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Aharonov-Casher and shielded Aharonov-Bohm effects with a quantum electromagnetic field
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We use a covariant formalism that is capable of describing the electric and magnetic versions of the Aharonov-
Bohm effect, as well as the Aharonov-Casher effect, through local interactions of charges and currents with
the quantum electromagnetic field. By considering that only local interactions of a quantum particle with the
quantum field can affect its behavior, we show that the magnetic Aharonov-Bohm effect must be present even if
the solenoid generating the magnetic field is shielded by a perfect conductor, as experimentally demonstrated.
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I. INTRODUCTION

The Aharonov-Bohm (AB) effect [1,2] is a striking feature
of quantum mechanics that completely changed our notions of
electromagnetic interactions compared to the classical view.
Classical electrodynamics can be understood in terms of lo-
cal interactions among charges and the electric and magnetic
fields. The AB effect, on the other hand, is usually described
by a local interaction of a quantum charged particle with
the electromagnetic potentials [2] or by a nonlocal influence
of electromagnetic fields, charges, or currents on the parti-
cle [3-11]. This is because in the magnetic AB effect, for
instance, a quantum particle is subjected to a null electromag-
netic field (but a nonzero vector potential) in the two possible
paths of an interferometer that encloses a long solenoid, but
its interference pattern depends on the presence of fields and
currents in the solenoid.

In order to solve the conceptual issues regarding the lo-
cality of the AB effect, previous works have treated this
phenomenon considering a quantized electromagnetic field
[12—-17]. In this way, the interaction between the quantum
particle and the solenoid can be understood as an exchange
of photons between these entities, where both the particle and
the solenoid interact locally with the quantum electromagnetic
field. However, these previous works do not explain how the
AB effect can be described when the solenoid is covered by a
perfect conductor shield [18]. In this case, one might expect
that a photon exchange between the particle and the solenoid
would not be possible. Since the AB effect with shielding
was experimentally observed [19], this is an important issue
to address.

Here we show how the AB effect with a perfect conductor
shield involving the solenoid can also be explained in terms of
local interactions with the use of a quantum electromagnetic
field. To do that we consider three current densities, associated
with the quantum particle, the solenoid, and the shield, that
interact locally with the quantum electromagnetic field. We
present our results in a unified covariant formalism that is
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capable of predicting the electric and magnetic versions of
the AB effect [2] (with and without shielding) as well as the
Aharonov-Casher (AC) effect [20].

II. A UNIFIED QUANTUM MODEL

We will describe all the AB effects and the AC effect
depicted in Fig. 1 with a quantum treatment for the elec-
tromagnetic field. The different subsystems interact locally
with the quantum electromagnetic field that mediates the in-
teractions between them. Each subsystem (quantum particle,
solenoid, conductor shield, etc.) will be treated as a charge-
density p;(r;) and a current-density J;(r;). The index i = 1
will be reserved for the quantum particle, and when it is a
charged particle (spinless for simplicity) we have

pi(r) = g (D2, Ji(r) = %[\Dfmwl — Wyp ],
(1)

where ¢ and m are the particle charge and mass, W is its
wave function, and p; is the momentum operator. We consider
nonrelativistic quantum particles in this paper. In the AC effect
the quantum particle is a neutral particle with spin, and we
treat this case latter. The other charge and current densities in
the schemes are to be considered classical.

The interaction Hamiltonian between the different charge
and current densities and the quantum electromagnetic field,
considered to be not very intense, can be written as

V=Y witVi= [ U -3 Awl @
where

h .
A(I‘) = /d3k Z W @ko'ao' (k)e’k'r + H.c. (3)

is the potential vector operator, where €x, is a polarization
vector, a, (k) is the annihilation operator for a mode with
wave-vector k and polarization index o, and @ = ck is the
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FIG. 1. AB and AC schemes. (a) Magnetic AB effect. An in-
terferometer encloses a long solenoid. The interference pattern of
quantum charged particles depend on the magnetic flux inside the
solenoid even if they only propagate in regions where the magnetic
field is zero. (b) Electric AB effect. The electrostatic potentials of
the tubes are different from zero only when a charged particle is in
a superposition of being inside each tube. The interference pattern
depends on these potentials even if the particles only propagate in
regions where the electric field is zero. (c) Magnetic AB effect with
a perfect conductor shield involving the solenoid. (d) AC effect. An
interferometer encloses a charged wire. The interference pattern of
neutral particles with a magnetic moment depends on the wire charge
even if there is no force on these particles.

mode angular frequency, and

Ur)=c f A’k La (K)e™®T — H.c 4)
2eow(2)3 0 o

is the scalar potential operator [21]. We are using the Lorenz
gauge for the fields, such that the index o in Eq. (3) assumes
three values for each wave-vector k, with the presence of lon-
gitudinal photons. ap(k) in Eq. (4) is an annihilation operator
for a scalar photon with wave-vector k. So this treatment dif-
fers from the usual quantum optics formalism in the Coulomb
gauge where only photons with transverse polarizations are
considered [22]. The consideration of four kinds of photons
for each wave-vector k is essential for constructing a covariant
theory. It can be shown that longitudinal and scalar photons
cannot carry energy or momentum between different regions
of space [21] such that they play no role in the exchange
of energy between the electromagnetic field and matter or
in light propagation, which are the topics usually treated in
quantum optics textbooks [22]. For this reason the Coulomb
gauge is simpler to use in these cases. However, longitudinal
and scalar photons play important roles in some electromag-
netic interactions and must be kept in the present treatment.
For instance, the Coulomb interaction between two electric
charges can be associated to an exchange of scalar photons
between them [21]. Note also the minus sign present in the
Hermitian conjugate term in Eq. (4), which is important for
the consistency of the quantum electrodynamics theory [21].
The term V from Eq. (2) in the system Hamiltonian
changes the energy of the unperturbed electromagnetic vac-
uum state |vac). Since all terms of V have annihilation or
creation operators due to the presence of the operators A
and U from Egs. (3) and (4), the first-order correction of
the electromagnetic vacuum energy is zero. The second-order

correction can be written as [23]

AE — ZZ| |V|Vac | ’ 5)

n#0 m

where Eg is the energy of the unperturbed vacuum, |¢)")
represents eigenstates of the unperturbed Hamiltonian with
energies E?, and the index m is associated with the degener-
acy of these eigenstates (the vacuum state is nondegenerate).
Disregarding self-energy terms, the correction in energy of
the electromagnetic vacuum state due to the presence of
the electric charges and currents densities can be written as

Zi,j>i AEU‘ with

AE;; = 2Re|:/ d3kZ {vaclV; k. o) (k, a/|Vi|VaC)j|

- —hw
o

. (6)

where |k, o) represents a single-photon state, k being its
wave vector, o’ is the polarization index (including ¢’ =0
for scalar photons), and %w is the photon energy. Note that the
term explicitly written in the above equation can be associated
with the creation of a photon |k, o) in subsystem i by the ac-
tion of the operator V; in the electromagnetic vacuum, which is
destroyed in subsystem j by the action of the operator V;. The
Hermitian conjugate represents an inverse photon exchange.
So the modification of the electromagnetic vacuum energy in
AE;; can be associated with an exchange of photons between
these two subsystems.
Using Eqgs. (2)-(4) we obtain

h )
_ s, | ik
(k,GIVilvac) - _/d T 2800)(27’[)3 Jl(rl) €ko € N s
(k, O|V;|vac) = —fd3r- L C,O-(I“)efik'r"

, i i 28060(27'[)3 ALY i

(7)
such that Eq. (6) becomes
; elk (ri—r;)
AE;; = woRe /d r,/d rj|:/d k———— IS :|
x[c? pi(r)p;(x;) = Ji(ry) - J,»(r,-)]}. (®)
The term inside brackets in Eq. (8) can be written as
ik-(r;—r;) 1
/ P = . )
Qm)’k*  Axr; — 1

So we can write
AE;; = / d’r; / d’r;

Note that if we define the following effective scalar and
vector potentials in the Lorenz gauge due to the charge and

pl(rl)pj(rj)/go - MOJ:(rz) Jj(rj)]
4m|r; — 1|l

(10)
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current densities p; and J;:

PR N Ji )
Z/[](r)—/d rj47'[8()|l'—l'j|7
P 3. oJ;(r))
A](r)—fd r]—47r|r—rj|’ (11

we can write
AE;; = /d3ri[ﬂi(l'i)uj(l'i) —Ji(r;) - Aj(ry)]. (12)

Note that we can choose which subsystem acts as a source
of the effective potentials and which subsystem acts as in-
teracting with these potentials in the above equation since
AE;; = AEj;. For instance, in the scheme of Fig. 1(a) we can
consider the effective vector potential of the solenoid acting
on the quantum charge or the effective potentials of the charge
acting on the solenoid current (similar to Vaidman’s treatment
[7], although only fields, not potentials, are considered there).
It is important to stress that the effective potentials are to be
seen only as mathematical tools to write the change of the
electromagnetic vacuum energy in a simple way in Eq. (12),
not as physical quantities.

III. AHARONOV-BOHM EFFECT

Now let us proceed to apply the formalism developed
so far to the different AB schemes presented in Fig. 1. In
Fig. 1(a) we have the magnetic version of the AB effect
where a quantum charged particle has two possible paths
in an interferometer that encloses a long solenoid. Consider
A, as the effective potential vector generated by the current
density J, of the solenoid and J; the quantum particle current
density given by Eq. (1). Writing the particle wave function
as a superposition of wave packets that have a reasonably
well-defined momentum p,(¢) and position r,(t) along their
propagation, the accumulated AB phase for each wave packet
can be written as

AE
—/dt fe _ %/dlvn'/lz(rn)= %/dln-Az, (13)

where AE); is given by Eq. (12), v, = p,(t)/m is the wave-
packet velocity, and dl,, is an infinitesimal displacement. It
was assumed that A, does not vary appreciably in the dimen-
sions of each wave packet. The above AB phase accumulation
leads to a phase difference,

q q®p
—?édl-./l = —, 14
h 2 h (14

between any two wave packets that propagate through op-
posite paths, where ®p is the magnetic flux enclosed by the
interferometer, as expected [2].

Considering the electric version of the AB effect depicted
in Fig. 1(b), one conductor tube acquires a charge-density
p2(t) and the other p3(f) whereas the quantum particle is in
a superposition of being inside each tube. The corresponding
effective scalar potentials are U (¢) and Us(t), respectively,
such that, according to Eq. (12), the total AB phase difference
between the paths becomes

—/dt(AEB —AEpn) _ 4

- ! f () — U], (15)

as expected [2].

IV. AHARONOV-BOHM EFFECT WITH SHIELDING

Previous works have used a quantized electromagnetic
field to treat the magnetic [12—17] and electric [17] versions
of the AB effect with results similar to ours. The model
presented so far provides a unified covariant treatment for
these phenomena. Moreover, none of these previous works has
considered the situation depicted in Fig. 1(c) where the long
solenoid is coated with a perfect conductor shield. Most of the
works that treat the AB effect considering an interaction of the
classical field of the particle with the solenoid current or with
the solenoid field do not consider the shielding situation either
[3-8,11] (exceptions are Refs. [9,10]). Note that the (classical)
magnetic field produced by the passing quantum particle with
a constant velocity v is given by B = v x E/c?, where E is
the (classical) electric field it produces [24]. So, if the per-
fect conductor shield cancels E, it also cancels B inside the
solenoid, since B is produced by the time variation of E. An-
other way to understand the magnetic-field cancellation inside
the conductor shield is that in the particle rest frame only an
electric field is produced, and the magnetic field appears with
a Lorentz transformation acting in this field with the change
of reference frame to one where the particle has a nonzero
velocity. So, if the shield cancels the particle electric field in
a region in the particle rest frame, the magnetic field in this
region in the new frame should also be canceled. If the shield
is a superconductor, due to the Meissner effect it completely
cancels any magnetic field produced by an outside source in
its interior even a stationary field. The difficulty of explaining
the AB effect in terms of fields in this situation with shielding
is then obvious: If the shield prevents the field generated by
the particle to penetrate inside the solenoid, how to explain
the interaction of the particle field with the solenoid? Since
experiments have confirmed the presence of the AB phase in
this situation [19] (with a toroidal magnet instead of a long
solenoid, covered by a superconductor shield), any theory that
aims to explain the origin of the AB phase must be capable of
predicting this experimental result. In the following we show
how our model can predict the presence of the AB phase in
this situation contrary to intuition. We will see that this is
possible precisely because we resort to a quantum model.

In the scheme of Fig. 1(c), J;, J», and J; represent the cur-
rent densities of the quantum particle, solenoid, and conductor
shield, respectively. The interaction energy AE|, between the
quantum particle and the solenoid results in the AB phase as
previously shown. The interaction energy AE;3 between the
quantum particle and the shield is not associated to the AB
effect. It may affect the particle scattering but in a way that is
completely independent from the electromagnetic field inside
the solenoid, so we will not consider it here. The term AE,;
represents the interaction between the solenoid and the con-
ductor shield mediated by the quantum electromagnetic field.
Since the magnetic field generated by the shield precisely
cancels the magnetic field generated by the quantum particle
in the solenoid, we have V x A3(r;) = —V x A (r,) within
the solenoid. So we may write A3(r;) = —A;(ry) + VF(r;)
within the solenoid. Using Eq. (12), we have

AEy; = —/d3er2(l’2) - Az(r2)

_ —/d3r2J2 A+ VF]= —AE;,  (16)
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where weusedJ, - (VF) =V - (FJ,)—F(V-1,), V-J, =
O, and AE21 = AElz.

So the total energy change of the vacuum state of the quan-
tum electromagnetic field does not depend on the quantum
particle path in the interferometer since according to Eq. (16)
AE»>; cancels AE/,. This means that the association of the AB
phase difference with an entanglement between the particle
path and the energy of the quantum electromagnetic vacuum
state, as mentioned in previous works [16,17], does not seem
to be adequate in this situation with shielding. Note that this
is also true with a classical description of the electromagnetic
field. When the solenoid is shielded, the magnetic energy
fd3r|BT(r)|2/(2,u0), where By (r) represents the total mag-
netic field, does not depend on the particle path since the
particle magnetic field does not penetrate inside the solenoid
and is not superposed to the solenoid field.

But note that the energy AE,3 can be associated with an
exchange of photons between the solenoid and the shield, not
being related to a local interaction of the quantum particle
with the electromagnetic field. Considering that only local
interactions of the quantum charged particle with the quan-
tum electromagnetic field can affect the particle behavior, our
locality assumption, we predict the correct AB effect with a
shielding of the solenoid. Thus, only the exchange of photons
between the charged particle and the solenoid, which results
in the variation AE}, for the energy of the vacuum state of the
quantum electromagnetic field, is to be considered (despite
AE;3, which is not related to the AB effect). So our local
treatment correctly predicts that the AB effect should occur
in the presence of the perfect conductor shield around the
solenoid as observed in the experiments [19]. In these ex-
periments a superconductor shield is used, and we have the
extra phenomenon of magnetic flux quantization. To apply
our results to this case, we just have consider J, as the total
current density in the absence of the quantum particle (the
solenoid current plus the current in the superconductor shield
that accounts for the flux quantization) and J; as the extra
current density induced in the shield by the passage of the
quantum particle. The conclusions are the same.

We can give further support for the locality assumption
used in the previous paragraph in another simpler scenario.
Consider that we have a charge-density p, in a region of
space. When we approximate a charge ¢; (charge-density
p1), it induces the appearance of another charge-density p3
in the system, for instance in a metallic object. With a quan-
tum treatment for the electromagnetic field, we conclude that
the perturbed energy of the electromagnetic vacuum state
has a contribution AE|; + AE3 + AEy; with AE;; given by
Eq. (12) with null current densities. The Lorentz force law
states that the charge ¢; must suffer an electrostatic force
which is equal to g; times the local electric field. This force
is minus the gradient of (AE}; + AE}3). Note that AE»3 de-
pends implicitly on the position of g; via p3 such that its
inclusion in the effective particle potential energy violates
the Lorentz law. So the locality assumption that only local
interactions of the charge with the quantum electromagnetic
field can affect the particle behavior lead us to a time evo-
lution for the system which is compatible with the Lorentz
force law by disregarding AE»3. So this assumption is essen-
tial to make the correct predictions in other situations with

induced charges or currents, not only in the AB effect with
shielding.

A discussion of the locality issues of the AB effect might
be in order. In classical electrodynamics, the electromagnetic
fields are seen as the responsible for the electromagnetic
interactions. The electromagnetic potentials appear as math-
ematical tools used to simplify the calculations since it is
not possible to attribute definite values for these quantities
due to their gauge dependence. In this way, the description
of the magnetic AB effect in terms of a local interaction
of the quantum charge with the classical gauge-dependent
potential vector may not be a completely satisfactory funda-
mental description of the problem. With the use of a quantum
electromagnetic field, on the other hand, which is a more fun-
damental description, a clear physical picture of the problem
emerges: The AB effect appears due to a photon exchange
between the solenoid and the quantum particle where both the
solenoid and the particle interact locally with the quantum
electromagnetic field. For this reason, we believe that the
locality of the AB effect is more satisfactorily described with
a quantum electromagnetic field.

V. AHARONOV-CASHER EFFECT

Our formalism also applies to the AC effect [20], repre-
sented in Fig. 1(d). The quantum particle is now a neutral
particle with intrinsic magnetic moment g, associated with
a current density J; =V x M in the rest frame. When the
particle moves with a nonrelativistic velocity v, it acquires
a charge-density p; = v - J;/c%. The linear charge-density A
in the long wire produces an effective scalar potential {4 (1)
along the particle path. Using Eq. (12), we have

1 1
AEp, = —2/d3rlv~ LoV xM] = —v-[Ey x ], (17)
C C

where E, = —VU, and we consider a negligible variation
of this electric field in the dimensions of the particle wave
function in each path. This expression leads to an AC phase
difference pou)/h between the paths when the magnetic
dipole is in the same direction as the wire axis, as expected
[20].

Following the suggestion of an anonymous referee, we can
also consider the situation where the two paths indicated in
Fig. 1(d) are in the interior of conductor tubes. In this way,
the neutral particle always propagate in regions with a null
electric field, and the AC phase should disappear. In this case,
electric charges are induced in the conductor tube walls, and
the energy associated with the quantum interaction of the par-
ticle with these charges cancels the energy from its interaction
with the charged wire. So a shield may cancel or not the AB or
the AC phase, depending on the specific system configuration.

VI. CONCLUSION

We have presented a unified formalism to describe the elec-
tric and magnetic AB effects as well as the AC effect with the
interactions being mediated by the quantum electromagnetic
field including situations with shielding. At a first sight, it
could be imagined that the physical model of an exchange
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of photons between the quantum particle and the solenoid
would not be able to describe the magnetic AB effect with
a perfect conductor shield involving the solenoid since the
shield would block the photon exchange. But this is not the
case. Charges and currents inside a perfect Faraday cage still
interact with all charges outside it, exchanging photons with
them. Although these interactions cannot produce force on
the particles inside the cage since their interaction with the

shield cancels the effect of the external charges, they produce
measurable results, the AB effect being an example.
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