] A. Mostafazadeh, Transfer matrix in scattering theory: a survey
of basic properties and recent developments, Turkish J. Phys.
44, 472 (2020).

[16] A. Mostafazadeh, Nonlinear scattering and its transfer matrix
formulation in one dimension, Eur. Phys. J. Plus 134, 16 (2019).

[17] J. G. Muga, J. P. Palao, B. Navarro, and I. L. Egusquiza, Com-
plex absorbing potentials, Phys. Rep. 395, 357 (2004).

[18] A. Mostafazadeh, Scattering theory and P7T -symmetry, in
Parity-Time Symmetry and Its Applications, edited by D.
Christodoulides and J. Yang (Springer, Singapore, 2018),
pp. 75-121.

[19] S. Teitler and B. W. Henvis, Refraction in stratified, anisotropic
media, J. Opt. Soc. Am. 60, 830 (1970).

[20] D. W. Berreman, Optics in stratified and anisotropic media: 4 x
4-matrix formulation, J. Opt. Soc. Am. 62, 502 (1972).

[21] E. Abrahams and M. J. Stephen, Resistance fluctuations in
disordered one-dimensional conductors, J. Phys. C: Solid State
Phys. 13, L377 (1980).

[22] P. Erdos and R. C. Herndon, Theories of electrons in
one-dimensional disordered systems, Adv. Phys. 31, 65
(1982).

[23] J. B. Pendry, 1D localisation and the symmetric group, J. Phys.
C: Solid State Phys. 15, 4821 (1982).

[24] D. Levesque and L. Piche, A robust transfer matrix formulation
for the ultrasonic response of multilayered absorbing media,
J. Acoust. Soc. Am. 92, 452 (1992).

[25] B. Hosten and M. Castaings, Transfer matrix of multilayered
absorbing and anisotropic media. Measurements and sim-
ulations of ultrasonic wave propagation through composite
materials, J. Acoust. Soc. Am. 94, 1488 (1993).

[26] W.-D. Sheng and J.-B. Xia, A transfer matrix approach to con-
ductance in quantum waveguides, J. Phys.: Condens. Matter 8,
3635 (1996).

[27] M. Schubert, Polarization-dependent optical parameters of ar-
bitrarily anisotropic homogeneous layered systems, Phys. Rev.
B 53, 4265 (1996).

[28] L. Wang and S. 1. Rokhlin, Stable reformulation of transfer ma-
trix method for wave propagation in layered anisotropic media,
Ultansonics 39, 413 (2001).

[29] D. Wortmann, H. Ishida, and S. Bliigel, Ab initio Green-function
formulation of the transfer matrix: Application to complex band
structures, Phys. Rev. B 65, 165103 (2002).

[30] C. C. Katsidis and D. I. Siapkas, General transfer-matrix
method for optical multilayer systems with coherent, partially

coherent, and incoherent interference, App. Opt. 41, 3978
(2002).

[31] J. Hao and L. Zhou, Electromagnetic wave scattering by
anisotropic metamaterials: Generalized 4 x 4 transfer-matrix
method, Phys. Rev. B 77, 094201 (2008).

[32] H. Li, L. Wang, Z. Lan, and Y. Zheng, Generalized transfer
matrix theory of electronic transport through a graphene waveg-
uide, Phys. Rev. B 79, 155429 (2009).

[33] T. Zhan, X. Shi, Y. Dai, X. Liu, and J. Zi, Transfer matrix
method for optics in graphene layers, J. Phys.: Condens. Matter
25, 215301 (2013).

[34] P. Pereyray, Non-commutative polynomials and the transport
properties in multichannel-multilayer systems, J. Phys. A 31,
4521 (1998).

[35] P. Pereyra and E. Castillo, Theory of finite periodic systems:
General expressions and various simple and illustrative exam-
ples, Phys. Rev. B 65, 205120 (2002).

[36] P. Pereyray, Eigenvalues, eigenfunctions, and surface state in
finite periodic systems, Ann. Phys. (NY) 320, 1 (2005).

[37] P. Shukla and I. P. Batra, Multichannel transport in a disordered
medium under generic scattering conditions: A transfer-matrix
approach, Phys. Rev. B 71, 235107 (2005).

[38] A. Anzaldo-Meneses and P. Pereyray, Sylvester theorem and
the multichannel transfer matrix method for arbitrary transverse
potential profile inside a wave guide, Ann. Phys. (NY) 322,
2114 (2007).

[39] J. B. Pendry, A transfer matrix approach to localisation in 3D,
J. Phys. C: Solid State Phys. 17, 5317 (1984).

[40] J. B. Pendry, Transfer matrices and conductivity in two- and
three-dimensional systems. I. Formalism, J. Phys.: Condens.
Matter 2, 3273 (1990).

[41] J. B. Pendry, Transfer matrices and conductivity in two-
and three-dimensional systems. II. Application to localised
and delocalised systems, J. Phys.: Condens. Matter 2, 3287
(1990).

[42] J. B. Pendry, Photonic band structures, J. Mod. Opt. 41, 209
(1994).

[43] A. S. McLean and J. B. Pendry, A polarized transfer matrix
for electromagnetic waves in structured media, J. Mod. Opt. 41,
1781 (1994).

[44] A. J. Ward and J. B. Pendry, Refraction and geometry in
Maxwell’s equations, J. Mod. Opt. 43, 773 (1996).

[45] J. B. Pendry and P. M. Bell, Transfer matrix techniques for
electromagnetic waves, in Photonic Band Gap Materials, edited
by C. M. Soukoulis, NATO ASI Series (Springer, Dordrecht,
1996), Vol. 315, pp. 203-228.

[46] F. Loran and A. Mostafazadeh, Transfer matrix formulation of
scattering theory in two and three dimensions, Phys. Rev. A 93,
042707 (2016).

[47] A. Mostafazadeh, A Dynamical formulation of one-
dimensional scattering theory and its applications in optics,
Ann. Phys. (NY) 341, 77 (2014).

[48] A. Mostafazadeh, Transfer matrices as non-unitary S-matrices,
multimode unidirectional invisibility, and perturbative inverse
scattering, Phys. Rev. A 89, 012709 (2014).

[49] F. Loran and A. Mostafazadeh, Transfer matrix for long-range
potentials, J. Phys. A: Math. Theor. 53, 395303 (2020).

[50] F. Loran and A. Mostafazadeh, Dynamical formulation of low-
energy scattering in one dimension, J. Math. Phys. 62, 042103
(2021).

032222-17


https://doi.org/10.1364/JOSA.31.000488
https://doi.org/10.1051/anphys/195012050596
https://doi.org/10.1063/1.1699629
https://doi.org/10.1364/JOSA.67.000423
https://doi.org/10.1119/1.1308266
https://doi.org/10.3906/fiz-2009-14
https://doi.org/10.1140/epjp/i2019-12456-x
https://doi.org/10.1016/j.physrep.2004.03.002
https://doi.org/10.1364/JOSA.60.000830
https://doi.org/10.1364/JOSA.62.000502
https://doi.org/10.1088/0022-3719/13/15/002
https://doi.org/10.1080/00018738200101358
https://doi.org/10.1088/0022-3719/15/23/019
https://doi.org/10.1121/1.404256
https://doi.org/10.1121/1.408152
https://doi.org/10.1088/0953-8984/8/20/009
https://doi.org/10.1103/PhysRevB.53.4265
https://doi.org/10.1016/S0041-624X(01)00082-8
https://doi.org/10.1103/PhysRevB.65.165103
https://doi.org/10.1364/AO.41.003978
https://doi.org/10.1103/PhysRevB.77.094201
https://doi.org/10.1103/PhysRevB.79.155429
https://doi.org/10.1088/0953-8984/25/21/215301
https://doi.org/10.1088/0305-4470/31/19/015
https://doi.org/10.1103/PhysRevB.65.205120
https://doi.org/10.1016/j.aop.2005.05.010
https://doi.org/10.1103/PhysRevB.71.235107
https://doi.org/10.1016/j.aop.2006.10.006
https://doi.org/10.1088/0022-3719/17/30/008
https://doi.org/10.1088/0953-8984/2/14/012
https://doi.org/10.1088/0953-8984/2/14/013
https://doi.org/10.1080/09500349414550281
https://doi.org/10.1080/09500349414551731
https://doi.org/10.1080/09500349608232782
https://doi.org/10.1103/PhysRevA.93.042707
https://doi.org/10.1016/j.aop.2013.11.008
https://doi.org/10.1103/PhysRevA.89.012709
https://doi.org/10.1088/1751-8121/ab9c5a
https://doi.org/10.1063/5.0050990

FARHANG LORAN AND ALI MOSTAFAZADEH

PHYSICAL REVIEW A 104, 032222 (2021)

[51] E. Loran and A. Mostafazadeh, Low-frequency scattering de-
fined by the Helmholtz equation in one dimension, J. Phys. A:
Math. Theor. 54, 315204 (2021).

[52] L. R. Mead and J. Godines, An analytical example of renormal-
ization in two-dimensional quantum mechanics, Am. J. Phys.
59,935 (1991).

[53] C. Manuel and R. Tarrach, Perturbative renormalization in
quantum mechanics, Phys. Lett. B 328, 113 (1994).

[54] S. K. Adhikari and T. Frederico, Renormalization Group in
Potential Scattering, Phys. Rev. Lett. 74, 4572 (1995).

[55] S. Adhikari, T. Frederico, and R. M. Marinho, Lattice dis-
cretization in quantum scattering, J. Phys. A 29, 7157
(1996).

[56] I. Mitra, A. DasGupta, and B. Dutta-Roy, Regularization
and renormalization in scattering from Dirac delta potentials,
Am. J. Phys. 66, 1101 (1998).

[57] S. G. Rajeev, Bound states in models of asymptotic freedom,
arXiv:hep-th/9902025.

[58] S.-L. Nyeo, Regularization methods for delta-function potential
in two-dimensional quantum mechanics, Am. J. Phys. 68, 571
(2000).

[59] H. E. Camblong and C. R. Ordéiiez, Renormalized path integral
for the two-dimensional §-function interaction, Phys. Rev. A 65,
052123 (2002).

[60] H. Bui and A. Mostafazadeh, Geometric scattering of
a scalar particle moving on a curved surface in the
presence of point defects, Ann. Phys. (NY) 407, 228
(2019).

[61] FE. Loran and A. Mostafazadeh, Unidirectional invisibility and
nonreciprocal transmission in two and three dimensions, Proc.
R. Soc. A 472, 20160250 (2016).

[62] F. Loran and A. Mostafazadeh, Perfect broad-band invisibility
in isotropic media with gain and loss, Opt. Lett. 42, 5250
(2017).

[63] F. Loran and A. Mostafazadeh, Class of exactly solvable
scattering potentials in two dimensions, entangled-state pair
generation, and a grazing-angle resonance effect, Phys. Rev. A
96, 063837 (2017).

[64] F. Loran and A. Mostafazadeh, Exactness of the Born ap-
proximation and broadband unidirectional invisibility in two
dimensions, Phys. Rev. A 100, 053846 (2019).

[65] F. Loran and A. Mostafazadeh, Transfer-matrix formulation of
the scattering of electromagnetic waves and broadband invisi-
bility in three dimensions, J. Phys. A: Math. Theor. 53, 165302
(2020).

[66] R. Strichartz, A Giude to Distribution Theory and Fourier Trans-
form (CRC Press, Boca Raton, 1994).

[67] A. Mostafazadeh, Spectral Singularities of Complex Scattering
Potentials and Infinite Reflection and Transmission Coefficients
at Real Energies, Phys. Rev. Lett. 102, 220402 (2009).

[68] F. Loran and A. Mostafazadeh, Exact solution of the two-
dimensional scattering problem for a class of §-function
potentials supported on subsets of a line, J. Phys. A: Math.
Theor. 51, 335302 (2018).

[69] M. V. Berry, Lop-sided diffraction by absorbing crystals,
J. Phys. A: Math. Gen. 31, 3493 (1998).

032222-18


https://doi.org/10.1088/1751-8121/ac019e
https://doi.org/10.1119/1.16675
https://doi.org/10.1016/0370-2693(94)90437-5
https://doi.org/10.1103/PhysRevLett.74.4572
https://doi.org/10.1088/0305-4470/29/22/015
https://doi.org/10.1119/1.19051
http://arxiv.org/abs/arXiv:hep-th/9902025
https://doi.org/10.1119/1.19485
https://doi.org/10.1103/PhysRevA.65.052123
https://doi.org/10.1016/j.aop.2019.05.001
https://doi.org/10.1098/rspa.2016.0250
https://doi.org/10.1364/OL.42.005250
https://doi.org/10.1103/PhysRevA.96.063837
https://doi.org/10.1103/PhysRevA.100.053846
https://doi.org/10.1088/1751-8121/ab7669
https://doi.org/10.1103/PhysRevLett.102.220402
https://doi.org/10.1088/1751-8121/aaced0
https://doi.org/10.1088/0305-4470/31/15/014

